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Highlights

€ A velocity Þlter is presented to reduce spurious mesh motion.
€ A new multidirectional approximate Riemann problem is presented.
€ More robust mesh motion with higher-order and polygonal meshes.



Reducing spurious mesh motion in Lagrangian “nite volume and discontinuous
Galerkin hydrodynamic methods

Nathaniel R. Morgan� , Xiaodong Liu, Donald E. Burton

X-Computational Physics Division; Los Alamos National Laboratory; P.O. Box 1663, Los Alamos, NM, USA

Abstract

The Lagrangian “nite volume (FV) cell-centered hydrodynamic (CCH) method and the Lagrangian discontinu-
ous Galerkin (DG) CCH method have been demonstrated to be quite stable and capable of producing very accurate
solutions on many mesh topologies. However, some challenges can arise with higher-order elements and polygo-
nal elements that have many deformational degrees of freedom. With these types of meshes, elements can deform
in unphysical ways and the mesh can tangle. We present methods for obtaining more robust Lagrangian solutions
on polygonal and higher-order elements. The robustness is achieved by (1) incorporating a new iterative method
that modi“es the velocity reconstructions in the corners of the elements, and (2) a new multidirectional approximate
Riemann solver that, when coupled with the iterative method, reduces spurious mesh motion. The details of the nu-
merical methods are discussed and their utility is demonstrated on a diverse suite of test problems using higher-order
and polygonal elements.

Keywords: Lagrangian, cell-centered hydrodynamics, discontinuous Galerkin, mesh robustness, hourglass model

1. Introduction

The “nite volume (FV) cell-centered hydrodynamic (CCH) method [1, 2, 16, 31, 29, 9, 36, 10] is a spatially col-
located approach so the governing equations for strain, momentum and total energy are solved on a single control
volume that coincides with the element (also called a cell). The FV CCH approach solves a Riemann problem on
the surface of the elements, that is a function of the jump in the velocity and stress (or pressure in the case of gas
dynamics). The velocity and stress inputs to the Riemann problem come from evaluating a Taylor series expansion
that is constructed by a least squares “t to the neighboring element average values. The FV CCH method in CAVEAT
[1, 2] solved a Riemann problem at the center of the element face. The nodal velocity was then calculated from the
neighboring face centered velocities. Recent work in Lagrangian FV CCH has focused on multidirectional approx-
imate Riemann solvers at the element nodes. The “rst multidirectional approximate Riemann solver was proposed
by B. Despŕes and C. Mazeran [16] for gas dynamic problems. Maire and various authors [31, 29] extended the
work in [16] and proposed another multidirectional approximate Riemann solver that had improved mesh robustness
properties. Burtonet. al. [9] extended the seminal works in [16, 31, 29] and proposed another robust multidirectional
approximate Riemann solver for solid dynamics. The method in [9] was extended to higher accuracy [10], success-
fully applied to contact surfaces in Lagrangian FV CCH [36], applied to Lagrangian FV SGH [37, 13], and applied to
FV point centered hydrodynamics (PCH) [38, 39].

The Lagrangian discontinuous Galerkin (DG) CCH method [28, 22, 46, 24, 25] evolves a polynomialPn (e.g.,a
Taylor series) forward in time. The polynomials for velocity, speci“c energy (or density), and speci“c total energy
are evaluated at the surface of the element, and the same Riemann problem is solved as used in FV CCH using the
velocity and pressure (which is obtained via the equation of state). The accuracy of the FV CCH and DG CCH
methods are a function of the polynomial order, where a linear polynomialP1 can produce second order accuracy.
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The DG CCH method with a polynomial greater than 0 can be viewed as an extension of the FV CCH method to
higher-order accuracy. Since the DG CCH method evolves the polynomial forward in time, higher-order accuracy can
be achieved without “tting the element average values in the neighboring elements as is done in FV CCH methods.

For many mesh topologies the Lagrangian FV CCH and DG CCH methods have been demonstrated to be quite
stable and capable of producing very accurate solutions. However, some challenges do arise with highly irregular
meshes, meshes with higher-order elements, or polygonal meshes that have elements with many deformational degrees
of freedom (e.g.,quadrilateral elements that have 16 nodes). With these types of meshes, elements can deform in
unphysical ways and the mesh can tangle. Elements with many nodes can have many unconstrained deformation
modes, which are commonly termed zero energy modes or null modes. Hourglass modes [7, 12, 34, 20] and chevron
modes are common examples of null modes. Spurious mesh distortions were shown to arise in calculations using
higher-order elements with the “rst-order Lagrangian FV CCH method in the work by Boutinet. al. [5] and with
the Lagrangian DG method by Vilaret. al. [46]. In this paper we seek to develop a multidirectional approximate
Riemann solver that is capable of dissipating undesirable nodal motion and a technique to modify the velocity inputs
to the Riemann problem to reduce spurious mesh motion.

Mesh stability models have been proposed for staggered grid hydrodynamic (SGH) methods. The FV SGH ap-
proach di�ers from the FV CCH approach by solving the governing equations on separate, staggered grids. One
of the earliest mesh stability methods for FV SGH was the temporary triangular subzoning (TTS) method [6]. The
TTS method calculates pseudo pressures as a function of the volume change of triangular-shaped sub-regions. These
pseudo pressures then generate forces that resist hourglass modes and other undesirable deformations. The temporary
quadrilateral subzoning (TQS) method [7, 12] follows the TTS method and calculates corner pressures as a function
of the change in the corner volumes, which are quadrilateral-shaped subregions in two-dimensions (2D). Like the
TTS method, the TQS method signi“cantly increases the mesh robustness of the FV SGH method. Another type
of mesh stability model was proposed by Flanagan and Belytschko [20] to remove hourglass modes in a continuous
“nite element SGH method. With their method, dissipation is added to the calculation as a function of the di�erence
between the nodal velocities and a linear “t to the velocities.

Despŕes and Labourasse developed a subzonal decomposition approach for Lagrangian FV CCH methods [14].
The method in [14] adds new terms to the nodal Riemann problem that create dissipation (i.e.,entropy) to damp
undesirable mesh distortions using the geometric information from the subzonal decomposition. This method greatly
improves the mesh robustness of the Lagrangian FV CCH method proposed in [16]. Després and Labourasse proposed
another novel method for improving the accuracy of Lagrangian and Eulerian FV CCH methods [15] that is based
on preserving the angular momentum. In their method, an element average angular momentum is evolved forward
in time and the velocity reconstructions are modi“ed at each cycle to be consistent with the element average angular
momentum. The modi“ed velocity reconstructions are then used to generate velocity inputs to the Riemann problem
at the node. This method improves the mesh robustness by reducing mesh imprinting errors and spurious vorticity
that can, in some instances, cause the mesh to incorrectly tangle.

In this work, we propose a new iterative method to dissipate spurious mesh motion by modifying the velocity
reconstructions. The reconstructed velocities are adjusted as a function of the di�erence between the resulting nodal
Riemann velocities and a linear “t to these velocities. The goal is to remove (or “lter out) nodal velocities that depart
from the linear “t so the approach is termed a velocity “lter. The velocity “lter in this work is combined with a new
multidirectional approximate Riemann solver that is an extension of the one proposed by Burtonet. al. [9]. The
velocity “lter, combined with the new approximate Riemann solver, ensures a stable solution with higher-order and
polygonal elements on problems with strong shocks. A “ltering coe�cient, which is akin to a limiter, is included
in the method so that the velocity “lter is disabled on smooth ”ows, which is essential for minimizing numerical
dissipation errors.

2. Governing equations

The analytic Lagrangian equations for evolving the speci“c volume, velocity, and speci“c total energy are given
by,

�
dv
dt

= � · u (1)
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�
du
dt

= � · � (2)

�
d�
dt

= � · (� · u) (3)

where� is the density,v is the speci“c volume,u is the velocity,� is the speci“c total energy (�= e + k), and� is
the stress. The pressure, speci“c internal energy and speci“c kinetic energy are denoted asp, e, andk respectively.
For gas dynamics, the stress is given by� = ŠpI, where the pressure is calculated using an equation of state for the
material,p = EOS(�, e). The time derivatives are total derivatives that move with the ”ow. The spatial derivatives in
Eq. (1) - (3) are in terms of the natural coordinates, (x, y). The rate of change of position is,

dx
dt

= u (4)

The governing equations are discretized using a FV CCH method and a DG CCH method.

3. Discretization

The solution domain is decomposed into non-overlapping discrete control volumes called cells or elements. The
initial element volume isV0, where the superscript 0 denotes the initial timet = t0. Each element has a constant
mass,dM

dt = 0. The elements will deform with the ”ow and the volume at a later time will bew(t) (Fig. 1). The
coordinate system for the initial con“guration of the element is (X,Y) and the mapping from the initial con“guration
to the current con“guration is given by

x = � (X, t)

The deformation gradient isF = �x
�X . An isoparametric mapping from a reference element� to the current con“gura-

tion is

x = � (� , t) =
�

p

bpxp

wherexp are the nodal coordinates of the element,bp are the canonical shape functions at the nodes (for the element
type), and the reference coordinates are (�, �). The Jacobian matrix isJ = �x

�� . Both the deformation gradient and the
Jacobian matrix (FandJ respectively) will vary in time.

Several types of elements are considered in this work and are illustrated in Fig. 2. The “rst type of element is
a quadratic element that has curved surfaces. Quadratic elements are higher-order and are mapped to a reference
element that is square (Fig. 1). The Jacobian transformation matrixJ is nonlinear. The second type of element is
a polytope that has many piecewise linear surfaces. Polygonal elements are handled by decomposing the element
into smaller triangular sub-regions termed sides and are denoted asws. The subscripts denotes a side of an element.
Decomposing polytopal elements into triangles (2D) or tetrahedra (3D) follows the work of Burton [11, 8], and more
recently, work by Vilar et. al. [46]. The volume of the element at some time isw(t) =

�

s
ws. For simplexes, the

determinant of the deformation matrix is constant sow(t) =
�

s
fsV0

s where fs is the determinant of the deformation

gradientFs for the sub-region.
For the element types considered in this work, the surface area is decomposed into smaller segments, which are

denoted with a subscripti. The surface area normal vector of a segment isaini in the natural coordinatesx. The
surface of a polytope is piecewise linear while the surface of a quadratic element is parabolic. A multidirectional
approximate Riemann problem is solved at the nodes of the element. The control surface for the Riemann problem
is constructed from all surface segments connected to the nodep and is denoted asi � p. The inputs to the Riemann
problem are the velocity and stress in the element corners. These corner values are a function of the Taylor expansion
of the unknowns evaluated at the nodep.
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Figure 1: The map from the initial con“guration and the map from a reference element are graphically illustrated for a quadratic quadrilateral
element.
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(a) Quadratic element
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(b) Piecewise linear polygonal element

Figure 2: A patch of four quadratic elements is shown in the natural coordinate system on the left side, and a patch of four polygonal elements
is shown on the right side. The quadratic elements are mapped to a reference element as illustrated in Fig. (1). All DG CCH calculations in this
work use quadratic elements. Polygonal elements are handled by decomposing the element into smaller triangular sub-regions termed sides and
are denoted asws. The polygonal elements are piecewise linear. FV CCH calculations are performed on both quadratic elements and piecewise
linear polygonal elements. The control surface for the Riemann problem is highlighted in the “gure with a dashed-line. The corner of the element
has two surface segments, and is highlighted with a solid line. Quantities in an element corner are denoted with a subscriptc. The element center
of masscmand centroidzare shown.
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3.1. Finite volume method

The FV CCH method evolves element average quantities for density� z, velocity uz, and total energy� z. The
governing di�erential equations for mass, momentum, and total energy are integrated over the element volume, w(t).

d
dt

�

w(t)

�dw = 0 (5)

�

w(t)

�
du
dt

dw =
�

w(t)

� · �dw =
�

�w(t )

n · �da (6)

�

w(t)

�
d�
dt

dw =
�

w(t)

� · (� · u)dw =
�

�w(t )

n · � · uda (7)

The divergence theorem was used to transform the volume integrals to surface integrals. The “nite volume method
replaces the surface integrals with discrete summations over surface area segments, and the time derivatives are re-
placed with a discrete temporal change. The “nite volume discrete Lagrangian equations for conservation of mass,
momentum, and total energy are

� M
�t

= 0 (8)

M
�u z

�t
=

�

i�z

�
aini · � �

c
�

(9)

M
�� z

�t
=

�

i�z

�
aini · � �

c · u�
p

	
(10)

whereM is the mass of the element,uz is the element average velocity,� �
c is the Riemann stress in an element corner,

� z is the element average speci“c total energy,u�
p is the Riemann velocity at the node, and� is the change between

time leveln andn + 1. There is a unique Riemann velocity at the node; however, the Riemann stress,� �
c, can vary

over the corners connected to the node,p. The summations are over an arbitrary number of surface segments in the
element,i � z. Each surface area segment will have a corresponding Riemann velocity and Riemann stress. The nodal
position,xp, is updated using the Riemann velocity

�x p

�t
= u�

p (11)

The Riemann velocity is a function of the reconstructed velocity and stress values in the element corners (Section 4).
The velocity and stress “elds are approximated with Taylor series polynomials to some order and are evaluated in
the element corners where a multidirectional approximate Riemann problem is solved. The Taylor series coe�cients
for the velocity and stress “elds are found by “tting the neighboring element average values. The Taylor series
polynomials for the “nite volume method are in the current coordinate systemx and are given by

u(x, t) = � (x) · uk (t)
�(x, t) = � (x) · � k (t)

(12)

The Taylor series basis functions, for a linear expansion about the element centroid in 2D Cartesian coordinates, are

� =


1 (x Š xz) (y Š yz)

�
(13)

and the Taylor series coe�cients for the velocity and total energy are

uk =

�








�

uz
�u
� x |z
�u
�y |z

�
���������

� k =

�








�

� z
��
� x |z
��
�y |z

�
���������

(14)
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The FV CCH method is up to second order accurate with linear Taylor series polynomials for velocity and stress,
and is “rst order accurate with piecewise constant “elds. The focus in the paper is on stable mesh motion so we
only consider linear polynomials. Limiters can be used to reduce a high-order polynomial to a linear one; as such,
showing stable motion with a linear polynomial on shock problems is essential. The next subsection will describe the
discontinuous Galerkin method used in this work.

3.2. Discontinuous Galerkin method
In FV CCH methods, the Taylor series polynomials are calculated by “tting the element average values in neigh-

boring elements. With Lagrangian DG CCH methods, the polynomials are temporally evolved forward in time and
will move with the mesh. The Taylor series basis functions would not be temporally constant if they are de“ned in
terms of the current coordinate systemx. It can be advantageous to have Taylor basis functions that are Lagrangian
quantities. One option is to de“ne the Taylor series basis functions for the element in the initial undeformed coordi-
natesx = � (X, t), another option is to de“ne them on an element in a “xed reference coordinate systemx = � (� , t),
and with both options, a Jacobi matrix is used to map to the current coordinate system (Fig. 1). The Jacobi matrix
varies in time; however, the Taylor series basis functions are temporally constant for each element. Jia [22] and Vilar
et. al. [45, 46] developed 2D Lagrangian DG hydrodynamic methods using basis functions de“ned in the Lagrangian
coordinates (i.e.,the original undeformed con“guration). Liuet. al. [25] developed a 2D Lagrangian DG hydrody-
namic method that used Taylor basis functions in a reference element. The DG formulation in this work will extend
the one in [25] to robustly evolve higher-order elements by using a new multidirectional approximate Riemann solver
combined with a velocity “lter that reduces spurious mesh motion.

The DG method in this work temporally evolves Taylor series polynomials for speci“c volume, velocity, and
speci“c total energy. The Taylor series polynomials for speci“c volume, velocity, and speci“c total energy are de“ned
in a reference coordinate system� and are temporally constant. The Taylor series polynomials can be succinctly
written as

v(� , t) = � (� ) · vk (t)
u(� , t) = � (� ) · uk (t)
�(� , t) = � (� ) · � k (t)

(15)

Here� (� ) are the basis functions about the center of mass of the reference element att = 0, andvk, uk, and� k are
arrays with the Taylor expansion coe�cients for the respective “elds. The Taylor expansion coe�cients are spatially
constant on each element, but they vary temporally. The basis functions in the array� are constant in time and are
solely a function of the reference coordinates, which are temporally constant, as such,

d�
dt

= 0 (16)

The governing evolution equations for speci“c volume, momentum and speci“c total energy have the generalized
form,

�
dU
dt

= � · H

whereU is an unknown “eld (speci“c volume, velocity, or speci“c total energy) andH is a ”ux (u, �, or � · u ).
The evolution equation is multiplied by the Taylor basis functions� and then integrated over the current element
con“guration.

�

w(t)

�
�
�

dU
dt

Š � · H
�
dw = 0

which creates a system ofq equations forq unknown Taylor expansion coe�cients. Substituting a Taylor expansion
into the above equation gives,

�

w(t)

���dw ·
dUk

dt
=

�

w(t)

�� · H dw (17)
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For the term on the left side of Eq. (17), the basis functions were factored out of the time derivative becaused�/dt = 0;
likewise, the time derivative of the basis coe�cientsdUk/dt was factored out of the integral because they are solely a
function of time for each element. The integral on the left side of Eq. (17) is the mass matrix,

M =
�

w(t)

���dw =
�

�

��� jd� (18)

The evolution of the unknown basis coe�cients are then,

M ·
dUk

dt
=

�

�

�� · H jd�

and transforming the divergence operator to the reference coordinate systems, the above equation can be written as,

M ·
dUk

dt
=

�

�

�� � · ( jJŠ1 · H)d�

Using integration by parts and then Gauss•s Theorem, the resulting evolution equations for the unknown basis coe�-
cients are,

M ·
dUk

dt
=

�

��

s · � jJŠ1 · H� d� Š
�

�

�
� � �

	
· jJŠ1 · Hd� (19)

whereH� is the Riemann solution on the element surface. The Riemann problem is solved at the nodes of the element
following Lagrangian FV CCH methods (Section 4). The volume integrals that are over the reference element� are
replaced with a summation over the Gauss quadrature points in� (Section 7). The Lagrangian DG method reduces
to a “rst order FV CCH method when using only the element average in the Taylor series expansion. A second order
accurate solution is achieved when using a linear Taylor series expansion. For this work, the focus is on stable mesh
motion so we only consider linear Taylor series polynomials with the DG CCH method. Demonstrating stable mesh
motion with linear polynomials on shock problems is essential because limiters can be used to reduce high order
polynomials to a linear one.

4. Riemann problem

In this work, a multidirectional approximate Riemann problem is solved at the nodes of the element (Fig. 2). The
concept is to solve a system of jump relations to “nd a unique Riemann velocity for the node. The Riemann forceF�

i
on each element surface area segment is given by

F�
i = aini · � �

c = aini · � c + µcai

�
u�

p Š uc

	
(20)

where the subscriptc denotes the corner, the subscripti denotes a surface area segment,ai is the surface area, andµ is
the shock impedance given byµ = �c + q2�|�u|. The speed of sound isc andq2 is the slope of shock velocity versus
particle velocity curve [35]. For a very strong shock in a gamma-law gas,q2 � (� + 1)/2. An acoustic impedanceµ =
�c, in general, gives very accurate results. The Riemann force includes a mechanical stress contributionaini · � c and
a viscous contributionµcai

�
u�

p Š uc

	
. The viscous term introduces dissipation into the calculation for discontinuities

in the velocity and stress, including jumps in the velocity that are tangential to the element surface. The dissipation is
equal to zero when both the stress and velocity are continuous at the node. A single Riemann velocity at the node is
found by enforcing momentum conservation,

�

i� p
F�

i = 0, which yields

u�
p =

�

i� p
(µcaiui Š aini · � c)

�

i� p
µcai

. (21)
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The nodal positions are displaced using this Riemann velocity. The Riemann force (Eq. 20) on a surface segment is
calculated using this Riemann velocity. The Riemann solution above is in the natural coordinatesx. For a higher-order
element, the multidirectional approximate Riemann problem is solved on the surface of the reference element.

The new Riemann jump relation (Eq. 20) di�ers from the jump relations used in prior works. B. Després and C.
Mazeran [16] proposed the jump relation,

F�
c = Šacp�

cnc = Šacpcnc + µcac

�
u�

p Š uc

	
· ncnc (22)

The subscriptc denotes an element corner,p�
c is the Riemann pressure in the element corner, andacnc is the corner

surface area normal given byacnc =
�

i�c
aini . Elements that have nodes along a face (Fig. 1) can gives rise to the case

whereuc · nc = 0 when the motion is tangential to the element surface on a higher-order element or some types of
polygonal elements. Maire and various authors [31, 29] proposed another jump relation,

F�
i = Šai p�

i ni = Šai pini + µcai

�
u�

p Š uc

	
· nini (23)

The subscripti denotes an element surface segment.uc · ni = 0 can happen at nodes in the middle of the face when
the motion is tangential to the element surface. Burtonet. al. [9] proposed a Riemann force given by,

F�
i = aini · � �

c = aini · � c + µcai |�ec · ni |
�
u�

p Š uc

	
(24)

The term|�ec · ni | will apply the dissipation in the direction of the unit vector�ec, which is an estimate of the shock
direction. A challenge is that the term|�ec · ni | will be zero for a shock that is moving tangential to the element surface.
A unique feature of the jump relation given by Eq. (20) is that it can adjust the velocity tangential to the element
surface, which is important for stable, smooth mesh motion with higher-order elements and some types of piecewise
linear polygonal elements.

5. Limiting

The inputs to the Riemann problem are the velocity and stress values in the element corners. The velocity and
stress “elds need to be limited towards a piecewise constant “eld (i.e.,“rst order reconstruction) near discontinuities
for monotone solutions. The limiting approach used in this work will be brie”y described. The details on the limiting
for the FV CCH method are described in detail in [9] and for the DG CCH method are described in detail in [25].

The scalar “elds with the FV CCH and DG CCH methods are limited using the Barth-Jesperson limiter [4]. The
limited “eld is

Ulim = U + � ·
�
U Š U

	
(25)

where� is a scalar in the range [0 : 1],U is an unknown “eld, andU is an element average value. A piecewise
constant “eld is produced with� = 0 and the high-order “eld is retained when� = 1. The Barth-Jesperson limiter
function is,

� =

�
�������
�������

min
�
1, � U

max
ŠU

U(xp)Šp

�
i f U(xp) > U

min
�
1, � U

min
ŠU

U(xp)Šp

�
i f U(xp) < U

1 else

(26)

The coe�cient � is a constant in the range of [0.5 : 1.0], and is useful for reducing spurious ringing that may occur
near shocks [37, 25]. We use a value of� = 0.75 in this work. The limiter constrains the “eld to be bounded between
the maximum and minimum adjacent element average values, which are denoted asU

max
andU

min
respectively. The

pressure “eld is limited in the FV CCH method. The pressure, speci“c volume, and speci“c total energy “elds are
limited in the DG CCH method. Each “eld has a separate limiting coe�cient. The smallest limiting coe�cient is used
in the element for the respective “eld.

The velocity is a vector “eld and is limited using a tensor� with both the FV CCH and DG CCH methods. The
limited velocity “eld is

8



ulim = u + � ·
�
u Š u

�
(27)

The limiting tensor� smoothly transitions the vector “eld from a higher-order “eld (�= I, the identity matrix) to the
element average value (�= 0, a matrix or zeros). The tensor limiter values are found by directional limiting,

� = RT ·
�
	 1 0
0 	 2

�
· R (28)

The concept is to limit the “eld in a particular direction (e.g.,the principle strain rate direction [30] or the local ”ow
direction [32]) and then to use a rotation matrix R to build the limiting tensor. The calculations in this work limit in
the direction of the principle strain rate. The limiting coe�cients	 1 and	 2 are calculated using the scalar Barth limiter
shown in Eq. (26). The maximum and minimum neighboring element average values are calculated by rotating into
the same limiting direction. The smallest calculated limiting coe�cients are used for the element.

6. Temporal integration

A second-order accurate explicit Runge-Kutta (RK) method is used to evolve the system of equations from time
level n to n + 1. The RK method has two stages and is applied to a system of equations of the formM dU

dt = R for
the FV CCH method and of the formM · dUk

dt = R for the DG CCH method. Here,R denotes righthand side of the
FV CCH equations (Eq. 9 and 10), andR denotes the righthand side of governing DG CCH equations (Eq. 19) for
evolving the Taylor expansion coe�cients for the speci“c volume, velocity, and speci“c total energy “elds. The time
integration of an unknownU (i.e.,u or �) for the FV CCH method is

Us1 = Un + � t 1
M Rn

Un+1 = 1
2Un + 1

2Us1 + 1
2�t 1

M Rs1 (29)

The element massM is constant in time. The superscripts1 denotes the solution after the “rst stage. The time
integration with the DG CCH method, for an array of unknown Taylor expansion coe�cients, is

�
Uk

	 s1
=

�
Uk

	n
+ � tMŠ1 · (R)n

�
Uk

	n+1
= 1

2

�
Uk

	n
+ 1

2

�
Uk

	 s1
+ 1

2�t MŠ1 · (R)s1
(30)

The mass matrixM is constant in time. For both the FV CCH and DG CCH methods, the nodal positionxp is updated
using,

xs1
p = xn

p + � tu� n
p

xn+1
p = 1

2xn
p + 1

2xs1
p + 1

2�t u� s1
p

(31)

whereu�
p denotes the Riemann velocity at a node. The temporal accuracy can be increased by using a higher-order

RK method such as the third-order accurate TVD RK method.

7. Spatial integration

The FV CCH and DG CCH methods have integrals that are approximated using quadrature rules. Gauss-Legendre
quadrature with 3x3 points (9 total) is used for the volume integration with the DG CCH method, which is exact
for a “fth-order polynomial. Newton-Cotes quadrature is used for the surface integration with the FV CCH and DG
CCH methods. The surface integrals for the linear elements and the polygonal elements are approximated using
trapezoidal integration, which is exact for a linear polynomial. The surface integrals for the higher-order elements are
approximated using Simpson•s rule, which is exact for a cubic polynomial.
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8. Reducing spurious motion

The objective is to develop a method for modifying the reconstructed velocities so that the resulting Riemann
velocities evolve the mesh in a stable and robust manner. The proposed method adjusts the reconstructed velocities
as a function of the di�erence between the resulting nodal Riemann velocities and a linear “t to these velocities. The
goal is to “lter out nodal motion that departs from the linear “t. A linear “t to the nodal Riemann velocities in an
element is

uLin = uLin
z + (x Š xz) · � uLin

z (32)

whereuLin
z = 1

Nump

�

p�z
u�

p, and the velocity gradient,�u Lin
z , is calculated using the least squares minimization method

applied tou�
p. The number of points in the element isNump. The velocity gradient in Eq. (32) is not limited. The

spurious motion in the nodal Riemann velocity “eld will manifest as departures from the linear “t, as such,

uspurious
c = u�

p Š uLin
c (33)

We also note that physical vorticity and deformation will manifest as departures from the linear “t. As such, the
velocity correction will only be applied in regions where the solution is “rst order accurate (Subsection 8.1). The next
step is to subtract the spurious velocityuspurious

c from the velocity reconstruction.

unew
c = uc Š � zu

spurious
c (34)

where� z is a “ltering coe�cient in the range of 0 to 1 and is essential for minimizing numerical dissipation errors on
smooth ”ows (Subsection 8.1). The adjustments to the reconstructed velocities will, in general, be di�erent for each
corner connected to a node. The multidirectional approximate Riemann problem is solved using the new velocity
reconstructions,unew

c . Multiple iterations can be performed for improved mesh robustness. The idea is to place Eqs.
(32)-(34) in a loop to perform multiple corrections of the velocity reconstructions. The “ltering coe�cient is the
same value for all iterations. A few iterations was found to be very useful on some test problems. The concept in the
above approach has similarities to the one proposed by Flanagan and Belytschko [20] to dissipate hourglass modes
with a continuous “nite element Lagrangian SGH method on linear quadrilateral and hexahedral elements. Some
notable di�erences between the proposed method and the one in [20] include: adjusting the velocity reconstructions,
performing multiple iterations to modify the velocity, including a “ltering coe�cient to disable the correction in
smooth regions, and using a multidirectional approximate Riemann solver.

8.1. Filtering coe�cient

A challenge is to allow physical vorticity (e.g., bending) while at the same time reduce spurious motion if it
forms. A “ltering coe�cient � z is used to regulate the correction of the reconstructed velocity “eld. The objective is
to (1) allow the nodes to move in smooth regions using a Riemann velocity calculated with the original, high-order
reconstructions (i.e., preserve higher-order solutions) and (2) correct the nodal Riemann velocities when the solution
is “rst order. The “ltering coe�cient in an element corner is de“ned as,

� c = min
�
1.0,gmax,

||u�
p Š uc||

||u�
p Š uz||

�
(35)

wheregmax is a user settable value to further reduce the adjustment to the velocity reconstruction. In this work, several
iterations withgmax = 0.5 was found to work well at removing spurious nodal motion. The largest value of� c is used
for the entire element (i.e.,� z = maxc�z (� c)). If multiple iterations are performed to correct the nodal velocities, the
“ltering coe�cient is the same value for all iterations. A nice feature of the method is that the “ltering coe�cient will
be equal to zero if the velocity and stress reconstructions exactly represent the ”ow, so the accuracy of FV CCH and
DG CCH methods should not be adversely a�ected on smooth ”ows. Likewise, the “ltering coe�cient will be equal
to 1.0 (orgmax) with a “rst order solution, which helps increase mesh robustness around shocks.
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9. Test problems

A series of test problems were calculated to assess the merits of the new velocity “lter combined with the new
approximate multidirectional Riemann solver. The test problems are as follows: Sedov [42], Noh [40], Saltzman
[33, 19], triple point [26] and Taylor Green [17] vortex. The Sedov and Noh problems both have radially propa-
gating shocks. A radially propagating shock through a box mesh can cause spurious mesh motion, so the goal is to
demonstrate accurate and stable mesh motion with elements that have many deformational degrees of freedom. The
Saltzman problem has a planar shock traveling through an initially distorted mesh. Mesh imprinting errors can arise
on distorted meshes, which can cause the mesh to incorrectly tangle. The goal is to demonstrate stable mesh motion
on the Saltzman problem using elements that have many deformational degrees of freedom. The triple point problem
has vorticity, shocks, and contact discontinuities. The triple point problem is useful for demonstrating the robustness
of the velocity “lter on a more complex shock driven ”ow. The Taylor Green vortex problem is a smooth ”ow problem
with signi“cant mesh deformation. This test problem is useful for verifying that the “ltering coe�cient is very small,
which will disable the velocity “lter. Each problem will be discussed in detail in the respective subsections.

The test problems were calculated using the Lagrangian FV CCH and DG CCH methods. Unless noted otherwise,
the calculations used 4 iterations with the velocity “lter. The “ltering coe�cient� z is in the range of [0 : 0.5].

The test problems were calculated with several types of elements to demonstrate the e�cacy of the velocity
“lter. The “rst element type is a quadratic quadrilateral element that has 8 nodes and is denoted as a Q8 element.
A Q8 element is a serendipity element [3] and the faces of the element are parabolic. A Jacobi matrix is used to
map the Q8 element to a reference element. Results will be presented from calculations with the DG CCH and FV
CCH methods using meshes with Q8 elements. In addition, results will be presented from calculations with the FV
CCH method using meshes with piecewise linear quadrilateral elements with 8 nodes, which are denoted as PL-Q8
elements. The next element type used in this work is a polygonal element that has 16 nodes on the surface and they
are denoted as PL-Q16 elements. Results from calculations with the FV CCH method will be presented using meshes
with the PL-Q16 elements. The goal is to demonstrate the e�cacy of the new velocity “lter, when combined with
the new multidirectional approximate Riemann solver, at reducing spurious mesh motion on elements with many
deformational degrees of freedom.

Results without the velocity “lter will be presented using the standard linear quadrilateral element that has 4
nodes to demonstrate that the new multidirectional approximate Riemann solver is very stable without the velocity
“lter using this canonical element type, and to enable a comparison between the results obtained with the various
element types considered in this paper. The linear quadrilateral element is denoted as Q4.

The scatter plots in the paper are colored to help the reader more easily identify the numerical method and element
type. The results from the FV CCH method using piecewise linear elements (i.e.,PL-Q8 and PL-Q16) are shown in
red. The results from the FV CCH method using Q8 elements are shown in green, and the results from the DG CCH
method using Q8 elements are shown in purple. Lastly, the results from the FV CCH method using Q4 elements are
shown in darker blue, and the results from the DG CCH method using Q4 elements are shown in light blue.

9.1. Sedov

Sedov [42] obtained an analytic solution for a blast wave in a gamma-law gas that is generated by an energy source
at a point. The Sedov problem is modeled using a “nite internal energy source at the origin of a box mesh [41]. The
gamma is 7/5 and the initial density is 1g/cc. The extensive source internal energy is 0.983674 MBar cc and the initial
speci“c internal energy is 0 outside the source. The source energy is scaled by1

4 to account for the symmetry planes
in the mesh. The speci“c internal energy of the source is calculated by dividing the extensive energy by the mass in
the source element. The energy source will produce a shock that is located at 1cm at a time of 1µs.

The Sedov problem was calculated using a box mesh that has dimensions of 1.2cm x 1.2cm and calculations are
performed using a resolution of 30x30 elements. The Sedov problem was calculated to a time of 1µs using Q4, Q8,
PL-Q8, and PL-Q16 elements.

Results using Q4 elements are presented in Fig. 3 using the FV CCH and DG CCH methods without the velocity
“lter. The results demonstrate that the new approximate Riemann problem produces stable mesh motion with the
standard Q4 elements without the velocity “lter. The corresponding scatter plots are provided Fig. 4 and the results
agree very favorably with the analytic solution.
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(a) FV CCH with Q4 elements (b) DG CCH with Q4 elements

Figure 3: The Sedov results from the FV CCH and DG CCH methods are shown using Q4 elements and a mesh resolution of 30x30 elements. The
mesh is colored by density and the scale goes from 0 to 6g/cc. The density scatter plots are shown in Fig. 4. The new approximate multidirectional
Riemann solver produces stable mesh motion with Q4 elements.
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(a) FV CCH with Q4 elements
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(b) DG CCH with Q4 elements

Figure 4: The Sedov scatter plots for the FV CCH and DG CCH methods are shown. The calculations used Q4 elements and a mesh resolution of
30x30 elements. The results with the new approximate Riemann solver are very accurate.

The motivation for this work is the fact that spurious mesh distortions arose in certain strong shock problems such
as the Sedov problem when using Q8 elements. The calculated Lagrangian DG mesh results with and without the
velocity “lter are shown in Fig. 5 for Q8 elements. Spurious mesh distortions can be seen in the calculation without
the velocity “lter. Similar spurious mesh distortions are observable in the Sedov results from the “rst-order FV CCH
method by Boutinet. al. [5] and from the Lagrangian DG method by Vilaret. al. [46]. Fig. 5 shows that the spurious
mesh distortions are removed with the velocity “lter. The density scatter plots are shown in Fig. 6 with and without
the velocity “lter. The solution with the velocity “lter remains in excellent agreement with the analytic solution.

The results from the FV CCH and DG CCH methods with the velocity “lter active are shown in Figs. 7 and 8
using either Q8, PL-Q8, or PL-Q16 elements. As demonstrated, the results from the FV CCH and DG CCH methods
with the velocity “lter active are in excellent agreement with the analytic solution. The velocity “lter greatly reduced
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(a) Results without the velocity “lter

(b) Results using the velocity “lter

Figure 5: The Sedov results from the DG CCH method without the velocity “lter are shown along the top row and with 4 iterations of the velocity
“lter along the bottom row. The calculations used Q8 elements. Spurious mesh distortions can be seen in the calculation without the velocity “lter
(a). The velocity “lter signi“cantly reduced the spurious mesh distortions (b). The motivation for creating the velocity “lter is to reduce spurious
mesh motion.

the spurious mesh distortions.

9.2. Noh

The Noh [40] problem is a challenging strong shock problem with a gamma-law gas. In this test problem, a gas is
traveling radially inward with a velocity magnitude of 1cm/µs and impacts the origin, which causes a strong shock to
propagate outward radially. The velocity vector at each node is initially pointing at the origin. The gamma of the gas
is 5/3. The analytic solution for the pressure and the density are 5.33MBar and 16g/cc.

The Noh problem was calculated with a box mesh that has dimensions of 1cm x 1cm and there are 60 elements in
each direction. The Noh problem was calculated using Q4, Q8, PL-Q8, and PL-Q16 elements to a time of 0.6µs.

Results using Q4 elements are presented in Fig. 9 using the FV CCH and DG CCH methods without the velocity
“lter. The results demonstrate that the new approximate Riemann problem produces stable mesh motion with the
standard Q4 elements without the velocity “lter. The corresponding scatter plots are provided Fig. 10 and the results
agree favorably with the analytic solution. These results are compatible in accuracy to those obtained using other
multidirectional approximate Riemann solvers such as the one in [9, 10].
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(a) Scatter plot without the velocity “lter
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(b) Scatter plot using the velocity “lter

Figure 6: The Sedov scatter plots, corresponding to the results from the DG CCH method, are shown on the left without the velocity “lter and on
the right with 4 iterations of the velocity “lter. The calculation used Q8 elements. The density is in excellent agreement with the analytic solution
with the velocity “lter active.

The Noh results corresponding to PL-Q8, Q8 and PL-Q16 elements are shown in Figs. 11 and 12. The Noh
calculations with the Q8 elements used the shock impedance where as the calculations with the other element types
used the acoustic impedance (Section 4). The FV CCH and DG CCH results with the velocity “lter active are in
excellent agreement with the analytic solution. Furthermore, the velocity “lter was essential for calculating the Noh
problem. Without the velocity “lter, the calculations with both Lagrangian methods failed on the Noh problem with
these element types. In addition, the results obtained using the the velocity “lter with the PL-Q8, Q8, and PL-Q16
elements have better symmetry preservation than the results using the standard Q4 elements.

9.3. Saltzman

The Saltzman test problem is a piston problem that uses a highly distorted mesh [33, 19]. The Saltzman problem
is commonly used to test the robustness of a Lagrangian hydrodynamic method. The mesh points are given by

xp = (i Š 1) � x +
�
Ny Š j

	
�y sin

�

 iŠ1

NxŠ1

	

yp = ( j Š 1) �y
(36)

wherei and j are integers in the following ranges:i � [1 : Nx] and j �


1 : Ny

�
. The canonical Saltzman problem

[33, 19] uses 100x10 elements soNx = 101 andNy = 11. A 5/3 gamma-law gas is used in this test problem. A
shock is generated by a piston traveling rightward with a velocity of 1cm/µs. The shock propagates at a velocity of
4/3 cm/µs and it hits the right boundary at a time of 0.75µs.

The Saltzman problem was calculated using Q4, Q8, PL-Q8, and PL-Q16 elements. The FV CCH calculations on
PL-Q8 and PL-Q16 elements used 4 iterations with the velocity “lter while the FV CCH and DG CCH calculations
with Q8 elements used 6 iterations with the velocity “lter. The FV CCH and DG CCH meshes at a time of 0.75µs are
shown in Fig. 13 and at a time of 0.9µs are shown in Fig. 14. The density scatter plots are shown in Fig. 15 for a time
of 0.75µs and in Fig. 16 for a time of 0.9µs. As demonstrated, the calculated results agree favorably with the analytic
solution using these element types. The velocity “lter combined with the new multidirectional approximate Riemann
solver performs well on this challenging test problem. Furthermore, the velocity “lter was essential for calculating
the Saltzman problem with the Q8, PL-Q8, and PL-Q16 elements. Without the velocity “lter, the calculations using
those element types with both Lagrangian methods failed at an early time.

9.4. Triple point

The triple point problem is used to assess the robustness of a Lagrangian hydrodynamic method on a problem
that has signi“cant vorticity, large shear, and complex interacting shocks [26]. The triple point problem is based on
a similar test problem that was used by various Russian researchers to test hydrodynamic algorithms [43, 44]. The
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(a) FV CCH with PL-Q8 elements (b) FV CCH with Q8 elements

(c) FV CCH with PL-Q16 elements (d) DG CCH with Q8 elements

Figure 7: The Sedov results from the FV CCH and DG CCH methods are shown for a 30x30 resolution. The mesh is colored by density and the
scale goes from 0 to 6g/cc. The density scatter plots are shown in Fig. 8. The velocity “lter signi“cantly reduced the spurious mesh motion.
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(a) FV CCH with PL-Q8 elements
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(b) FV CCH with Q8 elements
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(c) FV CCH with PL-Q16 elements
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(d) DG CCH with Q8 elements

Figure 8: The Sedov scatter plots for the FV CCH and DG CCH methods are shown for a 30x30 resolution. Every element average value in the
mesh is plotted. The calculations are in excellent agreement with the analytic solution.

(a) FV CCH with Q4 elements (b) DG CCH with Q4 elements

Figure 9: The Noh results from the FV CCH and DG CCH methods are shown using Q4 elements and a mesh resolution of 60x60 elements. The
results are shown at a time of 0.6µs. The mesh is colored by density and the scale goes from 0 to 16g/cc. The density scatter plots are shown in
Fig. 10. The new approximate multidirectional Riemann solver produces stable mesh motion with Q4 elements.
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(a) FV CCH with Q4 elements
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(b) DG CCH with Q4 elements

Figure 10: The Noh scatter plots for the FV CCH and DG CCH methods are shown for a mesh with Q4 elements and a resolution of 60x60
elements. Every element average value in the mesh is plotted. The results with the new approximate Riemann solver agree favorably with the
analytic solution.

triple point test problem has since been calculated by many research e�orts including [23, 21, 27, 47, 37, 13, 39]. The
initial conditions are three regions of a gamma-law gas, where each region has a di�erent initial condition. A region
of high pressure drives a shock through two connected regions, which causes a vortex to develop at the triple point
where the three regions connect. The initial conditions and dimensions for this problem are provided in Fig. 17. In
this study, every region uses a gamma of 1.4.

The mesh resolution used with the triple point calculations was 70x30 elements. Calculations were performed
using Q8, PL-Q8, and PL-Q16 elements. The results at 3µs with the velocity “lter are shown in Fig. 18. As demon-
strated, the mesh is deforming in a stable and smooth manner on this more complex test problem. The velocity “lter
is essential for accurately calculating the triple point problem with elements that have large deformational degrees of
freedom. Without the velocity “lter, spurious mesh motion arises in the calculations, which in turn, arti“cially tangles
the mesh. The formation of spurious mesh motion without the velocity “lter is consistent with the results by Boutin
et. al. [5] who calculated the triple point problem with the “rst-order FV CCH method using higher-order elements.

A goal of the velocity “lter is to remove spurious mesh motion, while at the same time, permit physical vorticity
to correctly form in a calculation. Calculations were performed using the Triple point problem to demonstrate that
more physical vorticity can form using elements that have more deformation degrees of freedom (combined with the
velocity “lter) in comparison to using Q4 elements. Fig. 19 shows the deformed mesh from calculations with PL-Q8
and PL-Q16 on top of the mesh from the calculation with Q4 elements. The mesh with PL-Q16 elements had the
most mesh rotation near the vortex, followed by the mesh with PL-Q8 elements. These results demonstrate that the
velocity “lter will permit physical vorticity and signi“cantly reduce spurious mesh motion.

9.5. Taylor Green

The Taylor Green vortex problem is calculated to demonstrate that the velocity “lter is disabled on a smooth ”ow
problem that has vorticity. The material is a gamma law gas, where� = 5/3. The solution domain is 1cm x 1cm. The
initial density is 1g/cc. The initial velocity and pressure “elds are

ux(t = 0,x) = sin(
 x) cos(
y)
uy(t = 0,x) = Šcos(
x) sin(
y)
p(t = 0,x) = 1 + 1

4 (cos(2
x) + cos(2
y))
(37)

whereux anduy are the velocity components in the x and y directions respectively. An energy source term is included
to maintain a steady state solution in the compressible inviscid case [18].

SE =
3

8

(cos(3
x) cos(y)Š cos(
x) cos(3
y)) (38)
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(a) FV CCH with PL-Q8 elements (b) FV CCH with Q8 elements

(c) FV CCH with PL-Q16 elements (d) DG CCH with Q8 elements

Figure 11: The Noh results from the FV CCH and DG CCH methods are shown for a 60x60 resolution. The images are enlarged to highlight
the mesh motion near the origin, and the mesh is colored by density, where the scale goes from 1 to 16g/cc. As shown, the velocity “lter with 4
iterations enables smooth mesh motion on the Noh problem with elements that have many deformational degrees of freedom. The velocity “lter is
essential for calculating this test problem. Without the velocity “lter, the calculations failed at an early time. The density scatter plots are shown in
Fig. 12.
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(a) FV CCH with PL-Q8 elements
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(b) FV CCH with Q8 elements
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(c) FV CCH with PL-Q16 elements
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(d) DG CCH with Q8 elements

Figure 12: The Noh scatter plots from the FV CCH and DG CCH methods are shown for a 60x60 resolution. Every element average value in the
mesh is plotted. The calculations used the velocity “lter. The results are in good agreement with the analytic solution.
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(a) FV CCH with Q4 elements (b) DG CCH with Q4 elements

(c) FV CCH with PL-Q8 elements (d) FV CCH with Q8 elements

(e) FV CCH with PL-Q16 elements (f) DG CCH with Q8 elements

Figure 13: The Saltzman problem meshes are shown at a time of 0.75µs. The mesh motion is smooth in all calculations. The velocity “lter
is essential for calculating the Saltzman problem with elements that have many deformational degrees of freedom; without the velocity “lter,
the calculations failed at an early time. The calculations with Q4 elements did not use the velocity “lter and the results with the Q4 elements
demonstrate the robustness of the new multidirectional approximate Riemann solver on the standard Q4 mesh. The corresponding scatter plots are
provided in Fig. 15.
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(a) FV CCH with Q4 elements (b) DG CCH with Q4 elements

(c) FV CCH with PL-Q8 elements (d) FV CCH with Q8 elements

(e) FV CCH with PL-Q16 elements (f) DG CCH with Q8 elements

Figure 14: The Saltzman problem meshes are shown at a time of 0.9µs. The mesh motion is smooth in all calculations. It is a great success to be
able to reach this late of a time on this test problem, which demonstrates the robustness of the new methods. The most accurate results are with the
PL-Q16 elements. The corresponding scatter plots are provided in Fig. 16.
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(a) FV CCH with Q4 elements

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 0.75  0.8  0.85  0.9  0.95  1

de
ns

ity
 [g

/c
c]

position [cm]

Calculation

Analytic

(b) DG CCH with Q4 elements
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(c) FV CCH with PL-Q8 elements
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(d) FV CCH with Q8 elements
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(e) FV CCH with PL-Q16 elements
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(f) DG CCH with Q8 elements

Figure 15: The Saltzman density scatter plots are shown corresponding to a time of 0.75µs. Every element average value in the mesh is plotted.
The calculations are in good agreement with the analytic solution.
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(a) FV CCH with Q4 elements
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(b) DG CCH with Q4 elements
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(c) FV CCH with PL-Q8 elements
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(d) FV CCH with Q8 elements

 0

 5

 10

 15

 20

 25

 0.9  0.91  0.92  0.93  0.94  0.95  0.96  0.97  0.98  0.99  1

de
ns

ity
 [g

/c
c]

position [cm]

Calculation

Analytic

(e) FV CCH with PL-Q16 elements
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Figure 16: The Saltzman density scatter plots are shown corresponding to a time of 0.9µs. Every element average value in the mesh is plotted. The
calculations are in good agreement with the analytic solution. The most accurate results are with the PL-Q16 elements.
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Figure 17: The initial conditions and dimensions for the triple point problem are shown.

(a) FV CCH with PL-Q8 elements (b) FV CCH with Q8 elements

(c) FV CCH with PL-Q16 elements (d) DG CCH with Q8 elements

Figure 18: The FV CCH and DG CCH results on the triple point problem are shown corresponding to a time of 3µs. The mesh is colored by the
speci“c internal energy and the scale goes from 0.25 to 3.75MBar cc/g. The FV CCH calculations on PL-Q8 and PL-Q16 elements used 4 iterations
with the velocity “lter while the FV CCH and DG CCH calculations with Q8 elements used 6 iterations with the velocity “lter. The additional
iterations with the velocity “lter were necessary to reach a time of 3µs when using Q8 elements. The mesh motion is deforming in a stable manner
on this very challenging test problem.
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(a) PL-Q8 elements (blue) versus Q4 elements (red)

(b) PL-Q16 elements (black) versus Q4 elements (red)

Figure 19: The FV CCH results on the triple point problem are shown corresponding to a time of 3µs for several elements types. The upper right
region of the calculation is not shown to enable comparison of the mesh deformation near the vortex. The mesh with Q4 elements is shown in red,
the mesh with PL-Q8 elements is shown in blue, and the mesh with PL-Q16 elements is shown in black. The PL-Q16 elements permitted the most
rotation followed by the PL-Q8 elements, which illustrates a merit of using elements with more deformational degrees of freedom. The velocity
“lter allowed the physical vorticity to form in the calculation, while at the same time, reduce the spurious mesh motion.
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Table 1: Convergence order of accuracy for pressure is shown for the Taylor-Green vortex problem att = 0.5µs. The FV CCH and DG CCH
methods with the new multidirectional approximate Riemann solver are second-order accurate using meshes with Q4 elements.

Mesh
FV CCH with Q4 elements DG CCH with Q4 elements

log(L1) error order log(L1) error order
25× 25 -1.238 -1.507
50× 50 -1.824 1.95 -2.029 1.74
100× 100 -2.610 2.61 -2.603 1.91

The Taylor Green vortex problem was calculated using three mesh resolutions - 25× 25, 50× 50, and 100× 100
elements. The Taylor Green vortex problem was calculated using Q4, Q8, PL-Q8, and PL-Q16 elements.

One objective is to show that the “ltering coe�cient� z is close to zero so that it disables the velocity “lter on this
smooth ”ow problem. The L1 errors in pressure att = 0.5µs are reported in Table 2. The di�erence in the L1 errors,
with and without the velocity “lter, is very small; therefore, the velocity “lter has a negligible e�ect on this smooth
”ow problem. Another notable observation is that the accuracy of the methods improves by using elements with more
deformational degrees of freedom on this smooth vortical ”ow test problem. The mesh and velocity “eld att = 0.5µs
are shown in Figs. 20 and 21. The mesh is deforming in a smooth and stable manner.

9.6. Investigating the number of iterations

A series of calculations were performed on the Sedov, Noh, and Saltzman test problems to explore the e�ect that
the number of iterations with the velocity “lter had on the mesh motion. The goal of the study is to demonstrate that
the velocity “lter, with a small number of iterations, is su�cient for smooth and stable mesh motion. Given this goal,
the FV CCH method with piecewise linear elements was principally used in this study. The iterative study calculations
for the Sedov, Noh, and Saltzman test problems are shown in Figs. 22, 23, and 24 respectively. The iterative study
shows that the velocity “lter can remove most spurious distortions from the mesh with just a few iterations. The
velocity “lter enables calculations of challenging test problems with higher-order and polygonal elements.

10. Conclusion

Spurious mesh motion can arise in Lagrangian FV CCH and DG CCH calculations when using meshes that
contain higher-order and polygonal elements. In this paper, we presented a new iterative velocity “lter and a new
multidirectional approximate Riemann solver for improving the robustness of Lagrangian hydrodynamic calculations.
The velocity “lter modi“es the velocity reconstructions in an element corner as a function of the di�erence between
the resulting nodal Riemann velocities and a linear “t to these velocities. The objective is to “lter out spurious motion
in the nodal Riemann velocity “eld. The new Riemann jump relation presented in this work was designed to introduce
dissipation for velocity jumps that are tangential to the surface. Previous Riemann jump relations included a dot
product with the element surface normal (or a corner normal), which can be problematic with elements that have
nodes along the face. The combination of the velocity “lter and Riemann jump relations is important for controlling
the mesh motion.

The velocity “lter, combined with the new approximate Riemann solver, was shown to give stable mesh motion
with higher-order and polygonal elements on a suite of strong shock test problems including Sedov, Noh, Saltzman
and triple point. The velocity “lter was shown to be e�ective at removing spurious mesh motion from these strong
shock test problems. The velocity “lter was found to be essential for calculating the Noh, Saltzman, and triple point
test problems with these element types. Without the velocity “lter, the mesh would incorrectly tangle very early in the
calculation.

A “ltering coe�cient is included in the velocity “lter for the purpose of disabling the velocity “lter on smooth
”ows, which is important for minimizing numerical dissipation errors. The design goal was to modify the velocity
reconstructions near shocks where the solution is “rst order accurate. The “ltering coe�cient is akin to a limiter and
it ranges from 0 in smooth ”ow regions to 0.5 at shocks. A maximum “ltering coe�cient of 0.5 with 4 iterations of
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Table 2: Convergence order of accuracy for pressure is shown for the Taylor-Green vortex problem att = 0.5µs. All calculations are second-order
accurate (or better) including those that have the velocity “lter active. The “ltering coe�cient� z correctly disables the velocity “lter on this smooth
vortical ”ow problem.

FV CCH method with PL-Q8 elements

Mesh
With velocity “lter No velocity “lter

log(L1) error order log(L1) error order
25× 25 -1.425 -1.443
50× 50 -2.042 2.05 -2.047 2.01
100× 100 -2.653 2.03 -2.653 2.01

FV CCH method with Q8 elements

Mesh
With velocity “lter No velocity “lter

log(L1) error order log(L1) error order
25× 25 -1.377 -1.412
50× 50 -2.106 2.43 -2.110 2.33
100× 100 -2.970 2.88 -2.969 2.83

FV CCH method with PL-Q16 elements

Mesh
With velocity “lter No velocity “lter

log(L1) error order log(L1) error order
25× 25 -1.535 -1.585
50× 50 -2.263 2.42 -2.286 2.33
100× 100 -2.964 2.33 -2.970 2.27

DG CCH method with Q8 elements

Mesh
With velocity “lter No velocity “lter

log(L1) error order log(L1) error order
25× 25 -2.147 -2.194
50× 50 -2.811 2.21 -2.824 2.10
100× 100 -3.445 2.11 -3.438 2.05
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(a) FV CCH with the velocity “lter (Q8 elements) (b) FV CCH without the velocity “lter (Q8 elements)

(c) DG CCH with the velocity “lter (Q8 elements) (d) DG CCH without the velocity “lter (Q8 elements)

Figure 20: The Taylor Green vortex velocity “eld is shown with the velocity “lter active and without the velocity “lter. These calculations used
Q8 elements and the results correspond to a time oft = 0.5µs. The color scale goes from 0 to 1cm/µs. The “ltering coe�cient� z on the velocity
“lter disables the corrections to the velocity reconstructions on very smooth ”ows; as a result, the calculated results with and without the velocity
“lter are virtually identical.
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(a) FV CCH with the velocity “lter (PL-Q8 elements) (b) FV CCH without the velocity “lter (PL-Q8 elements)

(c) FV CCH with the velocity “lter (PL-Q16 elements) (d) FV CCH without the velocity “lter (PL-Q16 elements)

Figure 21: The Taylor Green vortex velocity “eld is shown with the velocity “lter active and without the velocity “lter. The calculations used
either PL-Q8 or PL-Q16 elements and the results correspond to a time oft = 0.5µs. The color scale goes from 0 to 1cm/µs. The “ltering coe�cient
� z on the velocity “lter disables the corrections to the velocity reconstructions on very smooth ”ows; as a result, the calculated results with and
without the velocity “lter are virtually identical.
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(a) 2 iterations with PL-Q8 elements (b) 4 iterations with PL-Q8 elements (c) 8 iterations with PL-Q8 elements

(d) 2 iterations with PL-Q16 elements (e) 4 iterations with PL-Q16 elements (f) 8 iterations with PL-Q16 elements

Figure 22: The Sedov mesh plots for the FV CCH method using a di�erent number of iterations with the velocity “lter are shown. The results
correspond to a time of 1.0µs. The velocity “lter reduces the spurious mesh motion with a few iterations and enables stable calculations on
higher-order and polygonal meshes.

(a) 2 iterations (b) 4 iterations (c) 8 iterations

Figure 23: The Noh mesh plots for the FV CCH method using PL-Q8 elements and a di�erent number of iterations with the velocity “lter are
shown. The results correspond to a time of 0.6µs. The velocity “lter is e�ective with just a few iterations on this challenging test problem.
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(a) 2 iterations

(b) 4 iterations

(c) 8 iterations

Figure 24: The Saltzman mesh plots for the FV CCH method using PL-Q8 elements and a di�erent number of iterations with the velocity “lter are
shown. The results correspond to a time of 0.75µs. This test problem will not run on PL-Q8 elements without the velocity “lter. Small spurious
mesh distortions are present with 2 iterations; however, these mesh distortions are signi“cantly reduced with 4 iterations.
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the velocity “lter was found to work for most strong shock test problems. 6 iterations was found to be necessary for
the calculation of the triple point and Saltzman test problems with quadratic elements. Likewise, calculations of the
Taylor Green vortex problem demonstrate that the “ltering coe�cient is very small, which in turn, essentially disables
the velocity “lter. As demonstrated in this work, numerical methods can be developed to enable more robust mesh
motion on strong shock problems with elements that have a large number of deformational degrees of freedom, while
at the same time, not adversely a�ecting the calculations of smooth ”ows or vortical ”ows.
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