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Optimization of atomic coordinates and lattice parameters remains a significant chal-

lenge to the wide use of stochastic electronic structure methods such as quantum

Monte Carlo (QMC). Measurements of the forces and stress tensor by these meth-

ods contain statistical errors, challenging conventional gradient-based numerical opti-

mization methods that assume deterministic results. Additionally, forces are not yet

available for some methods, wavefunctions, and basis sets, and when available may

be expensive to compute to sufficiently high statistical accuracy near energy minima,

where the energy surfaces are flat. Here, we explore the use of Gaussian process

based techniques to sample the energy surfaces and reduce sensitivity to the statisti-

cal nature of the problem. We utilize Latin hypercube sampling, with the number of

sampled energy points scaling quadratically with the number of optimized parame-

ters. We show these techniques may be successfully applied to systems consisting of

tens of parameters, demonstrating QMC optimization of a benzene molecule starting

from a randomly perturbed, broken symmetry geometry.
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I. INTRODUCTION

An important step in the development of any electronic structure or quantum chemical

method is the ability to self-consistently obtain optimized atomic structures. The calcula-

tion and utilization of derivatives of the total energy with respect to the atomic positions,

i.e. forces, is often computationally more expensive and challenging to program than the

total energy. However, for the developing class of stochastic electronic structure methods

such as Quantum Monte Carlo (QMC), there are additional fundamental challenges. First,

the methods are intrinsically stochastic and there will always be statistical uncertainty on

the calculated forces. Conventional steepest-descent line-minimization type methods that

locally optimize geometries based on forces will therefore have difficulty reaching conver-

gence near the total energy minimum when the forces are by definition small. Reducing

the statistical errors may be impractically costly. Second, obtaining forces in QMC gener-

ally requires fundamental developments in order to avoid statistical pathologies or to obtain

derivatives without approximation.1–7 Practical methods to optimize in the presence of sta-

tistical uncertainty and possibly without gradients are therefore desirable.

In this article we propose a general method to optimize atomic structures of molecules

and solids that is adapted to the presence of statistical uncertainty while only making op-

tional use of forces. This method is distinct from existing methods due to the use of a more

global approach than conventional iterative line minimization based approaches. Our par-

ticular focus and initial applications are in real-space QMC using the variational8 (VMC)

and diffusion Monte Carlo9 (DMC) algorithms. However, the method is general and can

be utilized with auxiliary field QMC10,11 (AFQMC), full configuration-interaction QMC12

(FCIQMC), and stochastic reformulations of quantum chemical methods such as stochastic

coupled-cluster13. The main limitation of the current method is its scaling with dimension-

ality which, for large scale QMC calculations with hundreds of electrons, will likely limit

applications to a few tens of optimized structural parameters. This is sufficient to optimize

geometries in many quantum chemical molecular benchmark sets and is sufficient to optimize

simple solid-state structures.

The current state of the art for real-space QMC calculations generally utilizes VMC forces.

For example, Coccia et al. optimized oxyluciferin14, Assaraf et al.15 optimized octatetraene,

and Guareschi et al.16 optimized an excited state of the propenoic acid anion in a solvation
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model. Molecular dynamics has also been performed with noisy forces, e.g., for hydrogen17

and for water18. In AFQMC, recently Zhang and coworkers optimized water, ethane, and

nitric acid molecules using AFQMC forces7. Forces are also available in FCIQMC19. For

all the geometry optimizations, conventional numerical line minimization was utilized, with

sufficient statistics to overcome the uncertainties. In terms of alternative approaches, Wagner

and Grossman20 optimized the geometry of H2O-OH− (7 parameters) in DMC utilizing a

Bayesian quadratic line-minimization approach, explicitly treating the uncertainty in the

problem and outperforming conventional line minimization. To-date, calculations of larger

systems and those with heavier elements have almost universally utilized geometries obtained

from less costly methods such as density functional theory (DFT) or low-mid level quantum

chemistry. This necessarily limits the predictive power of the QMC calculations because the

underlying geometries must be reliable enough.

The statistical mathematics community has spent much effort in developing emulators,

that can approximate stochastic solutions in a functional form, based on either randomly

sampled points21–23 or advanced sampling methods24–28. Gaussian Process (GP) are the

preferred method to approximate both the mean field and covariance processes from arbi-

trary pointwise values under the assumption that the values are independently identically

distributed (i.i.d.) N(0, σ2) random variables. This is the case in the majority of QMC

techniques where simulations and point values are obtained independently. For the case

where arbitrary pointwise values are exact, without any error, the mean field is equivalent

to reproducing kernel Hilbert spaces29,30 with the appropriate matching covariance kernel31.

Kernel based approximation methods are at the core of the majority of research being done

within the greater high dimensional function approximation community32. Similar to most

approximation methods, the bulk of the work assume continuity of the mean field, with only

relatively recent work done for discontinuous mean field approximation through treed GP

methods33 or partitioning of mean fields into continuous regions34.

Our approach is based around a sampling algorithm to map the total energy surface

using GP in the parameter space of interest. Numerical optimization is performed on this

map, and the map iteratively refined until sufficient accuracy obtained. Setting aside the

stochastic nature of the problem, the method therefore has some similarities to those utilized

for scattering problems, e.g.35, and to develop force-fields, e.g.36. We give an overview of

the method in Sec. II. To test the method and analyze its statistical convergence properties
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we utilize a classical force field with synthetic noise. After establishing these properties, we

apply the method to the optimization of a benzene molecule in QMC.

II. METHODS

A. Overview
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Find min of GP 
and new domain
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FIG. 1. Depiction of the proposed optimization process, beginning with the initial domain, QMC

evaluation of LHC samples, GP approximation as given in Eq. 4, and finally estimation of minimum

and new search domain, such that Ωi+1 ⊂ Ωi. The process is halted when the predicted minimum

energies and configuration parameters are sufficiently converged.

We first give an overview of the proposed optimization process as depicted in Figure 1.

We start with a parameterized atomic and structural configuration as input. For example,

unique bond lengths and lattice parameters or direct Cartesian coordinates. An initial un-

certainty or range for these parameters must also be specified or known, e.g. from typical

density functional theory errors. For the first iteration, we then sample energy points using

Latin hypercube sampling over this defined volume of parameter space (described below).

The computed energies include statistical uncertainty when computed by methods such as

QMC. GP is then used to approximate a surface based on the sampled points and their

computed error bars. The use of many points to inform the GP will tend to make the com-

puted surface robust to the statistical uncertainty, including outliers, which can challenge

purely local optimization approaches. If gradients of the energy can be computed, these can

also be used to constrain the energy surface. Compared to the statistically noisy energies

at each individual point, the energy surface is smooth and its minimum can now be found

by conventional optimization algorithms. A second iteration begins centered around this

minimum. In the event that the predicted minimum lies outside the search volume for the

sampling, additional points can be added or the iteration repeated over a greater range.

4

http://dx.doi.org/10.1063/1.5040584


This iterative process is repeated until the predicted minimum energies and configuration

parameters are sufficiently converged. Compared to an optimization using local line mini-

mizations, we expect many fewer iterations will be required, but each iteration will be more

costly since many energy points are sampled.
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FIG. 2. Example showing energy surface approximation for benzene, displaying the Gaussian

process method with N (0, 2) eV noise added to the AIREBO force field. Blue circle points are

chosen at the first iterations, red x points the second iteration, and green star points chosen at

the third iteration. At each iteration the sampled range of bond lengths is focused and the search

domain for each iteration is displayed on the xy-plane.

Figure 2 illustrates the iterative process for estimating the ground state energy and

geometry of benzene. This molecule has only two parameters in a symmetrized configuration.

Here, the blue circles represent the sampled points of the first iteration. The red x’s are the

sampled points of the second iteration, where the search space is halved. The green stars are

the third iteration sample, where the search space is further reduced by half. At sampled

points are kept between iterations.
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B. Gaussian process

We briefly introduce the noise-free GP using the kernel formulation given in31 and adapted

to our notation. A GP is defined as a collection of random variables such that any finite

subset of the collection follows a Gaussian distribution. Suppose, we are given a set SN =

{ρ1, . . . , ρN} of unique points a bounded domain SN ∈ Ω ⊂ Rd, for a smooth function E we

define the vector,

ESN =


E(ρ1)

...

E(ρN)

 . (1)

The covariance matrix for the set of points SN and S̃Ñ is defined as,

K
(
SN , S̃Ñ

)
=


k(ρ1, ρ̃1) · · · k(ρ1, ρ̃Ñ)

...
. . .

...

k(ρN , ρ̃1) · · · k(ρN , ρ̃Ñ)

 , (2)

where k(·, ·) is the covariance function or kernel. In this study we use the commonly-used

stationary, non-degenerate squared exponential kernel,

k(ρ, ρ̃) = e−
‖ρ−ρ̃‖2

2`2 , (3)

with length parameter `. Specifics about other valid kernels is given in31. We use standard

random variable notation, F (ρ) to denote the GP at the point ρ. For the case assuming

additive independent identically distributed Gaussian noise with variance σ2, the posterior

distribution of F (ρ) given the data SN and ESN is given by

F (ρ)|SN ,ESN ∼ N
(
K
(
ρ,SN

)[
K
(
SN ,SN

)
+ σ2I

]−1
ESN ,

K
(
ρ, ρ
)
−K

(
ρ,SN

)[
K
(
SN ,SN

)
+ σ2I

]−1
K
(
SN , ρ

))
N
(
µ(ρ), v(ρ)

)
. (4)

Please refer to Figure 4 to see a simple example of how data SN and fSN is used to construct

the posterior distribution of F (ρ), that consists of a mean process µ(ρ) and variance process

v(ρ).
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Throughout this paper, GP are used to build approximations from Latin hypercube sam-

pled points on hypercube domains. Latin hypercube sampling37 is a standard statistical

technique developed over the last few decades, designed to produce a near random sam-

ple while providing a very good representative of the real variability of multi-dimensional

variables. Because there exist fast methods for Latin hypercube sampling, we can easily

generate multiple samples and approximate the accuracy of GP modeling for this sample by

determining the average distance each point in the sample is from their nearest neighbor31.

Lastly, for a given hypercube domain, approximation accuracy of the GP is maximized by

using leave-one-out cross-validation30 to optimize the kernel parameter `.

C. AIREBO and Molecular Calculations

To analyze the statistical and convergence properties of the optimization procedure we use

a model Hamiltonian based on the AIREBO38 classical force-field. The force-field is accurate

for hydrocarbons and computationally cheap to evaluate. This enables many experiments

to be run. We add Gaussian distributed noise to approximate the statistical uncertainties

that will be present in the QMC data. We performed AIREBO based calculations for

methane and benzene. We chose benzene because with only 2 structural parameters in

its symmetrized configuration, the true ground state minimum can be found efficiently via

a direct parameter search. Removing symmetry considerations but keeping the molecule

planar results in 22 Cartesian parameters to be optimized. Using Latin hypercube sampling,

this requires (22 + 2)(22 + 1) + 1 = 552 + 1 energy points to be sampled.

D. QMC Calculations

Variational and diffusion Quantum Monte Carlo (VMC and DMC) calculations for ben-

zene were performed with QMCPACK39 for two sets of 553 molecular structures to map

the energy surface and identify the optimal structure. All QMC runs were managed by

the Nexus workflow automation system40 using the workflow described below. Semilocal

Bukatzki-Filippi-Dolg (BFD) pseudopotentials41 were used for both the carbon and hydro-

gen atoms to improve the statistical efficiency of the QMC calculations. The single particle

orbitals defining the DMC nodal surface were obtained with the B3LYP DFT functional42
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as implemented in the GAMESS package.43 The DFT calculations employed the quadruple-

zeta gaussian basis sets that are distributed with the BFD potentials. No symmetry was

imposed on the orbitals.

Since pseudopotential locality errors are known to be sensitive to the quality of the Jas-

trow factor, care was taken to assess the effects of optimized Jastrow forms on the resulting

energy surface. All Jastrow optimizations were performed at the VMC level via energy min-

imization using the linearized optimization method.44,45 Both two and three body Jastrow

forms were initially compared for quality of energy differences among a set of 22 planar

benzene structures (see Fig. 3). For the one-body Jastrow we utilized a non-spin polarized

spline form with a cutoff of 5.0 Bohr and 10 parameters for C and H each. For the two-

body Jastrow we utilized a two-body spline form with cutoff of 10.0 Bohr and 20 parameter

each for parallel and opposite spin contributions. The three-body Jastrow added polynomial

terms46 with a cutoff of 5.0 Bohr and a total 108 parameters. As a result of this testing,

in the production structural optimization calculations one, two, and three body Jastrow

functions were fully reoptimized for each structure separately. While these choices are not

critical to assessing the optimization scheme, they indicate the considerations relevant for

using the method in production settings.

In our production runs, both VMC and DMC total energies were used to form estimates

of the energy surface. DMC calculations were performed using a population of more than

2000 walkers to minimize population control bias. A modest projection timestep of 0.01/Ha

was selected to provide a good balance of accuracy and efficiency in the large number of runs

performed. The average statistical error bar on the DMC total energy for the production

runs was 0.06 eV. To more accurately judge the energy differences between the set of final

structures produced from Gaussian Process rounds, longer DMC calculations with a target

error bar of 0.01 eV using a smaller timestep and fixed Jastrow were used to maximize the

accuracy of relative energies as discussed in more detail in section III B.
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FIG. 3. Sensitivity of DMC energy surface to Jastrow choice. Four Jastrow choices are shown:

two- or three-body Jastrow optimized only at the equilibrium geometry and fixed for all others (red

dashed and solid lines), two- or three-body Jastrow factors reoptimized for each atomic structure

separately (blue dashed and solid lines). DMC energies for twenty-two planar benzene structures

are ordered from left to right on the x-axis according to the DMC energy of the fully reoptimized

three-body Jastrow case. The DMC energies (y-axis) are plotted relative to the fully reoptimized

three-body Jastrow case. Fully reoptimizing two- or three-body Jastrow factors, or using a two-

body Jastrow factor optimized only for the equilibrium geometry, result in the same energy surface

as indicated by statistical proximity to zero. Using a three-body Jastrow optimized at equilibrium

and fixed otherwise leads to large errors in the energy surface (solid red line). Large negative relative

energies for this case result from enlarged timestep errors due to poor wavefunction quality, which

is also evident from a large variance encountered for these cases. For very small displacements

(resulting in energy differences less than about 0.1 eV), using a fixed Jastrow should instead result

in better relative energies due to the resulting smooth pseudopotential locality error profile. The

twenty-two symmetric planar benzene structures were generated by Gaussian Process.
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III. RESULTS

A. Convergence studies

As an initial demonstration on the optimization process, Fig. 4 demonstrates how a GP

can be used to approximate the energy surface of methane. This is a one parameter problem

by symmetry, where the mean of the posterior distribution of F (ρ), as defined in 4, is given

by the green line and the variance of the distribution is given by the green dashed line,

for the blue data points (SN ,ESN ) and noise level σ. For comparison a stochastic gradient

decent (SGD) method is used to solve the problem, where two hundred sampled are needed

for the displayed convergence. It can be seen that the GP provides a better estimate of

true minimum than using SGD, and only fifteen samples are needed in comparison to two

hundred for convergence. Interpolation of the optimization surface can be done iteratively,

where the yellow box in Figure 4 displays a plausible new search domain that is centered

around the minimum point determined by the GP. Both methods will obtain increasingly

accurate estimates of the true minimum as the optimization is focused closer.

We demonstrate the convergence of using a GP to iteratively approximate the energy

surface using benzene. For both of the examples in this section, the initial number of

sample points per trial are set to Nsamples = (d+ 2)(d+ 1) + 1, which is approximately twice

the degrees of freedom of a quadratic model, which is
(
d+2
d

)
in dimension d.

Table I shows the convergence rate for fully symmetrized benzene, when only two param-

eters are optimized, namely, the C-H and C-C bond length, and the minimum Nsamples = 13.

We also test use of a greater number of sample points to check the convergence of the GP

surface. The initial uncertainty in the coordinates is taken to be 0.5 Å, i.e. sampling is

performed in the range [ρinitial − 0.5, ρinitial + .5]. At this stage we perform only a single

cycle of optimization.

Starting with Nsamples = 13, with σ = 0.01 eV, we find that the energy minimum is

resolved to 0.3(6) eV, while the bond lengths are found to 0.04(4) and 0.03(1) Å for rC−H

and rC−C respectively. A larger σ = 0.1 eV worsens the error in the predicted minimum

energy to 1(1) eV. However, a doubling of the number of sample points to 26 reduces the

energy error to 0.04(7) eV and bond length errors to 0.02(1) and 0.004(4) Å, with the same

σ = 0.1 eV. As the number of sampled point is increased to 39, energy errors reduce to
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FIG. 4. Example showing showing energy surface approximation for methane using both a

quadratic polynomial and Gaussian process method with N (0, 2) noise added to the AIREBO

force field computations.

1(1) meV and bond length errors are below 0.01 Å. This is a sufficiently accurate result

that for many applications it would be considered converged. This results demonstrates the

accuracy of the GP provided sufficient sample points are given, and the ability to resolve

the true minimum in a single round. The result is significant because in statistical methods

the cost of reducing the error bar scales quadratically, indicating that in this case increasing

the number of sampled energy points in the GP is significantly superior to increasing the

accuracy of individual points.

Table II shows the convergence rate when all but one of the atoms are perturbed in two

dimensions, keeping the molecule planar. Since the number of degrees of freedom for this

case is d = 22, we set initial Nsamples = 553 . With σ = 0.1 eV, the minimum energy is

predicted to 0.24(7) eV, with little improvement using σ = 0.01 eV to 0.20(7) eV. As Nsamples

is increased to 1106 and then 1659 there is only a gradual improvement in the predicted

energy minimum to 0.05(2) and 0.04(2) eV for σ=0.1 and 0.01 eV respectively. This similar

performance is significant because Monte Carlo runs to achieve σ=0.01 eV are one hundred

11
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TABLE I. Statistical error rates for the Gaussian process method for benzene with 2 degrees of

freedom using 100 trials.

Nsamples σ (eV) C-H Bond (Å) C-C Bond (Å) Energy (eV)

13 0.1 5± 4.5× 10−2 3± 1.2× 10−2 1± 1.4

0.01 4± 3.8× 10−2 3± 1.2× 10−2 3± 5.5× 10−1

26 0.1 2± 1.3× 10−2 4± 4.3× 10−3 4± 6.8× 10−2

0.01 2± 1.1× 10−2 3± 2.2× 10−3 3± 3.5× 10−2

39 0.1 15± 7.0× 10−3 6± 4.0× 10−3 9± 8.8× 10−3

0.01 13± 5.0× 10−3 5± 1.4× 10−3 7± 3.3× 10−3

TABLE II. Statistical error rates for the Gaussian process method for benzene with 22 degrees of

freedom using 10 trials.

Nsamples σ (eV) C-H Bond (Å) C-C Bond (Å) Energy (eV)

553 0.1 19± 4.6× 10−3 26± 4.5× 10−3 24± 6.9× 10−2

0.01 17± 4.4× 10−3 23± 5.9× 10−3 20± 6.6× 10−2

1106 0.1 12± 3.5× 10−3 17± 3.7× 10−3 11± 2.9× 10−2

0.01 12± 3.1× 10−3 15± 3.7× 10−3 10± 3.0× 10−2

1659 0.1 12± 4.0× 10−3 11± 2.7× 10−3 5± 1.9× 10−2

0.01 11± 3.3× 10−3 9± 3.2× 10−3 4± 1.9× 10−2

times more costly than σ=0.1 eV. The still significant errors in the energy indicate that the

GP does not represent the exact energy surface around the minimum sufficiently accurately.

The slow improvement with increasing samples occurs because the samples are distributed

over the entire parameter domain. A second cycle of optimization over a smaller domain

could be used for faster convergence. The bond lengths follow similar trends as for the

energies, but are already accurate to ∼ 0.02Å with the least number of samples.
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B. Benzene with QMC energies

We now turn to the optimization of benzene using DMC methods, following the same

procedure as for the AIREBO-based convergence studies, Sec. III A, but using QMC as per

Sec. II D.

To establish the true minimum energy of the benzene molecule we performed a 2-

parameter scans of DMC calculations in rC−C and rC−H , ranging from 10% compressed to

10% expanded, on an 11 × 11 uniform grid. A contour plot of the calculated energies in

Fig. 5 shows a single well defined minimum. We also computed the DMC energies using the

bond lengths at the AIREBO minima of rC−C = 1.379962 Å and rC−H = 1.08276 Åthat

are fit to experiment. The computed energy minimums, show in Table III, agrees in both

cases to within the statistical error of 0.01 eV. This indicates that the current choice of trial

wavefunction, pseudopotential, and other simulation parameters is sufficiently accurate to

reproduce the experimental structure.

The predicted minimum energies after one and two rounds of GP optimization are given

in Table III. To assess DMC timestep error, the DMC minimum energies are give for two

timesteps, 0.0025 and 0.01 Ha−1. Individual DMC energies were computed to a statistical

accuracy of 0.06eV for the GP rounds. To distinguish the final optimized structures we used

more accurate 0.01eV error bars. The initial uncertainty in the positions was taken as ±0.5

Å. For the second round, the uncertainty was reduced by a factor of two. This is the same

as for the AIREBO-based studies.

After a single GP round the predicted minimum is 0.06eV above the exact minimum. A

second round finds the exact minimum to within the statistical error in the energy. The

average bond lengths are already well reproduced after a single round, deviating from ex-

periment by less than 0.01Å. A subsequent round modestly improves the results.The high

accuracies for the energies and bond lengths demonstrate the GP based optimization is

able to work effectively with actual QMC data. This behavior is also consistent with the

AIREBO studies, although because we only performed a single realization we can not draw

firm conclusions about the statistical properties.

As a possible future efficiency improvement we also considered the use of VMC instead

of DMC energies. For this case, the cost of VMC is 18× cheaper than DMC. The predicted

minima for each round are within two standard error bars of the DMC energies, indicating
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FIG. 5. DMC energy surface of symmetric planar benzene. The energy surface is approximated

by a least squares biquartic fit to DMC energies obtained on a uniformly spaced rectilinear grid

of C-C and C-H bond lengths ranging from 10% compressed to 10% expanded (11 × 11 = 121

points in total). DMC energy contours (shown as dashed black lines) are uniformly separated by

0.5 eV. The predicted optimal structure is indicated by the black cross, at r̄C−C = 1.39Å and

r̄C−H = 1.07Å (See Table III).

that for systems similar to benzene, the current trial wavefunctions are sufficiently accurate.

However, when considering the entire set of computed VMC energies, Fig. 6, we do observe

a few occasional reorderings between the VMC and DMC data in the second round. However

the correct minimum is found and overall accuracy of VMC indicates that use of VMC is

likely a good approach. Use of higher quality trial wavefunctions may resolve the energy

differences. However, when we look at the average bond lengths, r̄C−C and r̄C−H , the VMC

results closely track the DMC results. A single GP round of VMC energies is sufficient to

reproduce the average bond lengths to within 0.01Åof experiment, indicating that VMC is

a viable route to obtain the geometry at the current level of the trial wavefunction accuracy.
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Method QMC Problem r̄C−C (Å) r̄C−H (Å) Energy (eV) Energy (eV)

Method Dimension τ=0.0025/Ha τ=0.01/Ha

GP Round 1 VMC 22D 1.382690 1.07312 -1026.15(1) -1026.16(1)

DMC 22D 1.382689 1.07313 -1026.15(1) -1026.17(1)

GP Round 2 VMC 22D 1.380356 1.08006 -1026.21(1) -1026.23(1)

DMC 22D 1.380332 1.08032 -1026.22(1) -1026.25(1)

Uniform Scan DMC 2D 1.388726 1.06639 -1026.21(1) -1026.23(1)

Experimental DMC 1.379962 1.08276 -1026.21(1) -1026.23(1)

TABLE III. DMC total energies (eV) for optimal benzene structures identified by Gaussian Process

(22D) and biquartic fits to uniform bond length scans (2D) compared to the experimental structure.

Results were generated using a fixed Jastrow factor across all identified optimal structures to

minimize locality error in the relative energies (induced locality errors due to Jastrow reoptimization

are larger than the energy differences among the near-optimal structures). The column labeled

“QMC Method” indicates the level of quantum Monte Carlo data used to identify the optimal

structure. Results are shown for both the larger timestep (0.01/Ha) used during the structure

search and a smaller timestep (0.0025/Ha) which results in a more accurate DMC projector that

is less sensitive to Jastrow choice. The small timestep total energies obtained for the optimal

structure identified by the 2D uniform grid scans and the second round of Gaussian Process agree

to 0.01 eV with each other and with the experimental structure. Average predicted bond lengths

r̄C−C and r̄C−H are given. Even a single GP round using VMC predicts these to within 0.01Åof

experiment.

C. Discussion

The results shown in Sec.III A and Sec.III B demonstrate that is it likely that GP can

be used successfully with QMC to optimize systems of a few tens of parameters. This is

sufficient for small molecules, including many of the molecules found in quantum chemical

test sets.

The main limitation of the current scheme is the overall number of energy samples that are

required per optimization round, coupled with the cost of additional rounds of optimization.

The former most likely limits application to systems with a few tens of parameters due to the
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FIG. 6. DMC (blue) and VMC (red) energies for 553 non-symmetric planar benzene structures

generated the first (a) and second (b) rounds of Gaussian Process. The structures are ordered from

left to right on the x-axis according to DMC energy. The energies (y-axis) are reported relative to

the energy of the optimal structure predicted from each round of Gaussian Process. Each optimal

structure used in this way was generated consistently using VMC or DMC data respectively. VMC

generally gives a very similar energy surface to DMC as indicated by the quantitative agreement

between the curves. For large energy differences, the VMC energy surface agrees very well with

DMC, though some reordering between structures similar in energy occur.

quadratic scaling of the Latin hypercube sampling. We expect that multiple optimization

rounds will be required in general, and currently each round has the same cost. If we

assume that the electronic structure method has a scaling of N3 with system size N , then

the notional scaling of the method is at least N5.
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Potentially the costs of the scheme can be reduced: for example, the GP scheme can

readily include additional energy samples, allowing use of additional adaptively sampled

energy points around the predicted minima. These would improve the energy surface faster

than a less targeted second round of sampling.

Application using QMC in practice requires careful consideration of the trial wavefunction

optimization and other technical choices to ensure that systematic errors are sufficiently

consistent between different sampled structures. Similar considerations to ensure constant

and well-canceling errors will apply to other methods.

IV. CONCLUSIONS

We have demonstrated an effective Gaussian Process based structural optimization

scheme suited for use with quantum Monte Carlo (QMC) data. The successful applica-

tion to a 22 parameter problem, a planar benzene molecule, suggests that the method can

be usefully applied to a broad range of systems, and using methods where energy gradients

are not available. The quadratic scaling cost with dimensionality of the currently used

sampling scheme may limit applications to systems of modest scale. Extensions to include

adaptive sampling may reduce the overall cost and enable application at greater scales.

We expect that this scheme and extensions of it will enable a wide range of QMC studies

to be performed using fully relaxed, QMC optimized structures.
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<latexit sha1_base64="JUr1dRWN02VU1NAlwzuei69rFUE=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2cEEwPJEfY2c8mS3b1zd08IIX/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef+gaZJMM2ywRCS6FVGDgitsWG4FtlKNVEYCH6Lh9dR/eEJteKLu7SjFUNK+4jFn1Dqp1bmV2Kdd3i1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ7dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8WU45irNLCo2XxRngtiETJ8nPa6RWTFyhDLN3a2EDaimzLqISi6EYPHlZdI8qwZ+Nbg7r9Su8jiKcATHcAoBXEANbqAODWAg4Ble4c179F68d+9j3lrw8plD+APv8wfdJ4/X</latexit><latexit sha1_base64="JUr1dRWN02VU1NAlwzuei69rFUE=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2cEEwPJEfY2c8mS3b1zd08IIX/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef+gaZJMM2ywRCS6FVGDgitsWG4FtlKNVEYCH6Lh9dR/eEJteKLu7SjFUNK+4jFn1Dqp1bmV2Kdd3i1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ7dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8WU45irNLCo2XxRngtiETJ8nPa6RWTFyhDLN3a2EDaimzLqISi6EYPHlZdI8qwZ+Nbg7r9Su8jiKcATHcAoBXEANbqAODWAg4Ble4c179F68d+9j3lrw8plD+APv8wfdJ4/X</latexit><latexit sha1_base64="JUr1dRWN02VU1NAlwzuei69rFUE=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2cEEwPJEfY2c8mS3b1zd08IIX/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef+gaZJMM2ywRCS6FVGDgitsWG4FtlKNVEYCH6Lh9dR/eEJteKLu7SjFUNK+4jFn1Dqp1bmV2Kdd3i1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ7dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8WU45irNLCo2XxRngtiETJ8nPa6RWTFyhDLN3a2EDaimzLqISi6EYPHlZdI8qwZ+Nbg7r9Su8jiKcATHcAoBXEANbqAODWAg4Ble4c179F68d+9j3lrw8plD+APv8wfdJ4/X</latexit><latexit sha1_base64="JUr1dRWN02VU1NAlwzuei69rFUE=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2cEEwPJEfY2c8mS3b1zd08IIX/CxkIRW/+Onf/GTXKFJj4YeLw3w8y8KBXcWN//9gorq2vrG8XN0tb2zu5eef+gaZJMM2ywRCS6FVGDgitsWG4FtlKNVEYCH6Lh9dR/eEJteKLu7SjFUNK+4jFn1Dqp1bmV2Kdd3i1X/Ko/A1kmQU4qkKPeLX91egnLJCrLBDWmHfipDcdUW84ETkqdzGBK2ZD2se2oohJNOJ7dOyEnTumRONGulCUz9ffEmEpjRjJynZLagVn0puJ/Xjuz8WU45irNLCo2XxRngtiETJ8nPa6RWTFyhDLN3a2EDaimzLqISi6EYPHlZdI8qwZ+Nbg7r9Su8jiKcATHcAoBXEANbqAODWAg4Ble4c179F68d+9j3lrw8plD+APv8wfdJ4/X</latexit>

SN = {⇢1, . . . , ⇢N} 2 ⌦i
<latexit sha1_base64="eoEr+HZXUQQngeciVwHXQFkQbDY="></latexit><latexit sha1_base64="eoEr+HZXUQQngeciVwHXQFkQbDY="></latexit><latexit sha1_base64="eoEr+HZXUQQngeciVwHXQFkQbDY="></latexit><latexit sha1_base64="eoEr+HZXUQQngeciVwHXQFkQbDY="></latexit>

ESN = {E(⇢1), . . . , E(⇢N )}
<latexit sha1_base64="bQx8dcV9rD/5i3JKyWNyT7kFJ8c="></latexit><latexit sha1_base64="bQx8dcV9rD/5i3JKyWNyT7kFJ8c="></latexit><latexit sha1_base64="bQx8dcV9rD/5i3JKyWNyT7kFJ8c="></latexit><latexit sha1_base64="bQx8dcV9rD/5i3JKyWNyT7kFJ8c="></latexit>

F (⇢)|SN ,ESN<latexit sha1_base64="RhwEZWUY0Rvsz5fnI1wteu9vdLM=">AAACLHicbVDLSsNAFJ3UV42vqEs3g61QQUrSjS6LRXElFe0D2hIm00k7dDIJMxOhxHyQG39FEBcWcet3OGkraPXAwJlz7uXee7yIUalse2LklpZXVtfy6+bG5tb2jrW715RhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWN6plfuueCElDfqfGEekFaMCpTzFSWnKtWvGy1A2QGnp+0hXDMD2GD3AqYMSS29RNrtOT74IL/V3w0qJpulbBLttTwL/EmZMCmKPuWi/dfojjgHCFGZKy49iR6iVIKIoZSc1uLEmE8AgNSEdTjgIie8n02BQeaaUP/VDoxxWcqj87EhRIOQ48XZmtKhe9TPzP68TKP+sllEexIhzPBvkxgyqEWXKwTwXBio01QVhQvSvEQyQQVjrfLARn8eS/pFkpO3bZuakUqufzOPLgAByCEnDAKaiCK1AHDYDBI3gGb2BiPBmvxrvxMSvNGfOeffALxucXSyKoOw==</latexit><latexit sha1_base64="RhwEZWUY0Rvsz5fnI1wteu9vdLM=">AAACLHicbVDLSsNAFJ3UV42vqEs3g61QQUrSjS6LRXElFe0D2hIm00k7dDIJMxOhxHyQG39FEBcWcet3OGkraPXAwJlz7uXee7yIUalse2LklpZXVtfy6+bG5tb2jrW715RhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWN6plfuueCElDfqfGEekFaMCpTzFSWnKtWvGy1A2QGnp+0hXDMD2GD3AqYMSS29RNrtOT74IL/V3w0qJpulbBLttTwL/EmZMCmKPuWi/dfojjgHCFGZKy49iR6iVIKIoZSc1uLEmE8AgNSEdTjgIie8n02BQeaaUP/VDoxxWcqj87EhRIOQ48XZmtKhe9TPzP68TKP+sllEexIhzPBvkxgyqEWXKwTwXBio01QVhQvSvEQyQQVjrfLARn8eS/pFkpO3bZuakUqufzOPLgAByCEnDAKaiCK1AHDYDBI3gGb2BiPBmvxrvxMSvNGfOeffALxucXSyKoOw==</latexit><latexit sha1_base64="RhwEZWUY0Rvsz5fnI1wteu9vdLM=">AAACLHicbVDLSsNAFJ3UV42vqEs3g61QQUrSjS6LRXElFe0D2hIm00k7dDIJMxOhxHyQG39FEBcWcet3OGkraPXAwJlz7uXee7yIUalse2LklpZXVtfy6+bG5tb2jrW715RhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWN6plfuueCElDfqfGEekFaMCpTzFSWnKtWvGy1A2QGnp+0hXDMD2GD3AqYMSS29RNrtOT74IL/V3w0qJpulbBLttTwL/EmZMCmKPuWi/dfojjgHCFGZKy49iR6iVIKIoZSc1uLEmE8AgNSEdTjgIie8n02BQeaaUP/VDoxxWcqj87EhRIOQ48XZmtKhe9TPzP68TKP+sllEexIhzPBvkxgyqEWXKwTwXBio01QVhQvSvEQyQQVjrfLARn8eS/pFkpO3bZuakUqufzOPLgAByCEnDAKaiCK1AHDYDBI3gGb2BiPBmvxrvxMSvNGfOeffALxucXSyKoOw==</latexit><latexit sha1_base64="RhwEZWUY0Rvsz5fnI1wteu9vdLM=">AAACLHicbVDLSsNAFJ3UV42vqEs3g61QQUrSjS6LRXElFe0D2hIm00k7dDIJMxOhxHyQG39FEBcWcet3OGkraPXAwJlz7uXee7yIUalse2LklpZXVtfy6+bG5tb2jrW715RhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWN6plfuueCElDfqfGEekFaMCpTzFSWnKtWvGy1A2QGnp+0hXDMD2GD3AqYMSS29RNrtOT74IL/V3w0qJpulbBLttTwL/EmZMCmKPuWi/dfojjgHCFGZKy49iR6iVIKIoZSc1uLEmE8AgNSEdTjgIie8n02BQeaaUP/VDoxxWcqj87EhRIOQ48XZmtKhe9TPzP68TKP+sllEexIhzPBvkxgyqEWXKwTwXBio01QVhQvSvEQyQQVjrfLARn8eS/pFkpO3bZuakUqufzOPLgAByCEnDAKaiCK1AHDYDBI3gGb2BiPBmvxrvxMSvNGfOeffALxucXSyKoOw==</latexit>

Initial 
Domain

QMC Evaluation of 
LHC sample 

GP Approximation of 
Optimization Surface

⇢m
<latexit sha1_base64="6pKzH+Q/Z6GErY5SakJneaLwQo8=">AAAB8XicbVC7TsNAEFyHVzCvACWNRYJEFdlpoIygoQwSeYjEis6Xc3LKPay7M1Jk5S9oKECIlr+h4284Jy4gYaSVRjO72t2JEka18f1vp7SxubW9U9519/YPDo8qxycdLVOFSRtLJlUvQpowKkjbUMNIL1EE8YiRbjS9zf3uE1GaSvFgZgkJORoLGlOMjJUeawM1kUNec91hperX/QW8dRIUpAoFWsPK12AkccqJMJghrfuBn5gwQ8pQzMjcHaSaJAhP0Zj0LRWIEx1mi4vn3oVVRl4slS1hvIX6eyJDXOsZj2wnR2aiV71c/M/rpya+DjMqktQQgZeL4pR5Rnr5+96IKoINm1mCsKL2Vg9PkELY2JDyEILVl9dJp1EP/Hpw36g2b4o4ynAG53AJAVxBE+6gBW3AIOAZXuHN0c6L8+58LFtLTjFzCn/gfP4AyfaPqQ==</latexit><latexit sha1_base64="6pKzH+Q/Z6GErY5SakJneaLwQo8=">AAAB8XicbVC7TsNAEFyHVzCvACWNRYJEFdlpoIygoQwSeYjEis6Xc3LKPay7M1Jk5S9oKECIlr+h4284Jy4gYaSVRjO72t2JEka18f1vp7SxubW9U9519/YPDo8qxycdLVOFSRtLJlUvQpowKkjbUMNIL1EE8YiRbjS9zf3uE1GaSvFgZgkJORoLGlOMjJUeawM1kUNec91hperX/QW8dRIUpAoFWsPK12AkccqJMJghrfuBn5gwQ8pQzMjcHaSaJAhP0Zj0LRWIEx1mi4vn3oVVRl4slS1hvIX6eyJDXOsZj2wnR2aiV71c/M/rpya+DjMqktQQgZeL4pR5Rnr5+96IKoINm1mCsKL2Vg9PkELY2JDyEILVl9dJp1EP/Hpw36g2b4o4ynAG53AJAVxBE+6gBW3AIOAZXuHN0c6L8+58LFtLTjFzCn/gfP4AyfaPqQ==</latexit><latexit sha1_base64="6pKzH+Q/Z6GErY5SakJneaLwQo8=">AAAB8XicbVC7TsNAEFyHVzCvACWNRYJEFdlpoIygoQwSeYjEis6Xc3LKPay7M1Jk5S9oKECIlr+h4284Jy4gYaSVRjO72t2JEka18f1vp7SxubW9U9519/YPDo8qxycdLVOFSRtLJlUvQpowKkjbUMNIL1EE8YiRbjS9zf3uE1GaSvFgZgkJORoLGlOMjJUeawM1kUNec91hperX/QW8dRIUpAoFWsPK12AkccqJMJghrfuBn5gwQ8pQzMjcHaSaJAhP0Zj0LRWIEx1mi4vn3oVVRl4slS1hvIX6eyJDXOsZj2wnR2aiV71c/M/rpya+DjMqktQQgZeL4pR5Rnr5+96IKoINm1mCsKL2Vg9PkELY2JDyEILVl9dJp1EP/Hpw36g2b4o4ynAG53AJAVxBE+6gBW3AIOAZXuHN0c6L8+58LFtLTjFzCn/gfP4AyfaPqQ==</latexit><latexit sha1_base64="6pKzH+Q/Z6GErY5SakJneaLwQo8=">AAAB8XicbVC7TsNAEFyHVzCvACWNRYJEFdlpoIygoQwSeYjEis6Xc3LKPay7M1Jk5S9oKECIlr+h4284Jy4gYaSVRjO72t2JEka18f1vp7SxubW9U9519/YPDo8qxycdLVOFSRtLJlUvQpowKkjbUMNIL1EE8YiRbjS9zf3uE1GaSvFgZgkJORoLGlOMjJUeawM1kUNec91hperX/QW8dRIUpAoFWsPK12AkccqJMJghrfuBn5gwQ8pQzMjcHaSaJAhP0Zj0LRWIEx1mi4vn3oVVRl4slS1hvIX6eyJDXOsZj2wnR2aiV71c/M/rpya+DjMqktQQgZeL4pR5Rnr5+96IKoINm1mCsKL2Vg9PkELY2JDyEILVl9dJp1EP/Hpw36g2b4o4ynAG53AJAVxBE+6gBW3AIOAZXuHN0c6L8+58LFtLTjFzCn/gfP4AyfaPqQ==</latexit>

Em
<latexit sha1_base64="hXgWZcUU34yAmwZsDl1I53/YgPA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q77t7+weFR5fiko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vc397hNVmsXy0cwSGgg8lixiBBsrdWt3Q1Fz3WGl6tW9BdA68QtShQKtYeVrMIpJKqg0hGOt+76XmCDDyjDC6dwdpJommEzxmPYtlVhQHWSLc+fowiojFMXKljRoof6eyLDQeiZC2ymwmehVLxf/8/qpia6DjMkkNVSS5aIo5cjEKP8djZiixPCZJZgoZm9FZIIVJsYmlIfgr768TjqNuu/V/YdGtXlTxFGGMziHS/DhCppwDy1oA4EpPMMrvDmJ8+K8Ox/L1pJTzJzCHzifPzvWjis=</latexit><latexit sha1_base64="hXgWZcUU34yAmwZsDl1I53/YgPA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q77t7+weFR5fiko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vc397hNVmsXy0cwSGgg8lixiBBsrdWt3Q1Fz3WGl6tW9BdA68QtShQKtYeVrMIpJKqg0hGOt+76XmCDDyjDC6dwdpJommEzxmPYtlVhQHWSLc+fowiojFMXKljRoof6eyLDQeiZC2ymwmehVLxf/8/qpia6DjMkkNVSS5aIo5cjEKP8djZiixPCZJZgoZm9FZIIVJsYmlIfgr768TjqNuu/V/YdGtXlTxFGGMziHS/DhCppwDy1oA4EpPMMrvDmJ8+K8Ox/L1pJTzJzCHzifPzvWjis=</latexit><latexit sha1_base64="hXgWZcUU34yAmwZsDl1I53/YgPA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q77t7+weFR5fiko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vc397hNVmsXy0cwSGgg8lixiBBsrdWt3Q1Fz3WGl6tW9BdA68QtShQKtYeVrMIpJKqg0hGOt+76XmCDDyjDC6dwdpJommEzxmPYtlVhQHWSLc+fowiojFMXKljRoof6eyLDQeiZC2ymwmehVLxf/8/qpia6DjMkkNVSS5aIo5cjEKP8djZiixPCZJZgoZm9FZIIVJsYmlIfgr768TjqNuu/V/YdGtXlTxFGGMziHS/DhCppwDy1oA4EpPMMrvDmJ8+K8Ox/L1pJTzJzCHzifPzvWjis=</latexit><latexit sha1_base64="hXgWZcUU34yAmwZsDl1I53/YgPA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LLaCp5L0oseiCB4r2A9oQ9lsN+3S3U3Y3Qgl9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q77t7+weFR5fiko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vc397hNVmsXy0cwSGgg8lixiBBsrdWt3Q1Fz3WGl6tW9BdA68QtShQKtYeVrMIpJKqg0hGOt+76XmCDDyjDC6dwdpJommEzxmPYtlVhQHWSLc+fowiojFMXKljRoof6eyLDQeiZC2ymwmehVLxf/8/qpia6DjMkkNVSS5aIo5cjEKP8djZiixPCZJZgoZm9FZIIVJsYmlIfgr768TjqNuu/V/YdGtXlTxFGGMziHS/DhCppwDy1oA4EpPMMrvDmJ8+K8Ox/L1pJTzJzCHzifPzvWjis=</latexit>

Find min of GP 
and new domain

⌦i+1
<latexit sha1_base64="lNmgIPreEpn8Rl5UnoXAeb2tuhU=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYCIIQtjNRY9BL96MYB6QrGF20kmGzOwuM7NKWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dQSy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SxbDOIhGpVkA1Ch5i3XAjsBUrpDIQ2AxG11O/+YhK8yi8N+MYfUkHIe9zRo2VHkqdW4kD2k35uTcpdQtFt+zOQJaJl5EiZKh1C1+dXsQSiaFhgmrd9tzY+ClVhjOBk3wn0RhTNqIDbFsaUonaT2dXT8ipVXqkHylboSEz9fdESqXWYxnYTknNUC96U/E/r52Y/qWf8jBODIZsvqifCGIiMo2A9LhCZsTYEsoUt7cSNqSKMmODytsQvMWXl0mjUvbcsndXKVavsjhycAwncAYeXEAVbqAGdWCg4Ble4c15cl6cd+dj3rriZDNH8AfO5w8/cJGt</latexit><latexit sha1_base64="lNmgIPreEpn8Rl5UnoXAeb2tuhU=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYCIIQtjNRY9BL96MYB6QrGF20kmGzOwuM7NKWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dQSy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SxbDOIhGpVkA1Ch5i3XAjsBUrpDIQ2AxG11O/+YhK8yi8N+MYfUkHIe9zRo2VHkqdW4kD2k35uTcpdQtFt+zOQJaJl5EiZKh1C1+dXsQSiaFhgmrd9tzY+ClVhjOBk3wn0RhTNqIDbFsaUonaT2dXT8ipVXqkHylboSEz9fdESqXWYxnYTknNUC96U/E/r52Y/qWf8jBODIZsvqifCGIiMo2A9LhCZsTYEsoUt7cSNqSKMmODytsQvMWXl0mjUvbcsndXKVavsjhycAwncAYeXEAVbqAGdWCg4Ble4c15cl6cd+dj3rriZDNH8AfO5w8/cJGt</latexit><latexit sha1_base64="lNmgIPreEpn8Rl5UnoXAeb2tuhU=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYCIIQtjNRY9BL96MYB6QrGF20kmGzOwuM7NKWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dQSy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SxbDOIhGpVkA1Ch5i3XAjsBUrpDIQ2AxG11O/+YhK8yi8N+MYfUkHIe9zRo2VHkqdW4kD2k35uTcpdQtFt+zOQJaJl5EiZKh1C1+dXsQSiaFhgmrd9tzY+ClVhjOBk3wn0RhTNqIDbFsaUonaT2dXT8ipVXqkHylboSEz9fdESqXWYxnYTknNUC96U/E/r52Y/qWf8jBODIZsvqifCGIiMo2A9LhCZsTYEsoUt7cSNqSKMmODytsQvMWXl0mjUvbcsndXKVavsjhycAwncAYeXEAVbqAGdWCg4Ble4c15cl6cd+dj3rriZDNH8AfO5w8/cJGt</latexit><latexit sha1_base64="lNmgIPreEpn8Rl5UnoXAeb2tuhU=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYCIIQtjNRY9BL96MYB6QrGF20kmGzOwuM7NKWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dQSy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SxbDOIhGpVkA1Ch5i3XAjsBUrpDIQ2AxG11O/+YhK8yi8N+MYfUkHIe9zRo2VHkqdW4kD2k35uTcpdQtFt+zOQJaJl5EiZKh1C1+dXsQSiaFhgmrd9tzY+ClVhjOBk3wn0RhTNqIDbFsaUonaT2dXT8ipVXqkHylboSEz9fdESqXWYxnYTknNUC96U/E/r52Y/qWf8jBODIZsvqifCGIiMo2A9LhCZsTYEsoUt7cSNqSKMmODytsQvMWXl0mjUvbcsndXKVavsjhycAwncAYeXEAVbqAGdWCg4Ble4c15cl6cd+dj3rriZDNH8AfO5w8/cJGt</latexit>

http://dx.doi.org/10.1063/1.5040584


⌦1
<latexit sha1_base64="zT5G1c082/h3i1lqDDxTLyQAEL0=">AAAB8XicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2dmIiYIQL2VvmYMPu3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvTDjTxvO+ncLa+sbmVnG7tLO7t39QPjxq6zhVFFs05rF6CIlGziS2DDMcHxKFRIQcO+H4euZ3nlBpFst7M0kwEGQoWcQoMVZ6rPZuBQ5J36/2yxWv5s3hrhI/JxXI0eyXv3qDmKYCpaGcaN31vcQEGVGGUY7TUi/VmBA6JkPsWiqJQB1k84un7plVBm4UK1vSuHP190RGhNYTEdpOQcxIL3sz8T+vm5roMsiYTFKDki4WRSl3TezO3ncHTCE1fGIJoYrZW106IopQY0Mq2RD85ZdXSbte872af1evNK7yOIpwAqdwDj5cQANuoAktoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELVj/k=</latexit><latexit sha1_base64="zT5G1c082/h3i1lqDDxTLyQAEL0=">AAAB8XicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2dmIiYIQL2VvmYMPu3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvTDjTxvO+ncLa+sbmVnG7tLO7t39QPjxq6zhVFFs05rF6CIlGziS2DDMcHxKFRIQcO+H4euZ3nlBpFst7M0kwEGQoWcQoMVZ6rPZuBQ5J36/2yxWv5s3hrhI/JxXI0eyXv3qDmKYCpaGcaN31vcQEGVGGUY7TUi/VmBA6JkPsWiqJQB1k84un7plVBm4UK1vSuHP190RGhNYTEdpOQcxIL3sz8T+vm5roMsiYTFKDki4WRSl3TezO3ncHTCE1fGIJoYrZW106IopQY0Mq2RD85ZdXSbte872af1evNK7yOIpwAqdwDj5cQANuoAktoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELVj/k=</latexit><latexit sha1_base64="zT5G1c082/h3i1lqDDxTLyQAEL0=">AAAB8XicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2dmIiYIQL2VvmYMPu3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvTDjTxvO+ncLa+sbmVnG7tLO7t39QPjxq6zhVFFs05rF6CIlGziS2DDMcHxKFRIQcO+H4euZ3nlBpFst7M0kwEGQoWcQoMVZ6rPZuBQ5J36/2yxWv5s3hrhI/JxXI0eyXv3qDmKYCpaGcaN31vcQEGVGGUY7TUi/VmBA6JkPsWiqJQB1k84un7plVBm4UK1vSuHP190RGhNYTEdpOQcxIL3sz8T+vm5roMsiYTFKDki4WRSl3TezO3ncHTCE1fGIJoYrZW106IopQY0Mq2RD85ZdXSbte872af1evNK7yOIpwAqdwDj5cQANuoAktoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELVj/k=</latexit><latexit sha1_base64="zT5G1c082/h3i1lqDDxTLyQAEL0=">AAAB8XicbVA9TwJBEJ3DL8Qv1NLmIphYkTsaLYk2dmIiYIQL2VvmYMPu3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvTDjTxvO+ncLa+sbmVnG7tLO7t39QPjxq6zhVFFs05rF6CIlGziS2DDMcHxKFRIQcO+H4euZ3nlBpFst7M0kwEGQoWcQoMVZ6rPZuBQ5J36/2yxWv5s3hrhI/JxXI0eyXv3qDmKYCpaGcaN31vcQEGVGGUY7TUi/VmBA6JkPsWiqJQB1k84un7plVBm4UK1vSuHP190RGhNYTEdpOQcxIL3sz8T+vm5roMsiYTFKDki4WRSl3TezO3ncHTCE1fGIJoYrZW106IopQY0Mq2RD85ZdXSbte872af1evNK7yOIpwAqdwDj5cQANuoAktoCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELVj/k=</latexit>
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