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Abstract 

This paper presents a recrystallization model driven by intragranular orientation gradients and 
strain energy fields calculated by means of the viscoplastic self-consistent (VPSC) formulation. 
The VPSC model is extended for calculation of the coupling between intragranular stress 
fluctuations with corresponding second moments of lattice spin and misorientation fields in the 
grains. Access to these quantities allows modelling of transition bands and nucleation kinetics. In 
the proposed recrystallization model, grain growth is assumed to be proportional to the 
difference between the stored energy of each grain and that of the effective medium. 
Recrystallization textures for several cubic metals are simulated, showing good agreement with 
corresponding experiments. The model reveals the importance of considering appropriate, 
microstructurally-based and orientation-dependent recrystallization nucleation mechanisms. The 
recrystallization texture of heavily rolled copper with a strong cube texture component is found 
to be a consequence of nucleation at transition bands, which is also the cause of the 
recrystallization textures in compressed iron and drawn copper wire. In contrast, the 
recrystallization texture of rolled interstitial-free steel is found to be caused by grain boundary 
nucleation occurring in grains with the highest strain energy.  
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1. Introduction 

Manufacturing processes of metallic components commonly consist of a sequence of shaping 
operations with intermediate anneals at appropriate temperatures [1, 2]. During the annealing 
process, dislocation content, grain size and texture change due to recovery and recrystallization, 
which in turn affects the mechanical properties of the metallic component, and thus the material 
response during subsequent shaping operations. Therefore, understanding and predicting 
microstructural changes occurring during recrystallization of metallic material is of great 
practical importance. 

Recrystallization nuclei are experimentally observed at deformation induced inhomogeneities 
such as grain boundaries, transition bands, shear bands, as well as second phase particles [1]. 
During grain boundary nucleation, a subgrain that has reached critical radius bulges out into the 
neighboring grain and becomes a nucleus [3]. The driving force for growth of the nuclei is the 
difference in energy stored during deformation between two sides of the moving boundary [4]. 
Hu, and Walter and Koch first observed formation of nuclei at transition bands [5, 6], which are 
locations of high orientation gradient and thus stored energy as well [7]. Transition band 
nucleation has been investigated in detail in [8-11]. Shear band nucleation has also been 
observed in numerous studies [9, 12-15]. However, details of the shear band nucleation 
mechanism are still unknown [1]. Considering the experimental observations of recrystallization, 
it is clear that the recrystallization process is greatly influenced by the deformed state of the 
polycrystal. Consequently, an accurate and physics-based recrystallization model should be 
informed by the measured or predicted deformed state. Since the output of the deformation 
model serves as an input for the recrystallization model, the complexity and performance of the 
recrystallization model are determined by the available information provided by the deformation 
model. Spatially resolved full-field deformation models [16-22] can be coupled with full-field 
recrystallization models (e.g. Monte Carlo Potts models [23-27] or cellular automata models [28-
30]). On the other hand, mean-field deformation models [31-35] can be accompanied by 
appropriate simpler recrystallization models. This paper formulates a recrystallization model 
based on the deformed state predicted by the mean-field viscoplastic self-consistent (VPSC) 
formulation [32]. 

A number of relatively simple recrystallization models initialized with microstructural quantities 
predicted by mean-field formulations have been proposed over the past several decades. Bunge 
and Köhler developed a model for predicting recrystallization textures based on deformation 
textures [36]. The orientations of the nuclei were chosen randomly and each nucleus was allowed 
to grow into the deformed matrix based on the misorientation between the nucleus and the 
matrix. Later, Engler proposed a recrystallization model in which the recrystallized orientation 
distribution function (ODF) was defined by superimposing the nucleation ODF and the growth 
ODF [37]. The nucleation ODF was artificially created based on experimental observations 
while the growth ODF was derived from the deformation texture. Kestens and Jonas developed a 
more sophisticated recrystallization model based on deformation texture and applied it to 
recrystallization of IF steels [38]. The nucleation probability of each orientation was related to its 
Taylor factor, which was assumed to be a measure representing the strain energy. Additionally, 
an oriented growth law based on the misorientation angle and misorientation axis between the 
nucleus and the matrix grains was employed. Hildenbrand et al. coupled the original VPSC 
model proposed by Molinari et al. [31] with the modified recrystallization model of Kestens and 
Jonas, and utilized the volume transfer scheme for texture evolution [39, 40]. Along similar lines, 
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Wenk et al developed a deformation-based recrystallization model coupled with VPSC [32, 41-
43]. The nucleation was assumed to occur in the grains with the highest strain energy calculated 
based on the current values of the critical resolved shear stresses. Since in VPSC each grain is 
considered to be embedded in a homogenous effective medium, the growth rate was defined by 
the difference in strain energy between the grain and the effective medium having the averaged 
strain energy. Bolmaro et al. further improved the growth model by assuming pairing between 
grains and introducing a dependence of boundary mobility on misorientation angle [44]. Cram et 
al. coupled a simple polycrystal plasticity model proposed by Bouaziz and Buessler [45] with the 
nucleation model of Zurob et al. [46] and a mean-field growth model similar to the one of Wenk 
et al. [47]. Zurob et al’s nucleation criterion, initially developed for static recrystallization, 
models formation of the nucleus at grain boundaries through subgrain growth [46]. When the 
growing subgrain reaches the critical radius, it bulges out into the neighboring grain and 
becomes a nucleus. A similar nucleation model was previously proposed by Humphreys [48]. In 
addition, the same type of nucleation model was later adopted by Han et al. within a cellular 
automata recrystallization approach coupled with crystal plasticity finite elements [49]. Sebald 
and Gottstein simulated evolution of recrystallization textures from the deformation textures 
using different nucleation mechanisms, namely: random nucleation, nucleation at shear bands 
and nucleation at preexisting nuclei [50]. An oriented growth model was employed with mobility 
defined based on the misorientation between the nucleus and deformed grain. The driving force 
for boundary migration was defined by the difference in strain energy, which was related to the 
grain’s Taylor factor. 

Most of the described mean-field recrystallization models are informed only with average grain 
orientations predicted by the associated deformation model. However, nucleation of 
recrystallization is influenced by intragranular orientation gradients developed during the 
deformation process [1]. In this regard, nucleation is often observed at transition bands, which 
form between portions of the grain deforming by different combinations of slip systems [5, 6, 
11]. In the above summarized recrystallization models, magnitudes of intragranular orientation 
gradients were either completely neglected or directly related to other grain quantities (e.g. total 
accumulated shear within the grain or magnitude of the grain’s strain rate). The orientation of the 
nucleus was assumed to be the same as the parent’s orientation. This overly simplified treatment 
of intragranular orientation gradients within deformation and recrystallization models leads to 
poor predictions of recrystallization textures for recrystallization processes driven by 
intragranular orientation gradients. 

In this paper we propose a recrystallization model that utilizes the intragranular misorientation 
distributions predicted by a recent extension of the VPSC model [51-53]. The model is 
computationally efficient, despite requiring calculation of the second-order moments of stress in 
the grains as deformation accumulates. Intragranular orientation gradients are calculated using 
intragranular misorientation distributions, and grains with transition bands are identified based 
on the shapes of the intragranular misorientation distributions. Orientations of the nuclei are 
appropriately chosen from the transition bands. Nucleation at grain boundaries is also 
considered. The proposed recrystallization model relies on the grain growth model proposed by 
Wenk et al. [41]. Recrystallization textures of face-centered cubic (fcc) and body-centered cubic 
(bcc) materials are simulated and reasonable agreement with experimental measurements is 
observed. Identification of grains developing transition bands is found to be critical for 
nucleation kinetics ensuring accurate predictions of recrystallization textures.  
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2. Model 

First, we briefly summarize the standard VPSC model [32, 54] and the recently developed 
algorithm for calculation of intragranular misorientation distributions [51, 52] and grain 
fragmentation (GF) [53] within the VPSC formulation. This extended VPSC model has been 
designated as GF-VPSC [53]. Later, we provide a detailed description of the proposed 
recrystallization model, added to GF-VPSC. 

 

2.1 VPSC model incorporating the calculation of intragranular misorientation distributions 

A polycrystal is represented by a discrete set of ellipsoidal grains of a certain volume. The mean 
crystal orientation of each grain (r) is described by an active rotation quaternion, �����, which 
brings the sample frame into alignment with the crystal frame. The crystal orientation varies 
spatially within the grain and, at a material point �, can be described by the vector part of the 
misorientation quaternion, δ����, defined with respect to the mean crystal orientation, �����. Slip 
resistance of each slip system (s) is assumed to be spatially constant within each grain (r) and 

given by the mean grain value, 	
�,���. The constitutive response at grain material point � is given 
by the viscoplastic equation: 


� ��� = ��� ∑ �|����∶�����|���,��� �� sign"����: �����$� �����, (1) 

where ��� is the reference shear rate, % is the inverse of rate sensitivity (set to 10 in all the 
simulations that follow) and �� is the symmetric part of the Schmid tensor of slip system (s) in 
grain (r). 

Under boundary conditions applied to a viscoplastic polycrystal, the mean stress and strain rate 
within each crystal and the homogenized macroscopic properties can be obtained through self-
consistent homogenization [32]. The constitutive response at each material point � is 
approximated to be spatially constant within the grains, and described by a first-order Taylor 
expansion relating the mean values of the strain rate and stress in the grains [55]: 
� ��� = &���: ���� + 
�����, (2) 

where &��� and 
����� are compliance and back extrapolated strain rate of grain r. Each linearized 
grain is assumed to be an ellipsoidal inhomogeneity within an infinite matrix with the 
macroscopic properties, to which boundary conditions are applied. The stress and strain rate 
within the inhomogeneity are calculated using the equivalent inclusion approach [56], and the 
following interaction equation can be derived [32]: 
�(��� = −&* ∶ �+���, (3) 

where 
�(��� and �+��� are deviations of the average strain rate and stress in the grains from the 
corresponding macroscopic values, and &* = �, − -�./ ∶ 	- ∶ 	 &�  is the interaction tensor, which 
is a function of the symmetric Eshelby tensor, -, and macroscopic compliance, &� .  

After each deformation step, the lattice rotation rate, velocity gradient and slip resistance rate are 
multiplied with the time increment, ∆2, in order to produce the corresponding increments which 
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are then utilized for explicit updating of the crystal orientation, grain shape and slip resistance, 
respectively. The slip resistance rate is given by [42]: 

	�
�,��� = ∑ ℎ��4�� �5,����4 , (4) 

where ℎ��4 is a micro-hardening matrix. In this study, values of the micro-hardening matrix are 
set to ℎ��4 = 1.0, resulting in linear isotropic hardening. The initial slip resistance, 	��, is set to 
unity.  

Under the affine linearization (see Eq. 2), VPSC only requires evaluation of the average stress 
and strain-rate in the grains, and thus intragranular spatial variations of orientation have no 
influence on the results. However, average fluctuations of intragranular quantities, starting from 
the second moments of the stress field in the grains, can still be calculated after each deformation 
step using the algorithms described below. In addition, Castelnau et al. [57] have used 
intragranular field fluctuations to improve the hardening model deriving an expression for slip 
resistance rate in function of both first and second moments of shear rates. Consequently, under 
this hardening model, field fluctuations also affect the strain energy within grains and, in turn, 
should also influence both nucleation and growth.  Extension of Castelnau et al.’s fluctuation-
based hardening model to recrystallization will be the subject of future work. 

We consider two sources of intragranular stress fluctuations: variation of mean grain properties 
within the polycrystal [58-60] and intragranular spatial variation of orientation [53]. Both of 
these stress fluctuations are purely intragranular and they determine the stress variation inside of 
each grain. Since orientation and slip resistance completely determine the behavior of the grain 
within the polycrystal, grains with the same orientation and slip resistance will develop identical 
fluctuations. In what follows, we represent the symmetric second rank tensors in vector form so 
that matrix algebra can be used. The second moment of intragranular stress fluctuations is given 
by [54, 59, 61]: 

〈δ��:;� ⊗ δ��:;�〉��� = >?��� @A*B@&��� − ���� ⊗ ���� , (5) 

where δ��:;� is the fluctuation of stress with respect to the average grain stress for a grain with 
homogenous crystal orientation, C��� is the grain volume fraction, D*E is the effective stress 
potential and &��� is the grain compliance. The intragranular stress fluctuations due to the spatial 
variation of orientation within the grain are assumed to be linearly proportional to the 
misorientation vectors, where the linear transformation is defined by the derivative of stress with 

respect to the misoriententation vector, 
@�@F�G����,����� (Eq. 1). The second moment of these stress 

fluctuations is then given by [53]: 

〈δ��H�� ⊗ δ��H��〉��� = @�@F�G����,����� 〈δ� ⊗ δ�〉��� � @�@F�G����,������E
, (6) 

where δ��H�� is the fluctuation of stress with respect to the average grain stress caused by the 
orientation fluctuation within the grain. The second moment of total intragranular stress 
fluctuations is obtained by superimposing the two intragranular stress distributions defined by 
Eqs. (5) and (6): 〈δ� ⊗ δ�〉��� = 〈δ��:;� ⊗ δ��:;�〉��� + 〈δ��H�� ⊗ δ��H��〉��� +  
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+〈δ��:;� ⊗ δ��H��〉��� + 〈δ��H�� ⊗ δ��:;�〉���. (7) 

The cross-covariance terms (3rd and 4th terms on the right-hand side) define the covariance 
between the two stress fluctuation distributions.  

Intragranular fluctuations of lattice rotation rate are assumed to be linearly proportional to the 
stress fluctuations and the intragranular misorientation vectors [51-53]. Consequently, an 
expression for the second moment of intragranular fluctuations of lattice rotation rate can be 
derived in terms of the second moment of stress fluctuations, 〈δ� ⊗ δ�〉���, and the second 
moment of misorientation vectors, 〈δ� ⊗ δ�〉���. Finally, the second moment of misorientation 
increment is calculated by integrating the intragranular fluctuations of lattice rotation rate and is 
utilized for updating of the second moment of misorientation vectors for the next time increment. 
If the intragranular misorientation spread reaches a critical value, the fragmentation model 
subdivides the grain into two child grains, which then continue to evolve separately. 
Fragmentation takes place in orientation space by division of the grain’s intragranular orientation 
distribution into two new distributions, which are assigned to fragments. Therefore, the total 
volume of the grain is divided into two fragments based on the orientation of each crystallite. 
Each fragment thus groups all crystallites that have a given orientation. The fragment does not 
represent a clustered set of single crystal material points in physical space separated by a high 
angle boundary from the remaining part of the grain, but a set of crystallites whose orientations 
are clustered in orientation space. The model is thus not capable of predicting grain subdivision 
in physical space, which happens by formation of new high angle boundaries. These aspects will 
be studied in future research. Due to fragmentation, certain grains from the initial texture will be 
represented by multiple fragments during deformation. In the recrystallization model, each such 
grain will be treated as a single grain whose state is defined by averaging its fragments’ states. 

 

2.2 Recrystallization model 

During recrystallization new defect-free grains nucleate and grow into the deformed 
microstructure  [1, 62]. The nucleation process is heterogeneous and occurs at locations of high 
strain energy and high orientation gradient [1, 63]. Growth of a recrystallized grain from a 
nucleus happens through high-angle boundary migration driven by the difference in strain energy 
between the two sides of the mobile boundary. Therefore, intragranular orientation gradients and 
strain energy determine the favorable places for nucleation and govern the subsequent boundary 
migration process. Consequently, in order to accurately predict recrystallization, intragranular 
orientation gradients and the strain energy of the microstructure need to be calculated first. Next, 
the nucleation and growth rules are developed based on these quantities.  

 

2.2.1 Intragranular orientation gradients  

In what follows, we consider a grain with orientation spread. The orientation at each material 
point, �, of the grain is described with respect to the mean orientation of the grain, �����, by the 
misorientation vector, δ����. The spatial variation of orientation described by δ���� is unknown. 
The only available information is the first and second moments of the misorientation vectors 
within the grain, 〈δ�〉��� and 〈δ�⨂δ�〉���, calculated with the deformation model. In what 
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follows, we derive an expression for average intragranular orientation gradients as a function of 
the second moment 〈δ�⨂δ�〉���. 
Let us consider one reference material point within the grain with an associated orientation 
described by a misorientation vector δ��JK (Fig. 1a). Next, let us assume that a spatially 
neighboring material point to the reference point has an unknown orientation defined by a 
misorientation vector δ� (Fig. 1a). The misorientation between these two neighboring points can 
be approximated as: δ�LM
 ≈ δ� − δ��JK. The vector δ�LM
 is a local neighbor misorientation 
vector that describes the misorientation between two spatially neighboring points within the 
grain, unlike the misorientation vectors δ��JK and δ� which describe the misorientation between 
the orientation at particular point within the grain and the mean orientation of the grain, which is 
evident from Fig. 1a. Let us assume that the orientation of the spatially neighboring point to the 
reference point defined by δ� can take any value from the grain’s orientation spread and let us 
calculate the first and second moments of δ�LM
: 〈δ�LM
〉���,�JK = 〈δ� − δ��JK〉���,�JK = −δ��JK, (8) 

〈δ�LM
⨂δ�LM
〉���,�JK = 〈�δ� − δ��JK�⨂�δ� − δ��JK�〉���,�JK = δ��JK⨂δ��JK + 〈δ�⨂δ�〉���. (9) 

The superscript OPQ emphasizes that these quantities are defined for one reference grain material 
point with orientation described by δ��JK. The first and second moments of δ�LM
 define a 
distribution of all possible local neighbor misorientation vectors in grain O for one intragranular 
orientation described by δ��JK. The distribution of possible local neighbor misorientations is 
assumed to be Gaussian with the probability density function (pdf) Q�JK�δ�LM
� and illustrated by 
an iso-density ellipsoid in Fig. 1b.  

Physically, the spatially neighboring points in the grain are more likely to have similar 
orientations. Consequently, the probability of finding smaller local neighbor misorientations δ�LM
 will be relatively higher in comparison to larger local neighbor misorientations. In order to 
take this spatial correlation of misorientations into account we introduce a Gaussian spatial 
correlation pdf, R�δ�LM
�, which determines the likelihood of finding particular local neighbor 
misorientation only based on the spatial correlation criterion. The spatial correlation pdf R�δ�LM
� is assumed to be isotropic with zero mean and covariance matrix, S = T,, where T is 
the variance and , is an identity matrix (Fig. 1b). Since R�δ�LM
� is isotropic, the misorientation 
axis has no effect and only the local misorientation angle determines the probability of finding 
that particular local neighbor misorientation. Variance T controls the magnitude of local 
neighbor misorientation angles. For small values of variance T, the probability of finding 
spatially neighboring points with large misorientation angle is very small. On the other hand, for 
large values of variance T, the probability of finding two neighboring orientations with a large 
misorientation angle would increase. 

The spatial correlation pdf R�δ�LM
� describes the likelihood of finding a local neighbor 
misorientation δ�LM
 only based on the spatial correlation criterion, without taking into account 
available local neighbor misorientations defined by the pdf Q�JK�δ�LM
�. Consequently, for a 
given intragranular orientation described by δ��JK within the grain O with misorientation spread 〈δ�⨂δ�〉���, the spatially correlated likelihood of finding particular local neighbor misorientation δ�LM
 is described by the product of Q�JK�δ�LM
� and R�δ�LM
� (Fig 1c): 
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ℎ�JK�δ�LM
� = K�UV"F�WX�$Y"F�WX�$Z K�UV"F�WX�$Y"F�WX�$[�H��. (10) 

Therefore, distribution ℎ�JK�δ�LM
� is derived from the distribution of all possible local neighbor 
misorientations, Q�JK�δ�LM
�, by favoring the local neighbor misorientations with the smaller 
magnitude using the spatial correlation pdf R�δ�LM
�. Since both Q�JK�δ�LM
� and R�δ�LM
� are 
Gaussian pdfs, their product, ℎ�JK�δ�LM
�, is also Gaussian. Explicit expressions for the first and 
second moment of the product pdf ℎ�JK�δ�LM
� can be derived in terms of the first and second 
moments of distributions Q�JK�δ�LM
� and R�δ�LM
� [64]: 

〈δ�LM
〉���,�JK,
M� = − \〈δ�⨂δ�〉���./ + /] ,^./ 〈δ�⨂δ�〉���./δ��JK, (11) 

〈δ�LM
⨂δ�LM
〉���,�JK,
M� = 〈δ�LM
〉���,�JK,
M�⨂〈δ�LM
〉���,�JK,
M� + \〈δ�⨂δ�〉���./ + /] ,^./
. (12) 

Distribution ℎ�JK�δ�LM
�, similar as distribution Q�JK�δ�LM
�, is defined for each intragranular 
orientation, δ��JK, in the grain’s orientation spread. Next, we define a distribution of all local 
neighbor misorientations for a grain by taking the volume average over δ��JK in Eq. 11 and 12: 〈δ�LM
〉��� = _, (13) 

〈δ�LM
⨂δ�LM
〉��� = \〈δ�⨂δ�〉���./ + /] ,^./ 〈δ�⨂δ�〉���.E \〈δ�⨂δ�〉���./ + /] ,^.E +
\〈δ�⨂δ�〉���./ + /] ,^./

. (14) 

Therefore, the distribution of all local neighbor misorientations for one grain (described by Eqs. 
13 and 14) is derived by: (1) multiplying the pdf Q�JK of all possible local neighbor 
misorientations for one material point with the spatial correlation pdf R and (2) averaging the 
resulting product pdf ℎ�JK over all the material points within the grain. For T → 0, the second 
moment is 〈δ�LM
⨂δ�LM
〉��� → 0, and for	T → ∞ we have 〈δ�LM
⨂δ�LM
〉��� → 2〈δ�⨂δ�〉���. 
Consequently, for any given T, the second moment of local neighbor misorientations is bounded: 0 < 〈δ�LM
⨂δ�LM
〉��� < 2〈δ�⨂δ�〉���. The variance T should be determined from experimental 
results or full-field simulations. However, for the purposes of the recrystallization model we are 
only interested in relative fluctuations of 〈δ�LM
⨂δ�LM
〉��� from grain to grain and not absolute 
magnitudes. Consequently, we assume T → ∞, which results in 〈δ�LM
⨂δ�LM
〉��� =2〈δ�⨂δ�〉���. In this case the distribution of local neighbor misorientations corresponds to the 
distribution of all possible local neighbor misorientations defined by Q�δ�LM
�. 
For T → ∞, the distribution of local neighbor misorientations defined by 〈δ�LM
〉��� and 〈δ�LM
⨂δ�LM
〉��� can be viewed as an orientation difference distribution function (ODDF) 
calculated based on the grain’s orientation distribution function (ODF) [65]. The ODDF is 
calculated by determining the orientation difference between each orientation in the ODF and all 
other orientations in the ODF. The ODDF provides statistical information on possible 
misorientations between neighboring points within the grain without considering the actual 
spatial configuration of the orientations within the grain [66]. 
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The length of the local neighbor misorientation vector, |δ�LM
|, defines the local neighbor 
misorientation angle between spatially neighboring points, de. Using the small angle 
approximation, the local neighbor misorientation angle, de, can be written as: de ≈ 2|δ�LM
|. (15) 

A distribution of magnitudes of three dimensional vectors with a Gaussian isotropic distribution 
is a Maxwell distribution [67, 68]. Therefore, if we assume the distribution of local neighbor 
misorientation vectors, δ�LM
, is multivariate Gaussian and isotropic, the distribution of local 
neighbor misorientation angles de is the Maxwell distribution. In reality, the shape of the 
distribution of δ�LM
 will be anisotropic resulting in a distribution of local neighbor 
misorientation angles somewhat different from the Maxwell distribution. We note that Pantleon 
and Hansen [69] have shown that measured distributions of misorientation angles of 
geometrically necessary boundaries  closely resemble the Maxwell and Rayleigh distributions 
[70]. The Rayleigh distribution describes distribution of magnitudes of two dimensional vectors 
with Gaussian isotropic distribution [68].  

The average local neighbor misorientation angle is given by: 

〈de〉��� ≈ 2〈|δ�LM
|〉��� = 2〈√δ�LM
 ∙ δ�LM
〉��� ≈ 2h2,: 〈δ�⨂δ�〉���. (16) 

The average local neighbor misorientation angle, 〈de〉���, represents an average measure of the 
misorientation angle between spatially neighboring points within the grain and it is thus related 
to the magnitude of the orientation gradient within the grain. If we assume that the distribution of 
local neighbor misorientation vectors, δ�LM
, is multivariate Gaussian, the distribution of the 
local neighbor misorientation angles, de, follows a Maxwell-like distribution and the variance of 
the local neighbor misorientation angles, 〈de>〉���, is proportional to the mean value, 〈de〉���.  
The orientation gradient can be calculated by dividing the local misorientation angle between the 

two spatially neighboring points, de, with the distance, di, between the two points: 
HjHk. The 

distance di depends on the grain size and in the present approach it is assumed to be the same 
for each grain, for simplicity. Consequently, the average magnitude of orientation gradient 
within the grain is directly proportional to the average local neighbor misorientation angle. In the 
recrystallization model, the average local neighbor misorientation angle is used as a measure of 
the orientation gradient. 

 

2.2.2 Strain energy 

The stored strain energy in a grain is approximated as [41, 71, 72]: l��� = m���no>/2, (17) 

where m��� is the dislocation density within grain O, n is the shear modulus and o is the Burgers 
vector. Since the increase of slip resistance due to work hardening is proportional to the square 

root of accumulated total dislocation density, ∑ \	
�,��� − 	
,��,���^� ~hm���, the strain energy can be 

written as [41]: 

l���~ ∑ \	
�,��� − 	
,��,���^� >
. (18) 
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Note that the total dislocation density is related only to the accumulated shear strain on slip 
systems within the grain. The calculated total dislocation density represents the sum of the 
statistically stored dislocation (SSD) density and the geometrically necessary dislocation (GND) 
density. Consequently, the GND density is also related only to the accumulated shear strain on 
slip systems and not to the intragranular gradients in strain or orientation. More accurate 
treatment would involve calculation of the GND density from the intragranular distributions of 
strain or orientation. On the other hand, the density of SSDs would evolve separately and the slip 
resistance would be calculated using the accumulated total dislocation density. In the current 
approach, we have chosen not to distinguish between the GND and SSD densities and to 
calculate their sum from the slip resistance which is the variable we evolve. The use of 
misorientation distributions—calculated using the procedure described earlier—for 
determination of GNDs, which in turn will affect the hardening and, consequently, the 
recrystallization behavior through the strain energy (Eq. 18), will be the subject of future work.  

 

2.2.3 Nucleation 

Recrystallization nuclei form at heterogeneities in the deformed microstructure. Preferred 
nucleation sites in single phase alloys are grain boundaries, transition bands and shear bands [1]. 
High stored energy and orientation gradients at these locations promote subgrain growth during 
annealing [1, 63]. In addition, presence of orientation gradients allows formation of high-angle 
boundaries during subgrain growth. The subgrain that reaches the size advantage becomes the 
nucleus. Nucleation events, both at grain boundaries and transition bands, are considered next. 

 

2.2.3.1 Grain boundary nucleation 

A high strain energy and orientation gradient at a grain boundary, caused by the strain 
incompatibilities [63], aid subgrain growth at grain boundary regions during recovery, preceding 
recrystallization. The subgrain that has gained a size advantage during recovery subsequently 
bulges out into the neighboring grain and becomes a nucleus. Presence of a high-angle grain 
boundary allows the nucleus to further grow into the neighboring grain. In the present model, the 
strain energy and local neighbor misorientation angle at the grain boundary are assumed to be 
proportional to the mean grain strain energy, l���, and mean local neighbor misorientation angle, 〈de〉���, respectively. Consequently, it is implied that the variance of the intragranular strain 
energy and local neighbor misorientation angle distribution is proportional to the corresponding 
mean values. This assumption appears correct for the local neighbor misorientation angle, and an 
approximation for the strain energy. In what follows, mean grain values will be used for 
definition of grain boundary nucleation. Since the recrystallization model is mean-field, the 
actual spatial configuration of the polycrystal is not considered and each grain boundary is 
assumed to be a high angle boundary. Note that fragments are not treated as separate grains in 
the recrystallization model, but as parts of the parent grain. The fragment does not represent a 
part of the grain separated from the remainder of the grain by a high angle boundary. Therefore, 
it is assumed that a high angle grain boundary exists between the parent grains and not between 
the fragments.  

A minimum strain energy and orientation gradient are necessary to initiate subgrain formation 
and growth preceding nucleation [1]. Consequently, in the model, only grains having reached a 
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critical strain energy, lrsYt, and critical local neighbor misorientation angle, dersYt, are allowed to 
nucleate at a grain boundary.  

Next, let us consider the nucleation probability of a grain with weight C��� during time 
increment ∆2. First, the grain boundary area is divided into a large number of area elements, uv, 
and time increment is divided into a large number of subincrements, u2. The probability that one 
nucleus forms during the subincrement u2 in the boundary area uv is defined as [41]: 

wYt���"u2, uv, l���$ = xYt exp \− |}~����Ä^, (19) 

where vYt is a constant determining the dependence of likelihood of grain boundary nucleation 
in terms of strain energy and xYt is the pre-exponential factor that scales the probability 
(xYt ≤ 1). The constant vYt is a function of grain boundary energy and temperature and, in the 
present model, is assumed to be a fitting parameter [41]. For simplicity, it is assumed that the 
increase of the local neighbor misorientation angle beyond the threshold value does not 
appreciably affect nucleation probability. The time increment u2 and the area element uv are 
sufficiently small so that we may neglect the possibility of two or more nuclei forming. 
Therefore, there are only two possible outcomes of a nucleation event for uv during u2: success 
or failure. Consequently, one nucleation attempt represents a Bernoulli trial and the attempt 

nucleation probability wYt����u2	, uv� is the success probability of a Bernoulli trial. The total time 
increment ∆2 is assumed sufficiently small so that the state of the grain does not change during ∆2. In addition, the strain energy of a grain is assumed homogenous within the volume of the 
grain. Consequently, the probability of nucleation for each area element uv and subincrement u2 
is constant during total time increment ∆2. Furthermore, outcome of each nucleation event is 
assumed to be independent of the outcomes of all the other nucleation attempts. Therefore, the 
nucleation of a grain with grain boundary area v��� during time increment ∆2 represents a set of 
Bernoulli trials where each trial represents a nucleation attempt. The probability that at least one 
nucleus will form for a set of Bernoulli trials is given by: 

wYt���"∆2, v���, l���$ = 1 − \%0^ \1 − wYt���"u2, uv, l���$^� = 1 − \1 − wYt���"u2, uv, l���$^�
,  (20) 

where % represents the number of Bernoulli trials calculated as % = ∆r[r |���
[| . The ratio of grain area 

to the area of element is approximated as 
|���
[| ≈ \Ç���/ÇÉXÉ[Ç/ÇÉXÉ ^>/Ñ = \?���

[? ^>/Ñ
, where uC represents 

the weight of the volume element uÖ, Ö��� is the volume of the grain, ÖrMr is the total volume of 
the polycrystal and the power 2/3 is due to the square-cube law. Consequently, the final 
expression for the probability is: 

wYt���"∆2, C���, l���$ = 1 − \1 − xYt exp \− |}~����Ä^^∆ÉÜÉáà���Üà âÄ/ä
. (21) 

The time subincrement is set to u2 = 1.0 of arbitrary time units, while the weight of the volume 
element is uC = 10.ã. The linearized expression for scaling of probability with time can be 
obtained by neglecting higher order terms in Eq. 21  [37]: 
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wYt����∆2� = 1 − å1 − ∆r[r wYt����u2� + ∆ÉÜÉ\∆ÉÜÉ./^> wYt����u2�> − ⋯éèèèèèèêèèèèèèë~�
í = ∆r[r wYt����u2� (22) 

Note that as the time increment ∆2 increases, the number of Bernoulli trials % increases as well. 
Consequently, the probability of two or more successful Bernoulli trials during the Bernoulli 
process also increases. In the model, the time increment ∆2 is always set to a value resulting in 
the maximal nucleation probability less than 0.1, because in this case the probability of two or 
more successful Bernoulli trials is relatively small. Therefore, we can assume that if nucleation 
occurs, only one nucleus is formed. 

At each time step, for each grain that has sufficiently high strain energy and local neighbor 
misorientation angle, the nucleation probability is calculated and compared to a random number 
0-1. If the nucleation probability is higher than the random number, the grain nucleates a new 
dislocation-free grain with weight C�ì
 = 0.0001. The strain energy of the newly formed grain 
is set to zero and slip resistance is set to the initial value adopted in the deformation model, 
before any strain hardening.  

As was previously noted, a grain boundary nucleus develops from a grain boundary subgrain that 
has bulged out into a neighboring grain. Therefore, the orientation of the nucleated grain belongs 
to the set of grain boundary orientations. These orientations are substantially misoriented with 
respect to the mean grain orientation due to the different slip activity near the grain boundary 
[73, 74]. Consequently, the orientations close to the grain boundary correspond to the tail of the 
grain’s orientation spread. Fig. 2a shows a discrete representation of a grain’s misorientation 
spread with the grain boundary misorientations, which are the potential nuclei misorientations, 
colored in red. The misorientations, d�Yt, belonging to the grain boundary region satisfy the 
following condition: |d�Yt| > ï × óò�d�Yt/|d�Yt|�, where ï is a constant and óò�d�Yt/|d�Yt|� is the standard deviation along the misorientation direction, d�Yt/|d�Yt|. The constant ï 
determines the minimal misorientation angle between the mean grain orientation and grain 
boundary orientation. In conclusion, the orientation of the nucleus originating at the grain 
boundary is a randomly sampled grain boundary orientation (details are given in Appendix).  

 

2.2.3.2 Transition band nucleation 

During deformation, grains may subdivide into deformation bands which are regions that deform 
by different combinations of slip systems and thus develop large orientation gradients [75]. 
Transition bands are narrow regions between the deformation bands. The transition bands 
accommodate the orientation difference between the deformation bands and are thus places of 
large orientation gradient. The grains with well-developed transition bands have a multi-modal 
orientation distribution. Therefore, the modes of the orientation distribution correspond to the 
mean orientations of the deformation bands, while the orientations between the modes 
correspond to the transition band orientations. Nucleation during recrystallization is often 
observed in transition bands [11, 76]. During recovery, a growing subgrain in a transition band 
quickly forms a high angle boundary due to presence of the high orientation gradient and 
becomes a nucleus. The orientation of the transition band nucleus thus belongs to the set of 
transition band orientations. 
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In the present model, grains that have developed transition bands and orientations within 
transition bands can be identified based on the misorientation distribution [53]. If a grain has 
developed a bi-modal misorientation distribution, it is assumed that the transition band has 
formed within the grain and the orientations within the transition band are defined by the region 
between the modes of the misorientation distribution. Fig. 2b shows a discrete representation of 
the bi-modal misorientation distribution with the identified deformation and transition band 
misorientations. The projections of the transition band misorientations, d�rt, to the direction of 
dominant rotation axis, ô/, are between the modes of the misorientation distribution. The 
dominant rotation axis represents the eigenvector corresponding to the largest eigenvalue of 
second moment 〈d�⨂d�〉��� [77]. Since the transition band nuclei evolve from the subgrains 
present at transition bands, the transition band orientations represent a set of possible nuclei 
orientations. 

In the recrystallization model, only the grains with a bi-modal misorientation distribution are 
considered as possible transition band nucleation sites. In addition, the local orientation gradient 
and strain energy in the transition bands within those grains have to be larger than the threshold 
values. We assume that the local orientation gradient and the strain energy in the transition band 
are proportional to the average grain values, 〈de〉��� and l���. Consequently, only grains with a 
bi-modal misorientation distribution, and a local neighbor misorientation angle and strain energy 
larger than the threshold values, dersrt and lrsrt, are allowed to nucleate. The transition band 
nucleation probability is defined analogously to the grain boundary nucleation probability [41]: 

wrt���"∆2, C���, l���$ = 1 − \1 − xrt exp \− |É~����Ä^^∆ÉÜÉáà���Üà âÄ/ä
, (23) 

where vrt is a constant determining the dependence of likelihood of transition band nucleation 
on strain energy and xrt is the pre-exponential factor scaling the probability (xrt ≤ 1). Similar 
to grain boundary nucleation, it is assumed that the increase of average local neighbor 
misorientation angle above the threshold value does not affect the nucleation probability.  

For each grain with a bi-modal misorientation distribution, the probability of nucleation at a 
transition band is calculated and compared to a random number 0-1. If the nucleation probability 
is larger than the random number, a new grain is nucleated in the same manner as for grain 
boundary nucleation. The orientation of the nucleus is randomly chosen from the transition band 
orientations (see Appendix). 

 

2.2.4 Boundary migration 

During annealing, high angle boundaries become mobile with boundary velocity given by: 

ö = õw, (24) 

where õ is the boundary mobility and w is the pressure acting on the boundary [1]. The driving 
pressure is caused by the difference in the stored energy between the two sides of the high angle 
boundary. Therefore, grains with lower strain energy grow while grains with higher strain energy 
shrink. We adopt a mean field approach and assume each grain is surrounded by the 
homogeneous effective medium [41, 47]. The boundary velocity of each grain is thus 
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proportional to the difference between the stored energy of the grain, l���, and the stored energy 
of the effective medium, lúùY [41]: 

ö��� = õ"lúùY − l���$, (25) 

where the stored energy of the effective medium is the average for the polycrystal, lúùY =∑ C���l���� . The change in grain weight due to boundary migration with velocity ö��� during 
time increment ∆2 is given by [41]: 

C���,rû∆r = C���,r + 3õ \ ¡Ñ ^¢ä "C���,r$Ää"lúùY − l���$∆2. (26) 

After updating the weight of each grain, a normalization of grain weights is performed to ensure 

that ∑ C���,rû∆r� = 1. 

2.2.5 Algorithm 

Summarizing, the algorithm of the proposed recrystallization model is as follows: 

Calculate the average local neighbor misorientation angle, 〈de〉���, and strain energy, l���, for 
each grain after deformation. For each recrystallization time increment: 

1) Calculate the average strain energy lúùY. 
2) Grain boundary nucleation: 

For each grain O: 

if l��� > lrsYt 	∧ 〈de〉��� > dersYt: 

    a) Calculate nucleation probability wYt���"∆2	, C���, l���$ 

    b) Draw a random number 0 < O¤%u < 1 

    c) if O¤%u < wYt���: 
            Create a new grain with zero strain energy, initial slip resistance and randomly 
            sampled grain boundary orientation. 

3) Transition band nucleation: 
For each bi-modal grain O: 

if l��� > lrsrt 	∧ 	 〈de〉��� > dersrt: 

   a) Calculate nucleation probability wrt���"∆2	, C���, l���$ 

   b) Draw a random number 0 < O¤%u < 1 

   c) if O¤%u < wrt���: 
            Create a new grain with zero strain energy, initial slip resistance and randomly 
            sampled transition band orientation. 
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4) Weight update: 
For each grain O update the weight: 

C���,rû∆r = C���,r + 3õ \ ¡Ñ ^¢ä "C���,r$Ää"lúùY − l���$∆2. 
5) Renormalize the grain weights. 

 

3. Results 

We apply the developed model to several case studies of coupled deformation and static 
recrystallization modeling. The recrystallization model parameters are given in Table 1. The 
nucleation parameters are calibrated first based on experimental observations of the predominant 
nucleation mechanism. Adjusting the relative ratio of transition band and grain boundary 
nucleation parameters allows transitioning from a texture consisting of transition band 
orientations to a texture corresponding to the highest strain energy orientations. Next, mobility of 
grain boundaries is adjusted with the goal of achieving a balance between nucleation and growth. 
Increasing the mobility results in faster growth and thus a smaller number of grains at the end of 
recrystallization and vice versa. Dynamic recrystallization can be performed simply by calling 
the recrystallization model after each or several deformation steps [41, 47]. 

 

3.1 Annealing of cold drawn copper wire 

We simulate cold drawing of copper wire to 90% area reduction and subsequent annealing at 700 
°C reported in [78]. The central region of the wire is subjected to uniaxial tension while regions 
closer to the surface of the wire undergo additional shearing [78]. The applied boundary 
conditions in the model correspond to the central region of the wire and the predictions are 
compared to the measurements taken at the central region. The initial texture of the sample is 
represented by 400 randomly oriented spherical grains, which is enough to accurately describe 
the effective response of the polycrystal and its evolution, and thus the homogeneous effective 
medium as well. Consequently, an increase in the number of grains would not change the 
behavior of the chosen 400 grains because the behavior of a grain is determined by its orientation 
and the effective medium. In addition, since the orientation of each grain is described by an 
orientation distribution, a smaller number of grains is necessary for accurate texture modeling in 
comparison to the classical mean-field models in which grain orientation is described only by 
one mean value. The grains are assumed to deform by ¥111¦〈11;0〉 slip and linear hardening 
given by Eq. 4. 

Fig. 3a and 3c compare the measured deformation texture and the predicted deformation texture 
in the central region of the wire after 90% area reduction. The measured texture consists of major 
[111] (the intensity of 26.7) and minor [100] (the intensity of 7.6) components. The predicted 
intensity of the [001] component is considerably higher than the experimentally measured 
intensity. This discrepancy is attributed to the very slow evolution of intragranular misorientation 
spreads for grains close to [001] in simulations [51]. Consequently, the orientations are more 
clustered around the [001] resulting in the higher intensity. On the other hand, the predicted total 
fraction of orientations with tension directions within 15° of [001] is 0.4, while the orientations 
with tension directions within 15° of [111] total 0.6. These predictions for the fractions of [111] 
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and [001] components are in very good agreement with [79, 80], where for copper the ratio of 
[001] to [001]+[111] is estimated to be around 0.37. 

After 90% drawing, the mean orientations of grains have clustered around the stable components 
and the intensity of the texture is predominantly determined by the magnitudes of the grain 
orientation spreads, which have also reached their stable states. On one hand, the orientation 
spreads of grains that have reached stable components tend to shrink because the stable regions 
are convergent and all orientations within them reorient toward the stable component. On the 
other hand, the stress fluctuations caused by the variation of grain properties within the 
polycrystal increase the orientation spreads. These two effects eventually balance each other and 
the orientation spreads of grains that have reached stable components stop evolving with further 
deformation. The stable spread magnitude determines the intensity of the stable components in 
the deformation texture. Therefore, because the model overpredicts the [001] intensity, we 
conclude that the model tends to under predict the magnitudes of orientation spreads for grains 
with a tension direction close to [001]. A possible reason is the absence of neighborhood effects 
on the grain’s stress distribution in the GF-VPSC model. In an actual polycrystal, the 
intragranular stress distribution of each grain is affected by stress states of neighboring grains. 
During tension of fcc polycrystals, grains clustered around [001] will likely be surrounded by 
grains with tension direction close to [111] because the majority of the grains in the polycrystal 
are close to [111]. Since the stress state is predominantly determined by the grain’s orientation, 
the [001] grains are likely to be surrounded by grains with quite different stress states. 
Consequently, the effect of the neighborhood on the grain’s stress state will be fairly strong for 
[001] grains. On the other hand, the [111] grains are likely surrounded by grains with similar 
orientation and thus similar stress state resulting in weaker effect of the neighborhood on the 
grain’s stress distribution. The neighborhood effects are missing in the GF-VPSC model and the 
stress distribution of each grain is affected equally by all other grains in the polycrystal. The 
averaged effect of all other grains on the grain’s stress distribution seems to be weaker than the 
actual effect of the local neighborhood for the grains in the [001] region. Consequently, the 
orientation spreads of grains with a tension direction close to [001] might be inaccurately 
predicted. 

Fig. 3b and 3d compare the predicted and measured recrystallization textures. The experimental 
recrystallization texture was measured using electron backscatter diffraction (EBSD) at the 
central region of the 90% drawn wire after annealing at 700 °C for 1h. The central region was 
not fully recrystallized and no extensive abnormal grain growth was observed. The experimental 
recrystallization texture consists of [001], [111] and [112] components. It is noted that the [112] 
component is not strong in the deformation texture. In the recrystallization model, the nucleation 
and growth constants were adjusted to favor nucleation at transition bands (Table 1) and the 
material was fully recrystallized. The model predicts well the [001], [111] and [112] components 
in the recrystallized texture. On one hand, [001] and [111] components are a result of the 
nucleation at grain boundaries within [001] and [111] grains in the deformed texture. The GF-
VPSC model predicts transition band orientations clustered around [112], and thus the transition 
band nucleation is responsible for the [112] recrystallization texture component in the 
simulation. We note that the [112] component is practically absent from the predicted 
deformation textures in both the simulation and experiment, and only emerges after 
recrystallization. Similar behavior is observed in rolled fcc where a strong cube recrystallization 
component is observed after recrystallization, and not after deformation. We believe that the 
same transition band nucleation process is responsible for both of these phenomena [52]. 
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Fig. 4 shows the evolution of recrystallized volume, §Ç, as a function of time, log 2. The plot 
shows a characteristic sigmodal shape [1]. At the beginning of recrystallization, a typical 
incubation period is observed followed by an increased rate of recrystallization and a linear 
region. As the recrystallized volume increases, the impingement of newly formed grains occurs 
reducing the rate of recrystallization. In the model, the impingement of the defect free grains is 
captured through the reduction of the average strain energy of the effective medium due to the 
increase of recrystallized material, which results in a lower recrystallization rate. 

 

3.2 Annealing of 95% rolled copper 

Next, we simulated rolling of copper to 95% reduction and subsequent annealing [81]. The 
rolling process was modelled by imposing plane strain compression (PSC) boundary conditions. 
This approximation is valid for the central region of the rolled plate, away from the rolls. The 
initial texture of the sample is represented by 400 randomly oriented spherical grains deforming 
by ¥111¦〈11;0〉 slip and linear hardening (Eq. 4). 

The predicted and measured deformation textures are compared in Fig. 5a and 5c. The main 
components of the deformation texture are predicted well. However, the simulated texture is 
noticeably weaker than the measured one. The likely cause for discrepancy is the over prediction 
of intragranular orientation spreads of grains at stable regions. 

Fig. 5b and 5d show the predicted and measured recrystallization textures. The well-known cube 
recrystallization texture is observed both in the simulation and experiment. It is widely accepted 
that the cube recrystallization texture is caused by nucleation at transition bands with the cube 
orientation in the center of the band [9, 11, 76]. The model predicts that approximately 25% of 
the initial grains form transition bands at the end of deformation. Fig. 6 shows all transition band 
orientations (one orientation for each transition band) color-coded according to the average local 
neighbor misorientation angle. A majority of predicted crystallographic orientations of transition 
bands are concentrated around the cube orientation, in good agreement with experimental 
observations. In addition, the grains with cube-oriented transition bands possess the highest 
intragranular misorientation. The remaining transition band orientations are concentrated around 
the Goss, 45°ND rotated cube and �011�ª211;« orientations. Dillamore and Katoh predicted that 
Goss is also likely to develop transition bands [76]. It is noted that at lower reductions (~80%), 
the model predicts predominantly cube-oriented transition bands. In the recrystallization 
simulation, only transition band nucleation is allowed and only the transition bands with the 
highest misorientation are allowed to nucleate (Table 1). The predicted cube recrystallization 
texture is thus directly caused by nucleation in cube-oriented transition bands, which possess the 
highest intragranular orientation gradient. 

Fig. 7 shows the process of formation of cube transition bands during rolling of copper. 
Evolution of a grain with [010]||ND and a small initial orientation spread is considered in the Φ = 90° section of Euler space during rolling. The schematic on the left shows analysis by 
Dillamore and Katoh obtained using a Taylor iso-strain approach for calculation of reorientation 
tendencies in Euler space [1, 76]. As the grain approaches the cube orientation along the 
[010]||ND line, portions of the orientation spread that are not on the [010]||ND line diverge by 
rotation around the RD, while the portion on the [010]||ND converges to the cube orientation. 
Therefore, the grain subdivides into two fragments and the transition band forms with the cube 
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orientation in the center. The plot on the right shows evolution of the orientation spread of the 
grain with [010]||ND predicted by the GF-VPSC model. The orientation spread is represented by 
500 discrete points and plotted for 7 strain levels and color-coded according to the strain level. 
The model predicts that the portions of the orientation spread away from the [010]||ND line 
quickly converge to different stable fibers, while the portion of the spread on the [010]||ND line 
reorients to the cube orientation and subsequently diverges by rotation around the RD as it 
approaches the cube. Therefore, the model predicts formation of the cube-oriented transition 
band in a similar manner as described by Dillamore and Katoh.  

 

3.3 Annealing of 88% compressed iron-carbon alloy 

Compression of Fe-0.02%C to 88% strain and subsequent annealing reported in [82] is simulated 
using GF-VPSC furnished with the recrystallization model. The initial texture is represented by 
400 randomly oriented spherical grains deforming by ¥110¦〈111〉 and ¥112¦〈111〉 slip and 
linear hardening. Initial slip resistance and hardening are assumed to be the same for each mode 
(Eq. 4). 

Fig. 8a and 8c compare the predicted and measured deformation textures. The measured texture 
consists of a strong [111] component and a weaker [001] component. Similar texture is obtained 
during tension of fcc polycrystals. For the same applied boundary conditions, the reorientation 
caused by ¥110¦〈111〉 slip in bcc materials has the same magnitude as the reorientation caused 
by ¥111¦〈110〉 slip in fcc materials but in the opposite direction. Consequently, tension of an fcc 
polycrystal and compression of a bcc polycrystal result in very similar reorientations, if only ¥111¦〈110〉 and ¥110¦〈111〉 slip are considered, respectively [76]. Similar to the case of tension 
of copper, the model over-predicts the intensity of the [001] component because the 
misorientation spreads in the [001] region are under-predicted. The total weights of orientations 
with compression direction within 15° of [001] and [111] are 0.35 and 0.6, respectively.  

Fig. 8b and 8d show measured and predicted recrystallization textures. The major [111] and 
minor [001] components present in the deformation texture are also present in the measured 
recrystallization texture. In addition, the [114] and the weak [011] components, which are nearly 
absent in the deformation texture, emerge during recrystallization. Both components are 
attributed to transition band nucleation. Orientations on the [114]-[110] line tend to develop 
transition bands because portions of grains’ orientation spreads above the [114]-[110] line 
converge to the [111] stable component while the portions of grains’ orientation spreads below 
this line converge to [001] stable component [10, 76, 82]. The transition band orientations 
consequently converge toward the [114] component. In the predicted recrystallization texture, 
the [111] and [001] components are formed by the grain boundary nucleation mechanism, while 
the [114] component is a consequence of the transition band nucleation [52]. Parameters for the 
recrystallization model are given in Table 1. The [011] component is absent from the predicted 
recrystallization texture because only a few grains developed transition bands with these 
orientations. At lower strain (50% compression) the majority of predicted transition band 
orientations would be in the [011] region. During further straining to 88% compression these 
transition bands converge to the [114] component. 
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3.4 Annealing of 85% rolled Ti-Nb IF steel 

Rolling and recrystallization of 85% rolled Ti-Nb IF steel is simulated and the predicted textures 
are compared with experimental measurements [83, 84]. We represent the initial texture with 400 
randomly oriented spherical grains deforming by ¥110¦〈111〉 and ¥112¦〈111〉 and linear 
hardening (Eq. 4). Initial slip resistance and hardening parameters are assumed to be the same for 
each mode. 

Fig. 9a and 9c show the ¯> = 45° section of Euler space for the measured and predicted rolling 
textures [83, 84]. A majority of grains in the experimental texture are concentrated around the �-
fiber and a portion of the T-fiber [66, 85, 86]. Note that the intensities of these two fibers have 
been reduced due to the ghost correction applied to the experimental data [83]. The predicted 
texture qualitatively matches the experimental results, but it is considerably sharper than the 
measured texture. Again, the likely reason for the discrepancy in intensities is the under-
prediction of misorientation spreads of grains in the stable region. 

The ̄ > = 45° section of Euler space for the measured and predicted recrystallization textures are 
given on Fig. 9b and 9d. Comparison of the measured recrystallization texture with the 
deformation texture indicates that the �-fiber strengthens during recrystallization, while the T- 
fiber weakens [66, 86-88]. The grains on the �-fiber possess higher stored energy and are thus 
favorable nucleation sites [88, 89]. The nuclei are commonly observed in the vicinity of grain 
boundaries [84, 90]. Inokuti and Doherty showed that intragranular nucleation at transition bands 
occurs only sporadically as opposed to the nucleation in compressed iron where a majority of the 
nuclei formed at the transition bands [10, 91]. Considering the experimental observations, in the 
setup of the recrystallization model, only grain boundary nucleation was allowed in the grains 
with the highest stored energy (Table 1). The predicted recrystallization texture agrees well with 
the experimental texture, and the model corroborates the experimental observations. 

 

4. Conclusions 

We developed a coupled deformation and recrystallization model that utilizes intragranular 
orientation distributions and strain energy fields predicted by the GF-VPSC model. The new 
formulation incorporates nucleation at grain boundaries and transition bands. The fitting 
parameters of the recrystallization model are determined based on experimental observations to 
appropriately weight the probability of nucleation events. Deformation and recrystallization 
textures of fcc and bcc materials were simulated and reasonable agreement with experiments was 
achieved. It was found that nucleation at transition bands is responsible for development of the 
recrystallization texture components that are largely absent from deformation textures. A drastic 
example is recrystallization of 95% rolled copper, where the strong cube recrystallization texture 
was found to be predominantly a consequence of transition band nucleation, which is in good 
agreement with experimental observations. Furthermore, transition band nucleation was also 
found to be the cause of the [114] recrystallization texture component of compressed iron and the 
[112] recrystallization texture component of drawn copper wire. On the other hand, the 
recrystallization texture of rolled IF steel was found to be caused by grain boundary nucleation 
occurring in grains with highest strain energy, which is experimentally observed. The main 
deformation texture components were predicted well, but the sharpness of certain components 
was either under- or over-predicted. The likely reason is the inaccurate evolution of intragranular 
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orientation spreads around those components caused by the inherent limitations of the present 
mean-field modeling approach. 
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Appendix 

Orientations of nuclei originating at grain boundaries 

The Cholesky decomposition of the second moment of the grain’s misorientation spread is 〈δ�⨂δ�〉��� = ²²E. The lower triangular matrix ² transforms random vectors, �, with zero mean 
and unit variance to random vectors, δ����,�ú�[, with zero mean and second moment 〈δ�⨂δ�〉���: δ����,�ú�[ = ²�. (A1) 

Therefore, the inverse matrix, ²./, transforms random vectors δ����,�ú�[ to random vectors �.  

In the model, the orientation of a grain boundary nucleus is randomly chosen using a rejection 
method. First, the distribution of misorientation vectors δ� is assumed to be multivariate 
Gaussian and a random misorientation vector, δ����,�ú�[, is sampled from the grain’s 
misorientation distribution. The sampled random misorientation vector, δ����,�ú�[, is mapped to 
the random vector, �, with zero mean and unit variance using the matrix ²./. If the length of the 
vector � is larger than the constant ï, then the length of the vector δ����,�ú�[ is larger than ï × óò"δ����,�ú�[/³δ����,�ú�[³$ and the vector δ����,�ú�[ is accepted. óò"δ����,�ú�[/³δ����,�ú�[³$ is the standard deviation along the direction of the vector δ����,�ú�[. The constant ï 
defines the magnitude of misorientation of grain boundary orientation with respect to the mean 
orientation of the grain. If the length of the vector � is smaller than ï, the random vector δ����,�ú�[ is rejected and a new random vector is sampled. The orientation of the nucleus is 
obtained by composing the randomly sampled misorientation and the mean orientation of the 
grain. 

 

Orientations of nuclei originating at transition bands 

Transition band orientations correspond to orientations in the region between the modes of the 
bi-modal orientation distribution. The transition band region of the misorientation spread can be 
identified by the projections of the misorientation vectors to the dominant rotation axis. For 
transition band regions, these projections have to belong to an interval between the modes of a 
probability density function (pdf) along the dominant rotation axis. The orientation of the 
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transition band nucleus is randomly sampled from the transition band region using the rejection 
method. A random misorientation vector, δ����,�ú�[, is sampled from the grain’s misorientation 
distribution and then projected to the dominant rotation axis, ô/,���. If the projection δ����,�ú�[ ∙ô/,��� does not belong to the defined transition band region, a new random misorientation vector 
is sampled from the spread until the transition band misorientation vector is sampled. The 
orientation of the nucleus is obtained by composing the randomly sampled misorientation and 
the mean orientation of the grain. 
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Table 1 Recrystallization model parameters. 
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Figure 1 (a) Illustration of local neighbor misorientation vector, δ����, between the reference 
orientation, δ����, and the spatially neighboring orientation, δ�; (b) iso-density ellipsoid of the 
distribution 	���
δ����� of all possible local neighbor misorientations for a given reference 
material point δ���� and iso-density ellipsoid of the spatial correlation distribution �
δ�����; (c) 
local neighbor distribution ℎ���
δ����� obtained as product of 	���
δ����� and �
δ����� for 
reference orientation δ����. 
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Figure 2 Discrete representation of intragranular misorientation spread showing: a) 
misorientations corresponding to the points in the vicinity of the grain boundary (potential grain 
boundary nuclei orientations); b) misorientations corresponding to the transition band region of 
the bi-modal grain (potential transition band nuclei orientations). Dominant rotation axis vector, 
��, defines the direction in which the distribution varies the most and corresponds to the largest 
eigenvector of the misorientation covariance matrix. 
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Figure 3 Inverse pole figures showing deformation and recrystallization textures of 90% drawn 
copper wire: a) measured deformation texture at the central region of the wire; b) measured 
recrystallized texture at the central region of the wire; c) predicted deformation texture; d) 
predicted recrystallized texture. 
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Figure 4 Predicted evolution of the volume fraction of recrystallized material during 
recrystallization of 90% drawn copper wire.   
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Figure 5 {111} pole figures showing deformation and recrystallization textures of 95% rolled 
copper: a) measured deformation texture; b) measured recrystallized texture; c) predicted 
deformation texture; d) predicted recrystallized texture. 
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Figure 6 Predicted transition band orientations (one orientation per transition band) after 95% 
plane strain compression of copper, color-coded according to the average local neighbor 
misorientation angle within the corresponding grain, 〈��〉
��. 
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Figure 7 Formation of the cube transition band during rolling of copper illustrated on the section 
Φ % 90° of Euler space; a) evolution of the orientation spread (A B A) of a grain with [010]||ND 
initial orientation (Dillamore and Katoh, 1974; Humphreys and Hatherly, 2004); b) predicted 
evolution of the orientation spread of a grain with [010]||ND initial orientation using GF-VPSC 
as a function of strain. The spread was represented by a set of discrete orientations and color-
coded according to the strain level. 
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Figure 8 Inverse pole figures showing deformation and recrystallization textures of 88% 
compressed iron: a) measured deformation texture; b) measured recrystallized texture; c) 
predicted deformation texture; d) predicted recrystallized texture. 
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Figure 9 +� % 45° ODF section of deformation and recrystallization textures of 85% rolled IF 
steel: a) measured deformation texture; b) measured recrystallized texture; c) predicted 
deformation texture; d) predicted recrystallized texture. 
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