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Abstract

We examine the relativistic Buneman instability in systems relevant to high intensity laser-

plasma interactions under conditions of relativistic-induced transparency, as this instability can

generate large-amplitude electrostatic waves at low frequencies that are pertinent to ion dynamics in

these systems. Ion 
ows are shown to signi�cantly alter the range of unstable wave numbers and to

increase the phase velocities of the unstable modes; we particularly highlight the relativistic e�ects

from both the ion and electron (with transverse motion) populations. These �ndings are related

to the mode structure seen in particle-in-cell simulation results of a short-pulse laser breaking

through an initially opaque target with the onset of relativistic transparency. Additionally, driving

mechanisms from free energy present in density and velocity gradients are shown to be capable of

signi�cantly enhancing the growth rates, and these instabilities furthermore extend the breadth of

the unstable wave number range. Lastly, we discuss how the transverse self-generated magnetic

�elds characteristic of short-pulse interactions can potentially constrain the unstable wave numbers

in a non-trivial manner.

� djstark@lanl.gov
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I. INTRODUCTION

In recent years, the �eld of laser-plasma interactions has grown immensely in both breadth

of applications and in the achievable parameter space. Now short-pulse laser facilities are

regularly reaching intensities above 1022 W/cm 2, with plans for reaching above 1023 W/cm 2

underway. Pulse manipulation capabilities have continuously been re�ned (compressing,

focusing, polarizing, etc.) so that we are entering an era with great potential for both the

generation of new radiation sources and the study of fundamental physics. The dynamical

nature of short-pulse systems calls for continued analytical investigations into how energy

is distributed among di�erent modes and particle populations so that we can target our

computational and experimental explorations with greater accuracy.

Here we examine the Buneman instability [1], in which low frequency electrostatic waves

are ampli�ed by the free energy present in the relative velocity between the ion and electron


ows in a plasma. The non-relativistic kinetic theory behind this instability has been exten-

sively studied, with works examining both the nonlinear development and saturation [2{5]

along with the related broader class of instabilities present when there is a background mag-

netic �eld [6{8]. Kinetic e�ects such as particle trapping are shown to shape many aspects

of the evolution of the instability. In this work we apply a simpler 
uid analysis of the

Buneman instability to the relativistic and highly dynamical systems of short-pulse laser-

plasma interactions, speci�cally to examine the potential of using this instability to explain

laser-ion acceleration.

A disparity between the ion and electron 
ow velocities is one of the characteristic features

of many short-pulse laser-plasma interactions in which the electrons react much faster to

the laser driver than the ions do, and this instability can transfer energy from the 
uid


ows into low-frequency modes which can Landau damp on ions and thus signi�cantly a�ect

ion acceleration. A host of ion acceleration mechanisms have been explored in the last few

decades: target-normal sheath acceleration (TNSA) [9{16] with the use of micron-scale and

thicker targets, hole-boring [17], Coulomb explosion [18{21], shockwave acceleration [22{

30], radiation pressure acceleration [31{34] and break-out afterburner (BOA) [35{44] with

the use of sub-micron targets. This last mechanism in particular depends on the onset of

relativistic transparency in the target, which permits the propagation of the high-intensity

laser pulse through a classically overcritical plasma. It is in this regime that strong relative
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ows are observed between the electron and ion populations, and the Buneman instability

has been considered previously as a potential mechanism for accelerating ions [36, 39, 45].

Ref. [45] incorporated relativistic transverse (to the wave vector) 
ow of the electrons into

the Buneman calculation, and this analysis is supplemented with the consideration of non-

relativistic ion 
ow in Ref. [39].

Here we will extend this calculation further to include additional features characteristic of

short-pulse laser-plasma interactions: relativistic ion 
ows, gradients in the plasma velocity

and density, and weak transverse magnetic �elds generated in the interactions. We will show

that relativistic ion 
ows can suppress the instability and that the relativistic factor provides

a reduction in the phase velocity. Velocity gradients are shown to provide new sources of free

energy and thus can increase the growth rates and extend thek-space of the unstable modes.

The introduction of a transverse magnetic �eld complicates the mode structure considerably,

but we discuss the weak limit (remaining in the electrostatic approximation) in which the

magnetic �eld shrinks the k-range of the instability by eliminating the instability in the

lowest wave numbers. In Section II we present the system of equations we use for this

calculation and solve for the general dispersion relation using linear analysis. Section III

isolates the unstable low-frequency modes and showcases the roles of the relativistic ion 
ow

and the transverse electron 
ow. In Section IV we demonstrate how plasma gradients in

both species can drive the primary mode more unstable, in addition to destabilizing other

modes. The role of the transverse magnetic �eld in constraining the Buneman instability is

brie
y discussed in Section V, and we conclude our discussion in Section VI.

II. DISPERSION RELATION FOR ELECTROSTATIC MODES

We �rst adopt the 
uid equations for a hot two-species plasma of electron and ions,

but we will limit our incorporation of temperature into the calculation so that the 
uid

approximation for this low-frequency phenomena remains valid. The system of equations

consisting of the electron and ion continuity equations, the electron and ion momentum
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equations, and Gauss's law, respectively, is given as:
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r � E = ni � ne; (5)

in which ne (ni ) is the electron (ion) number density,pe (p i ) is the electron (ion) 
uid

momenta, E is the electric �eld, B is the magnetic �eld, and Te (Ti ) is the electron (ion)

temperature (in units of mec2 or 511 keV). The enthalpy for each speciess is given as

f s = K 3(1=Ts)=K2(1=Ts), as is found from adopting a relativistic Maxwellian distribution

function. Time is normalized to 1=! pe, length to the electron skin depth, momentum to

mec = 2:73� 10� 22 kg�m/s, ni to n0, ne to Zn0, and the �elds to mec ! pe=jqej. 
 = 1=
p

1 � v2

for each species and� = me=mi . For reference, the initial carbon plasma target in simulations

performed in future sections has density� 0:037g/cm3, ! pe = 5:96� 1015 Hz, electron skin

depth of 50.3 nm, and thus normalization of the electric and magnetic �elds to 3:39� 108

G (or 1:01 � 1013 V/m; 3 :39 � 104 T). We use an isothermal equation of state for our

low-frequency modes of interest, soP = nT for each species, although we only incorporate

thermal e�ects in the Appendix.

Looking to characterize the electrostatic modes along the ion 
ow, we linearize the equa-

tions with perturbations �n i , �n e, � pe, � p i , � E of the form / expi (k � r � !t ) and set

k = kx̂ without loss of generality. We allow the electrons and ions to have equilibrium 
ows

pe0 = pexx̂ + peyŷ and p i 0 = pix x̂ and impose a transverse external magnetic �eldB = B0ẑ ,

as these are endemic to most laser-plasma systems. We restrict the momentum perturba-

tions to also be in thexy plane transverse to the magnetic �eld, as anyz-perturbations are

uncoupled from the system. Note that�
 = 
 � 1
0 p0 � � p for each species. Furthermore, we

allow velocity and density gradients in thex direction for both species as there are strong

variations in these across the plasma pro�les in particle-in-cell simulations of short-pulse

laser-target interactions. We will later impose the zeroth order continuity equation con-

straint on these variations to keep them varying appropriately in tandem. The role of these
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gradient terms will be discussed in Section IV. We restrict the ions to be cold (Ti = 0; f i = 1),

as simulations show signi�cantly lower temperatures compared to the electrons; and we also

limit the ion zeroth order motion to the x-direction (piy = 0), since they are too massive to

react transversely to the rapidly-oscillating laser pulse.

As the linearized equations (taking thex and y components separately of the two mo-

mentum equations) account for a 7 by 7 system, we express it in matrix form:

2
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Here we de�ne 
 = ! � kvex, 
 i = ! � kvix , � ex = (1 + p2
ex)=
 3

e, � ey = (1 + p2
ey)=
 3

e, and

� e = pexpey=
 3
e. Terms dependent on plasma gradients are given by

G1 = vex
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dx
+ � ey
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dx
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 e)
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G4 = vex
df e

dx
� � e

d(f epey)
dx

: (10)

The dispersion relation is the criterion for a nontrivial solution of the system, the determinant

of the coe�cient matrix equalling 0, which is a sixth-order polynomial equation in! .

Under limiting cases, however, the number of roots of the dispersion relation is reduced.

We check that this relation simpli�es appropriately for a system with stationary ions, no

magnetic �eld, and both species cold. In this case, the dispersion relation becomes

1 =
�Zn i

! 2
+

ne
 � 3
e (1 + p2

ey)

(! � kvex)2
; (11)

which matches that found in Ref. [45]. The two lowest-frequency modes develop nonzero

imaginary components under the appropriate conditions, and these can strongly in
uence

the ion dynamics, particularly the rapidly-growing mode.
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III. RELATIVISTIC ION FLOW EFFECTS ON THE INSTABILITY AND MODE

STRUCTURE

First we examine the role that zeroth order relativistic ion 
ows in the longitudinal di-

rection have on these low frequency modes, speci�cally their growth rates and parameter

regimes of instability. To isolate this contribution, we eliminate the gradient terms, back-

ground magnetic �eld, and electron temperature, but retainvix . The dispersion relation can

then be reduced to a similar form to that of Eq. 11:

1 =
�n i Z


 3
i (! � kvix )2

+
ne(1 + p2

ey)


 3
e(! � kvex)2

� F (! ) (12)

from which we observe an analogous structure of the ion term to the electron term. Note that

this equation reduces for non-relativistic ion 
ows to that previously derived in Ref. [39]. To

�rst illustrate the four modes captured in this equation (there are two additional spurious

modes), we numerically solve for! as a function ofk for a sample set of parameters:pix =

0:02, pe = 30, and cos� = 0:5. The real (solid) and imaginary (dashed) components of!

are displayed in the top panel of Fig. 1, along with the lines! = kvex and ! = kvix for

reference. For convenient comparison to later simulations and for consistency with existing

convention, we use the electron Debye length� D = 0:304� m for the wave number scaling in

the plots (units of k� D ), in which � D corresponds with the initial 14 keV plasma from the

simulations introduced at the end of Section III.

We observe that two of the roots (red and blue curves) have a region at lowk where they

are complex conjugates of each other; they have the same real component of their frequencies,

but one of the modes is unstable while the other one is damped. This unstable mode at

low k, with a growth rate comparable to its real frequency, is characteristic of the Buneman

instability [45]. Two other modes exist as well, one (green) at higher frequency which runs

parallel to the ! = kvex line, and one (yellow) that originates at negative frequencies at

small k, but which crosses to positive! as it approaches the! = kvix line. Next we will

examine Eq. 12 under various limiting cases to glean insight into the nature and parametric

dependencies of these modes.

To begin the analysis, we seek the instability condition so as to ascertain the unstable

wave numbers and how they depend on the system parameters. We mirror non-relativistic

discussions of the Buneman instability [46, 47] in de�ning the functionF (! ) as the middle
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FIG. 1. Plot of the roots of the dispersion relation with pe = 30 and cos� = 0 :5. The ion 
ow

velocity is varied, using pix = 0 :02 (top), pix = 0 :1 (middle), and pix = 0 :2 (bottom). The solid

lines denote the real components, and the dashed lines denote the imaginary components. The

blue and red roots are complex conjugates of each other at lowk, the red being unstable. The

highest (green) and lowest (yellow) frequency roots are seen to become parallel tokvex and kvix

at large k, respectively.
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expression of the dispersion relation of Eq. 12. This permits the extraction of the instability

space;F (! ) = 1 corresponds with a real root of the dispersion relation, and there will be

either two or four roots depending on the wave number. The two poles of the function

at kvex and kvix are separated by a region of positive concavity, and if the function here

extends down to 1, then this intermediate region acquires two additional real roots. Above

it, however, these two roots are complex. Therefore, the threshold of instability can be found

by locating the local minimum ! c through dF(! )=d! = 0):

dF(! )
d!

= � 2
�

�n i Z

 3

i (! � kvix )3
+

ne(1 + p2
ey)


 3
e(! � kvex)3

�
= 0

=) ! c =
k(vex + �v ix )

1 + �
; (13)

in which � = 
 i

 e

�
ne(1+ p2

ey )
�Zn i

� 1=3
. The instability condition is then given by F (! ) > 1, from

which we �nd the wave number condition as

k2 <
(1 + � 2)2

(vex � vix )2

�
�Zn i


 3
i

+
ne(1 + pey)2


 3
e � 2

�
: (14)

With the assumption that p2
ey � 1 for the relativistic electron 
ow, the expressions simplify,

�rst with � � 
 i v
2=3
e sin2=3 �

�
ne


 e �Zn i

� 1=3
and then to

k2
c �


 i v
8=3
e sin8=3 �n 4=3

e

(vex � vix )2
 4=3
e (�Zn i )1=3

+

 2

i v10=3
e sin10=3 �n 5=3

e

(vex � vix )2(
 e�Zn i )2=3
(15)

�

 2

i sin10=3 �


 2=3
e (vex � vix )2

n5=3
e v10=3

e

(�Zn i )2=3
(16)

in which we call kc the upper bound of the unstablek region. The approximation of the

last line relies on the assumption that
 4=3
e � 1=3 � 
 2=3

e � 2=3 for a strongly relativistic electron


ow, which is characteristic of short-pulse laser-plasma interactions.

The most striking feature of the above relations (Eqs. 14-16) is that there is a broader

spectrum of unstable wave numbers for smaller values ofvex � vix . This trend is observed in

the lower panels of Fig. 1, where we increase the ion 
ow momenta topix = 0:1 (middle) and

pix = 0:2 (bottom). We witness the end of the unstable region to move fromk � 0:074 with

pix = 0:02 all the way to k � 0:116 at pix = 0:2. We additionally note that Eq. 16 indicates

that the relativistic factors from the electron and ion 
ows have non-trivial corrections to

the region of instability. As kc � 
 i =
 1=3
e , the relativistic nature of the ion 
ow has a strong

enhancement of the unstablek-range. 
 e, on the other hand, reduces this range, but with
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FIG. 2. Plot of the growth rate of the unstable low-frequency mode (red curve in Fig. 1) ink � 
 e

space with pix = 0 :02 and cos� = 0 :5.

!" #$ %$ &#

'(')#

FIG. 3. Plot of the growth rate of the unstable low-frequency mode (red curve in Fig. 1) in k � �

space with pix = 0 :02 and pe = 30.

less e�ect than 
 i has. We can observe this dependence in a phase space plot of the growth

rate of the unstable mode as a function ofk and 
 e (see Fig. 2), all with �xed pix = 0:02 and

cos� = 0:5. As 
 e increases up to 500, the range of unstable wave numbers progressively

shrinks, the fastest rate occurring at lower
 e. This is consistent with the weak inverse

dependence that is predicted forkc.
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Furthermore, the angle of the relativistic electron 
ow to the ion 
ow and wave vector

has a very strong e�ect on the region of instability. Eq. 16 shows a scaling ofkc � sin10=3 � ,

so there is a dramatic increase in the threshold of instability as� increases out to�= 2.

Fig. 3 shows the growth rate ink; � space for �xed pix = 0:02 and 
 e = 30. As the scaling

predicts, kc increases as� increases out to�= 2, and this rate accelerates as� increases (i.e.,

d2kc=d�2 > 0). Note that at large � , the unstable wave numbers become on the order of 1,

so this instability can extend to small wavelengths. Next, we examine in greater detail this

region of instability to learn more about the role of ion 
ow and relativistic e�ects on the

mode structure in the system.

Here we employ the method of dominant balances, which allows us to �nd simplifying

forms of the four roots under appropriate conditions. If we neglect the left-hand side term

(1) in Eq. 12 relative to the terms in the middle expression, we can e�ectively approximate

the two low-frequency solutions when they are at both low! and k:

! = k

0

@
� vix � ivex

q
�n i Z

ne � ey 
 3
i

� 1 � i
q

�n i Z
ne � ey 
 3

i

1

A (17)

! � k
�

vix + vex
�n i Z

ne� ey
 3
i

�
� ik (vex � vix )

s
�n i Z

ne� ey
 3
i

(18)

in which we have assumed
q

�n i Z
ne � ey 
 3

i
� 1 in the last step due to the small parameter� .

These two modes therefore have the same real parts but equal and opposite imaginary parts.

From this we make two observations: 1) The phase velocity Re(! )=k = vix + vex
�n i Z

ne � ey 
 3
i

�

vix + vex
�n i Z
 e

nev2
e sin2 �
 3

i
is between the electron and ion 
ow velocities and gets closer tovex with

reduced� ey (increased
 e) and reduced
 i . This is quite di�erent from the non-relativistic

limit, in which the phase velocity is a �xed linear combination of the two velocities, without

the strong relativistic suppression/enhancement� 
 e=
 3
i factor. However, the small param-

eter � forces the electron 
ow to be ultra-relativistic in order for thevex coe�cient to become

comparable to that of the vix term. 2) Im(! ) depends on (vex � vix ) as expected for the

Buneman instability; the free energy in the velocity 
ow di�erence drives one of the modes

unstable. However, this growth rate also now has corrections from
 e and 
 i so that there

is a relativistic � 
 1=2
e =
 3=2

i modi�cation. Increasing the ion velocity will not only decrease

the growth rate through the smallervex � vix quantity, but there will also be an additional

suppression from the ion relativistic factor.
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Thus far we have isolated the complex roots at low! and k, but we also would like to

see how these roots evolve at larger wave numbers. To achieve this, we can successively

eliminate the other two terms in the middle expression of Eq. 12, one at a time, to �nd

the roots under those corresponding assumptions. Eliminating theni term and solving the

remaining equation for! yields

! = �
p

ne� ey + kvex (19)

which describes the two roots at largek that develop slopes ofvex. The other terms with

the growing ! � kvix factors dominate, as is consistent with the approximation. The lower

root corresponds with the unstable mode at lowk; the imaginary part disappears and

!=k ! vex �
p

ne� ey=k, so the phase velocity approachesvex as k increases. Note that the

separation from thekvex line is also reduced by factor
 � 1=2
e .

The two roots that develop slopes ofvix at large k can similarly be isolated by eliminating

the last term in the middle expression of Eq. 12, thene term, valid when (! � kvex)2 �

(! � kvix )2. Solving for the roots, we �nd

! = �

s
�n i Z


 3
i

+ kvix (20)

The upper root this time corresponds with the suppressed low frequency mode at lowerk,

whereas the other \-" root originates at negative! when at lowk. We observe that larger
 i

will shift both roots closer to the kvix line so that increasing the ion velocity can bring the

lower mode across thek-axis earlier and thus allow it to in
uence the ion dynamics through

a low phase velocity mode. We can solve for the crossing point by setting! = 0 in Eq. 12:

(
 4
i k2v2

ix )( 
 3
ek2v2

ex) = �n i Z
 i (
 3
ek2v2

ex) + 
 3
ene� ey(
 4

i k2v2
ix ) (21)

=) k2 =
�n i Zv2

ex + ne� ey
 3
i v2

ix


 3
i v2

ix v2
ex

=
�n i Z

 3

i v2
ix

+
ne� ey

v2
ex

(22)

There is a clear shift fromvix to allow a k > 0 crossing point that is not permitted when

vix = 0; in this case Eq. 21 would reduce to only thek = 0 point which is always present.

Furthermore, the relativistic nature of the ion 
ow reduces the �rst term on the right-hand

side of Eq. 22 by an additional
 3
i factor. The largervix is, the earlier the negative root will

cross to positive! . We observe this in the lower two panels of Fig. 1, in which the magenta

line crosses thek-axis at lower values with increasingpix . However, there is a limit to this
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crossing point, ask2 ! ne� ey=v2
ex as the ion velocity increases and the �rst term becomes

negligible. We see that bypix = 0:2, the crossing point has converged tightly to this limit.

As the phase velocity plays the de�ning role in the potential resonant acceleration of ions

in this system, we take a closer look at the phase velocity of the unstable mode (red curve

in Fig. 1) at the wave number with the peak growth rate. Fig. 4 shows two plots of this

phase velocity as a function of the ion 
owvix , the top panel showing� = 40� ; 50� ; 60� cases

with 
 e = 30 and the bottom panel depicting
 e = 30; 60; 120; 240 cases with� = 60� . As

expected, the phase velocities are all higher than the ion 
ow velocities (black line plotted

for reference), so they can Landau damp on fast-moving ions. The smaller� is, the larger

this phase velocity is, although all cases gradually converge towardsvix asvix increases. For

�xed � , the cases similarly converge for largevix , now with the larger 
 e factor electron 
ows

exhibiting the highest phase velocities.

This analysis highlights a process present in short-pulse laser-plasma interactions in the

transparency regime, notably that the electron 
ow becomes more collinear with the laser

pulse over time and the ion bulk population gradually accelerates as well. As Fig. 4 attests,

both of these changes result in an increase in the phase velocity of the mode at the most

unstable wave number. Ions interacting with these modes can conceivably continuously

accelerate over the course of the interaction as these transitions occur.

To take a closer look at how the Buneman instability manifests in the transparency

regime, we perform a 2D particle-in-cell simulation with the code VPIC [48{50] to model

a linearly polarized (out of the plane) plane wave 1:2 � 1020 W/cm 2 � = 1 � m laser pulse

of FWHM=450 fs, incident onto a uniform carbon target of 10ncr . The 4:62� m target was

pre-initialized with electron and ion temperatures of 14 keV and 10 eV, respectively, to

ensure that the Debye length is retained in the grid of 75� m� 15� m (7502� 600 cells).

In this setup, the initially opaque plasma becomes transparent to the laser pulse because

of the combination of the target expansion lowering the density and the relativistic trans-

parency induced in the electron population by the high-intensity pulse. This simulation is

discussed in greater detail in Ref. [51], but here we demonstrate Buneman mode structure

by performing Fast Fourier Transforms (FFTs) of the longitudinal electric �eld Ex on the

laser axis (z = 0). After the plasma becomes transparent to the laser pulse at� 420 fs,

strong electron and ion 
ows develop at the rear of the target. Fig. 5 shows the FFT from

three such post-transparency windows (2� m in space, 30-40 fs in time), in which we observe
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vix/c

vix/c
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FIG. 4. Plots of the phase velocity at the wave number with the peak growth rate of the unstable

low-frequency mode (the red curve in Fig. 1) as a function of ion 
ow velocityvix . The top panel

�xes 
 e = 30 and tests di�erent � values (40� in green, 50� in dashed blue, 60� in dotted red), and

the bottom panel �xes � = 60 � and tests di�erent 
 e values (30 in dashed blue, 60 in dotted red,

120 in dot-dashed yellow, and 240 in violet). The line!=k = vix =c line is given for reference in

black.

at least two pronounced low-frequency modes, particularly in the bottom panel. We note

that the transient nature of the system limits the resolution we can attain in the FFTs.

We further extract characteristic ion and electron 
ow properties from the simulation,

speci�cally in the narrow ranges used for Fig. 5, so that we can predict the dispersion

properties from Eq. 12 using relevant parameters to our system. Withne = ni = 0:15,


 e = 30, vix = 0:09, and � = 77� (all using the aforementioned normalizations), we solved

for the corresponding modes and overlayed their real components (black lines) over the
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FIG. 5. On-axis (z = 0) FFTs ( !; k ) on a linear color scale of thejEx (!; k )j2 �eld from the plane

wave particle-in-cell simulation in 2 � m, 30-40 fs windows chosen after the onset of transparency

(top panel: x from 15-17� m and t from 440-480 fs; middle panel: x from 17-19� m and t from

480-520 fs; lower panel:x from 19-21� m and t from 540-570 fs). The black lines represent the real

parts of analytically derived roots using characteristic parameters from the simulation, whereas

the solid white line is the growth rate of the most unstable of these modes. The dashed white lines

provide the kvex and kvix lines for reference.
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simulation results in the bottom panel. The growth rate of the unstable mode was plotted

in solid white. We similarly overlayed the middle panel curves (ne = ni = 0:15, 
 e = 30,

vix = 0:09, and � = 78:25� ) and the top panel curves (ne = ni = 0:2, 
 e = 27, vix = 0:075,

and � = 79� ). While the nonlinear nature of the waves in the simulations prohibits a

more complete comparison, there is nonetheless strong agreement with the linear modes. In

particular, the primary branch lies between thekvix and kvex lines and approaches a slope of

vex as k increases. There additionally is a pronounced higher-frequency mode in the lowest

panel which is parallel to thekvex line at a shift from the axis close to where the linear

model predicts. The relatively broad structure along thek-axis could additionally indicate

the presence of the lowest frequency mode, albeit poorly resolved in these intervals; this

was not considered in previous discussions [39, 45] and only becomes relevant with relatively

large ion 
ow velocities.

Several questions arise from this comparison. We need to understand why the dominant

mode betweenkvex and kvix is present beyond the linearly-predictedk-range of instability

and also why this mode, which becomes parallel tokvex at large k, is present in this region

whereas the lower frequency! � kvix mode partner is not. Furthermore, the highest

frequency mode only retains wave numbers withk� D � 0:05, and we would like to better

understand this apparent truncation. This leads us to explore additional contributing factors

to the Buneman instability in short-pulse systems.

IV. PLASMA GRADIENT DRIVE TERMS

In addition to the pivotal role that a relativistic ion 
ow can have on the Buneman

instability, the strong density and velocity gradients that characterize many short-pulse

laser systems also can signi�cantly suppress or enhance the instability of these low-frequency

electrostatic waves. Indeed, these can dramatically increase the growth rates so that these

modes cannot be neglected in a study of ion dynamics. Much research has examined shear or

slipping stream instabilities dependent on velocity gradients perpendicular to the 
ow [6, 52],

but we focus our discussion in this section on the parallel (to the wave vector) 
ow gradients.

The presence of thevey electron 
ow transverse to this direction does permit the potential

excitation of the slipping stream instability in the y direction, but such discussion is beyond

the scope of this current work.
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Along the x direction we allow variations in the electron and ion densities and veloc-

ities vix ; vex. However, we constrain the zeroth order variations by the time-independent

continuity equation, so that an x-dependence of density and velocity produces

r � (nv) = 0 = )
dn
dx

vx = � n
dvx

dx
; (23)

we assume this zeroth order state is originally created by the laser in the plasma. The

validity of using these gradients in the 
uid calculation is only valid as long as the fractional

change in the 
uid quantities is small over one wavelength, so we limit our discussion to

weakly inhomogeneous plasmas, which also facilitates a more tractable analysis of the e�ects.

We once again assume thatB = 0 and that the electrons are cold for the sake of clarity in

the calculation.

To preserve charge neutrality in the zeroth order system, thus preventing any ambient

electric �elds from developing, we further constrain the electron and ion gradients so that

dni =dx = dne=dx and thereforedvex=dx = ( vex=vix )dvix =dx. Note that this ensures the same

charge density of electrons and ions throughout the system because of the normalization of

ne to Zn0. We will relax this restriction in the coming subsections because those cases are

more tractable for gleaning speci�c insight into this charge neutral case.

Fig. 6 shows the numerical solutions of the dispersion relation for the parameterspix = 0:1,

pe = 30, cos� = 0:5, and jdvex=dxj = 0:02. The corresponding density gradients and ion

velocity gradient were imposed from this choice of parameters. The real components of the

roots are shown in the top panel, and the lower two panels show the imaginary components

for the cases ofdvex
dx = 0:02 and dvex

dx = � 0:02, respectively. We have truncated the plots at

low k to remain in the regime of validity for the weak gradient approximation.

We �rst observe that having these plasma gradients causes a separation between the two

lowest-frequency modes of the real frequencies; without the gradients in the system, the two

roots overlay each other until they diverge at the edge of thek-range of instability. One

root (red) is shifted below the other root (blue) until they cross atk� D � 0:07 for this set

of parameters. The growth rates of the modes vary depending on the sign ofdvex=dx, from

which we make the following observations:

(1) The red curve (with ! � kvex at large k) has an enhanced (relative to the mode in

the system without gradients) positive growth rate fordvex=dx < 0, along with an extended

k� range of instability, whereas it has a similarly more pronounced negative growth rate
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and extendedk� range of damping when the gradient sign is 
ipped.jIm(! )j ! 0:02 ask

increases in these cases so that the growth rate appears to approach� dvex=dx.

(2) The blue curve (with ! � kvix at largek) has a positive growth rate whendvex=dx > 0

and a contractedk� range of instability (relative to the red curve with a negative gradient).

At wave numbers below and above this region, the growth rate actually is negative, approach-

ing -0.004 at 0 and largek. The root develops a negative imaginary frequency component

when dvex=dx < 0, but on either sides of this region the growth rates become positive,

approaching 0.004 at 0 and largek. There is thus a new extended regime of instability for

this mode that is introduced by having the plasma gradients, and we observe the imaginary

components approaching� dvix =dx.

(3) The remaining modes now acquire imaginary components to their frequencies as

well. The highest frequency green mode has growth rates approaching� 0:02 for the neg-

ative/positive gradients, the same limits as the red curve. Therefore, there is a higher

frequency electrostatic mode capable of going unstable at large wave numbers in this sys-

tem. The yellow line appears to approach� dvix =dx as k increases, similar to the blue

curve.

We see that even weak gradients can not only enhance the peak growth rate of the primary

unstable mode, but they also can signi�cantly extend the range of unstable wave numbers.

Because the asymptotic behavior of the growth rates appears to strongly depend on the

ion and electron velocity gradients, we will isolate each separately to learn more about the

physical factors driving the changes in the instability.

A. Gradients in the ion 
ow

We begin by only allowing variationsvix and ni in the ion population and will discuss

electron 
ow gradients later in the section. This provides the opportunity to analytically

explore the role of the ion gradients, even while retaining the zeroth order continuity equation

constraint for the ion population. Solving for the dispersion relation with nonzerodvix =dx

and with the substitution dni =dx = � (ni =vix )dvix =dx, we �nd:

1 =
�Zn i

�
1 + i

kv ix

dvix
dx

�


 3
i (! � kvix )2

+
ne� ey

(! � kvex)2
+

[(! � kvex)2 � ne� ey]
h�

dvix
dx

� 2
� i dvix

dx (! � kvix )(1 + 
 3
i )

i


 3
i (! � kvex)2(! � kvix )2

:

(24)
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FIG. 6. Plot of the roots of the dispersion relation with pix = 0 :1, pe = 30, cos� = 0 :5, and
�
� dvex

dx

�
� = 0 :02. The corresponding gradients in density and ion velocity are imposed to preserve

charge neutrality and zeroth order continuity for each species. The imaginary components for the

dvex
dx = 0 :02 and dvex

dx = � 0:02 solutions are shown in the middle and lower panels respectively.

Note that all roots acquire imaginary components with the incorporation of these plasma gradients

and that the unstable red curve (from Fig. 1) has enhanced growth rates and an extendedk-range

of instability when there is a negative electron velocity gradient.
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As mentioned, these gradients are taken as weak, satisfying (dvix =dx)=vix � k, so this

constrains the viable wave numbers for a given set of gradients. TheG terms are 0 for this

simpli�ed case of no electron 
uid gradients.

Fig. 7 shows the numerical solutions of Eq. 24 for the parameterspix = 0:1, pe = 30,

cos� = 0:5, and jdvix =dxj = 0:01. The real components of the roots are shown in the top

panel, and the lower two panels show the imaginary components for the cases ofdvix
dx = 0:01

and dvix
dx = � 0:01, respectively. We observe that having ion velocity and density gradients

by themselves causes a separation between the two lowest-frequency modes of the real fre-

quencies, as seen in Fig. 6. The red curve is shifted below the blue curve until they cross at

k� D � 0:08 for these parameters. The imaginary components of the modes depend on the

sign of dvix =dx, from which we make the following observations:

(1) The blue curve with ! � kvix at large k has an enhanced (in amplitude over the

system with no zeroth order gradients) positive growth and is unstable even at largerk

values whendvix =dx < 0, but develops a negative imaginary component whendvix =dx > 0.

Also, at largek the imaginary part approaches� dvix =dx like in Fig. 6.

(2) The red curve with ! � kvex at largek has a positive growth rate at reduced amplitude

compared to the blue fordvix =dx > 0, whereas it has a negative growth rate when the

gradient sign is 
ipped.

(3) The remaining two modes also have imaginary components. The green positive fre-

quency mode has small positive growth fordvix =dx > 0 and negative growth fordvix =dx < 0,

but both decay to 0 with increasingk. On the other hand, the originally negative frequency

yellow line has the opposite dependence, having positive growth rate fordvix =dx < 0 and

negative for the opposite sign. Notably, the growth rate of the yellow curve does not ap-

proach zero at largek but instead appear to asymptotically approach� dvix =dx, as in Fig. 6.

Much can be explained from this observed behavior of the modes by performing a lowest

order analysis. We now can exploit the results of the previous section to provide baseline

solutions ! 0 that we can perturb so that ! = ! 0 + ! 1, with ! 1 � dvix =dx. As before, we

can �rst drop the left-hand side term of Eq. 24, from which! 0 is given for the zeroth order

solution (no dvix =dx terms) by Eq. 18. The �rst order equation from the modi�ed Eq. 24 is

0 = �Zn i
i

kvix

dvix

dx
(! 0 � kvex)2 + 2! 1ne� ey
 3

i (! � kvix ) � i
dvix

dx
(! 0 � kvix )(1 + 
 3

i )
�
(! 0 � kvex)2 � ne� ey

�
;

(25)
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FIG. 7. Plot of the roots of the dispersion relation with pix = 0 :1, pe = 30, cos� = 0 :5, and
�
�
� dvix

dx

�
�
� = 0 :01. The imaginary components for thedvix

dx = 0 :01 and dvix
dx = � 0:01 solutions are shown

in the middle and lower panels respectively. Particularly note that the previously damped blue

curve (from Fig. 1) has a high growth rate and largek-range of instability when there is a negative

ion velocity gradient.

from which we solve for! 1 as

! 1 �
i
2

dvix

dx
(1 + 
 3

i ) [k2(vex � vix )2 � ne� ey]

 3

i ne� ey
(26)

where we retain only the lowest order� terms. This shift applies to both of the low-frequency
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modes, so in particular, at lowk there will be a constant shift of

! 1 � �
i (1 + 
 3

i )
2
 3

i

dvix

dx
(27)

as long ask is large enough thatj! 1j � j ! 0j and that (dvix =dx)=vix � k. This approximate

convergence is witnessed in the lower panels of Fig. 7; both modes approach� idvix =dx at

low k due to the 
 i � 1 value taken in the example.

Therefore, a negative velocity gradient (positive density gradient) can provide an addi-

tional source of free energy in the system that can enhance the growth rates of the low-

frequency modes. Beyond this, however, we anticipate that the gradients could allow in-

stabilities in previously stable regions of parameter space. To examine this potential, we

proceed to next look at the zeroth order solutions of Eq. 19. To �nd the leading order

correction from dvix =dx, we need to retain all of the terms in Eq. 24 to �rst order, so that

we �nd

! 1 =
i
2

dvix

dx
(! 0 � kvex)2�Zn i =(kvix ) � (! 0 � kvix )(1 + 
 3

i )[( ! 0 � kvex)2 � ne� ey]

 3

i (! � kvex)( ! 0 � kvix )2 + 
 3
i (! 0 � kvex)( ! 0 � kvix ) � ne� ey
 3

i (! 0 � kvix ) � �Zn i (! 0 � kvex)
:

(28)

We retain only the lowest order in� terms in the numerator and denominator, which sim-

pli�es it to

! 1 �
i
2

dvix

dx

� �Zn i
p

ne� ey

kvix 
 3
i (

p
ne� ey � k(vex � vix ))2

(29)

in which we now have substituted Eq. 19. For largek, this simpli�es to

! 1 �
i
2

dvix

dx

� �Zn i
p

ne� ey

k3vix 
 3
i (vex � vix )2

�
1
k3

(30)

Both of the high-frequency modes (! � kvex) at large k will therefore acquire imaginary

components of equal and opposite sign with the addition of the velocity and density ion

gradients. However, the 1=k3 dependence will cause these values to decay rapidly ask

increases. We observe this decay in the imaginary components of the green curve plotted in

Fig. 7. The red curve has a similarly decaying component due todvix =dx, but it is di�cult

to isolate it from the larger conventionalvex � vix term of Eq. 18.

We �nally look at the high k region of the low-frequency modes given by Eq. 20. The

�rst order of Eq. 24 for both of these modes is

! 1 �
i
2

dvix

dx
� (1 + 
 3

i )(k2(vex � vix )2 � ne� ey)

 3

i k2(vex � vix )2
(31)
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which can be further simpli�ed to

! 1 � �
i
2

dvix

dx
(1 + 
 3

i )

 3

i
(32)

for large k. Note the signi�cance of this result, because the imaginary contribution from

the gradient term does not vanish at largek as for the ! � kvex modes. Both of these

! � kvix modes approach this constant growth rate, as we observe in the lower panels of

Fig. 7 for the blue and yellow curves. The relatively low
 i factor for this example results

in the ! 1 ! � idvix =dx that we see. The instability of the blue curve can be of particular

importance, because this will drive a mode with phase velocity slightly higher thanvix ,

potentially allowing the resonant acceleration of ions to higher velocities.

B. Gradients in the electron 
ow

After examining the role of the variations in the ion 
ow and density pro�les on the

Buneman instability, we next take a closer look at gradients in the electron population. We

retain the dvex=dx and dne=dx terms present in Section II but drop all ion gradient terms.

In particular, the gradient terms G become nonzero in Equations 7-10, and these notably

provide shifts in the growth rates of the modes; the free energy present in the velocity and

density gradients can be harnessed to potentially amplify these waves.

We �rst examine these gradients by numerically solving for the roots of the dispersion

relation using the test case ofpix = 0:1, pe = 30, cos� = 0:5, and jdvex=dxj = � 0:02

(and B = 0) and showing the real and imaginary components of the solutions in Fig. 8.

Once again we impose a correspondingdne=dx condition so that Eq. 23 is satis�ed for the

electron 
uid. We observe that the two low-frequency modes are split once again, the red

starting below the blue and then overtaking it atk� D � 0:07. As in the ion plasma gradient

case, the imaginary components of the frequencies are signi�cantly a�ected by the presence

of a spatial variation in the electron 
ow, and we make the following observations of this

behavior:

(1) The red curve (with ! � kvex at large k) has an enhanced (over the system with

uniform 
ow and density) positive growth when dvex=dx < 0, but develops a negative

imaginary frequency component whendvex=dx > 0: At large k, Im(! ) does not fall to 0

but instead plateaus around� 0:02 (corresponding with� dvex=dx like in Fig. 6) for the

22

http://dx.doi.org/10.1063/1.5028128


negative/positive growth rate respectively. This dramatically extends the instability regime

(for dvex=dx < 0).

(2) The blue curve (with ! � kvix ) at large k has a negative growth rate of lower amplitude

than the red curve fordvex=dx < 0, whereas it has a positive growth rate when the gradient

sign is 
ipped. Im(! ) ! 0 ask increases in this case, however, so this mode does not have

the same extended regime of instability when there are no ion gradients present.

(3) The green and yellow modes have imaginary components to their frequencies. The

highest frequency green mode has growth rates approaching� 0:02 for the negative/positive

gradients, the same limits as the blue curve. A higher frequency electrostatic mode is thus

capable of going unstable at large wave numbers in this system like in Fig. 6. The yellow

line has a positive/negative growth rate with negative/positive gradients that decay to 0 as

k increases.

From this analysis, we see that incorporating electron plasma gradients has the most

signi�cant e�ect on the two highest-frequency roots (at largek), whereas we see that the

lowest frequency roots (at largek) had their growth rates dictated by gradients in the ion

population. To show that such plasma gradients can easily be found in a short-pulse laser-

plasma system, we plotted a snapshot, given in Fig. 9, of the 1 micron spatially averaged

(centered on the laser axis,z = 0) values of dvex=dx and Ez as a function x from the

particle-in-cell simulation performed in Section III. The normalizations from Sec. II are still

used so that the unit of distance for the gradient is taken as the skin depth and velocity

is in units of c, whereas the electric �eld is expressed in units ofV=m for convenience to

the reader. This snapshot occurs before the plasma becomes transparent to the main pulse,

but we already can see sustained velocity gradients� 0:005 forming near the back of the

target at around x= 17:5� m. This con�rms that electron 
ow gradients in our laser-plasma

systems of interest can reach the levels necessary to signi�cantly alter the instability of the


ow-driven low-frequency electrostatic modes.

Going back to the Section III discussion of the FFT in Fig. 5, we see that the incorporation

of gradients can add new insight. A negative electron velocity gradient at the rear of the

target would extend the instability regime for the! � kvex root but not for the ! � kvix

root, as seen in the Figure. On the other hand, a positive gradient would permit an unstable

k-range of the highest frequency mode that is localized at smallk. The narrow range of wave

numbers seen in Fig. 5 for this mode could potentially be explained by a positive electron
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velocity gradient driving only such a narrow range unstable.

V. ADDING A TRANSVERSE MAGNETIC FIELD

Thus far we have limited our discussion to electron and ions 
owing in a �eld-free back-

ground, but this is an unrealistic assumption for most laser plasma systems. The laser-driven

plasma motion creates self-generated magnetic �elds, and even the gradients previously dis-

cussed can induce complicated �eld structures. One of the larger �elds present in interac-

tions in which the plasma is or becomes transparent is an azimuthal magnetic �eld generated

around the laser axis by the electron current driven by the laser. To demonstrate this, we

performed another 2D particle-in-cell simulation similar to that for Fig. 5 except now with

a Gaussian 1:2 � 1020 W/cm 2 � = 1 � m laser pulse of FWHM=450 fs and f/3 optic, focused

onto the front of the uniform 10ncr carbon target. We chose a length of 3:23� m for the target,

as this was the optimal length for ion acceleration in this setup found in Ref. [51]. Fig. 10

shows snapshots from the simulation after the plasma has become transparent, at which

point a relativistic electron current can be driven by the laser pulse. The total current is on

the green scale, whereas the magnetic �eld generated by it (Bz) is on the red-blue scale. On

axis, there is a negligible magnetic �eld, but the magnetic �eld increases in strength when

moving away from the axis. This is further depicted inz-lineouts from the snapshots at

x = 15; 16; 17� m (see right) which show a linear growth in the magnetic �eld close to the

axis. The o�-axis �eld structure may be relevant to the Buneman mode structure in this

region, which in turn can in
uence ion acceleration in the transparency regime. We note

that studies have witnessed o�-axis acceleration in this regime in 3D simulations [39, 53], so

the mode structure here in the presence of magnetic �elds is worth considering. The role of

this �eld on the Buneman instability will be the focus of this section.

Because of the relatively weak magnetic �elds found in the simulations, the cyclotron

frequencies of both electrons and ions, along with the lower hybrid frequency, are much

smaller than the electron plasma frequency. The particles have Larmor radii much larger

than the wavelength of the system and even than the system size examined in simulations.

Therefore, we can remain in the electrostatic approximation for the Buneman calculation

when calculating the shifts to these modes in the presence of a magnetic �eld. Even with

� 108 Gauss magnetic �eld strengths, the
 factor reduction of the cyclotron frequency will
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keep the populations largely unmagnetized. At some of the ultra-high intensities, relativistic

transparency can facilitate the production of stronger currents and thus greater magnetic

�eld strengths [54, 55], but the corresponding increase in
 will still tend to restrain the

growth of the relativistic cyclotron frequency. Here we thus restrict our discussion to per-

turbations to the existing unmagnetized mode structure without incorporating coupling to

additional modes (the lower hybrid instability, for example).

Therefore, as the magnetic �eld normalization from Sec. II can be written as! ce=! pe, in

which ! ce = eB=mec is the classical electron cyclotron frequency, we can treatB as a small

parameter when retained in the dispersion relation:

1 =
�n i Z


 3
i (! � kvix )2 � � 2B 2Z 2=
 i

+
ne(1 + p2

ey)


 3
e(! � kvex)2 � B 2=
 e

: (33)

Here we once again adopted the cold plasma approximation. To see more clearly the signi�-

cance of the magnetic �eld, we look at the two low-frequency modes at smallk by eliminating

the (! � kvex)2(! � kvix )2 term from the expanded Eq. 33. Furthermore dropping the� � 2

terms, we arrive at the more tractable

0 = �n i Z
 3
e(! � kvex)2 �

�n i ZB 2


 e
+ 
 3

i (! � kvix )2

�
ne(1 + p2

ey) +
B 2


 e

�
: (34)

This is a quadratic in ! , so can solve it exactly to �nd

! =
�n i Z
 3

ekvex + 
 3
i

�
ne(1 + p2

ey) + B 2


 e

�
kvix �

p
D

h
�n i Z
 3

e + 
 3
i

�
ne(1 + p2

ey) + B 2


 e

�i ; (35)

in which D is the discriminant given as

D =
�
�n i Z
 3

e + 
 3
i

�
ne(1 + p2

ey) +
B 2


 e

�� (
�n i ZB 2


 e
� k2

�
�n i Z
 3

ev2
ex + 
 3

i v2
ix

�
ne(1 + p2

ey) +
B 2


 e

�� )

� k2

�
�n i Z
 3

evex + 
 3
i vix

�
ne(1 + p2

ey) +
B 2


 e

�� 2

: (36)

D will determine when the two low-frequency modes develop equal and opposite imaginary

components at smallk, and we can solve for this lower pointkl by setting D to 0 and

�nding k. We simplify the expression by taking the lowest order� terms in the numerator

and denominator, thus �nding

kl �
B


 2
e(vex � vix )

: (37)
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When the magnetic �eld is 0,kl = 0, but this lower bound scales withB and therefore will

increase linearly with the strength of the magnetic �eld to contract the regime of instability.

Despite the relatively weak magnetic �elds observed in simulations like those of Fig. 10,

we anticipate that the magnetic �eld can still play an important role in determining the mode

structure. For a localized current driven by the laser on-axis, the magnetic �eld will grow

linearly with distance from the axis, here assuming a uniform current density for simplicity.

With B / r and thus kl / r by Eq. 37, we expect a gradual shift away fromk = 0 in

excited electrostatic modes in the system. While this shift is weak, a sustained 
ow over

several periods could yield measurable di�erences in the mode structure andk bandwidth

between the center axis and the edges of the electron 
ow because of the high growth rates

characterizing the Buneman instability. Further examination of this magnetic �eld e�ect

with a comprehensive account of related electromagnetic modes is required.

VI. CONCLUSION

We have examined an important instability in high intensity laser-plasma interactions

which can potentially be optimized and exploited for ion acceleration applications in par-

ticular, but which will also be vital to modeling low-frequency behavior in other system

applications. The relativistic motion of ions (in one dimension) and electrons (in two di-

mensions) exhibit non-trivial modi�cations to the Buneman instability. A simple dominant

balance analysis of the unstable mode permits the extraction of how highervex results in a

relativistic enhancement of both the phase velocity and the growth rate through
 e, whereas

increased ion velocity results in a suppression of both the phase velocity increase (withvix )

and the growth rate through
 i . The increase and decrease of these from raisingvex and vix ,

respectively, is expected, but the relativistic nature of the 
ows makes the trends even more

pronounced. Additionally, increasing the ion 
ow velocity is shown to increase the spectrum

of unstable wave numbers and also to shift the lowest, originally negative frequency mode

to become positive at lowerk. The ultra-low phase velocities< v ix of this mode could a�ect

ion motion and is a topic for future investigation.

We also examined the e�ect of a self-generated transverse magnetic �eld on the instability.

In particular, we demonstrated a linear shift with magnetic �eld strength of the lower bound

of the unstablek range. Large self-generated �elds have been studied in many systems, and
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so the structure in these �elds can then constrain the location of the instability in the target,

or potentially be used to shift/prescribe the wavelengths of the modes.

One of the primary results of this paper is that the plasma gradients ubiquitous in laser-

plasma interactions can enhance the growth rates of the electrostatic modes so that these

waves can in
uence ion dynamics. Self-consistently incorporating density and velocity gra-

dients for both species revealed that a negative velocity gradient provides a source of free

energy to the unstable mode that enhances its growth rate. Furthermore, thek� ranges

of instability are increased in these cases, and the growth rates approach nonzero values

at large k. This can potentially explain the extended mode excitation seen in the high

branch ! � kvex mode in the plane wave particle-in-cell simulation of Fig. 5. On the other

hand, a positive velocity gradient in the electron population could potentially account for

the observed high frequency structure parallel to thekvex line that is exclusively at lowk.

Note that we started with hot 
uid equations but limited our analysis to cold plasmas.

The regime of validity of this hot 
uid model is limited, as vth � vp is required for ap-

propriately modeling this system; the low phase velocityvp characteristic of the Buneman

instability therefore imposes a fairly strict upper limit on the temperatures we can examine.

A full kinetic analysis is required to examine the relativistic temperatures observed in laser-

plasma interactions, but qualitative insight can be gleaned by looking at semi-relativistic

temperatures in this 
uid model. This is pursued in Appendix A, where it is shown that the

instability k-range shrinks with increasing temperature, as expected from non-relativistic

kinetic theory.

The zeroth-order conditions in the plasma are assumed to be created by the laser driver,

but the validity of these approximations and unique geometry of a laser pulse should be

examined for each individual application. Many laser-target experiments have explored the

relativistic transparency regime [40{44], spanning di�erent intensities and pulse lengths.

Delineating the changes in electron and ion 
ows across this broad parameter space requires

further study so as to characterize the role of the Buneman instability in each system.

Collocated high intensity short pulse laser and X-ray free electron laser setups may allow X-

ray Thomson scattering measurements of the accelerating plasma and the detection of these

plasma modes. On the computational front, particle-in-cell simulations enable observation of

the modes seen in the laser-plasma interactions [51] and the characterization of the plasma

states, so a thorough sweep of di�erent pulse and target parameters would be insightful.
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Nevertheless, we anticipate that the prevalence of the Buneman instability in relativistic

laser-plasma systems calls for an awareness by the community of their dependencies on

plasma 
ow parameters so that they can be avoided or exploited as desired.

VII. APPENDIX: SEMIRELATIVISTIC ELECTRON TEMPERATURES

The solutions become more complicated with the addition of semi-relativistic electron

temperatures, in that there are additional imaginary terms that change the instability in

a non-trivial manner. To better understand the the thermal contributions to the wave, we

simplify the general dispersion relation of Sec. II with the assumptions ofvix = 0 = B and

no gradients to yield

1 =
�n i Z
! 2

+
f e
 3

ene� ey � if eQ
f 2

e 
 3
e(! � kvex)2

+
iQf eni �Z

f 2
e 
 3

e! 2(! � kvex)2
; (38)

here setting Q = Tek(k
 2
e � ey � pex(! � kvex)) as a thermal term. When expanded and

taken to order ! 2 we have � 1! 2 + � 2! + � 3 = 0 to provide a simpli�ed description of the

low-frequency modes; this can be a valuable tool for gaining insight into what a�ects the

instability. In this case, the coe�cients in the quadratic equation become

� 1 = f 2
e 
 3

e(ni �Z � k2v2
ex) � if eni �Zp exTe (39)

� 2 = � 2kf 2
e 
 3

evexni �Z � ikf eni �Zp exTe (40)

� 3 = ni �Z (f 2
e 
 3

ek2v2
ex + if ek2
 eTe) (41)

To simplify the analysis we take the solution to leading order in� , so that

! � �

p
4� 3(f 2

e 
 3k2v2
ex � f e
 3

ene� ey � if ek2Te
 e)
f 2

e 
 3
ek2v2

ex + f e
 3
ene� ey � if ek2Te
 e

(42)

There will be imaginary components of these roots extending beyond the region de�ned in

the cold limit discussed above, but to see the modi�cation of the region of instability that

exists in a cold plasma, we treatTe as small so that the instability region in k� space is

essentially de�ned by the real component of the square root's argument:

0 = k2(f 2
e 
 6

ev4
ex � 
 2

eT2
e ) � 
 6

ev2
exf ene� ey (43)

k2 =

 6

ev4
exf ene� ey

f 2
e 
 6

ev4
ex � 
 2

eT2
e

�
1
f e

(44)
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where we take theT2
e term in the denominator as small compared to the other term. Thus

as a small electron temperature is introduced, the width the primary instability region in

k� space is contracted byf � 1=2
e .

Next we examine the highest frequency mode to determine the role of temperature on its

properties. We take Eq. 38 expanded to powers of! like before, but this time we isolate the

highest frequency modes with the dominant balance approach by this time retaining only

terms of order! 2 and above:

! 4 � 2kvex! 3 + ! 2

�
k2v2

ex � �n i Z �
ne� ey

f e
+

iQ
f e
 3

e

�
= 0 (45)

which then yields

! = kvex �

s
ne� ey

f e
+ �n i Z �

iQ
f e
 3

e
(46)

� kvex �

" r
ne� ey

f e
+

�
�n i Z �

iQ
f e
 3

e

� s
f e

4ne� ey

#

(47)

in which the last approximation takes� and k to be small parameters, limiting the validity

of the result to this regime. This shift in frequencies therefore scales withf � 1=2
e so that

higher temperatures will push these modes towards zero. Note that the positive-frequency

mode will have a negative growth rate so this mode, even as it approaches lower frequencies

relevant to ion motion, will be damped due to thermal e�ects.
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FIG. 8. Plot of the roots of the dispersion relation with pix = 0 :1, pe = 30, cos� = 0 :5, and
�
� dvex

dx

�
� = 0 :02. The imaginary components for the dvex

dx = 0 :02 and dvex
dx = � 0:02 solutions are

shown in the middle and lower panels respectively. Particularly note that the unstable red curve

(from Fig. 1) now has an enhanced growth rate and extendedk-range of instability when there is

a negative electron velocity gradient.
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FIG. 9. Snapshot of dvex=dx and Ez from the plane wave 2D particle-in-cell simulation, averaged

over a 1 micron spread from the laser axis (z = 0).

34

http://dx.doi.org/10.1063/1.5028128


Bz/B0

Jx/ ncrec
!"!#$

%!"!#$

!"&#$

%!"&#$

!"

!$

!$

'()#$ *+ $
'(),$ *+ $
'()&$*+ $

'()#$ *+ $
'(),$ *+ $
'()&$*+ $

y (micron)

y (micron)

x (micron)

x (micron)

t= 589.0 fs

t= 668.9 fs

FIG. 10. Snapshots from the Gaussian pulse 2D particle-in-cell simulation after the onset of

transparency, showing the current Jx and the out-of-the-plane magnetic �eld Bz. Transverse

magnetic �eld lineouts from each snapshot are shown on the right (x = 15� m in blue, x = 16� m

in red, and x = 17� m in green).
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