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Optimization of atomic coordinate&\abatﬁ_ce parameters remains a significant chal-

lenge to the wide use of stochas i_clectronic structure methods such as quantum
Monte Carlo (QMC). Measur hyt&o the forces and stress tensor by these meth-

ods contain statistical errorg,“¢hallenging conventional gradient-based numerical opti-

mization methods tha&ﬁ\medeterministic results. Additionally, forces are not yet
thods

available for som % , ‘wavefunctions, and basis sets, and when available may

be expensive to compute to sufficiently high statistical accuracy near energy minima,

£

based te I\QQ} sample the energy surfaces and reduce sensitivity to the statisti-
f

cal n@the roblem. We utilize Latin hypercube sampling, with the number of
£

where ﬂ:f rgy’ surfaces are flat. Here, we explore the use of Gaussian process

samipled emergy points scaling quadratically with the number of optimized parame-

t‘-\
%j parameters, demonstrating QMC optimization of a benzene molecule starting
ﬁ
fro

randomly perturbed, broken symmetry geometry.

=

s.\\Ve show these techniques may be successfully applied to systems consisting of

-
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Publishihg INTRODUCTION

An important step in the development of any electronic structure or quantum chemical
method is the ability to self-consistently obtain optimized atomic structures. The calcula-
tion and utilization of derivatives of the total energy with respectz(o the atomic positions,

%}Nﬂ"ogram than the
t

onic structure methods

i.e. forces, is often computationally more expensive and challe

total energy. However, for the developing class of stochastic e

such as Quantum Monte Carlo (QMC), there are additional fundameéntal challenges. First,

the methods are intrinsically stochastic and there will a “be statistical uncertainty on

_—
the calculated forces. Conventional steepest-descent) line-minimization type methods that
locally optimize geometries based on forces wil (there Have difficulty reaching conver-

gence near the total energy minimum when the Ce‘s)are by definition small. Reducing

the statistical errors may be impractically &gstly. Second, obtaining forces in QMC gener-

ally requires fundamental developments inNr void statistical pathologies or to obtain

derivatives without approximation.!; methods to optimize in the presence of sta-

tistical uncertainty and possibly with %Pﬁdients are therefore desirable.

In this article we propose a gernteralmethod to optimize atomic structures of molecules
and solids that is adapted to t \rzsence of statistical uncertainty while only making op-
rrreﬂs;i is distinct from existing methods due to the use of a more

t

global approach thanfconventignal iterative line minimization based approaches. Our par-

ticular focus and jhiti /apyhcations are in real-space QMC using the variational® (VMC)
and diffusion N(:tﬂ arlo

be utilized v@:(iliary field QMC!%!t (AFQMC), full configuration-interaction QMC'?
(FCIQM d

(DMC) algorithms. However, the method is general and can

stechastic reformulations of quantum chemical methods such as stochastic
couplgd-elus 13./ The main limitation of the current method is its scaling with dimension-
al'ty\ ich, h)r large scale QMC calculations with hundreds of electrons, will likely limit

licatigns to a few tens of optimized structural parameters. This is sufficient to optimize

omeétries in many quantum chemical molecular benchmark sets and is sufficient to optimize

\ .
siiple solid-state structures.

The current state of the art for real-space QMC calculations generally utilizes VMC forces.
For example, Coccia et al. optimized oxyluciferin'®, Assaraf et al.'® optimized octatetraene,

and Guareschi et al.'® optimized an excited state of the propenoic acid anion in a solvation
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Publishimgel. Molecular dynamics has also been performed with noisy forces, e.g., for hydrogen!”

18 In AFQMC, recently Zhang and coworkers optimized water, ethane, and

and for water

nitric acid molecules using AFQMC forces”. Forces are also available in FCIQMC!. For

all the geometry optimizations, conventional numerical line minimization was utilized, with

sufficient statistics to overcome the uncertainties. In terms of altern?{ive approaches, Wagner

and Grossman?® optimized the geometry of HyO-OH~ (7 paramieters DMC utilizing a

Bayesian quadratic line-minimization approach, eXpllcltly t(\the uncertainty in the
To-

problem and outperforming conventional line minimizati te, calculations of larger

systems and those with heavier elements have almost unive y'"n'tq.hzed geometries obtained
-

from less costly methods such as density functional theory (]gF ) or low-mid level quantum

chemistry. This necessarily limits the predictive power o QMC calculations because the
underlying geometries must be reliable enoug D

The statistical mathematics communitx; spent much effort in developing emulators,

that can approximate stochastic solutign. functional form, based on either randomly

21-23 24-28

sampled points or advanced s hng pethods Gaussian Process (GP) are the
preferred method to approx1mat t the Tean field and covariance processes from arbi-
trary pointwise values under he a ion that the values are independently identically
distributed (ii.d.) N(0 ran rlables This is the case in the majority of QMC

techniques where simu tio?ﬁ:d point values are obtained independently. For the case
lu

where arbitrary poi are exact, without any error, the mean field is equivalent

. /4 . . . .
to reproducing kexfiel Hilbert spaces?30 with the appropriate matching covariance kernel!.

Kernel based p‘%o lation methods are at the core of the majority of research being done

within the er high dimensional function approximation community®?. Similar to most

tioW methods, the bulk of the work assume continuity of the mean field, with only

relatiyely* recént‘work done for discontinuous mean field approximation through treed GP

methods?’ obpartitioning of mean fields into continuous regions3*.

Our %}proach is based around a sampling algorithm to map the total energy surface

in the parameter space of interest. Numerical optimization is performed on this
, and the map iteratively refined until sufficient accuracy obtained. Setting aside the
stochastic nature of the problem, the method therefore has some similarities to those utilized

36

for scattering problems, e.g.?®, and to develop force-fields, e.g.36. We give an overview of

the method in Sec. II. To test the method and analyze its statistical convergence properties
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Publishiwg 1tilize a classical force field with synthetic noise. After establishing these properties, we
apply the method to the optimization of a benzene molecule in QMC.

II. METHODS

A. Overview <\

4

N
Initial QMC Evaluation of GP Approximationiof gld min of GP
Domain LHC sample Optimization'Surf: SN ‘En new domain
—| =
QZ Sy ={p1,-..,pn} €Q F -\E E Q
ESN :{E(p1)>7E(pN)} (p) N’ f pm m /L_’_l

. NG
(A

FIG. 1. Depiction of the proposed optimization proegss, béginning with the initial domain, QMC

evaluation of LHC samples, GP approximatiohas giyen in Eq. 4, and finally estimation of minimum

and new search domain, such that ;4 C\‘@%&Qrocess is halted when the predicted minimum

energies and configuration parameters %s’fﬁm tly converged.
.

We start with a parameterized 1¢"and structural configuration as input. For example,

unique bond lengths a I%De parameters or direct Cartesian coordinates. An initial un-
certainty or range f l&\g ameters must also be specified or known, e.g. from typical
density function?/the / er¥ors. For the first iteration, we then sample energy points using
Latin hyperc wg over this defined volume of parameter space (described below).
The compute 3ergies include statistical uncertainty when computed by methods such as

QMC.

compfited errorbars. The use of many points to inform the GP will tend to make the com-

We first give an overview @0 ed optimization process as depicted in Figure 1.
i

is/then “used to approximate a surface based on the sampled points and their

puted fac) robust to the statistical uncertainty, including outliers, which can challenge
putely loyal optimization approaches. If gradients of the energy can be computed, these can
3‘15)&6 used to constrain the energy surface. Compared to the statistically noisy energies
atieach individual point, the energy surface is smooth and its minimum can now be found
by conventional optimization algorithms. A second iteration begins centered around this
minimum. In the event that the predicted minimum lies outside the search volume for the

sampling, additional points can be added or the iteration repeated over a greater range.

4
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Publishiﬁgis iterative process is repeated until the predicted minimum energies and configuration
parameters are sufficiently converged. Compared to an optimization using local line mini-
mizations, we expect many fewer iterations will be required, but each iteration will be more

costly since many energy points are sampled.

FIG. 2. Example showing energy surface approximation for benzene, displaying the Gaussian
process method wit (042) noise added to the AIREBO force field. Blue circle points are
chosen at the first dterations{ red x points the second iteration, and green star points chosen at
the third iter 10‘%@&1 iteration the sampled range of bond lengths is focused and the search

domain for‘each ation is displayed on the xy-plane.

£
N

2 illustrates the iterative process for estimating the ground state energy and

E’e?m\e ry of benzene. This molecule has only two parameters in a symmetrized configuration.

e, the blue circles represent the sampled points of the first iteration. The red x’s are the
sampled points of the second iteration, where the search space is halved. The green stars are
the third iteration sample, where the search space is further reduced by half. At sampled

points are kept between iterations.
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We briefly introduce the noise-free GP using the kernel formulation given in®' and adapted
to our notation. A GP is defined as a collection of random variables such that any finite
subset of the collection follows a Gaussian distribution. Suppose e are given a set Sy =

{p1,-..,pn} of unique points a bounded domain Sy € Q2 C R @th function E we

define the vector,

(1)

The covariance matrix for the set of points Sy fined as,
L-k(pla ﬁN)
k (pN PN )
where k(-,-) is the covariance fu ctlo kernel. In this study we use the commonly-used
stationary, non-degenerate squarediexponential kernel,
\ _ L=l
\k(p, p=e (3)

with length parametér E c cs about other valid kernels is given in®'. We use standard

random variable gotati n }7' to denote the GP at the point p. For the case assuming
additive inde x%e\nﬁ\@ntlcally distributed Gaussian noise with variance o2, the posterior

distribution o
£

F’éﬂ”3 ésN ~ N<K <P, 5N>

p) given the data Sy and Eg,, is given by

-1

K SN,SN) +o%| Es,,

VRS

3 K<p, p) — K(p, SN) K(SN,SN) + 0’1

\ < N (ulp), (). (4)

Please refer to Figure 4 to see a simple example of how data Sy and fs, is used to construct

the posterior distribution of F'(p), that consists of a mean process p(p) and variance process

v(p).
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PublishingThroughout this paper, GP are used to build approximations from Latin hypercube sam-
pled points on hypercube domains. Latin hypercube sampling®” is a standard statistical
technique developed over the last few decades, designed to produce a near random sam-
ple while providing a very good representative of the real variability of multi-dimensional
variables. Because there exist fast methods for Latin hypercube({ampling, we can easily
generate multiple samples and approximate the accuracy of GP elinig, for this sample by
determining the average distance each point in the sample is¢from, fheir nearest neighbor?!.

Lastly, for a given hypercube domain, approximation ac

'y of the GP is maximized by
a?z?fameter L.

using leave-one-out cross-validation®® to optimize the ker
—-—

)

C. AIREBO and Molecular Calculations&

L -
To analyze the statistical and converge CG\S\%CS of the optimization procedure we use

0
a model Hamiltonian based on the AIR assical force-field. The force-field is accurate
for hydrocarbons and computationadly cheap to evaluate. This enables many experiments
to be run. We add Gaussian di I'i&nﬁse to approximate the statistical uncertainties
that will be present in the 1\&*& We performed AIREBO based calculations for
methane and benzene. We Cho\%ﬁzene because with only 2 structural parameters in
its symmetrized configufation, the true ground state minimum can be found efficiently via
a direct parameter archl.-aR)n

£
planar results inZZ esiaf parameters to be optimized. Using Latin hypercube sampling,

this requires @Q—i— 1) + 1 =552 + 1 energy points to be sampled.

Q“&algxﬂations

D.
VMar1 'ong and diffusion Quantum Monte Carlo (VMC and DMC) calculations for ben-
zene Wefy performed with QMCPACK?®? for two sets of 553 molecular structures to map

oving symmetry considerations but keeping the molecule

‘f‘hﬁ (aergy surface and identify the optimal structure. All QMC runs were managed by
the Nexus workflow automation system?’ using the workflow described below. Semilocal
Bukatzki-Filippi-Dolg (BFD) pseudopotentials® were used for both the carbon and hydro-
gen atoms to improve the statistical efficiency of the QMC calculations. The single particle

orbitals defining the DMC nodal surface were obtained with the BSLYP DFT functional?

7
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Publishismgimplemented in the GAMESS package.*® The DFT calculations employed the quadruple-
zeta gaussian basis sets that are distributed with the BFD potentials. No symmetry was

imposed on the orbitals.

A

N

Since pseudopotential locality errors are known to be sensgitiv 30 the quality of the Jas-
trow factor, care was taken to assess the effects of optimi ‘a\yawr orms on the resulting
energy surface. All Jastrow optimizations were perfor gg the VMC level via energy min-
imization using the linearized optimization method.*:* Botil two and three body Jastrow
forms were initially compared for quality of enérgy di ces among a set of 22 planar
benzene structures (see Fig. 3). For the onebﬁ‘LSJfL@w we utilized a non-spin polarized

spline form with a cutoff of 5.0 Bohr an arameters for C and H each. For the two-

body Jastrow we utilized a two-body s lirwmth cutoff of 10.0 Bohr and 20 parameter

each for parallel and opposite spin ¢ 1?@5{1& The three-body Jastrow added polynomial

terms*® with a cutoff of 5.0 Bo N@c‘al 108 parameters. As a result of this testing,
0

a
in the production structural q%zk calculations one, two, and three body Jastrow

functions were fully reoptimized™or each structure separately. While these choices are not

critical to assessing thefoptimization scheme, they indicate the considerations relevant for
using the method in m settings.
£
A Q’
3N
In ourproduction runs, both VMC and DMC total energies were used to form estimates
of thd energy sutface. DMC calculations were performed using a population of more than
2000 walkers4o minimize population control bias. A modest projection timestep of 0.01/Ha
Wag seleé’ed to provide a good balance of accuracy and efficiency in the large number of runs
?ﬁ}fO{med. The average statistical error bar on the DMC total energy for the production
ruus was 0.06 eV. To more accurately judge the energy differences between the set of final
structures produced from Gaussian Process rounds, longer DMC calculations with a target

error bar of 0.01 eV using a smaller timestep and fixed Jastrow were used to maximize the

accuracy of relative energies as discussed in more detail in section III B.
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FIG. 3. Sensitivity of DMC energy surfa eNs choice. Four Jastrow choices are shown:

dashed and solid lines), two- or three-b astrow factors reoptimized for each atomic structure

two- or three-body Jastrow optimized Oiii%librium geometry and fixed for all others (red

separately (blue dashed and solid lin\\Q C energies for twenty-two planar benzene structures
are ordered from left to right on NS according to the DMC energy of the fully reoptimized

three-body Jastrow cade.

. A

ize%nly for the equilibrium geometry, result in the same energy surface

three-body Jastrow case. lf?{%j[C energies (y-axis) are plotted relative to the fully reoptimized

réoptimizing two- or three-body Jastrow factors, or using a two-

body Jastrow factor op

as indicated by statistical proximity to zero. Using a three-body Jastrow optimized at equilibrium

and fixed otherwiseleads to large errors in the energy surface (solid red line). Large negative relative

energies thi§ cascwesult from enlarged timestep errors due to poor wavefunction quality, which

is alsd evident
(resulti

in etter}elative energies due to the resulting smooth pseudopotential locality error profile. The

m a large variance encountered for these cases. For very small displacements

in efiergy differences less than about 0.1 eV), using a fixed Jastrow should instead result

m?nbctwo symmetric planar benzene structures were generated by Gaussian Process.
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Publishilid. RESULTS
A. Convergence studies

As an initial demonstration on the optimization process, Fig. 4 demonstrates how a GP
can be used to approximate the energy surface of methane. This is'a o arameter problem
by symmetry, where the mean of the posterior distribution of Das defined in 4, is given
by the green line and the variance of the distribution is gN 1e green dashed line,
for the blue data points (Sy, Es, ) and noise level o. F@i@s n a stochastic gradient
decent (SGD) method is used to solve the problem, where twoshundred sampled are needed
for the displayed convergence. It can be seen that the /GP’ provides a better estimate of
true minimum than using SGD, and only fifteen p‘l@ are needed in comparison to two
hundred for convergence. Interpolation of the opti Jization surface can be done iteratively,
where the yellow box in Figure 4 display‘s\;%%ui le new search domain that is centered

around the minimum point determined 5. the@P. Both methods will obtain increasingly

Ws\th optimization is focused closer.

accurate estimates of the true minim

We demonstrate the convergenee iing a GP to iteratively approximate the energy

surface using benzene. For b the examples in this section, the initial number of
sample points per trial arésef to Nyampres = (d+2)(d+ 1) + 1, which is approximately twice
the degrees of freedo g\‘s\hra’cic model, which is (df) in dimension d.
$
me

Table I showséhe
eters are optimized,

We also test

génce rate for fully symmetrized benzene, when only two param-

, the C-H and C-C bond length, and the minimum Nggpies = 13.

"Qf a greater number of sample points to check the convergence of the GP

surface. {’he  Anitl

perfo in 1é/ range |pinitiat — 0.5, Pinitiar + -5]. At this stage we perform only a single
Cy: 1‘9\0 optlélzatlon.

tartlslg with Nggmpies = 13, with ¢ = 0.01 eV, we find that the energy minimum is
%?h/\e to 0.3(6) eV, while the bond lengths are found to 0.04(4) and 0.03(1) A for re_g
and ro_c respectively. A larger ¢ = 0.1 eV worsens the error in the predicted minimum
energy to 1(1) eV. However, a doubling of the number of sample points to 26 reduces the
energy error to 0.04(7) eV and bond length errors to 0.02(1) and 0.004(4) A, with the same

o = 0.1 eV. As the number of sampled point is increased to 39, energy errors reduce to

10


http://dx.doi.org/10.1063/1.5040584

! I P | This manuscript was accepted by J. Chem. Phys. Click here to see the version of record.

Publishing
200 § Calculated Energy with Err
| % min SGD
15 min GP i
X true min
10| GP mean 1
GP variance /

———

Energy (eV)
& o
——— —i
——
——
//3 N
L I/

—
o
T
b e,

15

0.7 0.8 0.9 1 1140 12 1.3

FIG. 4. Example showing showing n.% face approximation for methane using both a
quadratic polynomial and Gaussm\ § method with A (0,2) noise added to the AIREBO

\

1(1) meV and bond le tﬁ“b;S)rs are below 0.01 A. This is a sufficiently accurate result

force field computations.

would be considered converged. This results demonstrates the

£

accuracy of the Vidgd sufficient sample points are given, and the ability to resolve
the true minimum in%a single round. The result is significant because in statistical methods

the cost of reducing the error bar scales quadratically, indicating that in this case increasing

r of sampled energy points in the GP is significantly superior to increasing the

'\/dual points.

I s ows the convergence rate when all but one of the atoms are perturbed in two
%}18 keeping the molecule planar. Since the number of degrees of freedom for this
is

= 22, we set initial Nggmpies = 553 . With o = 0.1 ¢V, the minimum energy is

the num

accurgcy o fi

p dlcted to 0.24(7) eV, with little improvement using o = 0.01 eV to 0.20(7) €V. As Nyumples
is increased to 1106 and then 1659 there is only a gradual improvement in the predicted
energy minimum to 0.05(2) and 0.04(2) eV for 6=0.1 and 0.01 eV respectively. This similar

performance is significant because Monte Carlo runs to achieve 0=0.01 eV are one hundred

11
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PUbIIShI'IEIgiBLE I. Statistical error rates for the Gaussian process method for benzene with 2 degrees of
freedom using 100 trials.

Nyampies © (eV) C-H Bond (A) C-C Bond (A) Energy (eV)

13 0.1 5+45x1072 3+£1.2x1072 114
0.01 44+38x1072 3+1.2x1072 \‘QO_

26 0.1 24+13x1072 4:|:43><103 6.8 x 1072
001 24+1.1x1072 3+22x 3 x 1072

39 01 15+7.0x107% 6+4 —“g'ztssxm 3
0.01 1345.0x 1073 5i1Q 105% 7+3.3x1073

\\

TABLE II. Statistical error rates for the 6\ rocess method for benzene with 22 degrees of

freedom using 10 trials.

Nsamples 0 (€V) C- ‘BQNA? C-C Bond (A)  Energy (eV)

553 0.1 @63 26+ 4.5x 1073 24+6.9 x 1072
. 17444 x 1072 23£59x 1072 2046.6 x 1072

0. L}i% x 1073 174+3.7x 1073 11 £2.9 x 1072

@/ 0/01/12131><10 3 154+3.7x 1073 10+3.0 x 1072

1106

0.1V 12+40x103 114+27x103 5+1.9 x 102
001 11+33x102% 9+32x103 4+1.9x 102

N

es m@e costly than 0=0.1 eV. The still significant errors in the energy indicate that the

E‘B d\oes not represent the exact energy surface around the minimum sufficiently accurately.

e slow improvement with increasing samples occurs because the samples are distributed
over the entire parameter domain. A second cycle of optimization over a smaller domain
could be used for faster convergence. The bond lengths follow similar trends as for the

energies, but are already accurate to ~ 0.02A with the least number of samples.

12
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PublishiBg Benzene with QMC energies

We now turn to the optimization of benzene using DMC methods, following the same

procedure as for the AIREBO-based convergence studies, Sec. IIT A, but using QMC as per

Sec. IID. /

To establish the true minimum energy of the benzene m Lﬁﬂe e performed a 2-

om 10% compressed to

parameter scans of DMC calculations in ro_¢ and r¢_g, rangi

10% expanded, on an 11 x 11 uniform grid. A contour plot ofithe ealculated energies in

Fig. 5 shows a single well defined minimum. We also com kt?d*ﬁh@ DMOC energies using the

bond lengths at the AIREBO minima of ro_¢ = 1'@2@ nd re_g = 1.08276 Athat

are fit to experiment. The computed energy migimums; w in Table III, agrees in both

cases to within the statistical error of 0.01 eV.(Qg;nd‘iaates that the current choice of trial
ulati

L -

wavefunction, pseudopotential, and other parameters is sufficiently accurate to

reproduce the experimental structure. \

The predicted minimum energies fm two rounds of GP optimization are given

in Table III. To assess DMC tirisia )fd'fg the DMC minimum energies are give for two
)

timesteps, 0.0025 and 0.01 Ha L. \‘“Q

accuracy of 0.06eV for the GP rﬁB\To distinguish the final optimized structures we used
more accurate 0.01eV e orhar}s. The initial uncertainty in the positions was taken as 0.5

al DMC energies were computed to a statistical

A. For the second round, the uncertainty was reduced by a factor of two. This is the same

as for the AIREB@- éfd S}n ies.

After a single (Nn the predicted minimum is 0.06eV above the exact minimum. A
second rou nds the exact minimum to within the statistical error in the energy. The
average Bonddengths are already well reproduced after a single round, deviating from ex-

nt by ‘{han 0.01A. A subsequent round modestly improves the results.The high
ies fos the energies and bond lengths demonstrate the GP based optimization is

able to \?jork effectively with actual QMC data. This behavior is also consistent with the
%J;{ studies, although because we only performed a single realization we can not draw
N

conclusions about the statistical properties.

As a possible future efficiency improvement we also considered the use of VMC instead
of DMC energies. For this case, the cost of VMC is 18x cheaper than DMC. The predicted

minima for each round are within two standard error bars of the DMC energies, indicating

13
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\

FIG. 5. DMC energy surface of sym Q.S;) r benzene. The energy surface is approximated

rg‘;%s obtained on a uniformly spaced rectilinear grid

by a least squares biquartic fit to C
of C-C and C-H bond lengths% 10% compressed to 10% expanded (11 x 11 = 121
S

points in total). DMC energy cont shown as dashed black lines) are uniformly separated by

0.5 eV. The predicted o ir;l-zh)mcture is indicated by the black cross, at Fo_c = 1.39A and
Fo_g = 1.0TA (See able/II .
that for dysteris sithilar to benzene, the current trial wavefunctions are sufficiently accurate.

Howefer, whenwonsidering the entire set of computed VMC energies, Fig. 6, we do observe

sional reorderings between the VMC and DMC data in the second round. However

t corr%t minimum is found and overall accuracy of VMC indicates that use of VMC is
7?1(?1&& good approach. Use of higher quality trial wavefunctions may resolve the energy

erences. However, when we look at the average bond lengths, 7o_¢ and 7o_pg, the VMC
results closely track the DMC results. A single GP round of VMC energies is sufficient to
reproduce the average bond lengths to within 0.01Aof experiment, indicating that VMC is

a viable route to obtain the geometry at the current level of the trial wavefunction accuracy.
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Method QMC  Problem 7c_c (A) Fo_g (A) Energy (eV) Energy (eV)
Method Dimension 7=0.0025/Ha 7=0.01/Ha

GP Round 1  VMC 22D 1.382690 1.07312 -1026.15(1) -1026.16(1
) -1026.17(1

DMC 22D 1.382689 1.07313 —1026.?1
1

(1)

(1)

GP Round 2 VMC 22D 1.380356 1.08006 -1026: I\)\1026.23(1)
DMC 22D 1.380332 1.08032 -1 Gb(l) -1026.25(1)

(1)

(1)

Uniform Scan DMC 2D 1.388726 1.06639 -1026.23(1
Experimental DMC 1.379962 1.082 )0&2 1) -1026.23(1
-

TABLE III. DMC total energies (eV) for optimal benzene tructuSes dentified by Gaussian Process
(22D) and biquartic fits to uniform bond length scan@ red to the experimental structure.

(2D)co
Results were generated using a fixed Jastrow faegor ac@ all identified optimal structures to
d1

minimize locality error in the relative energies (1‘&&{ ality errors due to Jastrow reoptimization
are larger than the energy differences a“%ar—optimal structures). The column labeled
t

“QMC Method” indicates the level o q.)% Monte Carlo data used to identify the optimal

structure. Results are shown for KBoth t la?g‘er timestep (0.01/Ha) used during the structure

search and a smaller timestep (0.002 which results in a more accurate DMC projector that
is less sensitive to Jastrow ch(&le small timestep total energies obtained for the optimal
structure identified by t 2]%501‘1&1 grid scans and the second round of Gaussian Process agree

ith the experimental structure. Average predicted bond lengths

to 0.01 eV with each the} an

Ffo_c and Fo_g 2% E‘/den a single GP round using VMC predicts these to within 0.01Aof

experiment. 3

C. Discussion

- ).
Tlle(@& shown in Sec.IIT A and Sec.III B demonstrate that is it likely that GP can
b&(ﬁ(‘iﬂ‘juccessfully with QMC to optimize systems of a few tens of parameters. This is
cl

W

test sets.

for small molecules, including many of the molecules found in quantum chemical

The main limitation of the current scheme is the overall number of energy samples that are
required per optimization round, coupled with the cost of additional rounds of optimization.

The former most likely limits application to systems with a few tens of parameters due to the
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FIG. 6. DMC (blue) and VMCW(red) energies for 553 non-symmetric planar benzene structures
generated the first (a)fand gec (b) rounds of Gaussian Process. The structures are ordered from
left to right on t}{—axis cd{ding to DMC energy. The energies (y-axis) are reported relative to
the energy of ﬁhtructute predicted from each round of Gaussian Process. Each optimal

structure uged in'this way was generated consistently using VMC or DMC data respectively. VMC

generally gives a \;ﬂy similar energy surface to DMC as indicated by the quantitative agreement
q
between the durves. For large energy differences, the VMC energy surface agrees very well with

a tho some reordering between structures similar in energy occur.

I~

quadratic scaling of the Latin hypercube sampling. We expect that multiple optimization
rounds will be required in general, and currently each round has the same cost. If we
assume that the electronic structure method has a scaling of N3 with system size N, then

the notional scaling of the method is at least N°®.
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readily include additional energy samples, allowing use of additional adaptively sampled
energy points around the predicted minima. These would improve the energy surface faster
than a less targeted second round of sampling.

Application using QMC in practice requires careful consideratioR/of the trial wavefunction

a&'?c errgrs are sufficiently

1lons to ensure constant

optimization and other technical choices to ensure that syste

consistent between different sampled structures. Similar consi

and well-canceling errors will apply to other methods.

IV. CONCLUSIONS kﬁ

We have demonstrated an effective Gaussi L ss based structural optimization

scheme suited for use with quantum Motxg arlo(QMC) data. The successful applica-

—

tion to a 22 parameter problem, a plan@ar.benzene molecule, suggests that the method can
be usefully applied to a broad rang ONS, and using methods where energy gradients

are not available. The quadratgi:a' & cost with dimensionality of the currently used

sampling scheme may limit applic systems of modest scale. Extensions to include
adaptive sampling may reduce t all cost and enable application at greater scales.
We expect that this ?tjild extensions of it will enable a wide range of QMC studies
ful

to be performed usi ed, QMC optimized structures.
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