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Abstract. = We have developed a general, three-dimensional method to
locate sources of earth-directed radiation which takes into account the
flight paths of reflected signals. While time-of-arrival algorithms exist for
locating radio sources using line-of-sight propagation paths, radio sources
originating above the surface of the earth will not necessarily emit strong
power along direct paths to satellites. A combination of direct and
ground-reflected pulses or only ground-reflected signals from such sources
could be received by satellite-borne sensors. The work presented here
applies to satellite detection of sub-ionospheric radio sources in a vacuum
environment with ideal reflection off the earth’s surface. Because satellites
are not static receivers, their configuration with respect to a radio source
is not always optimal. Therefore, a statistical study is performed using
1000 randomized configurations of 24 satellites in middle earth orbit. For
each configuration, the radio source latitude and longitude is fixed, and
its altitude is varied from 1 to 97 km. An analytic direct-path algorithm
using the five satellites nearest the radio source provides an initial guess
for the radio source latitude and longitude. We find that, using this
approximation, the mean error in the calculated nadir location has a
maximum value of 134 m for the 97-km source altitude. The coordinates
of the initial guess are used to define the origin of a grid within which an
all-points search refinement is performed. Using this procedure, the
overall maximum mean error in radio source position is found to be on

the order of the computational grid size.
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1. Introduction

It is well documented that above-ground and satellite-based receivers can detect
ground-reflected radio spherics. |Massey and Holden [1995] discuss the first observations
of pairs of intense very high frequency (VHF) radio pulses, later named transionospheric
pulse pairs (TIPPs), using a wide-band transient radio pulse instrument named
Blackbeard on the ALEXIS satellite. These authors suggest that the initial pulse is
possibly of thunderstorm origin, but find it unusual that both pulses of the pair are
relatively powerful in the VHF radio band compared with typical lightning waveforms.
Later it was shown, using an electromagnetic pulse (EMP) generator on a balloon 2.6
km above dry soil at the White Sands Missile Range, that the measured reflectivity was
high enough to explain the observations and also nearly specular |[Massey et al., [1998§].
VHF receivers onboard the FORTE satellite |Jacobson et al.l |1999] detected various
types of VHF radio emissions from lightning including TIPPs, stepped leader and return
stroke waveforms |Jacobson et all 2000; |Light et al.,|[2001], and single intense pulses of
short duration. Many of these waveforms were assigned geolocations [Jacobson et al.,
2000; | Tierney et all 2001] by statistically linking them with locations assigned by the
National Lightning Detection Network (NLDN) [Cummins and Murphyl, 2009).
Ground-based observations of thunderstorm spherics |Willett et al., |1989; | Thomas et al.,
2001] that are unusually strong in the VHF range have been correlated with the
satellite-based TIPP observations |Zuelsdorf et al., 2000]. A study of FORTE-recorded,
geolocated, TIPPs revealed that it is possible for a ground-reflected signal of lightning

origin to be much stronger than the direct signal [Tierney et al. |2002]. This was shown
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to be especially true for signals over sea water where for 30% of the cases, the reflected
signal was more intense than the direct signal. These reflected pulses were also shown to
have a reflectivity that agreed with expected values for the types of sub-storm surface
whether it was sea water or land.

Sensors elevated above the surface of the earth such as tops of buildings or on aircraft
will, in general, receive direct and reflected signals from above-ground radio sources. If
the radio source is above ground and the radiation power lobes are strongest toward the
ground, it is possible that only the reflected pulses would be detected. One example of
such a source could be a downward-propagating relativistic electron current. Relativistic
electron currents in the troposphere and mesosphere associated with lightning activity
have gained increased attention in the last few decades. Measurements of x-rays
generated through Bremsstrahlung radiation when relativistic electrons interact with the
earth’s atmosphere have been correlated with electric field changes from lightning |Eackl,
1996]. |Roussel-Dupré et al.| [1994] have proposed that lightning discharges may be
initiated by relativistic electron beams seeded by energetic cosmic rays. |Gurevich and
Zybin [2004] theoretically analyzed connections between energetic air showers and
relativistic runaway breakdown, and others have |Tierney et al., |2005] modeled the
expected VHF waveforms from relativistic electron avalances.

The present work considers the geolocations of anisotropic, atmospheric radio sources
with altitudes up to 97 km. Specifically, we wish to locate sources of radio frequency
(RF) radiation that are predominately earth-directed using an array of elevated sensors.
By using radio sensors on multiple satellites in an array it is possible to locate the

signals with time of arrival (TOA) methods. In Sec. [2l we define the problem and discuss
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one numerical approach we have taken to solve for the radio source coordinates. In

Sec. [3| we review a method outlined by |Koshak and Solakiewicz| [1996] (KS) to
determine the coordinates of a source of RF radiation based on direct signals with the
earth modeled as a plane and briefly discuss the merits of applying this method to the
problem of the reflected signal. In Sec. 4] we describe how the KS method can be
implemented to determine a first approximation to the RF source location by
considering the spherical surface of the earth, and then how we refine our approximation
with an all-points search. In Appendix A we include a discussion of the computation of
the point of reflection on the surface of the sphere, which has been solved by |[Fberly
[2008]. While the procedure outlined here is for locating a radio source using reflected
signals only, this work could ultimately lead to methods to recognize and utilize
ground-reflected signals for various applications when additional information is needed

beyond that contained in the direct pulses.

2. Background and Previous Work

Throughout this section, let (¢., A«, z4) denote the coordinates of the RF source
expressed in latitude (degrees), longitude (degrees), and altitude (km). While it is
possible to use any (¢«, As) position for the radio source we have arbitrarily chosen the
coordinates (10°N, 30°E) for the test radio source and have varied only the altitude, z,,
from 1 to 97 km. However, for each radio source altitude, 1000 GPS-like constellations
were randomly generated such that a total of twenty-four satellites provided global
coverage. Consider two points on the surface of a sphere such as the nadir points of the
radio source and one satellite. The shortest distance between the two points, measured
along the surface of the sphere, is known as the great-circle distance between the two
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points. When the radio source generates a signal at a given altitude, the time to travel
to a satellite after reflecting off the surface of the earth can be calculated via Fermat’s
principle, where the reflection point along the great circle that minimizes the signal
travel time is used. Thus, the time delays calculated here constitute one part of a
complete model that would include details of the earth’s terrain [Werleyl 2015] as well
as ionospheric and atmospheric propagation effects [Petit and Luzum)| 2010].

Let dgs;(p) denote the total path length of the reflected signal from a radio source
located at a point p in pAz-space to satellite 7 in our indexed array of satellites. Here,
drs,i(p) is calculated by computing the point of reflection p between the source and
satellite i (see Appendix A) and adding the linear segments from the radio source to p
and from p to satellite 7. Let t; denote the time of arrival of a radio signal at satellite 7,
let ¢;; = t; —t;, and let ¢ denote the speed of light. This calculation can be performed to
the desired numerical precision, and the time for the radio signal to travel to the five

closest satellites and the differences in the time of arrival (TDOA), ¢;;, among pairs of

ijr
satellites is computed. This TDOA information is collected for every radio source
location and satellite configuration and is considered to be known, and the radio
coordinates, including the time of origin, are unknown.

Our initial approach for this problem involved an all-points search [Ortiz and Morris,
2015], where the search area was the union of the five closest satellite footprints, and an
altitude range from the ground to 100 km was considered. In order to make the problem
numerically tractable, a coarse grid within our search volume was first defined. For a

given satellite configuration putative radio sources were placed at each node on the

coarse grid and the TDOA data that would result from these putative radio sources were
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calculated. The putative TDOA data that most closely matches the TDOA data for the
real radio source should then tell us which node in our coarse grid is closest to the actual

radio source. To quantify this statement, a cost function, x(p), is defined as

5
X(0) = Y e [drsi(p) = drs(p)] = tal. (1)
i=2
In Figures [2] and [3, we show surface plots of x at fixed altitude and as a function of
latitude and longitude for the cases of two and five satellites, respectively. The point p,
that minimizes y is closest to the true source location. For the case of two satellites, a
locus of possible solutions is shown as a hyperbolic curve which minimizes the cost
funetion. Using five satellites, or four satellite pairs, the cost function shows a clear
minimum. By carefully defining new search volumes in an iterative manner it is possible
to narrow in on the true radio source. As the number of grid points increases, we expect
greater accuracy from our final approximation. However, this method is expensive in
terms of machine time. Also, while clear minima are shown at the correct altitude, local
minima exist at other altitudes which can cause the search to converge far from the true
radio source depending on the choice of the grid. Therefore, we sought a more accurate

initial guess to improve computation speed and accuracy. This was accomplished using

the KS numerical algorithm for direct signals.

3. Application of TOA model to observations of reflected signals
A method to locate lightning using TDOA data of a sensor array has previously been
described for the case of direct signals |[Koshak and Solakiewicz, (1996]. Let
r; = (x;,y;, z;) denote the coordinates of the ith satellite in an array for i = 1,2, 3,4, 5,

and let (x,y, z,t) denote the spacetime coordinates of the event of the lightning. In what
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follows we invoke the differencing notation «;; = o — o, where « is any form. For
example, z;; = x; — x;. If the array of satellites receives direct signals, the method of

locating the source of radiation involves inverting the matrix

To1 Y21 221 T2t
T 231 t
K — 31 Y31 <31 l31 . (2)
T41 Ya1 Z41 taa
Ts51 Ys1 251 Ust

Let ¢ denote the speed of light. In particular, if ¢; is the time that the ith satellite
receives the source signal, and r; is the distance between the origin of the coordinate
system and satellite i, then define the form a; = (r? — ¢*t?)/2. Define further the form
gij = ai —aj. If g =[g21 931 ga1 gs1]” and f = [z y 2 —c*]T, where T denotes the
transpose, then the relation

g =Kf (3)

holds. The matrix K is inverted to solve for the xyzt-source coordinates stored in f.
This will be referred to as the KS method. So long as the determinant of K is nonzero,
K is invertible. For direct signals in a zero-noise environment, the source coordinates
can be determined to within machine precision using this method.

Consider a hypothetical scenario where multiple sensors employed in a satellite array
above a planar surface observe reflected signals from an elevated radio source. If this
network uses an algorithm designed to geolocate only direct signals, the source position
will be correct, but with the altitude coordinate reflected below the xy-plane. Figure
illustrates this situation, where the reflected signal that reaches the ith satellite would
travel along the path, P1 + P2, determined by equal angles of incidence and reflection.
Thus, if the earth can be considered to be planar, the KS method can be used to locate

the origin of reflected signals with the caveat that the source will appear to originate
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from underground. For radio sources close to the ground the KS method works well, as
the point of reflection is near the radio source nadir and the earth can be considered to
be planar. Here, the KS algorithm has been tested for its utility in providing an initial
guess for radio sources approaching 100 km in altitude. It was found that, for the
coordinates of latitude and longitude, the values of the initial guess were very close to
the actual radio source coordinates. To refine the results, the latitude and longitude
guess for each case was used to define a grid for an all-points search which was

performed in altitude or three dimensions as described in Sec. [2|

4. Method and results

Given calculated TDOA data for a given radio source and satellite configuration, a first
approximation of the source latitude and longitude is made using the KS method. Let
(o, Ag) denote these coordinates. We find that for 1000 satellite configurations and 17
different altitudes ranging from 1 to 97 km, an initial guess for the radio source
coordinates is provided without failure. This is not surprising since in order to carry out
the KS method, the matrix K must be inverted. Since K is invertible if and only if its
determinant is nonzero, this operation fails with probability 0. The quality of the initial
guess is better for larger determinant values. Higher values of determinant are correlated
with smaller matrix conversion numbers for this application.

The results of our statistical study are presented in Table 1. The first column shows the
radio source altitude, z, in km. For each altitude we give the mean (for the 1000 satellite
configurations) orthodromic distance p and the standard deviation ¢, in column 2.
Here, the orthodromic distance is the great-circle arc distance from the true radio source
nadir to the (yg, A\g) point on the surface of the earth determined using the KS
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algorithm. This distance is shown to increase with altitude, but has a modest mean
value of 134 m for the 97-km source altitude. The quantity € in the third column is the
distance, in km, from the true radio source location to the location of the initial guess.
The standard deviation, o, is included. Comparing columns 2 and 3 it is seen that
while the orthodromic distance is small, the error in altitude is relatively large, and this
error increases with radio source altitude. Because the orthodromic distance of the
initial guess is small, we are motivated to use the (g, Ag) values of the initial guess to
perform a second numerical search in one dimension using the cost function approach
deseribed in Sec. [2| Thus, (o, Ao) define the latitude and longitude coordinates of our
1-D numerical grid and we place 1001 putative radio sources, evenly spaced in 100-m
steps from 0.0001 to 100.0001 km. Since the error in orthodromic distance is on the
order of 100 m, we do not attempt to refine the search with a smaller step size. The
mean, €, and standard deviation, o7, of the error in distance after the refinement are
given in column 4 of Table 1. This refinement in one dimension necessarily includes the
error represented by the non-zero orthodromic distance. Nonetheless, the error in
altitude is corrected significantly. Thus, the vast majority of radio sources in this study
are located to within 1 km of their true location using an altitude refinement alone.

It is possible to reduce the large standard deviation in the first approximation by
eliminating the small percentage of cases where the the determinant of K is small
because of a non-ideal sensor configuration. The determinant can be calculated a priori
and could be used as a metric of location quality. Out of the one-thousand satellite
configurations, seven had low values for the determinant of K. Eliminating these data,

which comprise less than 1% of the total, the maximum standard deviation in the first
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approximation is reduced from almost 300 km to less than 50 km (see Fig. . After
refinement in altitude, the mean and standard deviation at 97-km is reduced from

0.153 + 0.654 to 0.113 £ 0.238 km. While the error bars are plotted for the mean error in
location after refinement in altitude (Fig. , they are small compared to the symbol size.
We have shown that it is possible to obtain radio source coordinates within about +1
km of ithe true location using an initial guess and a refined search in altitude only. We
arrive at this estimate by considering that the standard deviation in orthodromic
distance and final mean error is about 650 m. At the highest altitude considered, the
mean error after refinement is on the order of 100 m. It is possible to obtain better
accuracy by performing an all-points search in three dimensions using the latitude and
longitude of the initial guess as the origin of our search volume. However, this comes at
large computational cost since only grid sizes less than 100 m would offer an advantage
over the results from searching in one dimension. Our search in 1-D required computing
the cost function for 1001 nodes in a grid along altitude. In order to search a 3-D
volume with sides 2-km in length at 100-m resolution 213, or 9261, calculations are
required. If 10-m resolution is desired then 2013 calculations are required, and 20013
calculations are needed for 1-m resolution. For 100- and 1-m spatial resolution timing
accuracy of 1/3 us and 1/3 shake, respectively, are implied. We have exercised the
all-points search option in three dimensions for radio sources at 97-km altitude. For grid
sizes of 100, 10, and 1 m we find that it is possible to reduce the error in final location to
21.1, 2.83, and 0.38 m, respectively. These calculations are time prohibitive and a

statistical study has not been performed. In practice, we believe that the 1-D search is
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most useful and an additional refinement within a 3-D search volume would be

performed for individual cases of interest.

5. Conclusions

The code ANVIL has been developed to geolocate a radio source for the situation where
only reflected signatures of the radio source have been detected. Based on the
information in Table 1, we see that the KS method is useful to obtain an initial guess for
the radio-source latitude and longitude, with increasing accuracy for lower altitudes.
Depending on the required accuracy, an all-points search can be carried out in one or
three dimensions using the KS method to define the latitude and longitude origin of the
search grid. For a 1-D refinement in altitude ANVIL can provide the (r,?) coordinates of
a test radio source using generated TOA data within seconds, where the temporal
coordinate is obtained through back-substitution.

Several improvements are possible and could be the subject of future work. In general,
satellites will detect any combination of direct and reflected signals. An advanced
version of ANVIL would include logic to determine which signals are direct or reflected.
In addition, while using the KS method to acquire the coordinates of the initial guess is
reliable, the subsequent all-points search can be time prohibitive. This is particularly
true if the search is in three dimensions. Optimization algorithms, such as the golden
section search |Changl, 2009], which test a subset of points in the numerical domain have
had limited success in converging on the true radio source location for this problem.
This is because local minima exist for the cost function, as defined here, which can

misguide the search when a small number of points are sampled. Thus, further research
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of modern applied mathematics optimization techniques is warranted for possible
application to this problem.

The large standard deviations in Table 1 are the result of a small number of satellite
configurations for which the matrix K has a small determinant. This happens when the
terms in the calculation of the determinant nearly sum to zero. For example, one
possible instance where the determinant of K is very small is when a source is located
very near the center of the five closest satellites in the array. The last column of K will
be close to 0 in this case. A suggested fix for this problem is to change the strategy of
picking the five satellites used in the calculation. Instead of taking the five closest
satellites, a satellite that did receive a signal, but is not among the five closest, could be
used to carry out the KS method for the initial guess.

While ANVIL has only been tested for sub-ionospheric radio sources, testing should
continue for higher altitudes. In addition, future work will include analyses of errors
inherent in atmospheric radio propagation problems such as ionospheric and

atmospheric refraction and dispersion, and signal and satellite timing uncertainty.

Appendix A: Calculation of Reflection Point

Eberly| [2008] has shown how to compute the point of reflection on the surface of a
sphere given a point source and a receiver. Let us take the center of the sphere as the
origin of our coordinate system. Let R, denote the position vector of a radio source, and
R, denote that of a known satellite. The method makes use of the fact that a line
collinear with the center of the earth and the point of reflection p must bisect the angle
formed by the incident ray and the reflected ray. Assuming the vectors R, and R, are
not simultaneously collinear with the center of the earth (hence are not linearly
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dependent), the point of reflection p may be expressed as a nontrivial linear
combination p = ZR, + yR,.. Figure [0] illustrates the point of reflection between a radio
source and a known satellite. Eberly describes how to solve for the coordinates z and ¥
by calculating 4 as a root of a quartic polynomial and substituting this value into a
separate expression to determine .

Let a= R, R, b=R,-R,, c=R,-R,, and let R denote the radius of the sphere. Let
uy =4dc(ac — %), ug = 4R*(V? — ac), up = R*(R*(a+2b+ c) — 4ac), u; = 2R*(a — b), and
ug = R*(a — R?). The coordinate pair (Z,#) is determined by first computing the roots

of the quartic polynomial
r(y) = uay" + usy’ + ugy® + wry + . (A1)

For each of the four roots of r(y), the corresponding z in the pair (x,y) is determined by

substituting the value of y into

—2cy’ + R*(y + 1)
xr = .
2by + R?

(A2)
For our purposes, R is the radius of the earth. The solution (Z, %) is chosen such that
Z,y > 0. We have implemented this method into ANVIL to calculate the point p by

using Laguerre’s method to solve for the roots of r, though it is possible to calculate the

roots of r via algebraic, as opposed to numerical, methods.
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Table 1.

initial guess for the radio-source coordinates. For each radio-source altitude, 1000 pseudo-random

satellite configurations are considered.

This table shows statistics for our study employing the KS method to obtain an

z (km)

p £ o, (km)

e + 0. (km)

¢+ o7 (km)

1
7
13
19
25
31
37
43
49
%)
61
67
73
79
85
91
97

0.0010 =+ 0.0061
0.0034 =+ 0.0200
0.0070 £ 0.0409
0.0118 £ 0.0678
0.0177 £ 0.0998
0.0246 £ 0.1362
0.0325 £ 0.1764
0.0411 £ 0.2197
0.0505 £ 0.2657
0.0607 £ 0.3141
0.0715 £ 0.3644
0.0830 £ 0.4164
0.0950 £ 0.4700
0.1075 £ 0.5247
0.1205 £ 0.5807
0.1340 £ 0.6377

0.406 + 1.458
1.38 +4.86
2.89 £ 10.11
4.92+£17.12
7.46 £ 25.87

10.48 £ 36.38

13.97 £ 48.76

17.91 £63.11

22.29 £ 79.63

27.11 £ 98.57

32.38 £120.30

38.08 £ 145.29

44.24 £174.19

50.86 £ 207.85

57.98 £ 247.49

65.64 = 294.76

0.00005 £ 0.00014 0.0085 £+ 0.032 0.001 £ 0.00009

0.007 £ 0.005
0.0168 £ 0.023
0.0245 £ 0.041
0.035 = 0.068
0.044 £ 0.099
0.055 £ 0.135
0.071 £0.175
0.079 £ 0.219
0.085 £ 0.267
0.088 £ 0.317
0.093 = 0.369
0.101 4+ 0.423
0.111 4+ 0.480
0.122 £ 0.537
0.134 £ 0.595
0.153 £ 0.654
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Figure 1.  Map showing the nadir locations (red stars) of the five closest satellites for one
of the randomly generated satellite coordinate sets. The radio source nadir is shown as a green

star.
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Figure 4. For a planar surface, an algorithm designed to locate an RF source based on the
direct signal can be used to find the source coordinates given reflected signals. The z coordinate

is simply reflected.
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Figure 5. The mean distance between the actual radio source and the first approximation, or
initial guess, for the location is shown as diamonds. The error is significantly reduced using the

latitude and longitude of the initial guess and a second all-points search in altitude (asterisks).
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Figure 6. Depicting the point p between R, and Rj.
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