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Abstract. Light nuclei display a wide variety of phenomena: from stable bound states, to rare unstable
isotopes and transient resonances, to mutual dynamical interactions during a reaction. After an overview
of these phenomena, basic formalism and concepts in ab initio nuclear structure and reaction theory are
introduced, followed by selected examples of how powerful techniques for the description of the nuclear force
and the solution of the nuclear quantum many-body problem combined with cutting-edge high-performance
computing are enabling a comprehensive understanding of light exotic nuclei and thermonuclear reactions
that play an important role in the Cosmos and on Earth.

1 Introduction

Atomic nuclei are quantum-mechanical systems consisting of A nucleons (Z protons and N neutrons) interacting
through the strong force. To date we have verified the existence of over 2500 nuclei, and estimates suggest that as
many as 5000 more have yet to be discovered. An overarching goal of nuclear physics is to arrive at the comprehensive
understanding —in terms of the laws of quantum mechanics and the underlying theory of quantum chromodynamics—
of atomic nuclei and their interactions, and to use this understanding to accurately predict properties that are difficult
to measure or simply inaccessible to experiment but play a fundamental role in explaining the inner workings of the
Universe or are critical to the national security. At the low energies relevant for most studies of nuclear structure and
nuclear reactions, currently the best path to achieving this goal combines effective field theories of quantum chromo-
dynamics — that organize the nuclear force into systematically improvable expansions —with ab initio methods—
that solve the quantum many-nucleon problem with controlled approximations. In the last few years, the development
of powerful ab initio methods has dramatically accelerated this journey, allowing for the description of nuclei with
increasingly larger mass numbers and the unified description of bound-state and continuum properties. In this work
we explore the light sector of the nuclear landscape, highlight the role of light-nuclei reactions in nuclear astrophysics,
discuss some of the ab initio techniques used to describe the static properties, continuum dynamics and reactions of
light nuclei, and give examples of applications.

2 A walk through light and unbound nuclei

Figure 1 shows naturally occurring and man-made nuclei up to about A = 20, organized as a function of their neutron
number (horizontal axis) versus proton number (vertical axis). Only a limited number of (N,Z) combinations leads
to nuclear systems that can hold together permanently (or for an extremely long time), that is are stable (or nearly
stable) bound states. These nuclei, marked as black squares in fig. 1, are characterized by wave functions that are
localized in space and exhibit a considerably large binding energy

B(N,Z) = Zmpc
2 + Nmnc2 − M(Z,N)c2, (1)

⋆ Focus Point on “Rewriting Nuclear Physics Textbooks: Basic Nuclear Interactions and Their Link to Nuclear Processes in
the Cosmos and on Earth” edited by N. Alamanos, C. Bertulani, A. Bonaccorso, A. Bracco, D. Brink, G. Casini, M. Taiuti.
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Fig. 1. The light sector of the nuclear landscape.

formally defined as the (positive) energy required to break up a given nucleus into its constituent N neutrons and Z
protons. Here mp, mn, and M(Z,N) are, respectively, the masses of the proton, neutron, and nucleus and c is the
speed of light. As an example, the 4He nucleus —made of two neutrons and two protons— is a tightly bound state
with a binding energy of 28.3MeV.

Light stable nuclei mostly lie along the N = Z line. Moving away from this line of stability by progressively
adding protons (proton-rich nuclei) or neutrons (neutron-rich nuclei) causes the separation energy (the minimum
amount of energy that must be supplied to a nucleus to remove one or more neutrons/protons) to decrease and
the resulting nuclear systems to spontaneously decay towards a more stable configuration by emitting radiation.
Specifically, proton-rich nuclei (marked as red squares in fig. 1) tend to decay by emitting a positron (β+ decay) or
capturing an electron, thereby changing one of their protons into a neutron and simultaneously causing the emission
of a neutrino. Conversely, neutron-rich nuclei (marked as light-blue squares in fig. 1) tend to convert one of their
neutrons into a proton by emitting an electron-neutrino pair (β− decay). These β-unstable systems, characterized by
decay half-lives in the range 107 < T1/2 < 10−5 s, form the vast majority of nuclei, including light nuclei.

Continuing to add neutrons (protons) eventually drives the separation energy to cross the zero value. The bound-
aries delimiting the region in the chart of nuclei where this happens are called driplines. Beyond the driplines, nuclear
states are characterized by positive energies and wave functions that extend all over the place, that is are unbound.
Such “scattering states” can take any positive value of energy, i.e. their energy spectrum is continuum (as opposed
to bound states which are negative-energy states and form a discrete spectrum). At low, positive energies unbound
nuclear states can exist in metastable states called resonances. Similar to bound states, nucleons within resonances
are confined in a finite region of space, but only for a finite time. Such resonant states can be observed in a labora-
tory, appearing as peaks or dips in cross sections of scattering experiments, and can be considered “unbound nuclei”
much as high-energy baryon resonances are considred subatomic particles in particle physics. Unbound nuclei have
lifetimes on the order of 10−20 s (for a brief discussion of the time-dependence of resonances, see sect. 2.1). A schematic
representation of nuclear bound, resonant and scattering states is shown in fig. 2.

Near the driplines, the large neutron-to-proton asymmetry and the proximity to the energy continuum can lead
to the emergence of new phenomena that challenge our assumptions about nuclear sizes, shell closures, and other
nuclear properties. One of the most fascinating are halo nuclei, weakly bound states of clusters of nucleons with an
unusually large radius extending well into the classically forbidden regions of space (where the potential energy is
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Fig. 2. A schematic representation of nuclear bound, resonant and scattering states. Here, V (r) represents the effective potential
experienced by a nuclear system, e.g., a neutron approaching a stable nucleus at a distance r, resulting from the combination
of the attractive nuclear force and repulsive centrifugal (angular momentum) barrier. Depending on the depth of the potential
well, there can be a finite number of bound states. Such negative-energy states are trapped in the potential well permanently.
At low, positive energies the centrifugal barrier can cause the system to be trapped into one or more resonances, but only for
a finite time. Eventually, the system tunnels through the barrier and escapes the potential well. At energies above the barrier,
there is an infinite number of scattering states.

larger than the total energy of the system). These exotic nuclei are prominent examples of quantum halos, a wider
class of systems presenting universal characteristics also found in atomic and molecular physics [1]. There are two
main classes of halo nuclei: one-nucleon halo nuclei, where a single nucleon orbits a tightly bound nuclear core at a
distance; and Borromean halos (or two-nucleon halo nuclei), weakly bound states of three nuclear clusters, otherwise
unbound in pairs. These systems cannot be explained by mean-field approaches and often contradict the regular shell
structure. A pictorial representation of halo nuclei and their location in light sector of the nuclear chart are shown in
fig. 1. Two famous examples of halo nuclei are discussed in sect. 2.2.2.

In summary, light nuclei already display a wide variety of phenomena all of which can contribute to refine our
understanding of basic nuclear interactions. The vast majority of light nuclei are either unstable or unbound. The
structure exhibited by light nuclei range from the well-known ordinary stable nuclei, to nuclei with excess neutrons
(protons) at the surface, to halo nuclei, to transient unbound nuclei beyond the driplines. A comprehensive description
of all of these phenomena in terms of the laws of quantum mechanics and the underlying theory of the strong force
(quantum chromodynamics) represents an extraordinary challenge for nuclear theory.

2.1 Time dependence of resonances

In sect. 2 we introduced the concept of nuclear resonance as metastable state of finite lifetime. Here, we briefly show that
resonances can be viewed as generalized solutions of the Schödinger equation with complex energies, E = ER − iΓR/2.

Remembering that the time dependence of a stationary state (i.e., a solution of the time-independent Schödinger
equation) is given by

ψ(t) = exp

(
− iE

h̄
t

)
ψ(0), (2)

the probability density |ψ|2 for a resonance is given by

|ψ(t)|2 =

∣∣∣∣exp

(
− iER

h̄
t

)
exp

(
−ΓR

2h̄
t

)
ψ(0)

∣∣∣∣
2

= exp

(
−ΓR

h̄
t

)
|ψ(0)|2, (3)

that is, different from a stationary state with real energy, the probability density for a resonance decays exponentially
in time with a lifetime of τ = h̄/ΓR (or half-life of T1/2 = ln 2 h̄/ΓR). This is an example of the uncertainty principle
relation between time uncertainty (∆t = τ) and energy uncertainty (∆E = ΓR).
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Fig. 3. Shell model configuration for the 5He nucleus, made of two protons and three neutrons. The 0s1/2 shell is fully occupied
by the 2 protons and 2 neutrons forming the 4He nucleus.

Fig. 4. Shell model configuration for the 11Be nucleus, made of four protons and seven neutrons. The neutrons’ 0s1/2 and 0p3/2

shells are fully occupied, and a regular shell structure would suggest that the last neutron sits in the 0p1/2 shell, i.e. that the g.s.
of 11Be is a Jπ = 1/2− state. We know from experiment that the g.s. of 11Be is instead a Jπ = 1/2+ state. This phenomenon
is known as parity inversion.

2.2 Illustrative examples

2.2.1 The unbound 5He nucleus

The 4He nucleus, made of two neutrons and two protons, is a tightly-bound state with a binding energy of 28.3MeV.
Despite of this, the system obtained by adding a neutron to 4He, i.e. the 5He nucleus, is unbound. More in general,
any A = 5 system is unbound. Here, we examine why.

In a simple shell model picture of the nucleus [2], the four nucleons forming the 4He nucleus sit mostly in the
0s1/2 shell (the lowest shell with orbital angular momentum ℓ = 0 and total angular momentum j = 1/2) (see fig. 3).
Because of the Pauli exclusion principle, an additional nucleon cannot be added to the fully occupied 0s1/2 shell and
has to be promoted to a higher shell, the lowest of which is the 0p3/2 (ℓ = 1, j = 3/2). For this reason, the ground state
(g.s.) of 5He has an angular momentum-parity of Jπ = 3/2−. Given that the 4He is a state of zero angular momentum
and 5He has an intrinsic spin of 1/2, this also indicates that the relative motion between the neutron and the 4He in
the g.s. of 5He is characterized by an orbital angular momentum of ℓ = 1. That is, the depth of the effective n-4He
potential is reduced by the repulsive centrifugal potential energy, h̄2ℓ(ℓ+1)/2µr2 (with ℓ = 1, and µ being the reduced
mass of the n-4He system). As a result, the overall potential is attractive, but not enough to bind the system. At the
same time the centrifugal barrier causes the neutron to get trapped into a resonance with a half-life of T1/2 ≈ 10−23 s.

2.2.2 The 11Be and 11Li halo nuclei

A prominent example of binary halo nucleus is 11Be, which presents a distinct 10Be + n structure. The low-lying
spectrum of energy levels of 11Be has some very peculiar features. The g.s., characterized by an angular momentum-
parity of Jπ = 1/2+, is loosely bound by 502 keV with respect to the threshold for breakup into a 10Be plus a neutron
and is separated by only 320 keV from its opposite-parity Jπ = 1/2− partner, which would be the expected g.s. in the
standard shell-model picture of this nucleus (see fig. 4). Such parity inversion, already noticed by Talmi and Unna [3]
in the early 1960s, is one of the best examples of the disappearance of the N = 8 magic number with increasing
neutron-to-proton ratios. The root-mean-square (rms) distance of the halo neutron in the ground and first excited
states of 11Be are 6.64 and 5.41 fm, respectively. In comparison, the radius of the 10Be core is only 2.30 fm.
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Fig. 5. The helium burning process. The collision of two 4He nuclei produces the unbound 8Be nucleus. If a third 4He nucleus
is captured by the 8Be resonance before it decays, the 12C nucleus is formed and additional energy is released in the form of an
energetic photon (γ-ray). The capture by 12C of a fourth 4He nucleus generates 16O and another γ-ray.

Perhaps the most famous nuclear halo is the 11Li nucleus, which consists of two neutrons orbiting a 9Li core.
Its surprisingly large overall spatial extent, comparable with that of the 208Pb nucleus, was first brought to light by
Tanihata et al. [4,5], who found that the measured interaction cross sections of Li isotopes colliding with ordinary
nuclear targets displayed a very large increase for 11Li. As neither the di-neutron nor the 10Li (9Li + n) systems form
bound states, 11Li is characterized by a three-cluster dynamics and is an example of Borromean halo. The two neutrons
are bound to the 9Li core by less than 300 keV. In comparison, the binding energy of the 9Li core is 45.34MeV.

3 Light and unbound nuclei in the Cosmos and on Earth

In addition to being complex quantum-mechanical systems exhibiting fascinating properties, light nuclei are also the
fuel of thermonuclear fusion reactions responsible for the formation of the chemical elements in the Universe, chief
of which the chemical building blocks of life, carbon and oxygen. These elements were mainly made in red giant and
supergiant stars, through a sequence of fusion reactions —known as helium burning— during which 4He nuclei are
progressively converted into 12C and 16O nuclei. Helium burning starts when two 4He nuclei (also known as α-particles)
collide with each other and attempt to fuse. But the product of that fusion is the unbound 8Be nucleus, a resonant
state with a half-life of about 10−16 seconds which decays back into two α particles. Therefore, 12C is formed in the
rare event a third α-particle is captured nearly simultaneously with the collision of the original pair, a process known
as the triple-alpha reaction [6]. Subsequently, the capture of a fourth α-particle by 12C produces 16O [7] (see fig. 5).
The ratio of the amount of 12C relative to that of 16O produced through these processes has profound repercussions
not only for the development of the chemical building blocks of life but also for the entire scheme and sequence of
nucleosynthesis events as we imagine them now, including the later evolutionary phases of magnificent massive stars
such as Orion’s Betelgeuse, and their ultimate fate once they explode as supernovae [8].

Unfortunately, the Coulomb repulsion experienced by the positively charged nuclei as they attempt to fuse causes
the fusion reaction rates to be very small at the low energies encountered in stellar environments (see sect. 3.1
for a more detailed explanation). For example, the Coulomb barrier inhibiting the 12C(α, γ)16O reaction is so high
that a direct measurements at the 300 keV corresponding to helium burning conditions has so far been impossible
(see fig. 6). This constitutes a major hurdle in precisely determining the carbon-to-oxygen ratio produced in stars,
and introduces large uncertainties in stellar-evolution models and simulations of the processes that create nuclei
(nucleosynthetic processes). An in-depth review of the current understanding of the 12C(α, γ)16O reaction rate can be
found in ref. [9].

Thermonuclear fusion rates of light nuclei at energies of tens to hundreds of keV play also an important role in
big-bang nucleosynthesis and in the evolution of young stars the size of our Sun or smaller [10,11]. Being in the early
stages of stellar evolution, our Sun spends most of its time converting hydrogen into helium through the reactions of the
proton-proton (pp) chain, shown in fig. 7. While only about 11% of the Sun’s energy comes from the thermonuclear
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Fig. 6. The electric dipole (a) and electric quadrupole (b) components of the 12C(α, γ)16O astrophysical S-factor. Available
experimental measurements (symbols) compared to the R-matrix fit of ref. [9]. The experimental data have been subjected
to overall normalizations as determined by the fitting procedure. The vertical dashed line indicates the typical stellar energy
relevant for the helium burning process. Reprinted figure with permission from R.J. deBoer et al., Rev. Mod. Phys. 89, 035007
(2017). Copyright (2017) by the American Physical Society.

Fig. 7. The proton-proton chain. The fusion of two protons (or 1H nuclei) produces a deuterium (2H) nucleus in concomitance
with the release of a positron and a neutrino as one proton changes into a neutron. The capture by 2H of a third proton generates
3He and a γ-ray. Subsequently, 4He is synthetized through three main processes: 1) the fusion of two 3He nuclei to form 4He
plus two protons; the capture by 3He of a pre-existing 4He to form 7Be and a γ-ray followed by 2) the conversion of 7Be to 7Li
through electron capture and the fusion of the latter with a proton to form two 4He nuclei, or 3) the conversion of 7Be to the
unstable 8B nucleus through the capture of a proton, and the subsequent decay of the latter to the unbound 8Be nucleus which
quickly falls apart into two 4He nuclei. Marked by red rectangles are reaction rates the uncertainty of which limits the precision
of the predictions of solar models.

reactions that convert helium and hydrogen into 7Be eventually producing 8B, the decay of this unstable nucleus
generates the most energetic solar neutrinos that arrive on Earth, giving us one of the main tools to study these
elusive elementary particles, which we do not fully understand yet. For example, the discrepancy between the flux
of neutrinos observed on Earth and the neutrino flux predicted by solar models led to the discovery of neutrino
oscillations, which was awarded a Nobel Prize in Physics in 2015.

LLNL-JRNL-753608

6



Eur. Phys. J. Plus (2018) 133: 385 Page 7 of 32

Fig. 8. Lower panel: Astrophysical S-factor for the 3He(α, γ)7Be reaction. Measurements counting prompt γ-rays (empty
symbols) are lower than those counting delayed γ from 7Be decay (filled symbols). The relevant energies for proton-proton (pp)
chain and big-bang nucleosynthesis (BBN) are indicated by orange bars. Dashed and vertical lines are, respectively, a fit to the
prompt-γ data and the uncertainty of its slope. Upper panel: Uncertainties (systematic and statistical combined in quadrature).
Reprinted figure with permission from C. Broggini, Phys. Rev. Lett. 97, 122502 (2006). Copyright (2006) by the American
Physical Society.

Solar S-factors (see sect. 3.1), which isolate the nuclear part of solar fusion cross sections, must be known at energies
in the keV range. In the case of the 3He(α, γ)7Be reaction, S-factor values at such energies can only be obtained by
extrapolations from measurements above 0.1MeV [12] (see fig. 8). The uncertainty from such an extrapolation limits
the precision of the flux of 8B decay neutrinos from the Sun predicted by solar models. This is currently one of the
main hurdles in using solar-neutrino oscillation experiments to probe physics beyond the Standard Model.

Another important application of thermonuclear fusion reactions is in fusion energy research and technology. The
fusion of deuterium (d) with tritium (3H) to generate 4He, a neutron and 17.6MeV of energy released in the form of
kinetic energy of the products is the most promising of the reactions that could power the thermonuclear reactors of
the future because it yields the highest reaction rate at the lowest temperature. At the same time, the 3H(d, n)4He
and the 3He(d, p)4He fusion reactions have also important implications for nuclear astrophysics, and atomic physics.
Both reactions affect the predictions of big bang nucleosynthesis for light-nucleus abundances [13]. In addition, the
deuterium-3He fusion is also an object of interest for atomic physics, due to the substantial electron-screening effects [14]
presented by this reaction (this effect can be seen in fig. 22 of sect. 5.4, presenting an ab initio calculation of this
fusion reaction). Indeed, different from the plasma environment of a star (where nuclei and electrons are not bound
together) in a laboratory the two reacting nuclei are not fully ionized, that is, fully stripped of their electrons. As a
consequence, the electrons bound to the two nuclei form a screening potential which has the effect of enhancing the
low-energy cross section by reducing the Coulomb barrier that reacting ions must overcome and hence masking the
“bare” nuclear cross section.

In summary, thermonuclear fusion reactions play an important role. They are very difficult to measure and their
uncertainties affect the prediction of stellar models. A predictive theory of light nuclei reactions could provide mea-
surements from calculations that would aid in reducing these uncertainties.

3.1 The astrophysical S-factor

In thermonuclear fusion reactions, two or more nuclei are converted into a nucleus with larger atomic mass number and
energy is released in the process. Because the positively-charged colliding nuclei repel each other, the fusion process
operates mainly by tunneling through the Coulomb barrier. To a very good approximation, the effect of tunneling on
the reaction probability (that is the total reaction cross section) is described by the tunneling probability

P = exp (−2πη) , (4)

where η = Z1Z2e2/h̄2
√

2E/µ is the dimensionless Sommerfeld parameter, with Z1 and Z2 the proton numbers of
the colliding nuclei, e is the electron charge, and µ the reduced mass of the system, and E is the relative incident
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kinetic energy. Taking additionally into account a 1/E factor due to the reaction kinematics, the cross section can be
factorized as

σ(E) =
S(E)

E
exp (−2πη) , (5)

where S(E), known as the astrophysical S-factor, isolates the nuclear component of the cross section. The energy
behavior of the S-factor depends on the underlying nuclear reaction mechanism and can vary from a smooth dependence
to a more complicated and irregular dependence due to the interfering effects of near-threshold resonances in the
reaction channel.

Equation (5) shows that the cross section drops nearly exponentially as the energy approaches zero. As a result,
thermonuclear fusion reactions at the energies characteristic of stellar environments (ranging from few to few-hundred
keV) involve in most cases very low counting rates, making them very difficult to replicate and measure in a laboratory.
Because of this, the S-factor in the low-energy region relevant for astrophysics is usually obtained by extrapolation
from measurements at higher energies (see, e.g., fig. 6). Such an extrapolation can be a major source of uncertainty,
particularly for S-factors that do not present a smooth energy behavior.

4 Ab initio theory of light-nuclei structure and reactions

An overarching goal of nuclear physics is to compute atomic nuclei and nuclear processes in the Cosmos and on Earth
by directly solving the quantum mechanical problem of A interacting nucleons, that is by solving the time-independent
Schrödinger equation

HΨ = EΨ, (6)

where H is the microscopic Hamiltonian of the system of A nucleons and Ψ are the A-body wave functions of its
eigenstates. While protons and neutrons are not themselves elementary particles, similar to atoms in molecules, they
are the effective degrees of freedom at the energy scales relevant for most studies of structural and reaction properties.
However, unlike the emergence of Van Der Waals forces between atoms from electrodynamics, the underlying theory
governing nuclear phenomena (quantum chromodynamics, QCD) is non-perturbative at low energies, impeding a
direct derivation of the nuclear interactions. Because of this, the solution of the nuclear many-body problem requires
addressing three major questions: How do we accurately describe the interactions among nucleons? How do we describe
the A-nucleon wave functions of bound and unbound states, and of systems of colliding nuclei? How do we solve the
Schrödinger equation exactly, or at least with controlled approximations or “ab initio”? While an exhaustive discussion
of the techniques used to address these questions goes beyond the scope of this work, here we will outline some of the
main elements, particularly as it pertains to the ab initio description of the structure and low-energy reactions of light
nuclei.

4.1 The nuclear Hamiltonian

When studying nuclei, typically we are not interested in the motion of the system as a whole. Rather, we are interested
in the internal motion of the nucleons within the nuclear system. Therefore, the starting point of ab initio methods is
the Galilean (or translational) invariant internal Hamiltonian

H = Tint + V, (7)

where Tint is the internal kinetic energy operator, defined in terms of the nucleon mass (m), the momenta of the
individual nucleons (pi, i = 1, · · · , A) and that of the system as a whole (Pcm) as

Tint =
A∑

i=1

p2
i

2m
− P 2

cm

2Am
=

1

A

A∑

i<j

(pi − pj)2

2m
, (8)

and V = V NN + V 3N + · · · , describes the strong and Coulomb interaction among nucleons. The interaction V
generally consist of nucleon-nucleon (NN) and three-nucleon (3N) contributions that accurately reproduce few-nucleon
properties, but in principle can also contain higher many-nucleon contributions. More specifically, the Hamiltonian
can be written as

H =
1

A

A∑

i<j=1

(pi − pj)2

2m
+

A∑

i<j=1

V NN
ij +

A∑

i<j<k=1

V 3N
ijk + . . . , (9)

where V NN
ij , V 3N

ijk , · · · , etc., depend on relative coordinates and/or momenta, and are therefore Galilean-invariant.
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As anticipated in the introduction to this section, the determination of the strong component of the interaction
poses a tremendous challenge. Currently the best path to deriving accurate nuclear interactions is chiral effective field
theory (EFT), which was formulated by Weinberg in the 1990’s [15,16]. Using nucleons and pions as explicit degrees
of freedom, this effective theory organizes the interactions of protons and neutrons in a systematically improvable
expansion, linked to the fundamental theory of quantum chromodynamics. The small expansion parameter is (Q/Λχ),
where Q relates to the nucleon momentum/pion mass and Λχ corresponds to the break-down scale of the chiral
expansion, which is typically on the order of 1GeV. Within this expansion, consistent NN, 3N and many-nucleon
interactions emerge naturally in a hierarchical scheme [17–20]. The physics from excluded degrees of freedom (e.g.,
quarks and gluons, which at the energy scales relevant for most nuclear phenomena are confined) is captured by
parameters that are constrained empirically. Further, because the chiral expansion is only valid at low energies, high-
momentum contributions beyond a certain cutoff Λcut are suppressed by introducing a regularization. While combined
with powerful ab initio approaches and high-performance computing chiral EFT has spurred enormous progress over
the past 10 years, the question of how to best implement the theory and empirically constrain it remains an active
topic of research. Over the years this has lead to the emergence of several families of chiral interactions, differing for
the strategies used to constrain the expansion parameters, and/or for the choices of regulator function and momentum
cutoff used in the regularization. Though this is a rapidly evolving field, a review of chiral EFT based nuclear forces
can be found in ref. [21].

In the interest of describing the dynamics of two interacting nuclei (or nuclear “clusters”) made, respectively, of
A − a and a nucleons, the Hamiltonian can also be re-arranged as

H = Trel(r) + V̄C(r) + Vrel + H(A−a) + H(a), (10)

where Trel(r) is the relative kinetic energy between the two nuclei, V̄C(r) = Z1Z2e2/r (Z1 and Z2 being the charge
numbers of the first and second nucleus, respectively) the average Coulomb interaction between the nuclei, Vrel is a
localized relative (inter-cluster) potential given by

Vrel =
A−a∑

i=1

A∑

j=A−a+1

V NN
ij +

A−a∑

i<j=1

A∑

k=A−a+1

V 3N
ijk +

A−a∑

i=1

A∑

j<k=A−a+1

V 3N
ijk − V̄C(r), (11)

and H(A−a) and H(a) are the internal Hamiltonians for the (A−a)- and a-nucleon systems, respectively. It is important
to notice that both the nuclear components of the interactions between nucleons belonging to the two different nuclei
and the contribution to the relative potential (11) coming from the Coulomb interaction have a finite range. Indeed,
the subtraction of V̄C from the “point-Coulomb” interaction between pairs of nucleons yields a potential presenting
an r−2 behavior as the distance r between the two clusters increases.

More in general, a separation of the A-nucleon Hamiltonian into relative-motion, average Coulomb and clusters’
components can be realized for any number of (sub-)clusters which may be relevant for describing the dynamics of a
nuclear system.

4.2 The two-nucleon problem

Before tackling the problem of solving the A-nucleon Schrödinger equation (6) with a realistic Hamiltonian of the
form (9), let us first consider the much simpler case of two nucleons (A = 2) interacting through a spherically
symmetric potential depending only on their distance. By working with the relative coordinate r = r1 − r2 and
momentum p = (p1 − p2)/2, the intrinsic Hamiltonian of the system can be written as

H =
(p1 − p2)2

4m
+ V (r) =

p2

m
+ V (r), (12)

where r = |r|, and the two-nucleon problem is reduced to the problem of one particle of mass m/2 (the reduced mass
of the system) in three dimensions. Given the simple, spherically symmetric form of the potential, the problem can be
further simplified by working with spherical coordinates, r = (r, θ,φ). When this is done, the Schrödinger equation (12)
becomes separable and the solutions of its angular component are the eigenstates of the orbital angular momentum
operator ℓ, i.e., the spherical harmonics functions Y ℓ

mℓ
(θ,φ) (with ℓ the orbital-angular-momentum quantum number

and mℓ the associated projection). This leaves the one-dimensional radial equation

{
− h̄2

mr2

d

dr

(
r2 d

dr

)
+

h̄2ℓ(ℓ + 1)

mr2
+ V (r)

}
R(r) = ER(r), (13)

to determine the energy and radial wave function for the potential V (r).
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Concerning the spin and iso-spin degrees of freedom, the possible values of the total spin and iso-spin for a system
of two nucleons are S(T ) = 0, 1 and the associated states are given by the eigenfunctions (with CJM

j1m1j2m2
denoting

angular-momentum coupling or Clebsh-Gordan coefficents [22])

χS
mS

(s1, s2) =
∑

m1,m2=± 1
2

CSmS
1
2 m1

1
2 m2

χ
1
2
m1(s1)χ

1
2
m2(s2) (14)

and an analogously defined χT
mT

(t1, t2), where χ
1
2
m are two-dimensional spinors, s1(2) and t1(2) are, respectively, the spin

and iso-spin coordinates of the two nucleons and mS(T ) the spin (iso-spin) projection. The (iso-)spin wave functions
are symmetric for S(T ) = 1 (triplet) and antisymmetric for S(T ) = 0 (singlet).

In summary, the wave functions of the eigenstates of the two-nucleon Schrödinger equation for the Hamiltonian of
eq. (12) can be written as the product functions

Ψ(1, 2) = R(r)Y ℓ
mℓ

(θ,φ)χS
mS

(s1, s2)χ
T
mT

(t1, t2). (15)

There are only a few potentials for which eq. (13) can be solved analytically. One of the best known is the isotropic
harmonic oscillator (HO), V (r) = 1

2µΩ2r2, where Ω denotes the oscillator frequency. Due to its confining nature, this
potential leads to a discrete spectrum of eigenstates of the form of eq. (15) with energies EN = (N + 3

2 )h̄Ω, where
N = 2n + ℓ and n is a positive integer counting the number of nodes in the radial component of the wave function,
Rnℓ(r). In the majority of cases, the radial equation (12) has to be solved numerically.

In a realistic Hamiltonian of the type of eq. (9) the nuclear potential between the two nucleons is not spherically
symmetric, and will also contain (scalar) operators acting on the spin and isospin degrees of freedom, such as the
tensor term 3(s1 · r)(s2 · r)/r2 − s1 · s2. In such a more general case, the problem can still be simplified by writing
the ansatz for the two-nucleon wave function as an expansion on a suitably angular-momentum coupled complete set
of basis states of the form (15) with total angular momentum J = ℓ + S (where S = s1 + s2).

Finally, because nucleons are spin-1
2 particles and hence fermions, the wave function has to be antisymmetric for

the exchange of the two nucleons, that is the wave function must satisfy

P̂12Ψ(1, 2) = −Ψ(1, 2), (16)

where P̂12 is the permutation of particles 1 and 2. Under such an operation, the distance r remains unchanged, the
two angles are changed according to θ → π − θ and φ → 2π + φ, and the order of the nucleon spin (iso-spin) quantum
numbers is exchanged in the angular-momentum coupling coefficients of eq. (14). Based on the properties of the
spherical-harmonics functions and Clebsch-Gordan coefficients [22], the net effect of the exchange of nucleons 1 and 2
is

P̂12Ψ(1, 2) = (−1)ℓ+S+T Ψ(1, 2). (17)

This shows that only the wave functions (15) for which ℓ + S + T is an odd number represent physical two-nucleon
configurations. This is the well-known Pauli exclusion principle for two nucleons.

A more detailed discussion of this topic can be found in standard texts in quantum mechanics, such as, e.g. refs. [23,
24].

4.3 The few-nucleon problem

The approach described in sect. 4.2 can be generalized to systems of a few nucleons, typically up to A = 4 for realistic
nuclear Hamiltonians including 3N forces. Similar to the two-nucleon case, it is possible to work with a set of relative
or Jacobi coordinates (and associated conjugate momenta) that naturally lend themselves to the description of the
intrinsic motion of the system, e.g.,

ξ1 =
1√
2
(r1 − r2) =

1√
2
r, (18)

ξ2 =

√
2

3

[
1

2
(r1 + r2) − r3

]
, (19)

· · ·

ξA−1 =

√
A − 1

A

[
1

A − 1
(r1 + r2 + · · · + rA−1) − rA

]
, (20)
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Fig. 9. Example of Jacobi relative (left) versus single-particle coordinates (right) for a system of A = 4 nucleons.

where ξk−1 is the vector proportional to the relative position of the k-th nucleon and the center of mass of the first
k − 1 nucleons (see fig. 9). The few-nucleon problem is then gradually reduced to the solution of a one-dimensional
hyperradial equation by recursively transforming the Jacobi coordinates into a set of hyperspherical coordinates (an
hyper-radius and a set of 3A−4 angles) and introducing an expansion in hyperspherical-harmonic (HH) functions [25,
26], the eigenstates of the hyperangular-momentum operator. As an example, for three nucleons one can introduce the
set of hyperspherical coordinates (ξ1, ξ2) = (ρ,α, θ1,φ1, θ2,φ2) where

ρ =
√

ξ2
1 + ξ2

2 and α = arctan
ξ1

ξ2
, (21)

and θ1, φ1 and θ2, φ2 are the angular coordinates associated with ξ1 and ξ2, respectively. In these coordinates, the
relative kinetic energy operator for the three-nucleon system can be written as

T̂rel = − h̄2

2m

(
∂2

∂ρ2
+

5

ρ

∂

∂ρ
− Λ̂2

ρ2

)

(22)

where Λ̂2 is the hyper-angular-momentum operator. As anticipated, the eigenfunctions of Λ̂2 are the HH functions

YKℓxℓy

LML
(α, θ1,φ1, θ2,φ2) = φℓ1,ℓ2

K (α)
∑

m1,m2

CLML

ℓ1m1ℓ2m2
Y ℓ1

m1
(θ1,φ1)Y

ℓ2
m2

(θ2,φ2) (23)

with eigenvalues K(K + 4). Here, K is the hypermomentum quantum number defined as K = 2n + ℓx + ℓy with

n = 0, 1, 2, · · · , and the complete set of functions φℓ1,ℓ1
K (α) is given by

φℓ1,ℓ2
K (α) = N

ℓxℓy

K (sin α)ℓ1(cos α)ℓ2P
ℓ1+ 1

2 ,ℓ2+ 1
2

n (cos 2α), (24)

where Pα,β
n (ξ) are Jacobi polynomials, and N ℓ1ℓ2

K normalization constants. By representing the angular motion as an
expansion in HH functions, the ansatz for the few-nucleon wave function can be written as

Ψ(1, 2, · · · , A) =
∑

K

RK(ρ)YKℓxℓy

LML
(α, θ1,φ1, θ2,φ2)χ

S
mS

(s1, s2, · · · , sA)χT
mT

(t1, t2, · · · , tA), (25)

where χS
mS

and χT
mT

are, respectively, spin and isospin functions of total spin (iso-spin) S(T ) and projection MS(T )

built from the angular-momentum coupling of the single-nucleon spinors along the same line as eq. (14). Much as in
the two-nucleon case this leaves a one-dimensional (coupled-channel) Schrödinger equation to determine the energy
and hyper-radial components of the wave function, RK(ρ) for the potential under consideration.

Once again, the nuclear wave function has to be antisymmetric for the exchange of any two particles, that is it
must satisfy

P̂jkΨ(1, 2, · · · , j, · · · , k, · · · , A) = −Ψ(1, 2, · · · , j, · · · , k, · · · , A), (26)

where P̂jk is the permutation operator of nucleons j and k. The HH functions of eq. (23) and the A-nucleon spin

(iso-spin) functions χS(T )
mS(T ) do not possess any peculiar property under permutation of particles. Thus, the wave

function (25) has to be explicitly antisymmetrized. In this respect, it should be noted that the exchange of two
particles results in a different set of Jacobi coordinates, and hence of hyperangular and angular coordinates, while
the hyperradius remains unchanged. The antisymmetrization of the wave function constitutes a major roadblock in
the application of the HH formalism to systems with more than a few nucleons. Details on the antisymmetrization
procedure are beyond the scope of this work. The interested reader can find information on one possible way to
antisymmetrize hyperspherical harmonics in refs. [27,28].
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Besides the HH formalism [25,26,29–32], there are several other methods for the solution of the few-nucleon problem
(most of which are applicable to both bound and continuum states) using Jacobi relative coordinates/momenta, such
as the Faddeev [33], Faddeev-Yakubovsky [34,35], Alt-Grassberger and Sandhas (AGS) [36,37], and the translational-
invariant version of the no-core shell model [38]. In all these methods, as the number of nucleons increases, the
antisymmetrization of the wave functions becomes more and more involved, limiting their applicability.

4.4 The A-nucleon problem: bound states

While Jacobi relative coordinates are a natural choice for describing the intrinsic motion of a nuclear system (for
which the NN and 3N interactions depend on relative coordinates and/or momenta), a computationally more effective
approach when dealing with a systems of more than a few nucleons is to work with the set of single-nucleon coordinates
(r1, r2, · · · rA). Rather than tackling directly the problem of A nucleons interacting with realistic NN and 3N forces,
in this case one typically starts by solving a much simpler independent-particle problem, in which the Hamiltonian

H̃ =
A∑

i=1

p2
i

2m
+ U(ri) =

A∑

i=1

hi, (27)

is the sum of A single-nucleon Hamiltonians hi and U(r) is the HO potential, U(r) = 1
2mΩ2r2, or another type of

mean-field potential. Because of the especially simple form of the Hamiltonian H̃, its solutions can be written as a
product function of A single-particle wave functions of the type

ϕαi
(ri, si, ti) = Rnℓ(ri)

∑

mℓ,ms

C
jmj

ℓmℓ
1
2 ms

Y ℓ
mℓ

(θi,φi)χ
1
2
ms(si)χ

1
2
mt(ti), (28)

where ϕαi
satisfies the single particle Schrödinger equation hiϕαi

= εαi
ϕαi

, and αi represents a short-hand notation
for the single-particle quantum numbers (n, ℓ, j,mj ,mt) associated with it (and is in practice an index enumerating
the eigenstates). The energies εαi

are the levels of the single-particle energy spectrum. A fully antisymmetric version
of such product function can be trivially built as the determinant

Φα(1, 2, · · · , A) =
1√
A!

det

⎛

⎜⎜⎜⎜⎝

ϕα1(1) ϕα1(2) · · · ϕα1(A)

ϕα2(1) ϕα2(2) · · · ϕα2(A)

...
...

. . .
...

ϕαA
(1) ϕαA

(2) · · · ϕαA
(A)

⎞

⎟⎟⎟⎟⎠
, (29)

where each element of the same column refers to the same particle and each element of the same row contains the
same single-particle wave function. Indeed, the exchange of any two columns of this matrix will cause its determinant
to change sign. The “Slater-determinant” (SD) functions (29) are eigenstates of H̃ with eigenvalue

Eα =
A∑

i=1

εαi
. (30)

As anticipated, one popular choice for U(r) is the HO potential, in which case the single-particle energies are given
by εαi

= εniℓi
= (2ni + ℓi + 3

2 )h̄Ω.
In a second step, one then uses the SD functions (29) as a basis to build the ansatz for the solution of the original

A-nucleon problem, that is

Ψ̃(1, 2, · · · , A) =
αmax∑

α=αmin

cαΦα(1, 2, · · · , A), (31)

where cα are variational coefficients and αmin,αmax label, respectively, the minimum- and maximum-energy configu-
rations included in the expansion (that is, all SDs with energies up to Eαmax are included). When using this ansatz
for the A-nucleon wave function and projecting on the basis states (from the left), the Schrödinger equation (6) is
mapped into the linear-algebra eigenvalue problem

∑

β

Hαβ cβ = E cα or Hc = Ec, (32)
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where the elements of the Hamiltonian matrix are (suppressing for simplicity the spin and isospin degrees of freedom)

Hαβ = ⟨Φα|H|Φβ⟩ =

∫
Φ∗

α(r1, r2, · · · , rA)HΦβ(r1, r2, · · · , rA)dr1dr2 · · · drA, (33)

and the unknown expansion coefficients cα are the components of the eigenvector c. We note that, being eigenstates of
the independent-particle Hamiltonian (27), |Φα⟩ form a complete set of orthonormal basis states, i.e. ⟨Φα|Φβ⟩ = δαβ .

A clear advantage of this methodology is that the antisymmetrization of the A-nucleon wave function becomes
trivial. A drawback, is that in general the introduction of the mean-field potential U(r) destroys the invariance of the
system with respect to translations. As a result, the center-of-mass (c.m.) motion is no longer separable and remains
mixed to the intrinsic motion, giving rise to spurious effects.

The HO is the only mean-field potential which enables an exact factorization of the c.m. motion for the A-nucleon
eigenstates. This is due to the fact that the HO potential is exactly separable

A∑

i=1

1

2
mΩ2r2 =

A∑

i<j=1

mΩ2

2A
(ri − rj)

2 +
1

2
AmΩ2R2

cm (34)

=
A−1∑

i=1

1

2
mΩ2ξ2

i +
1

2
AmΩ2R2

cm (35)

and hence, combined with eq. (8), the Hamiltonian H̃ can be written as the sum of an intrinsic component and the
c.m. Hamiltonian

HΩ
cm =

P 2
cm

2Am
+

1

2
AmΩ2R2

cm. (36)

The latter describes, once again, the motion of a particle of mass Am in a three-dimensional HO oscillator potential
of frequency Ω. Therefore the solutions of the independent-particle problem of eq. (29) factorize as

ΦNtot(r1, r2, · · · , rA) = φN (ξ1, ξ2, · · · , ξA−1)ϕncmℓcm(Rcm). (37)

Coming back to the original, realistic A-nucleon problem of eq. (32), where H is the intrinsic Hamiltonian of
eq. (9), this means that for each eigenvalue E there will be a set of degenerate eigenstates all sharing the same
intrinsic structure but different c.m. excitations. The eigenstates can be forced to factorize into an intrinsic wave
function times the zero-point HO motion of the c.m., i.e.

Ψ(r1, r2, · · · , rA) = Ψint(ξ1, ξ2, · · · , ξA−1)ϕ00(Rcm), (38)

if this degeneracy is broken by adding to the intrinsic Hamiltonian H a Lawson term, typically of the form L =
λ(HΩ

cm − 3
2 h̄Ω) with λ a positive number. The eigenvalues of H ′ = H + L are now E′ = E + λNcmh̄Ω, where

Ncm = 2ncm + ℓcm is the number of oscillator quanta characterizing the c.m. motion. That is, the eigenstates with
Ncm = 0 are left unchanged by the Lawson operator, while all other eigenstates are pushed to higher energies (based
on the value of λ), in effect projecting out solutions contaminated by spurious c.m. excitations. An in-depth discussion
of this topic can be found in ref. [39].

While the HO potential provides a means for eliminating the spurious motion of the c.m. even when working with
single-particle coordinates and Slater-determinant basis states, its confining nature leads to a discrete spectrum of
energies, and the wave functions of the computed eigenstates are all localized in space. Because of this, expansions
based on the many-body HO states are well suited for the calculations of bound-state properties and narrow resonances,
but are not adapted for the description of broad resonances or scattering states. Even the description of weakly-bound
nuclei presenting extended configurations (such as halo nuclei) represents a challenge when working with HO functions,
which present a rapid Gaussian falloff (∝ exp−αr2) at large distance r [40]. Alternative single particle basis states
have been proposed in recent years in an attempt to alleviate this problem and enable the description of weakly-bound
exotic nuclei and resonances within the single particle framework presented in this section. A few examples are the
Berggren ensemble of single-particle states [41,42], which includes bound, resonant and non-resonant scattering states,
and the Coulomb-Sturmian functions [39], which are the solutions to a Sturm-Liouville problem associated with the
Coulomb potential. As anticipated, such alternative basis states do not allow an exact removal of the spurious c.m.
contributions to the dynamics.

The method presented in this section is an example of expansion technique. Expansion techniques make use of a
large but finite number of many-body basis states. Convergence to the exact result is approached (variationally) by
increasing the basis size. One of the main examples is the NCSM approach [43,44], which will be discussed in some
more detail in sect. 4.4.1, its important-truncation [45] and symmetry-adapted [46] versions, and the no-core Monte-
Carlo shell model [47]. Other powerful and complementary ab initio methods that can tackle the A-nucleon problem
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Fig. 10. An expample of NCSM model space for the 6Li nucleus.

for bound states (with different regions of applicability) are, e.g., the effective interaction hyperspherical harmonics
(EIHH) expansion [29,30], Green’s function Monte Carlo methods (GFMC) [48], the auxiliary field diffusion Monte
Carlo method [49], coupled-cluster methods (CCM) [50,51], the fermionic molecular dynamics approach [52], in medium
similarity renormalization group [53,54], self-consistent Green’s function theory [55] and its Gorkov generalization [56],
and nuclear lattice EFT [57].

4.4.1 Ab initio no-core shell model

The ab initio NCSM is an expansion technique for the solution of the A-nucleon problem based on many-body HO
basis states. Both basis states built by coupling HO wave functions in Jacobi-relative coordinates of the type discussed
in sect. 4.3 (Jacobi-coordinate NCSM [38]) or single-nucleon HO Slater determinants [58] (see sect. 4.4) can be used
depending on whichever is more convenient for the problem to be solved. One can also mix the two types of bases. In
general, for systems of A ≤ 4, the Jacobi coordinate basis is more efficient, as one can perform the antisymmetrization
easily. In that case, the c.m. degrees of freedom are explicitly removed and one can couple the underlying relative
orbital angular momenta, and single-particle spins and iso-spins to build basis states of total angular momentum J ,
parity π and total iso-spin T , yielding Hamiltonian matrix dimensions of the order of thousands. As discussed in
sect. 4.4, in general for systems with A > 4 it is more efficient to use Slater determinant HO basis states. Specifically,
the NCSM uses “m-scheme” basis, which conserves the total-angular-momentum projection M = mj1 +mj2 · · ·+mjA

,
parity and the total iso-spin projection MT = mt1 + mt2 · · · + mtA

. In this case the antisymmetrization is trivial, but
the dimensions of the basis can be huge, due to the presence of the c.m. degrees of freedom and the fact that no JT
coupling is considered. Despite this, thanks to the possibility of utilizing the powerful second-quantization technique,
the approach is computationally advantageous.

In the NCSM, the A-nucleon model space is always chosen using the condition

A∑

i=1

(2ni + ℓi) ≤ Ntot,max, (39)

which corresponds to eq. (30) in the case of the harmonic oscillator. As discussed in sect. 4.4, only using a complete
basis of HO basis states satisfying this condition it is possible to achieve the exact factorization of the c.m. motion
for the eigenstates even when working with single-particle coordinates and Slater determinants. Often, instead of the
maximum number of total HO oscillator quanta Ntot,max, we introduce the parameter Nmax that measures the maximal
allowed HO excitation energy above the unperturbed ground state. For the A = 3, 4 systems Nmax = Ntot,max. For
the p-shell nuclei they differ, e.g. for 6Li (see fig. 10), Nmax = Ntot,max − 2, for 12C, Nmax = Ntot,max − 8, etc.

More in detail, in the NCSM the A-nucleon eigenstates are cast as the expansion

|ΨJπT
A ⟩ =

Nmax∑

N=0

∑

i

cJπT
Ni |ANiJπT ⟩, (40)

where |ANiJπT ⟩ are a complete set of antisymmetric A-nucleon HO basis states in either Jacobi or single-particle
coordinates and i labels additional quantum numbers not shown explicitly. The energy eigenstates |ΨJπT

A,α ⟩ ≡ |AαJπT ⟩
of the A-nucleon system are obtained by diagonalizing the intrinsic Hamiltonian,

H|AλJπT ⟩ = EJπT
λ |AλJπT ⟩, (41)

with H given by eq. (9) and α labeling eigenstates with identical JπT .
Finally, we note that with the HO basis sizes typically used (Nmax ∼ 10–14), the NCSM eigenstates lack correct

asymptotic behavior for weakly-bound states and always have incorrect asymptotic behavior for resonances and non-
resonant scattering states.
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Fig. 11. Evolution of the N3LO NN potential with Λcut = 600MeV. Reprinted from S.K. Bogner, R.J. Furnstahl, A. Schwenk,
Progr. Part. Nucl. Phys. 5, 94 (2010). Copyright (2010), with permission from Elsevier.

4.5 Similarity renormalization group method

Calculations of low-energy nuclear structure and reaction properties are complicated by the short-range repulsive core
of the nuclear interaction, which can cause nucleons approaching at low relative momentum to be scattered to high
momenta. Such coupling between low- and high-momentum components of the interaction manifests itself by large
regions of non-zero off-diagonal matrix elements in the momentum-space representation of the nuclear Hamiltonian
matrix. As a result, the maximum energy configuration required to achieve convergence in expansion techniques such
as that described in sect. 4.4 is very high, and extremely hard to reach due to the exponential growth of the basis
dimension with the number of nucleons.

A solution to this problem can be achieved by introducing a short-range unitary transformation (Û , with Û†Û = 1)
of the Hamiltonian, i.e.

E = ⟨Ψ |H|Ψ⟩ (42)

= (⟨Ψ |Û†) Û H Û† (U |Ψ⟩) (43)

= ⟨Ψ̃ |H̃|Ψ̃⟩, (44)

where H̃ and Ψ̃ are, respectively, the transformed Hamiltonian and the transformed wave function, while observables
such as the energy in the example above remain unchanged.

Perhaps the most successful approach for the implementation of such a short-range unitary transformation is
the similarity renormalization group (SRG) method [59–61]. In the SRG approach the unitary transformation of the
Hamiltonian is formulated in terms of a flow equation

dHs

ds
= [η̂s,Hs], (45)

which defines the continuous unitary transformation Hs = Û †
s H Ûs (with Hs=0 = H), where the unitary operator Ûs

depends on the continuous flow-parameter s, and η̂s is the anti-Hermitian dynamic generator

η̂s = −Û †
s

d

ds
Ûs = −η̂†

s. (46)

The generator is commonly chosen to be the commutator of the kinetic energy with the Hamiltonian, η̂s = [Tint,Hs],
in which case the Hamiltonian is driven towards diagonal form in momentum space, thus weakening the coupling
between low- and high-momentum states. For this generator choice it is reasonable to associate the flow parameter
with a momentum scale, using the relation λ = s−(1/4) as often done in the literature [62,63]. The momentum scale λ
provides a measure of the diagonal width of the evolved Hamiltonian in momentum space. An example of the evolution
of the Hamiltonian according to eq. (45) as s increases (or λ decreases) is illustrated in fig. 11.

It is important to note that eq. (45) represents an operation in the A-nucleon Hilbert space. Therefore, at each
step in s the commutators involving Hs generate three-, four- and up to A-body irreducible contributions even if
initially the Hamiltonian contains only a NN potential. In practice, the two- and three-body components of the
Hamiltonian are extracted by representing the Hamiltonian in the two- and three-nucleon basis and solving the flow
equation numerically. Higher-body contributions (which are very hard to compute as well as to include in many-
body calculations) are typically neglected. This is a drawback of the SRG transformation (and in general any unitary
transformation of the Hamiltonian), since the unitarity is formally violated. Alternative formulations of the dynamic
generator have been explored to avoid induced many-body contributions from the outset [64]. In practice the study of
the dependence of the computed observables on the flow-parameter λ can be used to assess the impact of omitted many-
body contributions, and hence the degree of violation of the unitarity. The three classes of SRG-evolved Hamiltonian
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Fig. 12. Panel (a): Ground-state energy of the 4He nucleus as a function of the maximum number of HO excitations above
the minimum energy configuration Nmax obtained within the Jacobi-coordinate NCSM approach for the chiral N3LO NN and
N2LO 3N interactions: the results obtained staring from the SRG-evolved NN+3N interaction (red solid line/triangles) display
faster convergence than those obtained with the original (“bare”) Hamiltonian (dashed-black line/circles). The thin dotted line
shows the converged value of the 4He ground-state energy. Panel (b): root-mean-square (rms) matter radius of the 3H nucleus
as a function of SRG evolution parameter, λ. Shown are results obtained with wave functions from two Hamiltonians: NN+3N-
induced (blue dashed line) and NN+3N (red solid line), and three levels of operator evolution: bare operator (circles), operator
evolved in the two-body space (squares), and operator evolved in the three-body space (triangles). The rms radius calculated
using the bare Hamiltonian and bare operator (dotted line) is recovered at each λ for the SRG-evolved NN+3N interaction with
three-body evolved operator, demonstrating the unitarity of the transformation.

that are typically considered are

– The NN-only Hamiltonian: Obtained from an initial NN interaction performing the SRG at the two-body level and
does not contain any three- or higher-body contributions;

– The NN+3N-ind Hamiltonian: Obtained from an initial NN interaction performing the SRG at the two- and
three-body level such that the induced 3N contributions are included; and

– The NN+3N-full or simply NN+3N Hamiltonian: Obtained from an initial NN+3N interaction performing the
SRG at the two- and three-body level. This Hamiltonian contains the complete set of NN and 3N contributions.

An example of the speed-up in the convergence rate of many-body calculations brought by the SRG transformation
of the Hamiltonian is shown in fig. 12(a).

As the eigenstates of the transformed Hamiltonian are different from those of the original Hamiltonian, when aiming
at observables other than binding and excitation energies for consistency it is necessary to transform the corresponding
operators Os = Û †

s O Ûs. Typically this is accomplished by computing Ûs after the evolution of the Hamiltonian (see
e.g., refs. [65,66]). An example of the effect of the SRG evolution on operators is shown in fig. 12(b).

The most efficient formulation of the SRG evolution for the descriptions of finite nuclei is performed working
with Jacobi coordinates and the associated translational invariant HO basis states [62,67,68,65,66]. The translational
invariant matrix elements can then be transformed [69] to the single-particle basis utilized by many-body approaches
as explained in ref. [70]. There are also implementations of the SRG evolution in three-nucleon space performed in
other basis representations, such as the partial-wave decomposed momentum-Jacobi basis [71] and the hyperspherical
momentum basis [72]. The interested reader can find an overview of low-momentum two-nucleon and many-body
interactions in ref. [73].

4.6 The A-nucleon problem: clustering and continuum dynamics

The general methodology built on the independent-particle concept discussed in sect. 4.4 provides a pathway for the
solution of the A-nucleon problem for bound nuclear states, but for the most part is not well suited for the description
of resonant states, much less collisions between nuclei. More in general, this is a drawback of the vast majority of the ab
initio techniques for the solution of the bound-state problem mentioned in sect. 4.4. For nuclear states in the continuum
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Fig. 13. A schematic representation of reaction channels occurring following the collision of a proton with a 7Li nucleus.

of energy, the A-nucleon wave function extends all over the space and one has to deal simultaneously with both the
dynamics of the single nucleons and the interactions of clusters of nucleons. This can be better understood with a
practical example, such as the reaction of a proton with a 7Li nucleus, schematically depicted in fig. 13. Following the
initial collision, besides p+ 7Li the system can re-arrange in any of the other possible “channels” that are energetically
open (i.e., for which the initial energy is equal or larger than the energy required to partition the nucleons into the
given set of bound clusters). This include n + 7Be, d + 6Li, 4He + 4He, but even more complicated fragmentations in
three and up to eight clusters (the complete breakup into eight nucleons) are possible as the energy increases. The
problem of the simultaneous description of single-particle and cluster dynamics is also encountered in the study of
halo nuclei (see, e.g., sect. 2.2.2).

A more practical framework for describing the dynamics of two or more nuclear fragments made of interacting
nucleons was proposed in 1937 by Wheeler [74], who introduced the concept of resonating group structure, or resonating
group method (RGM) as it later came to be known [75–80]. The idea was based on the observation that nucleons in
nuclei spend fractions of their time in various substructures or clusters. The physical interpretation of the RGM was
provided by Wildermuth and Kanellopoulus in 1958 [81]: Because of their on-average attractive nature, nuclear forces
give rise to correlations that manifest itself through the formation of clusters. When clusters overlap, the wave functions
obtained within the RGM can be very similar to those of an independent-particle model (after antisymmetrization).
However, when clusters are separated, RGM wave functions can include correlations not naturally described by the
independent particle model. In the past decade, the general framework of the RGM has been combined with ab initio
bound-state techniques and in particular with the NCSM [82–87], enabling an ab initio description of clustering and
low-energy reactions in light nuclei. The main aspects of this technique are outlined in the following sections.

Other ab initio methods applicable to the calculation of scattering in A > 4 systems are the GFMC [88,89], the
nuclear lattice EFT with the adiabatic projection method [90], and the CCM with the Gamow basis [91].

4.6.1 Binary-cluster resonating-group method

The RGM is a microscopic cluster technique in which the A-nucleon Hilbert space is spanned by wave functions
describing a system of two or more clusters in relative motion. For two clusters the channel (basis) states of total
angular momentum J , parity π, and isospin T are given by

|ΦJπT
νr ⟩ =

[(
|A − a α1I

π1
1 T1⟩ |a α2I

π2
2 T2⟩

)(sT )
Yℓ (θA−a,a,φA−a,a)

](JπT ) δ(r − rA−a,a)

rrA−a,a
. (47)

To simplify the notation, here we use parenthesis and square brackets to indicate implicitly the angular momentum
couplings and the overall coupling to Jπ and T , respectively, and denote the intrinsic (antisymmetric) wave functions
of the first and second clusters containing A− a and a nucleons (a < A) by the kets |A− a α1I

π1
1 T1⟩ and |a α2I

π2
2 T2⟩,

respectively. These are characterized by angular momentum (iso-spin) quantum numbers I1 and I2 (T1 and T2) coupled
together to form channel spin s (total iso-spin T ). For the clusters’ parity and additional quantum numbers we use,
respectively, the notations πi, and αi, with i = 1, 2. The clusters’ centers of mass are separated by the relative
coordinate

rA−a,a = (rA−a,a, θA−a,a,φA−a,a) =
1

A − a

A−a∑

i=1

ri −
1

a

A∑

j=A−a+1

rj , (48)
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where {ri, i = 1, 2, · · · , A} are as usual the A single-particle coordinates, and the channel states (47) describe partial
waves of relative motion characterized by the orbital angular momentum ℓ. For brevity, we will group all relevant
quantum numbers into a cumulative index ν = {A − aα1I

π1
1 T1; aα2I

π2
2 T2; sℓ}.

The channel states (47) can be used as a basis to represent the A-nucleon wave function according to

|ΨJπT ⟩ =
∑

ν

∫
dr r2 γJπT

ν (r)

r
Âν |ΦJπT

νr ⟩, (49)

where γJπT
ν (r) are continuous (variational) amplitudes of relative motion between the pairs of clusters. However,

to preserve the Pauli principle one has to first introduce the appropriate inter-cluster antisymmetrizer, which is
schematically given by

Âν =

√
(A − a)!a!

A!

⎛

⎝1 +
∑

P ̸=id

(−)pP

⎞

⎠ , (50)

where the sum runs over all possible permutations of nucleons P (different from the identical one) that can be carried
out between two different clusters (of A − a and a nucleons, respectively), and p is the number of interchanges
characterizing them. The operator (50) is labeled by the channel index ν to signify that its form depends on the
mass partition, (A − a, a), of the channel state to which is applied. Indeed, while the clusters’ wave functions are
antisymmetric, the basis states (47) are not antisymmetric under exchange of nucleons belonging to different clusters.
It should be noted that each permutation in Âν changes the relative coordinate between the clusters, as a result of the
rearrangement of the nucleons. This complication is circumvented by the introduction of the Dirac’s delta function of
eq. (47), thanks to which the inter-cluster antisymmetrizer does not affect the amplitudes γJπT

ν (r) that depend on the
integration variable r.

By using the ansatz of eq. (49) for the wave function and projecting (from the left) on the basis states (47),
the A-nucleon Schrödinger equation (6) is mapped into a one-dimensional coupled-channel equation for the unknown
amplitudes of relative motion γJπT

ν (r)

∑

ν

∫
dr r2

[
HJπT

ν′ν (r′, r) − E N JπT
ν′ν (r′, r)

] γJπT
ν (r)

r
= 0, (51)

where E denotes the total energy in the c.m. frame. The two integration “kernels” in the above equation are the
Hamiltonian kernel,

HJπT
ν′ν (r′, r) =

〈
ΦJπT

ν′r′

∣∣∣ Âν′HÂν

∣∣∣ΦJπT
νr

〉
, (52)

and the norm kernel,

N JπT
ν′ν (r′, r) =

〈
ΦJπT

ν′r′

∣∣∣ Âν′Âν

∣∣∣ΦJπT
νr

〉
, (53)

which are nothing else than the matrix elements of the Hamiltonian and identity operators over the antisymmetric
basis states Âν |ΦJπT

νr ⟩, and contain all the nuclear structure and antisymmetrization properties of the problem. The
somewhat unusual presence of a norm kernel is the result of the non-orthogonality of the antisymmetric basis states
owing to the operator Âν . The exchange terms of this antisymmetrization operator are also responsible for the non-
locality of the two kernels, which couple amplitudes at different distances r and r′.

Using the expression of eq. (10) for the nuclear Hamiltonian and eqs. (47) and (50), it is possible to demonstrate
that the norm and Hamiltonian kernels can be separated into “full-space” and “localized” components as

N JπT
ν′ν (r′, r) = δν′ν

δ(r′ − r)

r′r
+ N ex

ν′ν(r′, r), (54)

and
HJπT

ν′ν (r′, r) =
[
Trel(r

′) + V̄C(r′) + E
I′

1T ′

1

α′

1
+ E

I′

2T ′

2

α′

2

]
N JπT

ν′ν (r′, r) + VJπT
ν′ν (r′, r), (55)

where E
I

πi
i Ti

αi are the energy eigenvalues of the i-th cluster (i = 1, 2). The exchange part of the norm, N ex
ν′ν(r′, r), and

the potential kernel, VJπT
ν′ν (r′, r), given by

N ex
ν′ν(r′, r) =

⎧
⎪⎪⎨

⎪⎪⎩

〈
ΦJπT

ν′r′

∣∣
∑

P ̸=id

(−)pP̂
∣∣∣ΦJπT

νr

〉
, if a′ = a,

〈
ΦJπT

ν′r′

∣∣
√

A!

(A − a′)!a′!
Âν

∣∣ΦJπT
νr

〉
, if a′ ̸= a,

(56)
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Fig. 14. An example of the non-local potential W JπT
ν′ν (r′, r) for the n+ 4He (or n+α) system obtained within the NCSM/RGM

approach. The three panels show respectively the n+4He potential for the repulsive S-wave and for the P -waves in the Jπ = 1/2−

and Jπ = 3/2− channels. The most attractive potential surface is found in the Jπ = 3/2− channel, corresponding to the g.s. of
the 5He resonance (see also sect. 2.2.1).

and

VJπT
ν′ν (r′, r) =

〈
ΦJπT

ν′r′

∣∣∣

√
A!

(A − a′)!a′!
VrelÂν

∣∣∣ΦJπT
νr

〉
, (57)

are both localized quantities because of the short range of the non-orthogonality induced by the non-identical per-
mutations and of the nuclear interaction, and can be computed by expanding the channel states (47) on a complete
basis of localized states. While the calculation of these kernels constitutes the main challenge in the application of the
RGM approach, it can be accomplished using the same type of powerful and well-established techniques used for the
solution of the A-nucleon problem for bound states, discussed in sect. 4.4. In particular, the RGM can be implemented
using NCSM wave functions for the clusters in a formalism known as NCSM/RGM [82,83,86]. A recent review of this
method can be found in ref. [92].

An important point to notice, is that eq. (51) does not represent a system of multichannel Schrödinger equations,
and γJπT

ν (r) do not represent Schrödinger wave functions. This feature, due to the presence of the norm kernel
N JπT

ν′ν (r′, r), can be corrected by introducing normalized Schrödinger wave functions

χJπT
ν (r)

r
=
∑

ν′

∫
dy y2N

1
2

νν′(r, y)
γJπT

ν′ (y)

y
, (58)

where N 1
2 is the square root of the norm kernel, and applying the inverse-square root of the norm kernel, N− 1

2 , to both
left and right-hand side of the square brackets in eq. (51). By means of this procedure, known as orthogonalization
and explained in more detail in ref. [83], one obtains a system of multichannel Schrödinger equations:

{
− h̄2

2µνr2

d

dr

(
r2 d

dr

)
+

h̄2ℓ(ℓ + 1)

2µνr2
+ V̄C(r)

}
χJπT

ν (r)

r
+
∑

ν′

∫
dr′ r′ 2 W JπT

νν′ (r, r′)
χJπT

ν′ (r′)

r′
= (E − Eν)

χJπT
ν (r)

r
,

(59)

where µν is the reduced mass of the clusters in channel ν, Eν = E
I

π1
1 T1

α1 +E
I

π2
2 T2

α2 is the threshold at which the reaction
channels become open and W JπT

ν′ν (r′, r) are the non-local potentials between the two clusters, which depend upon the
channel of relative motion, while do not depend upon the energy E of the system. An example of such potentials is
shown in fig. 14.

With the exception of the presence of a non-local interaction, eq. (59) resembles closely the radial Schrödinger
equation for the two-nucleon system (13) discussed in sect. 4.2 and can be easily solved (subject to appropriate
boundary conditions) using the same numerical methods to obtain bound-state wave functions and binding energies
or scattering wave functions and scattering matrix, from which any other scattering and reaction observable can be
calculated.

Finally, we note that while in principle the summation in the expansion (49) runs over all possible partitions of the
A-nucleon systems into two bound clusters of nucleons (including states in which the clusters are in a bound excited
state), in practical calculations for computational reasons it is restricted to just a few channels, typically those that
are energetically open. While such an approximation is energetically justified, it constitutes the main limitation of the
RGM in recovering the full A-nucleon dynamics at short distances, where single-particle many-body correlations play
an important role.
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Fig. 15. Example of Jacobi relative coordinates for three-cluster configurations.

4.6.2 Three-cluster RGM

The RGM can also be extended to the description of three and in principle several clusters in relative motion with
respect to each other. To accomplish this, it is convenient to introduce a suitable set of Jacobi relative coordinates
among the clusters. For example, for a system of three clusters respectively of mass number A − a23, a2, and a3

(a23 = a2 + a3 < A) one can choose

η1,23 = (η1,23, θη1,23 ,φη1,23) =

√
a23

A(A − a23)

A−a23∑

i=1

ri −
√

A − a23

Aa23

A∑

j=A−a23+1

rj , (60)

the relative vector proportional to the displacement between the center of mass of the first cluster and that of the
residual two fragments, and

η23 = (η23, θη23 ,φη23) =

√
a3

a23 a2

A−a3∑

i=A−a23+1

ri −
√

a2

a23 a3

A∑

j=A−a3+1

rj , (61)

the relative coordinate proportional to the distance between the centers of mass of cluster 2 and 3 (see fig. 15). Here,
ri denotes the position vector of the i-th nucleon. Introducing the associated HH coordinates ρη and αη (see sect. 4.3),
one can then define RGM channel states for three clusters as

|ΦJπT
νKρ⟩ =

[(
|A − a23 α1I

π1
1 T1⟩ (|a2 α2I

π2
2 T2⟩|a3 α3I

π3
3 T3⟩)(s23T23)

)(ST )
YKℓxℓy

L (Ωη)
](JπT ) δ(ρ − ρη)

ρ5/2 ρ5/2
η

, (62)

with Ωη = (αη, θη1,23 ,φη1,23 , θη23 ,φη23) and YKℓxℓy

L (Ωη) the HH basis elements defined in eq. (23). The rest of the
notation is similar to that introduced in eq. (47). The A-nucleon wave function can be written as

|ΨJπT ⟩ =
∑

νK

∫
dρ ρ5 γJπT

Kν (ρ)

ρ5/2
Âν |ΦJπT

νKρ⟩, (63)

where Âν is an appropriate inter-cluster antisymmetrizer and the unknown hyperradial amplitudes γJπT
Kν (ρ) are ob-

tained from the solution of the one-dimensional coupled-channel equation

∑

Kν

∫
dρρ5

[
HK′K

ν′ν (ρ′, ρ) − ENK′K
ν′ν (ρ′, ρ)

] γJπT
Kν (ρ)

ρ5/2
= 0, (64)

which is the three-cluster analog of eq. (51). Also analogous, though more involved, is the formalism for computing
the three-cluster Hamiltonian and norm kernels. For a detailed discussion of the three-cluster RGM formalism we refer
the interested reader to, e.g., ref. [93].

In summary, within the RGM the A-nucleon problem of few clusters in mutual relative motion is mapped into a
more approachable problem of few point-like cluster degrees of freedom interacting through non-local potentials. Much
of the complexity of the problem is transferred into the determination of the non-local interactions among the clusters,
which absorb all the information about the nuclear structure and antisimmetrization properties of the system. While
challenging to compute, such interactions can be obtained starting from the ab initio wave functions describing the
quantum states of the nuclear clusters using a technique for the solution of the A-nucleon bound-state problem such
as the NCSM.
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4.7 Unified description of bound and continuum states: the no-core shell model with continuum

Achieving a comprehensive and simultaneous treatment of short-range many-body correlations and long-range few-
cluster dynamics in atomic nuclei constitutes an enormous challenge. Ab initio bound-state techniques (which are at
least in part based on the methodologies discussed in sect. 4.4) succesfully describe the interior of the nuclear wave
function, but are unable to fully account for its asymptotic behavior, which in general can be dominated by the onset
of clustering. At the same time, microscopic cluster techniques such as the RGM (discussed in sect. 4.6) naturally
explain the asymptotic configurations of the nuclear wave function, but tend to underestimate many-body correlations.

A solution to this conundrum is provided by generalized cluster expansions, where the translational-invariant
ansatz for the A-nucleon wave function is given by a superposition of discrete (and localized) energy eigenstates of the
aggregate A-nucleon system, |AλJπT ⟩ (see, e.g., sect. 4.4.1), and continuous RGM binary-cluster (and/or multi-cluster,
depending on the particle-emission channels characterizing the nucleus in consideration) channel states, Âν |ΦJπT

νr ⟩ (see
sect. 4.6), according to

|ΨJπT
A ⟩ =

∑

α

cJπT
α |AαJπT ⟩ +

∑

ν

∫
dr r2 γJπT

ν (r)

r
Âν |ΦJπT

νr ⟩. (65)

The unknown discrete cJπT
λ and continuous γJπT

ν (r) variational amplitudes can be simultaneously obtained by solving
the set of coupled equations (written here in a schematic way),

(
E h̄

h̄ H

)(
c

χ

)
= E

(
δ ḡ

ḡ ∆

)(
c

χ

)
, (66)

where χJπT (r) are the relative motion wave functions of eq. (58). The two by two block-matrices on the left- and right-
hand side of eq. (66) represent, respectively, the Hamiltonian and norm kernels of the generalized cluster expansion.
The upper diagonal blocks are given by the Hamiltonian (norm) matrix elements over the basis states |AαJπT ⟩. In
particular, as the basis states are eigenstates of the A-nucleon Hamiltonian, these are trivially given by the diagonal
matrix Eαα′ = Eαδαα′ of the eigenergies (the identity matrix δαα′). Similarly, those over the continuous portion of the
basis appear in the lower diagonal blocks and are given by the orthogonalized Hamiltonian kernel of the RGM (see,
e.g., the left-hand side of eq. (59)) and ∆νν′(r, r′) = δνν′δ(r − r′)/rr′. The off-diagonal blocks contain the couplings
between the two sectors of the basis, with

ḡαν(r) =
∑

ν′

∫
dr′ r′ 2⟨AαJπT |Aν′ |ΦJπT

ν′r′ ⟩N−1/2
ν′ν (r′, r) (67)

the cluster form factor, and the coupling form factor analogously given by

h̄αν(r) =
∑

ν′

∫
dr′ r′ 2⟨AαJπT |ĤAν′ |ΦJπT

ν′r′ ⟩N−1/2
ν′ν (r′, r). (68)

When the aggregate and clusters’ wave functions are eigenstates of their respective intrinsic Hamiltonians computed
within the NCSM (see eqs. (40) and (41) of sects. 4.4.1), this approach is known as no-core shell model with continuum
(NCSMC) [84,85] and both kernels and form factors can be computed using the second-quantization formalism. The
interested reader can find their algebraic expressions in refs. [84,85]. Similar to the RGM in sect. 4.6, the formalism
presented here can also be generalized for the description of three-cluster dynamics. A detailed presentation of such
formalism in the context of the NCSMC can be found in ref. [94].

Upon orthogonalization, eq. (66) can be turned into a one-dimensional set of coupled-channel equations with non-
local interaction terms much alike those shown in eq. (59). That is, the A-nucleon problem is once again mapped into
a much simpler to solve few-body problem of interacting point-like clusters. A detailed description of the orthogonal-
ization procedure goes beyond the scope of this work and can be found in refs. [85] and [92].

4.8 R-matrix method

The solution of the integral-differential equations (59) and (64) for the relative-motion wave function in the RGM
(and simultaneously for the coefficients of the expansion on the discrete basis states in the case of eq. (66)) can be
computed for both bound and continuum states working within the coupled-channel R-matrix method [95,96]. Here
we outline the formalism for the case of two clusters, a projectile and a target. The formulation for ternary clusters is
analogous and can be found, e.g., in ref. [97,98].
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Fig. 16. A schematic representation of the R-matrix method.

In the R-matrix method the configuration space is separated into two regions delimited by the radius r = a, which
is called the “matching” radius for reasons that will become clear in the following. In the internal region, the projectile
and target experience both the mutual attraction owing to the nuclear force and the repulsion due to the Coulomb
interaction. Here the wave function of the A-nucleon system can be described using a microscopic theory of nuclear
forces and nuclear structure, such as the RGM or the NCSMC (see setcs. 4.6, 4.7). Because of the short-range of
the nuclear force, the matching radius a can be chosen large enough that in the external region the only interaction
between projectile and target is the average Coulomb potential (see sect. 4.1) between the two. Therefore, in this region
the radial wave function can be written in terms of the known solutions of the two-body problem with a Coulomb
potential. For bound states, these are the Whittaker functions Wℓ(ην ,κνr),

χJπT
ν,ext(r) = CJπT

ν Wℓ(ην ,κνr) (69)

with CJπT being the asymptotic normalization constant. For continuum states, they can be written in terms of the
incoming and outgoing Coulomb functions H±(ην ,κνr) = Gℓ(ην ,κνr)∓ iFℓ(ην ,κνr) and the elements of the scattering
matrix SJπT

νi as

χJπT
ν,ext(r) =

i

2
v
− 1

2
ν

[
δνiH

−
ℓ (ην ,κνr) − SJπT

νi H+
ℓ (ην ,κνr)

]
. (70)

They depend on the channel-state relative angular momentum ℓ, wave number κν =
√

2µν(E − Eν)/h̄, the relative
speed vν = h̄kν/µν and the dimensionless Sommerfeld parameter ην = Z1Z2e2/h̄vν .

The scattering matrix SJπT
νi (i being the incoming channel) in eq. (70) is obtained by requiring the continuity of the

wave function χJπT
ν (r) and of its first derivative at the matching radius r = a (see fig. 16). This can be conveniently

achieved by inserting in both left- and right-hand sides of the radial Schrödinger equations (e.g. eq. (59)) the Bloch
operator (with Bν an arbitrary constant)

L̂ν =
h̄

2µν
δ(r − a)

(
d

dr
− Bν

r

)
, (71)

which has the dual function of restoring the hermiticity of the Hamiltonian in the internal region and enforcing a
continuous derivative at the matching radius [99]. This yields the Bloch-Schrödinger equations

− h̄2

2µν

(
d2

dr2
− ℓ(ℓ + 1)

r2
− 2µν

h̄2 V̄C(r) + κ2
ν

)
χJπT

ν,int(r) +
∑

ν′

∫
dr′ r′ W JπT

νν′ (r, r′)χJπT
ν′,int(r

′) + LνχJπT
ν,int(r) = LνχJπT

ν,ext(r),

(72)
where the internal and the external solutions are used in the left- and right-hand members, respectively, and the
equation is supplemented by the continuity condition χJπT

ν,int(a) = χJπT
ν,ext(a) [99].
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In practice, the Bloch-Schrödinger equations are solved by expanding the radial wave function on a convenient
set of basis states. For bound-state calculations the constants Bν can be chosen as the logarithmic derivative of
χJπT

ν,ext(r) evaluated in the matching radius. This choice eliminates the right hand side of eq. (72) and gives rise to an
eigenvalue problem. Because κν depends on the studied binding energy, the determination of the bound-state energy
and asymptotic normalization constant CJπT

ν is achieved iteratively starting from an initial guess for the value of Bν ,
typically Bν = 0 (convergence is typically reached within a few iterations). For scattering states, the constants Bν can
be chosen to be zero, and the scattering matrix is obtained by solving a set of linear equations through the calculation
of the R-matrix, which is the inverse of the logarithmic derivative of the wave function at r = a (hence the name
R-matrix theory). The details of this procedure can be found in ref. [95].

The matrix elements of the scattering matrix can then be used to calculate scattering phase shifts, cross sections
and other reaction observables. As an example, the total cross section is given by

σtot =
2π

k2
ν

∑

Jπν

2J + 1

(2I1 + 1)(2I2 + 1)

[
1 − Re

(
SJπ

νν

)]
. (73)

Finally, while in the present discussion the R-matrix is computed on the basis of a microscopic theory of nuclei, this
matrix can also be written in terms of a set of parameters which can be constrained phenomenologically by using the
theory to fit experimental cross sections [99]. This version of the theory, known as phenomenological R-matrix, is often
one of the first methods used to interpolate and extrapolate to low-energy cross sections important for astrophysics
and other applications (see, e.g., fig. 6 and ref. [9]). For a review of R-matrix theory we refer the interested reader to
ref. [99].

5 Structure of light exotic nuclei and low-energy reactions from ab initio calculations

Since the first applications to the elastic scattering of nucleons on 4He and 10Be [88,82] roughly ten years ago, large-
scale computations combined with new and sophisticated theoretical approaches [92,90,91] have enabled significant
progress in the description of dynamical processes involving light- and medium-mass nuclei within the framework
of ab initio theory. This resulted in high-fidelity predictions for nucleon-nucleus [91,87,100,89,101] and deuterium-
nucleus [102] clustering phenomena and scattering properties, as well as predictive calculations of binary reactions,
including the 3He(α, γ)7Be [103,104] and 7Be(p, γ)8B [105] radiative capture rates (important for solar astrophysics),
and the 3H(d, n)4He and 3He(d, p)4He fusion processes [106]. A more recent breakthrough has enabled ab initio
calculation of α-α scattering [90], paving the way for the description of α scattering and capture reactions during
the helium-burning and later evolutionary phases of massive stars. A comprehensive review of these efforts is beyond
the scope of this work. In the following we highlight a selection of results obtained within the NCSM/RGM and
NCSMC.

5.1 Nucleon-4He scattering

The simplest system to be described in terms of binary-cluster basis states of the type described in eq. (47) is the
scattering of nucleons on 4He targets. Here, energy arguments suggest that already channel states formed by a nucleon
in relative motion with respect to an 4He nucleus in its g.s. should provide a very good description of this process
up to fairly high energies. Indeed, the 4He nucleus is tightly bound and its first excited state is more than 20MeV
above its ground state. At the same time, well-determined scattering amplitudes from R-matrix fits make n- and p-4He
scattering calculations ideal benchmarks for ab initio reaction approaches. Despite their apparent simplicity, however,
it is only in the last decade that an ab initio description of the elastic collisions of neutrons and protons with 4He
nuclei has been achieved [88,82,86,89,87].

Figure 17 shows n + 4He scattering phase shifts obtained within the NCSM/RGM (left) and NCSMC (right)
methods starting from the chiral N3LO NN interaction of ref. [108] and N2LO 3N force of ref. [109]. The phase shifts
are labeled with the spectroscopic notation 2s+1LJ , where s is the channel spin, L is a letter referring to the orbital
angular momentum ℓ of the relative motion (L = S, P,D, F,G, · · · for ℓ = 0, 1, 2, 3, 4, · · · ), and J the total angular
momentum (see sect. 4.6). In particular, the figure shows the dependence on the number of target (4He) eigenstates
included in the two calculations carried out within a large model space of Nmax = 13 (for which the expansion in HO
basis states has reached convergence). In the NCSM/RGM calculation the inclusion of target excitations is crucial,
particularly for the description of the resonant phase shifts, where they lead to an enhancement. The 2S1/2 wave is
“forbidden” by the Pauli principle (see sect. 2.2.1) and is mostly insensitive to these effects. Despite the inclusion
of up to the first seven eigenstates of the 4He, overall the convergence is clearly slow. A more efficient simultaneous
description of both short– and medium-to-long–range correlations, and hence faster convergence, is obtained within
the NCSMC, where the ansatz for the wave function further includes NCSM 5-body eigenstates of the aggregate 5He
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Fig. 17. Dependence of the n-4He phase shifts computed within the NCSM/RGM (left) and NCSMC (right) on the considered
target eigenstates (g.s. and Iπ1

1 T1 = 0+0, 0−0, 2−0, 2−1, 1−1, 1−0). The R-matrix analysis of data from ref. [107] is shown as
guidance (purple crosses). In both panels the model space is truncated at Nmax = 13.

Fig. 18. Computed (lines) 4He(p, p)4H angular differential cross section at forward scattering angle θp = 25◦ (a) and backscat-
tering angle θp = 141◦ (b) as a function of the proton incident energy, and 1H(α, p)4He angular differential cross section at the
proton recoil angles ϕp = 4◦, 16◦, 20◦, and 30◦ (c) as a function of the incident 4He energy compared with available measure-
ments (symbols, see ref. [87]). The solid lines corresponds to the NCSMC calculations of ref. [87]. Also shown (black dashed
lines) are the NCSM/RGM results of ref. [86], i.e. without 5Li square intregrable eigenstates.

nucleus (see right panel of fig. 17). Also shown in the right panel of fig. 17 are the phase shifts obtained from an
accurate R-matrix fit of the experimental data [107]. The ab initio calculation is in good agreement with experiment.
In this respect, it should be noted that the 3N force is necessary to the reproduction of the phenomenological phase
shifts, and in particular of the observed splitting between the P -waves [88,92].

Working within an analogous NCSMC model space and the same NN+3N Hamiltonian, one can also accurately
describe the elastic scattering and recoil of protons from 4He [87] (fig. 18). Accurate 4He(p, p)4He and 1H(α, p)4He
angular differential cross sections for a variety of proton/4He incident energies and detection angles are key to the
feasibility and quality of ion-beam analysis applications aimed at determining the concentrations and depth profiles
of helium and hydrogen, respectively, at the surface of materials or in thin films.
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Fig. 19. Panel (a): Computed d-4He S- and D-wave phase shifts at Nmax = 9, obtained with fifteen square-integrable 6Li
eigenstates, as a function of the number of 2H pseudostates (up to seven) in each of the 3S1-

3D1,
3D2 and 3D3-

3G3 channels.
The two-body part of the SRG-evolved N3LO NN potential (NN-only) with λ = 2.0 fm−1 was used. Panel (b): Computed
2H(α, d)4He using the NN +3N Hamiltonian (lines) and measured (symbols) c.m. angular distributions at Ed = 2.93, 6.96, 8.97
and 12MeV, scaled by a factor of 20, 5, 2, and 1, respectively. All positive- and negative-parity partial waves up to J = 3 were
included in the calculations.

5.2 Deuterium-4He scattering and the structure of 6Li

One of the most challenging and notable applications of the NCSMC accomplished so far was the simultaneous study
of the 6Li g.s. and d−4He elastic scattering using NN+3N forces from chiral effective field theory [102]. Calculations
were carried out using the ansatz of eq. (65) with fifteen discrete NCSM eigenstates of the 6Li system and continuous
d-4He(g.s.) binary-cluster states with up to seven deuteron “pseudostates” in the 3S1-3D1, 3D2 and 3D3-3G3 two-
nucleon channels of relative motion, obtained by discretizing the pn continuum within the HO basis. Convergence in
the HO expansions was approached at at Nmax = 11.

Similar to the nucleon-4He scattering discussed earlier, also in this case the discrete eigenstates of the aggregate
(here 6Li) system play a crucial role in achieving an accurate description of the dynamic process, helping to implicitly
account for higher excitations of the 4He (the explicit inclusion of which would be computationally unaffordable in
this case), and contributing to the description of the projectile distortion (virtual excitation of the deuterium to the
continuum). This is exemplified by the fairly rapid convergence, shown in the left panel of fig. 19, of the d-4He scattering
phase shifts with respect to the number of deuterium pseudostates. The high quality of the results obtained with the
chiral NN+3N forces is corroborated by the good agreement with experiment of fig. 19 (right panel), presenting
4He(d, d)4He angular distributions in the 2.93 ≤ Ed ≤ 12.0MeV interval of incident energies.

At the same time, the inclusion of continuum degrees of freedom is essential to reach a true understanding of a
nucleus with low breakup threshold such as 6Li, the g.s. of which lies only 1.47MeV (compared to its absolute energy of
nearly 32MeV) below the 4He+ d separation energy. As shown in fig. 20, combined with the inclusion of the 3N force,
the NCSMC yields a rather good agreement with the observed spectrum. For the g.s. and the narrow 3+ resonance
the NCSMC energy levels are also in good agreement with those obtained from an extrapolation to Nmax = ∞
of a traditional NCSM calculation. However, only within the NCSMC do the computed wave functions present the
correct asymptotic, which for the g.s. are Whittaker functions. This is essential for the extraction of the asymptotic
normalization constants. The present calculation reproduces the empirical binding energy of 6Li, yielding an asymptotic
D- to S-state ratio of the 6Li wave function in d + α configuration of −0.027 in agreement with a determination from
6Li-4He elastic scattering [110] and the value previously obtained by Nollett et al. using variational Monte Carlo [111].
Contrary to the lighter nuclei, this ratio was still uncertain for 6Li, with different determinations disagreeing even as
to its sign [112].

5.3 The phenomenon of parity inversion in 11Be

As discussed in sect. 2.2.2, 11Be is a weakly-bound exotic 11-nucleon system famous for its distinct n + 10Be halo
structure, and for having two nearly-degenerate bound states of equal spin 1/2 and opposite parity, inverted with
respect to the expectations of the standard shell model. The description of this nucleus had been a challenge for ab
initio theory. Pioneering NCSM and NCSM/RGM ab initio investigations of 11Be did not account for the important
effects of 3N forces and were incomplete in the treatment of either long- [114] or short-range [83,82] correlations, both
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Fig. 20. Computed NCSMC low-lying spectrum of positive-parity states (and their widths Γ ) for the 6Li nucleus with (red
lines) and without (blue lines) inclusion of the initial chiral 3N force compared to experiment (black lines). Also shown on the
left-hand side are the best (Nmax = 12) and extrapolated (Nmax = ∞) NCSM energy levels. The zero energy is set to the
respective computed (experimental) d + 4He breakup thresholds.

Fig. 21. Calculated energies of bound states and resonances of 11Be compared to experiment. Theoretical results were obtained
within the NCSMC approach with two chiral NN+3N interaction models (NN+3NF400 [70] and NNLOsat [113]), and without
3N forces (NN). Widths of resonances are shown as shaded areas. Dashed lines indicate calculated and experimental thresholds
of 10Be + n channels. The 10Be(g.s.) + n thresholds are aligned.

of which are crucial to arrive at an accurate description of this system. The first complete ab initio description of the
bound and low-lying continuum states of the 11Be nucleus starting from chiral NN+3N forces was achieved in ref. [101]
working within the framework of the NCSMC approach, including the first three NCSM eigenstates (Iπ1

1 = 0+, 2+
1 , 2+

2 )
of the 10Be target, entering the n+10Be cluster states of eq. (47) and at least the first four negative- and three positive-
parity NCSM eigenstates of 11Be. Through a series of large-scale calculations with a family of chiral interactions, the
work of ref. [101] demonstrated that the explicit treatment of the n + 10Be dynamics is indispensable to arrive at a
precise description of the spectrum of energy levels (see fig. 21) and that only certain chiral NN+3N interactions can
reproduce the observed parity inversion of the bound states as well as of the 5/2+ and 3/2− resonances.
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Fig. 22. Calculated S-factor of the 3He(d, p)4He reaction compared to experimental data. Convergence with the number of
deuterium pseudostates in the 3S1-

3D1 (d∗) and 3D2 (d′∗) channels.

Fig. 23. Calculated 3H(d, n)4He S-factor compared to experimental data. Convergence with Nmax obtained for the SRG-N3LO
NN potential with λ = 1.45 fm−1 at h̄Ω = 14 MeV.

5.4 The 3H(d, n)4He and 3He(d, p)4He fusion reactions

While the deuterium-tritium and deuterium-3He fusion rates have been measured extensively, a fundamental un-
derstanding of these processes is still missing. The first ab initio many-body calculations of the 3H(d, n)4He and
3He(d, p)4He fusion reactions were carried out within the NCSM/RGM approach [115] starting from the NN com-
ponent of the SRG-evolved chiral N3LO NN interaction [108]. To compensate for the missing effect of the 3N force
(not yet included in the calculation), the SRG momentum scale (λ = 1.45 and 1.5 fm−1, respectively) was adjusted to
reproduce the experimental Q-values (energy released in the recation). The HO model space included up to Nmax = 13
quanta, and the channel basis contained n-4He (p-4He), d-3H (d-3He), d∗-3H (d∗-3He) and d′∗-3H (d′∗-3He) binary
cluster states, where d∗ and d′∗ denote 3S1-3D1 and 3D2 deuterium excited pseudostates (see sect. 5.2), respectively,
and the 3H (3He) and 4He nuclei were in their ground state. As shown in fig. 22, the deuteron deformation and its
virtual breakup, approximated by means of d pseudosates, play a crucial role in describing the S-factor for these
reactions. The dependence upon the HO basis size is illustrated by the 3H(d, n)4He results of fig. 23. The theory
is in qualitative agreement with experiment. In fig. 22 the experimental data in the region at very low energy are
enhanced by laboratory electron screening (see sect. 3). At the same time, calculations within the NCSMC framework
and using a complete nuclear interaction (including 3N forces) are required to arrive at a complete and accurate ab
initio description of these reactions. Work in this direction is under way.
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Fig. 24. Astrophysical S-factor for the 3He(α, γ)7Be radiative-capture process obtained from the NCSMC approach and from
its phenomenological version using the chiral N3LO NN potential of ref. [108] softened via the SRG method and disregarding
renormalization-induced three- and higher-body forces. The SRG resolution scale is chosen as λ = 2.15 fm−1 to reproduce,
as accurately as possible, the experimental separation energies of the 7Be nucleus into 3He plus 4He. Also shown are other
theoretical results [116,103] and experimental data (symbols). Recent data are in color and old data are in light grey.

5.5 The 3He(α, γ)7Be solar fusion cross section

As mentioned in sect. 3, the capture of α-particles by 3He (see fig. 7) is a major source of uncertainty in the determi-
nation of the fluxes of neutrinos from the Sun predicted by solar models, as well as in the light-element abundances
obtained in calculations of big-bang nucleosynthesis. Because of its importance, there have been several attempts to
arrive at a microscopic description of this reaction based on realistic NN interactions that accurately describe nucleon-
nucleon scattering data, including the hybrid calculations of Nollett [116], combining ab initio variational Monte Carlo
wave functions of the involved bound states with a phenomenological description of the 3He-4He relative motion, the
fully microscopic fermionic molecular dynamic calculation of Neff [103], and the NCSMC calculation of ref. [117]. These
are compared with available experimental data in fig. 24. Also shown in the figure is a phenomenological result obtained
from the NCSMC calculation by treating the energies of the discrete NCSM eigenstates Eα in eq. (66) as adjustable
parameters. These new degrees of freedom are then used to reproduce the experimental 7Be bound-state and resonance
energies, reducing the gap between theoretical and experimental 3He-4He elastic scattering phase shifts. For technical
reasons the three calculations of refs. [103,116], and [117] were obtained using three different NN interactions. This
is, at least in part, the reason for the significant differences in both the absolute values of the computed astrophysical
S-factors and their energy dependence. Nonetheless they represent an important initial step for arriving at accurate
ab initio predictions of the low-energy S-factor for the 3He(α, γ)7Be radiative-capture process. The inclusion of the 3N
forces will be the next step in the development of an ab initio approach of radiative-capture reactions. This will be a
particularly challenging task, which will require new methodological developments and large computational efforts.

5.6 The Borromean 6He nucleus and its 4He + n + n continuum

The 6He nucleus is the lightest example of Borromean halo nucleus, formed by a 4He core and two neutrons (see sect. 2).
In the last few years, its binding energy [118] and charge radius [119] have been experimentally determined with high
precision, providing stringent tests for ab initio theories. Many theoretical investigations have been dedicated to the
study of 6He (see, e.g., the overviews of refs. [93] and [120] and references therein). Concerning ab initio theory, for the
most part the g.s. properties and low-lying excited spectrum of 6He have been studied within bound-state methods,
based on expansions on six-nucleon basis states [121–126,40,127]. These calculations tend to describe successfully the
interior of the 6He wave function, but are unable to fully account for its three-cluster asymptotic behavior, rendering the
simultaneous reproduction of the small binding energy and extended radii of 6He challenging. Another shortcoming
of working within this type of approaches is that the low-lying resonances of 6He are treated as bound states, an
approximation that is well justified only for the narrow 2+ first excited state, and that does not provide information
about their widths.
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Fig. 25. NCSM (green symbols) and NCSMC (blue symbols) rms matter (triangles) and point-proton (squares) radii, and
two-neutron separation energy (circles), obtained using the SRG-N3LO NN interaction with λ = 2.0 fm−1 in a HO model space
with Nmax = 12. Also shown are the infinite-basis extrapolations from ref. [126] (red symbols) and the EIHH results from
ref. [125] (indigo symbols) at the resolution scales Λlow k = 1.8, and 2.0 fm−1. The range of experimental values is represented
by horizontal bands.

Fig. 26. Spectrum of low-lying energy levels of the 6He nucleus. Results for the SRG-N3LO NN interaction with λ = 1.5 fm−1

are shown on the left-hand side for both NCSM and NCSMC. The third set of energy levels corresponds to NCSMC results
obtained with λ = 2.0 fm−1 and the fourth to the experimental spectrum of ref. [129].

A more complete description of Borromean halo nuclei such as 6He can be obtained within the three-cluster version
of the NCSMC approach (see sect. 4.7 and refs. [94,128]). As an example, in fig. 25 we show the root-mean-square mass
and point-proton radii of 6He together with the corresponding results for the two-neutron separation energy obtained
in the NCSMC, the infinite-basis NCSM extrapolations from ref. [126], and the EIHH calculations from ref. [125]. The
two-nucleon separation energy obtained within the NCSMC is close to its empirical value, and the computed rm and
rpp radii are, respectively, at the upper end of and on the lower side but compatible with their experimental bands and
are larger than those obtained in the bound-state calculations of both Sääf et al., where the authors point out that
the extrapolation of their NCSM results to the infinite HO model space “calls for further investigations” [126], and
the EIHH results [125], which yield a matter radius within the experimental bounds. In all three cases the adopted
Hamiltonian employs a soft NN interaction derived from the N3LO NN potential of ref. [108].
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In another example, fig. 26 shows the low-lying 6He spectrum of energy levels for the SRG-evolved N3LO NN
interaction with λ = 1.5 and 2.0 fm−1. Here, we compare the NCSMC results of ref. [94,128] with the NCSM/RGM
spectra computed within the cluster basis alone [120], and within the NCSM (i.e., by treating the 6He excited states
as bound states). Besides the results at the HO model space of Nmax = 12, for the NCSM we also show the spectrum
obtained by extrapolation to the infinite HO model space. For the NCSM (which as a bound-state technique does not
yield resonance widths) only the energy levels and associate estimated uncertainty of the extrapolation are shown,
while for the NCSM/RGM and NCSMC results the resonances are represented by their centroids (solid line) and
widths (shaded area). While broad, higher-energy states such as the 1+

2 resonance are well described already within
a 4He(g.s) + n + n picture and very narrow resonances such as the first 2+ can already be explained within the
bound-state approximations of the NCSM, for other intermediate levels both short-range many-body correlations and
continuum degrees of freedom play an important role. The two adopted SRG resolution scales produce a qualitatively
similar picture, and the difference between the two spectra provides an estimate of the effect of induced 3N (and higher
order) forces, which have been disregarded in this study and are crucial to restore the formal unitarity of the adopted
SRG transformation of the Hamiltonian (see sect. 4.5). More in general, 3N forces (including the initial chiral 3N force)
are indispensable to arrive at an accurate description of the spectrum as a whole. Indeed, while the SRG-evolved NN
interaction with λ = 2.0 fm−1 provides a realistic description of the energy and structure of the 6He g.s. neither of the
two adopted resolution scales describe accurately the spectrum of the low-energy excited states of ref. [129].

6 Conclusions

Dynamical processes involving light nuclei play an important role in the Cosmos and on Earth, and are integral to
arriving at a fundamental understanding of nuclear properties across the chart of nuclides, including the regions near
and beyond the limits of stability.

The combination of effective field theories of quantum chromodynamics and ab initio methods capable to describe
weakly-bound and unbound states, nuclear scattering and reactions are enabling accurate predictions of the structure
of light exotic nuclei and are starting to be applied to the calculation os solar fusion cross sections, reaction rates for
fusion technology, and the scattering of α particles with light nuclei. Still many challenges remain to arrive at accurate
predictions of the helium-burning processes responsible for the creation of the chemical building blocks of life, and
thermonuclear reactions in heavier systems that play an important role in the Cosmos and on Earth.

This contribution presented an introductory overview of basic formalism and concepts in ab initio nuclear structure
and reaction theory as well as selected examples of recent applications to the study of the structure of light exotic
nuclei and low-energy reactions. The intent was not to provide an all encompassing review of this rapidly evolving field,
but rather to capture the interest of undergraduate and doctoral students, such as the young participants of the 2017
summer school on Rewriting Nuclear Physics Textbooks: Basic nuclear interactions and their link to nuclear processes
in the Cosmos and on Earth on which this Focus Point is based. The interested reader can find more information in
some of the cited books, reviews and articles.

The writing of this contribution would have not been possible without the support of an Early and Mid-Career Recognition
Award from Lawrence Livermore National Laboratory (18-FS-016). This article was prepared by LLNL under Contract DE-
AC52-07NA27344.
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22. D. Varshalovich, A. Moskalev, V. Khersonskĭı, Quantum Theory of Angular Momentum (World Scientific Publishing

Company, Incorporated, 1988).
23. W. Greiner, Quantum Mechanics: An Introduction (Springer, New Delhi, 2004).
24. W. Greiner, Quantum Mechanics: Special Chapters (Springer, Berlin, 1998).
25. M. Viviani, L. Marcucci, S. Rosati, A. Kievsky, L. Girlanda, Few-Body Syst. 39, 159 (2006).
26. A. Kievsky, S. Rosati, M. Viviani, L. Marcucci, L. Girlanda, J. Phys. G 35, 063101 (2008).
27. N. Barnea, A. Novoselsky, Ann. Phys. (N.Y.) 256, 192 (1997).
28. N. Barnea, A. Novoselsky, Phys. Rev. A 57, 48 (1998).
29. N. Barnea, W. Leidemann, G. Orlandini, Phys. Rev. C 61, 054001 (2000).
30. N. Barnea, W. Leidemann, G. Orlandini, Nucl. Phys. A 693, 565 (2001).
31. A. Kievsky, S. Rosati, M. Viviani, L.E. Marcucci, L. Girlanda, J. Phys. G 35, 063101 (2008).
32. L.E. Marcucci, A. Kievsky, L. Girlanda, S. Rosati, M. Viviani, Phys. Rev. C 80, 034003 (2009).
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105. P. Navrátil, R. Roth, S. Quaglioni, Phys. Lett. B 704, 379 (2011).
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