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Abstract—Cosmic ray muon-computed tomography (μCT) is a 

new imaging modality with unique characteristics that could be 
particularly important for diverse applications including nuclear 
nonproliferation, spent nuclear fuel monitoring, cargo scanning, 
and volcano imaging. The strong scattering dependence of muons 
on atomic number Z in combination with high penetration range 
could offer a significant advantage over existing techniques when 
dense, shielded containers must be imaged. However, μCT 
reconstruction using conventional filtered back-projection is 
limited due to the overly simple assumptions that do not take into 
account the effects of multiple Coulomb scattering prompting the 
need for more sophisticated approaches to be developed. 

In this paper, we argue that the use of improved muon tracing 
and scattering angle projection algorithms as well as use of an 
algebraic reconstruction technique should produce muon 
tomographic images with improved quality – or require fewer 
muons to produce the same image quality – compared to the case 
where conventional methods are used. We report on the 
development and assessment of three novel muon tracing methods 
and two new scattering angle projection methods for μCT. 
Simulated dry storage casks with single and partial missing fuel 
assemblies were used as numerical examples to assess and 
compare the proposed methods. The simulated images showed an 
expected improvement in image quality when compared with more 
conventional techniques, even without muon momentum 
information, which should lead to improved detection capability, 
even for partial defects.

Index Terms—Dry storage cask, muon computed tomography, 
algebraic reconstruction technique 

I. INTRODUCTION

osmic radiation, originating mainly from outside our solar 
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system, constantly bombards the upper layers of the atmosphere 
and creates extensive showers of secondary particles, including 
muons, that eventually reach sea-level [1]. Cosmic ray muons 
are charged particles, approximately 200 times heavier than the 
electron, generated naturally in the atmosphere. They rain down 
upon the earth at an approximate rate of 10,000 particles m-2 
min-1 at sea level and energies higher than 1 GeV [2]. Using 
cosmic ray muons for imaging applications presents several 
potential advantages since dense well shielded materials can be 
readily penetrated and imaged. Conventional methods for 
examining the interior of materials e.g., x-rays, are limited by 
the fact that they cannot penetrate very dense well-shielded 
objects [3], while more sophisticated techniques such as the 
penetrating neutrons or the recently developed proton 
radiography necessitate the use of an expensive accelerator. 
Further, utilization of muons requires no radiological sources 
and their high energy (>1 GeV) and penetration range (>1 m in 
rock), makes use of shielding for smuggling special nuclear 
material practically ineffective. 

With availability of detectors that can measure the positions 
and directions of individual muons before and after traversing 
an object under investigation cosmic ray muons have been 
applied to probe thick structures [4], underground tunnels [5], 
nuclear fuel debris location [6], cargo containers [7] and even 
used to differentiate material [8-10]. Another application of 
interest is imaging spent nuclear fuel stored in shielded dry 
casks using simple PoCA method [11-17].  Monitoring nuclear 
waste and having the ability to understand whether there have 
been changes to the spent nuclear fuel geometry after 
transportation is important for waste management system 
planning efforts. Recent efforts have shown that μCT has the 
potential to reconstruct the contents of commercial vertical and 
horizontal dry casks storing fuel assemblies and even identify 
missing fuel assemblies [18-20]. 
Challenges in μCT include low muon flux, difficulty in muon 
momentum measurement, and the tendency of muons to scatter 
in the target and thus blur the image. No direct information 
about the muon path traversing the medium under interrogation 
is available and some type of extrapolation or heuristic 
assumption is required for muon imaging. Early image 
reconstruction of simple test objects was initially performed 
using a geometry-based reconstruction algorithm, known as the 
Point-of-Closest-Approach (PoCA) [21] inspired by earlier 
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work on nuclear scattering radiography [22]. Statistical 
reconstruction techniques based on information obtained from 
muon scattering and displacement improved image 
reconstruction at the expense of computation and memory 
usage. These early techniques did not make use of CT. Recent 
μCT reconstruction efforts relied on the use of a straight-line 
path approximation defined by the incoming muon trajectory 
[18, 19]. This assumption does not take into account the effects 
of multiple Coulomb scattering (MCS). Overall, conventional 
muon tomographic algorithms struggle when using unaltered 
muon trajectories along with simple scattering angle projection 
method and the obtained images are of poor spatial resolution. 
For robust μCT, efficient and flexible algorithms are needed to 
model the MCS process [23, 24] and accurately estimate the 
trajectory of a muon as it traverses an object [25].    

In the present work, three different muon tracing methods 
were investigated along with two different scattering angle 
projection algorithms for μCT reconstruction. For a moderately 
difficult real world example, the algorithms were applied to 
understand the expected effects on the quality of imaging a dry 
nuclear fuel storage cask. A simulated VSC-24 dry storage cask 
[26] with a fuel assembly or partial assemblies missing was 
used as a numerical model to capture the main characteristics 
of the proposed algorithms. This paper discusses how the 
simulated image quality may be expected to impact the 
detection of a missing fuel assembly. The validation of the 
simulation workspace with actual experimental data is also 
described.   

II. COMPARISON BETWEEN X-RAY AND MUON CT
In conventional transmission-based medical computed 

tomography [27], x-rays are generated by an X-ray tube or 
linear accelerator and then collimated to form a quasi-parallel 
beam before irradiating a patient or an object. The flux is 
manually controlled and can vary depending on the application, 
e.g., several million photons per cm2, and the photon trajectory 
is straight. The projection information is the transmission rate 
of x-rays, which provides integral information of the material 
crossed by the x-ray beam. The incident beam often has 
significant probability of experiencing Compton scattering 
within an object. Scattered x-rays either are not registered by 
detectors or are registered by bins other than the bins hit by the 
uncollided x-rays, causing noise in the signal. 

Contrary to x-rays, cosmic ray muons are naturally generated 
from the decay of pions, which are the products of interactions 
between primary cosmic rays and upper atmospheric atoms. 
The result is an uncollimated flux of particles at a low flux rate 
of approximately 1 muon/cm2/minute at sea level. In addition, 
muon flux depends strongly on zenith angle and altitude. As 
charged particles, when muons pass through matter, they lose 
energy via ionization and are deflected from their incident 
direction via MCS from nuclei [1]. Since the energy spectrum 
of muons is continuous, and the average range is sufficient to 
allow the majority of muons to pass through most objects, both 
differential attenuation and scattering could be used to provide 
signals and generate tomographic images of the stored contents. 
It is worth noting that the variance of the scattering angle is 

more sensitive to atomic number Z than is attenuation [28].
In both x-ray and muon CT, filtered back-projection (FBP) 

and iterative techniques, including algebraic reconstruction 
techniques (ART), simultaneous iterative reconstruction 
techniques (SIRT) or simultaneous algebraic reconstruction 
techniques (SART) [29] can be used to reconstruct objects 
under investigation. A comparison of x-ray CT and muon CT is 
shown in Table I. The non-straight muon path and the use of 

scattering angles instead of transmission necessitates the 
development of a new imaging framework that includes ray 
tracing and projection techniques that can be coupled with FBP 
or ART. 

III.FRAMEWORK FOR MUON CT 

In x-ray CT, let  and  be the incident and outgoing beam I0 I
intensity, respectively. The ratio  is used to reconstruct ln( I0/I)
an object under investigation using FBP or ART as shown in 
Fig. 1 [18]:

In Fig. 1, the attenuated intensity  can be described by: I

I = I0e
―d

n

∑
i = 1

μi

,

(1)

where  is a selected discretized length in cm and  is the d μi

attenuation coefficient of the  pixel in cm-1. After ith

rearrangement,

ln (
I0

I ) = d
n

∑
i = 1

μi. (2)

The signal obtained from one projection or view is not enough 

Fig. 1.  Illustration of neutral beam crossing a discretized object
 

TABLE I
COMPARISON BETWEEN X-RAY AND MUON CT

X-ray CT Muon CT

Source X-ray tube/Linac Natural cosmic ray

Flux rate Controllable (high) Naturally occurring
(low, ~1 muon/cm2/minute)

Use collimator Yes No

Path type Straight Non-straight

Integral
information )ln (

I0

I ln (
I0

I ) 𝑜𝑟 σθ
2

Modality Transmission Scattering or Transmission

Reconstruction 
methods

FBP, Iterative (ART, 
SIRT, SART)

FBP,
Iterative (ART, SIRT, SART)
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to reconstruct an image. One typically rotates the radiation 
source and the detectors, while the object remains stationary, to 
obtain additional information from different angles. 

In μCT, the incident source is naturally occurring cosmic ray 
muons. When muons traverse an object, many different 
scattering angles are registered that approximately follow a 
Gaussian distribution with zero mean value and variance given 
by [30]: 

  ,𝜎𝜃≅
15𝑀𝑒𝑉

𝛽𝑐𝑝
𝐿

𝐿𝑟𝑎𝑑 (3)

where β is the ratio of particle’s speed to the speed of light,  𝑝
is the muon’s momentum in MeV/c,  is the length of the object, 𝐿

and   is the radiation length of the material [2]. The concept 𝐿𝑟𝑎𝑑
of a muon traversing an object is shown in Fig. 2 [18]:

The variance of scattering angle of a monoenergetic muon 
beam caused by the  voxel can be written:ith

σθi
2 = dλi , (4)

where  is the scattering density of the  pixel. The λi ith

scattering density is defined as [9]: 

λ(Lrad) ≡ (15
p0)2 1

Lrad
 , (5)

where is the nominal momentum. Since MCS in individual p0
voxels can be treated as independent, the variance of the 
scattering angle of a muon beam after traversing the entire 
object may be written as:

σθ
2 = d

n

∑
i = 1

λi . (6)

Note that Eqs. (2) and (6) have the same form, i.e., the right 
side of these two equations is a linear integration of a parameter 
over the particle’s path. Thus, the scattering density  may be λ
treated similar to the attenuation coefficient  used in the x-ray μ
computed tomography image reconstruction process.

 In order to obtain parallel or quasi parallel muon beams, the 
detectors are rotated around the object under interrogation. Let 
the position of ith muon be , , , (𝑥1𝑖,𝑦1𝑖,𝑧1𝑖) (x2i,y2i,z2i) (x3i,y3i,z3i)
and  on four detectors separately, two before the (x4i,y4i,z4i)
object and two after (described in more detail in Fig. 9). The 
incident azimuth angle of the ith muon  is:φi

           .φi = arctan (
y2i ― y1i

x2i ― x1i
) (7)

The scattering angles were calculated using:θi 

𝜃𝑖𝑥 = 𝑎𝑡𝑎𝑛 (𝑥4𝑖 ― 𝑥3𝑖

𝑧4𝑖 ― 𝑧3𝑖) ― 𝑎𝑡𝑎𝑛 (𝑥2𝑖 ― 𝑥1𝑖

𝑧2𝑖 ― 𝑧1𝑖)
𝜃𝑖𝑦 = 𝑎𝑡𝑎𝑛 (𝑦4𝑖 ― 𝑦3𝑖

𝑧4𝑖 ― 𝑧3𝑖) ― 𝑎𝑡𝑎𝑛 (𝑦2𝑖 ― 𝑦1𝑖

𝑧2𝑖 ― 𝑧1𝑖)
     𝜃𝑖 =

𝜃𝑖𝑥
2 + 𝜃𝑖𝑦

2

2

(8)

Using each muon’s momentum to correct for the influence of 
polyenergetic muons, in this work the nominal momentum   𝑝0
is chosen to be 3 GeV/c.  The quantity  is the initial 𝑝𝑖
momentum, and it is assumed that there are no energy losses 
during the process of crossing objects. If momentum 
information is not available, this step will be simply omitted:  

𝜃𝑖
' =

𝑝𝑖

𝑝0
𝜃𝑖 , (9)

Due to the uniformity along the Z axis of our imaging object, 
after incorporating the path length into correction for the 
influence of different path length along vertical direction, the 
normalized scattering angle of a muon becomes

𝜃𝑖
'' =

𝐿𝑖ℎ

𝐿𝑖
∗ 𝜃𝑖

' , (10)

 where  is the distance between point  and point 𝐿𝑖 (𝑥2𝑖,𝑦2𝑖,𝑧2𝑖) (
, and  is the horizontal projection of . Finally, 𝑥3𝑖,𝑦3𝑖,𝑧3𝑖) 𝐿𝑖ℎ 𝐿𝑖

the registered incident muon spectrum is divided into one-
degree-wide azimuthal bins according to their incident azimuth 
angles , re-sorting the incident muons into 180 quasi-parallel φ
groups and projecting to a horizontal plane. 

Fig. 2.  Illustration of a muon traversing a discretized object. The magnitude 
of the scattering angle is exaggerated in the figure for illustration purposes.
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IV.MUON TRACING AND SCATTERING ANGLE PROJECTION 
ALGORITHM

Three different muon tracing algorithms are proposed and 
investigated in this section. These are: (1) use of a straight path 
along a muon’s incident trajectory (discussed in section IV-A), 
(2) use of a straight path along a muon’s incident direction 
crossing its PoCA point (discussed in section IV-B), and (3) use 
of a muon’s PoCA trajectory (discussed in section IV-C). For 
each tracing algorithms, two different scattering angle 
projections were used: (a) each scattering angle is used only 
once and stored directly into the corresponding detector bins, or 
(b) each scattering angle is back projected into the image space 
first to calculate the variance of the scattering angle in each 
pixel, then the summation of the variances is forward projected 
to the corresponding detector bins. The three muon tracing 
algorithms and two scattering angle projections result in six 
combinations: 1a, 1b, 2a, 2b, 3a, and 3b. These methods were 
used to generate projection information and corresponding 
system matrices to investigate how muon ray tracing methods 
and scattering angle projection methods affect muon CT 
reconstruction image quality and detection capability.   

A. Tracing algorithm 1: Use of a straight path along the 
incident muon trajectory (straight path tracing, path type 1)

This method assumes that a muon experiences no scattering 
events or that scattering is negligible. This results in a straight 
path crossing the object along the muon incident trajectory, and 
completely ignoring the exit position. The scattering angle is 
back-projected in two different ways: method 1a is used to 
directly store the scattering angles for each muon from the same 
quasi-parallel beam subset into the corresponding detector bins 
hit by its path, then the variance is calculated from the scattering 
angles in each bin and used as projection information . Method 𝑃
1b is used to back project each scattering angle into the pixels 
crossed by this straight path, for all muons in the same quasi-
parallel beam subset, and then to calculate the variance of the 
scattering angle in each pixel, and, finally, it takes the 
summation of the variances along this path and stores it into the 
corresponding detector bin as projection information . Either 𝑃
filtered back projection (FBP) or a simultaneous algebraic 
reconstruction technique (SART) can be used to reconstruct an 

image using . For FBP, one simply applies a high pass filter 𝑃
to the projection information  stored in the detector bins before 𝑃
back projecting it into the space domain.  For SART, the 
average path length of the muons in the same quasi-parallel 
beam subset in each pixel is used to build a system matrix  as 𝑊
shown in Fig. 3. 

B. Tracing algorithm 2: Use of a straight path along the 
muon incident direction that crosses the PoCA point (PoCA 
point tracing, path type 2)

This algorithm assumes that a muon experiences a single 
Coulomb scattering event within a defined volume. The 
scattering event  is taken to occur at the closest distance 
between the incident and exiting trajectories. This point is also 
known as the PoCA point and is taken as the shortest 
perpendicular distance between the incoming and outgoing 
trajectories. The scattering event is assigned to a voxel in 3D or 
pixel in 2D geometry located at the middle of the perpendicular 
distance. In this version of the algorithm, instead of completely 
ignoring the exit position (as in algorithm 1), tracing algorithm 
2 makes a compromise between a muon’s incident and exiting 
positions by assuming the muon crossed the object along 
incident direction crossing the PoCA point, as shown in Fig. 4. 
The rest of the steps are the same with tracing algorithm 1.

Fig. 3. Top-down view illustration of tracing algorithm 1 (straight path 
tracing). Approach 1a projects the scattering angle within a defined volume 
(shown as a large square, the black circle indicates dry storage cask) along a 
straight line to a segmented detector (shown at far right). In approach 1b,  is 𝜃𝑖
back projected into the pixels crossed by this straight path indicated by the red 
dashed line.  See the text for details.
 

Fig. 4. Top-down view illustration of tracing algorithm 2 (PoCA point tracing).  
Approach 2a projects the scattering angle within a defined volume (shown as 
the large square, the black circle indicates dry storage cask) along a straight 
line to a segmented detector (shown at right). In approach 2b,  is back 𝜃𝑖
projected into the pixels crossed by this straight path indicated by the red 
dashed line.  See the text for details.
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C. Tracing algorithm 3: Use of PoCA trajectory (PoCA 
trajectory tracing, path type 2)
Since it is a charged particle, a muon experiences multiple 
Coulomb scattering while it traverses objects, causing it to 
deviate from a straight path. Thus, a curve path may better 
approximate the muon trajectory than a simple straight line. 
This tracing algorithm assumes that a muon travels along the 
so-called PoCA trajectory within our defined volume. The 
PoCA trajectory consists of two segments: (1) the segment 
connecting the point of muon incidence to the PoCA point and 
(2) the segment connecting the PoCA point and the point at 
which the muon exits said volume, as described in Fig. 5. Any 
muons with a PoCA point outside the reconstruction boundaries 
are rejected. Further, angular cuts are applied, 2% of the 
smallest angles and 2% of the largest angle are rejected. The 
rest of the steps are the same as those described in tracing 
algorithm 1.

V. IMAGE RECONSTRUCTION

In this work, the reconstruction was implemented 
simultaneous algebraic reconstruction technique (SART) [31]. 
Conventional FBP was also implemented for comparison 
purposes. Each projection may be analytically expressed as an 
integration of the scattering density along the muon path:

                  (11)𝑃𝜃(𝑅, 𝜃) = ∬𝑓(𝑥,𝑦)𝑑𝑥𝑑𝑦 ,

where  is the scattering density at position  where 𝑓(𝑥,𝑦) (𝑥,𝑦)
x, y are in the same coordinates system as Eqs 7 and 8. 
Coordinate z is not needed since the object along z-axis is 
uniform and the impact along z-axis is normalized using Eq. 
10.Similarly, if we discretize the reconstruction volume, this 
could be expressed in the fashion of a matrix as

                                          (12)𝑊𝑋 = 𝑃 ,

where  is the system matrix containing the average path 𝑊
length,  is the scattering density map of the object to be 𝑋
reconstructed, and  is the projection information. SART can 𝑃
be used to solve Eq. (12), which is [31]:

𝑋𝑗
(𝐾 + 1) = 𝑋𝑗

(𝐾) +

𝜆𝑟𝑒𝑙𝑎𝑥𝑎𝑡𝑖𝑜𝑛∑
𝑖[𝑤𝑖𝑗

𝑝𝑖 ― 𝑤𝑖
𝑇𝑋(𝐾)

∑𝑁
𝑗 = 1𝑤𝑖𝑗

]

∑
𝑖𝑤𝑖𝑗

                                 (13)

where λrelaxation is a factor (smaller than 1) that controls the 
speed of convergence [29]. A total of N=90 angular views were 
used. The object to be reconstructed was discretized into 
100×100 pixels, and the scattering density was expressed as a 
1002 ×1 vector . The iterative reconstruction process was 𝑋
stopped when the maximum iteration number was reached or. 
In this paper, relaxation  and a max of 100 𝜆𝑟𝑒𝑙𝑎𝑥𝑎𝑡𝑖𝑜𝑛 = 0.45
iterations were chosen. A pseudocode is shown in Fig. 6. 

VI.VALIDATION AGAINST EXPERIMENTAL RESULTS

Prior to using muon simulated data for μCT reconstruction of 
shielded objects, a GEANT4 model was developed and 
validated against a physical experiment recently done by Los 

Alamos National Laboratory (LANL) [16]. LANL used a muon 
detector system to take measurements of a partially loaded MC-
10 steel dry storage cask located at the Idaho National 
Laboratory. The cask was filled with 18 out of 24 PWR fuel 
assemblies, as shown in Fig. 7 on the left. Each fuel assembly 
is about 21.4 cm on each side. Muon tracking detectors were 
placed on opposite sides with a relative elevated difference of 
1.2 m (see also Fig. 9) to take advantage of the increased the 
muon flux (muon flux increases at smaller zenith angles). A 
total of 9 measurement configurations were performed by 
placing the detectors at different horizontal positions. Each 
configuration collected between 4×104 to 9×104 muons.  

For validation purposes, the exact geometry of the MC-10 
dry storage cask and the detector configuration were simulated 
in GEANT4 in an effort to reproduce as accurately as possible 

Fig. 7. MC-10 cask configuration used in LANL experiment [15] (left) and 
GEANT4 simulated cask (right). The simulated detector positions are shown 
in green, the fuel assemblies in red, and the empty locations in blue.
 

Fig. 5. Top-down view illustration of tracing algorithm 3 (PoCA trajectory 
tracing).  According to approach 3b, the scattering angle is projected back into 
the pixels crossed by the PoCA trajectory for all muons in a quasi-parallel 
beam subset, the variance in each pixel is calculated, and the sum of the 
variances of scattering angle along its incident horizontal direction indicated 
by green line is stored in the corresponding detector bins. Approach 3a projects 
the scattering angle along the blue dashed line to a segmented detector (shown 
at far right), and the system matrix is calculated with the PoCA path indicated 
by the red segments.
 

  

 

Fig. 6. A pseudocode for muon computed tomography.  

1) Collect incident and exiting muon position  , (𝑥1𝑖,𝑦1𝑖,𝑧1𝑖)
     , , and  for M views (x2i,y2i,z2i) (x3i,y3i,z3i) (x4i,y4i,z4i)
2) Calculate scattering angle , PoCA point and azimuth angle for     𝜃

 each muon. 
3) Correct scattering angle  with path length  and muon  𝜃𝑖 𝐿𝑖

     momentum  (if available).𝑝𝑖
4) Re-sort muons into quasi-parallel subsets according to their   
     azimuth angle .φ
5) Discretize the reconstruction volume into N×N pixels.
6) For each muon quasi-parallel subset, 

if use projection method a, do:
a) Calculate the path length in pixels crossed by each muon in   

this subset using of the three trajectory models. At the end of     
the last muon in this group, take the average path length in     
each pixel and store them in system matrix .𝑊

     b) Project scattering angle  into corresponding detector bins     𝜃''

         along it incident direction. At the end, calculate the variance 
          of scattering angle in each bin and store them in .σ𝜃

2 𝑃
if use projection method b, do:
c) Similar to 6a.
d) Back project the scattering angle  of each muon in this  𝜃''

    subset into pixels crossed by its trajectory. At the end of last 
    muon in this group calculate the variance of scattering angle in  
    each pixel 
e) take summation of variance of scattering in pixels along  
    incident horizontal direction of beam and store it in 𝑃

7) Solve equation  using SART or SIRT with or without 𝑊𝑋 = 𝑃
    regularization.
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the actual experimental configuration. The simulated 
configuration is shown in Fig. 7 on the right. The muon 
detectors were shifted 6 times in total following the 
experimental procedure described in [16]. Radiation emitted 
from the cask was not simulated, and the detectors were 
modelled to have 100% efficiency. 

A simple PoCA method was used to generate a muon 

scattering angle map of the dry storage cask. The mean 
scattering angle was then calculated, and it was compared to the 
reported experimental results. Fig. 8 shows a comparison of 
experimental and simulated values of the average scattering 
angle in a slice horizontally crossing the center of the cask.  The 
results show that our simulation is in good agreement with the 
experimental measurements, except in the region from -20 cm 
to 40 cm where a maximum discrepancy of 3 mrad is observed. 
The cask wall and columns no. 2, 3, 4, and 5 are in good 
agreement with the experimental measurements. It is noted that 
only 5 columns are reported instead of 6. This is due to the 
detector size which is smaller than the full diameter of the cask 
and the fact that the measurements at the lower-right position 
were rejected due to detector motion. One would expect column 
1 to have lower experimental values than column 2 given that it 
holds no assemblies. This effect is captured by the simulation 
but not by the experiment. A possible reason that this was not 
captured in the experimental measurements is a reported 
detector motion due to strong winds at the time of the 
experiment.

VII.NUMERICAL RESULTS AND DISCUSSION

A. Test model configuration
To illustrate and evaluate the proposed muon tracing 

algorithms, we simulated a shielded VSC-24 dry cask storing 
commercial spent nuclear fuel assemblies. The VSC-24 is 
described in detail in reference [26]. This cask contains fuel 
assemblies in a thin steel canister that is shielded externally by 
a thick concrete overpack. This configuration is notably 
different than the MC-10 steel cask measured by LANL; a 
VSC-24 type concrete cask is widely used for storing spent 
nuclear fuel and was selected to better represent the existing dry 
storage cask population. The VSC-24 simulated dry cask 

geometry is shown in Fig. 9. The dry cask was fully loaded with 
one fuel assembly missing from row 3. Two pairs of identical 
planar detectors with dimensions 350 cm×150 cm, vertically 
offset by 100 cm, and positioned along the sides of the dry cask, 
were simulated using GEANT4. For each pair, the separation 
between each planar detector was 10 cm. The zenith angle was 

~50o, yielding a muon flux of ~20,000 muons/min. 
The simulated detectors were modeled as planes with perfect 

efficiency, spatial and energy resolution. It is noted that when 
actual detector resolution is used, image quality typically would 
deteriorate (a study is currently in progress to evaluate the 
detector resolution effect on image quality). The “muon event 
generator” described in [32] was used to simulate the muon flux 
at sea level. In our simulated implementation, the cask 
containing the spent fuel assemblies was fixed, and the 
detectors rotated around it. The detectors were rotated at 2 
increments to collect data from multiple views. 

B. Results 
A quantity of 1.8×107 muons were generated and used for the 

reconstruction of the simulated dry cask, which is equivalent to 
~48 hours of exposure. Tracing algorithms 1a, 1b, 2a, 2b, 3a, 
and 3b were used for muon tracing and data processing. The 
image reconstructions were performed using SART, but FBP 
was also used with straight path tracing algorithms 1a and 1b 
for comparison purposes. The results reconstructed with FBP, 

Fig. 8. Experimentally measured [16] (blue line) and GEANT4 simulated 
(orange circles) average scattering angles for muons crossing a MC-10 dry 
storage cask.

Fig. 9. Side (left) and top-down (right) illustrations of the simulated cask and 
muon detectors built in Geant4. An assembly has been removed from column 
3. Muon detectors are shown in green, fuel assemblies in red. Blue and grey 
are used to represent the steel canister and concrete overpack, respectively.
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Fig. 10.  FBP reconstruction of a dry cask (refer to Fig. 9) with perfect 
momentum measurement. Results are shown using straight path tracing 1a on 
the left and 1b on the right.
 

Fig. 11.  FBP reconstruction of a dry cask (refer to Fig. 9) without momentum 
measurement. Results are shown using straight path tracing 1a on the left and 
1b on the right.
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using 1a or 1b with and without muon momentum information 
are shown in Figs 10 and 11. FBP performs reasonably well 
with the missing assembly visible in all cases. The concrete 
overpack and steel canister can also be identified. A significant 
deterioration in image resolution is observed for the scenario 
where muon momentum is not available.

The results reconstructed with SART, using tracing 
algorithms 1, 2 and 3 with and without muon momentum 
information are shown in Fig. 12 and Fig. 13. Similar to FBP, 
the location of the missing fuel assembly is easily identifiable. 
However, the image quality is improved when compared to 
FBP, even without muon momentum information. In addition, 
it appears that all tracing algorithms have improved image 
quality when compared to FBP with the algorithm 3b to have 
the best image quality. The computing time to generate 1.8 x 
10^7 muons ranges from hours to days depending on whether 
the multi-threaded GEANT4 option is used. Subsequently, the 
computing time to reconstruct images with 180 views requires 
a few hours in a typical workstation. It is worth noting that 
preliminary simulations using available statistical 
reconstruction techniques [9] resulted in significant longer 
computing time mostly due to slower convergence.

Signal to noise ratio (SNR), contrast to noise ratio (CNR) and 
detection power (DP) were used to quantitatively assess how 
the muon tracing and scattering angle projection algorithms 

would be expected to affect the reconstructed image quality. 
SNR, CNR, and DP were calculated as [31]:

SNR =
mean(8 assemblies surrounding missing one)

std(8 assemblies surrounding missing one)

CNR =
mean(8 assemblies) ― mean(missing one)
max(std(8 assemblies),std(missing one))

DP = SNR ∗ CNR

where  denotes standard deviation. There are two different std
regions of interest in the model: (i) the empty slot and (ii) the 
surrounding 8 spent nuclear fuel assemblies. The SNR is used 
to quantify signal strength and also how uniform the estimated 
scattering density is within the assemblies. CNR is used to 
quantify how different these two regions are. A large CNR 
means the reconstruction method is more capable to 
differentiate between the two regions. Since signal strength, 
uniformity and contrast are all important in detection of 
anomalies, the multiplication of SNR and CNR is defined to be 
detection power (DP) of the reconstruction method. The SNR, 
CNR and DP of the reconstructed images shown in Fig. 10 to 
Fig. 13 are given in Table II. 

A comparison of expected detection power for methods using 
path 1, 2 or 3 and projection method a or b is shown in Fig. 14. 
Simple FBP using path type 1 services as baseline and  the rest 

methods (using path type 1, 2, and 3) are based on SART (refer 
to Table II). 

TABLE II
EXPECTED IMAGE CHARACTERISTICS FOR THE DESCRIBED METHODS

With momentum Without momentum
SNR CNR DP SNR CNR DPTracing 

algorithm
FBP

1a 6.30 2.73 17.20 5.13 1.98 10.17
1b 7.00 2.60 18.25 6.36 1.94 12.35

Fig. 12.  SART reconstruction of a dry cask (refer to Fig. 9) with perfect 
momentum measurement. Results are shown using tracing algorithm 1a (top-
left), 2a (middle-left), 3a (bottom-left), 1b (top-right), 2b (middle-right), and 
3b (bottom-right).
 

Fig. 13. SART reconstruction of a dry cask (refer to Fig. 9) without momentum 
measurement. Results are shown using tracing algorithm 1a (top-left), 2a 
(middle-left), 3a (bottom-left), 1b (top-right), 2b (middle-right), and 3b 
(bottom-right).
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SART
1a 11.94 5.06 60.46 9.27 3.82 35.39
2a 12.22 5.29 64.73 9.43 3.89 36.68
3a 12.19 5.28 64.32 9.41 3.88 36.50
1b 14.06 5.68 80.04 12.96 4.94 64.10
2b 13.97 5.68 79.22 12.40 4.64 57.59
3b 14.54 5.60 81.45 15.64 4.96 77.61

In both Table II and Fig. 14, it can be observed that for these 
three path types, on average SART generates 4.04 or 4.55 times 
better DP than the baseline (path1 FBP) with or without muon 
momentum. It is because that FBP doesn’t work well when the 
objected is under sampled and can’t handle curved trajectories. 
When perfect muon momentum information is available, from 
use of path type 1 to path type 3 the reconstructed image quality 
(SNR, CNR and DP) is expected to be quite similar for 
projection a or b. But using projection method b can increase 
CNR, SNR and DP in all three path types by an average of 
17.2%, 8.5% and 27.1% relative to the use of projection method 
a. In the case where no muon momentum is obtained, an 
important observation can be made: for projection method a, 3 
different path models generate very similar results in terms of 
SNR, CNR and DP, however, for projection method b, using 
PoCA path type along with  can achieve 20.7% and 26.1% gain 
of DP more than path type 1 and 2. Meanwhile, similar to the 
case where muon momentum information is available, 
projection method b outperforms projection method a by an 
average of 45.8%, 25.7% and 83.4% in terms of CNR, SNR and 
DP. From with to without muon momentum information, on 
average projection method a would have a 42.7% detection 
power loss; however, on average projection method b only 
decreases by 17.1% of DP. Thus, by back projecting a muon’s 
scattering angles to the pixels crossed by its trajectory and 
calculating the variance of the scattering angle in each pixel and 
then taking the summation of the variance along the incident 
direction as the projection information can not only 
significantly improve the expected image quality but also 
reduce the reliance on muon momentum information. Due to 
the difficulty in precisely measuring muon momentum in an 
actual experiment, it is expected that the PoCA trajectory (path 
type 3) in combination with projection method b and SART 
reconstruction algorithm would achieve the best performance 
among the methods discussed above. It is also interesting to 
notice the surprisingly good performance of method 3b when 
no muon momentum information is available. A study is under 

progress to investigate in more detail the reasons behind this 
behavior.

C. Detection Limit
In order to investigate the expected detection limit of our μCT 

algorithms in scenarios that are relevant to international 
safeguards, a dry storage cask with partial defects in assemblies 
was simulated. Without loss of generality, we investigated a 
geometry where one half and a quarter of selected fuel 
assemblies were missing at different locations. In Fig. 15 (see 
top left), one can see the location of removed quarter and half 
assemblies. One quarter assembly was removed at the center, 

two quarter fuel assemblies were removed at the edge, and one-
half assembly was removed at the edge.  A quantity of 1.5×107 
muons, equivalent to ~39.5 hours of exposure, was used to 
reconstruct the dry cask with algorithm 3b. In reconstructed 
images, with or without momentum information, the location of 
all missing fuel assemblies, quarter and half, appears to be 
visible. 

To analyze this observation quantitatively, two ways to detect 
missing fuel were investigated. The first way exploited the 
geometric symmetry of the 24 spent nuclear fuel assemblies.  
Six slices crossing the reconstructed image using algorithm 3b 
but without momentum are shown in Fig. 15. A comparison 
between slice 1 and slice 3 was used to detect a partial defect at 
the edge.  Similarly, slice 2 reveals the missing fuel at the center 
of the cask, and the comparison between slice 4 and slice 5 
reveals a partial defect on the rim between two fuel assemblies. 
The second way was to calculate the difference in scattering 
density between an empty quarter slot and the rest of the same 
fuel assembly. It turned out that a quarterly fuel missing at the 
upper left edge was the most difficult to detect among these 
locations (see Fig. 16). The estimated scattering densities in this 
missing quarter fuel slot and the remaining three quarters of the 
fuel were 7.3±0.8 and 10.2 ± 0.5 (arb. units), respectively; these 
values are separated by a difference of 5.8 σ. Of course, actual 
measurement conditions, radiation background, and 
measurement errors would reduce this difference. However, 
one may expect that the limiting case of a quarter fuel assembly 

Fig. 14.  A comparison of the expected results for the different described 
methods with and without momentum information. See text for details.
 

Fig. 15.  Top-down (top-left) view of the cask with a half assembly and 3 
quarter assemblies missing. The reconstructed image using method 3b is 
shown with perfect momentum information (top-right), without momentum 
information (bottom-left), and in a zoomed-in view without momentum 
information (bottom-right).
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missing to be detected given sufficient measurement time to 
allow enough muons to be measured.

D.  Detector Size 
The use of large area, position-sensitive planar or ring-

shaped detectors able to cover the whole cask can generate 
complete information about the contents of the cask wall and 

the spent nuclear fuel. However, it may not be economically 
practical to build such large area detectors with a large number 
of readout channels [14, 15, 31] [15][16][33]. Smaller detectors 
whose width is equal or slightly less than the diameter of steel 
canister should still yield valuable information about the fuel 
location within the cask. Due to the central symmetry of the 

cask wall and its smaller scattering density compared to spent 
nuclear fuel in the middle, complete sinogram information of 

the whole cask is not necessary. 
To support this assertion, planar muon detectors having an 

area of 1.6×1.2 m2 were simulated to register muons crossing 
the aforementioned VSC-24 dry cask.  The new detector size is 
shown on the left in Fig. 17. Only the data registered by the 
muon tracks passing through the 1.6×1.2 m2 detector area was 
used to reconstruct the spent nuclear fuel using method 1a. The 
expected result is shown in Fig. 17.  Strong strip artifacts due to 
the steel canister are expected when using small size detectors. 
After removing the overpack from the image, the spent nuclear 
fuel assemblies are highlighted and clearly visible, as shown at 
on the right in Fig. 17. The expected SNR, CNR, and DP are 
8.73, 4.87, and 42.53, respectively. For the same equivalent 
acquisition time (47.4 hours of exposure, 6.6 ×106 muons), 
these values are smaller than the corresponding values 
reconstructed with the simulated large area detectors: 11.94, 
5.06, and 60.46, respectively. Even so, the reconstructed signal 
in the empty slot is still expected to be significantly separated 
by the surround slots by 4.87σ, (large area detectors: 5.06σ). 
Thus, smaller detectors are expected to be able detect a single 
missing fuel assembly with good confidence.  

VIII.CONCLUSION

 In this paper, three different muon tracing methods (use of 
muon incident trajectory, straight path along its incident 
direction crossing its PoCA point, or PoCA trajectory) along 
with two scattering angle projection methods (scattering angles 
projection to the muon detector bins or projection of the 
summation of scattering density to the corresponding detector 
bins), combined together as 6 different methods, were 
investigated.  These methods are generally applicable for use in 
μCT, and they were applied to reconstruct a VSC-24 dry storage 
cask. A GEANT4 simulation workspace was developed and 
compared against the only available experimental data from a 
MC-10 dry storage cask. The results showed reasonable 
agreement with experimental measurements, providing 
confidence in our simulations. For the VSC-24 model, FBP and 
ART-based reconstruction methods were used to reconstruct 
the projected information stored in the detector bins. Algebraic 
reconstruction techniques were shown to be more useful in this 
application since muon trajectories are not generally straight. 
When muon momentum information is not available, use of the 
PoCA trajectory along with scattering angle projection method 
b is expected to greatly outperform the conventional use of 
straight path trajectories (see Fig. 14). Additionally, projection 
method b is expected to improve anomaly detection power and 
reduce the reliance on muon momentum information. Further, 
a simulated VSC-24 dry cask with portions of assemblies 
missing was used to analyze the expected detection limit. 
Method 3b is expected to be able to detect a congregate quarter 
of a missing assembly at any location in the cask, even without 
any momentum information. It is noted that in all proposed 
muon tracing and reconstruction methods the exposure time 
was tens of hours which generally is not accepted from an 
international safeguards perspective (minutes are typically 
required). It is expected that significant fewer views could still 
provide useful information decreasing the required exposure 

Fig. 16.  A comparison of the simulated slices of scattering density, showing 
slice 1 and 2 at the top, slice 2 in the middle and a comparison of slice 4 and 5 
at the bottom.  The slices are illustrated in Fig. 15. See text for details.
 

Fig. 17.  Top-down illustration of the cask and detectors built in Geant4 (top-
left), original reconstructed image (top-right) with method 1a, and the 
reconstructed image of the spent nuclear fuel after removing the image of cask 
(bottom-left).
 



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 10

time (study currently in progress to evaluate and optimize the 
required number of views, see also [20]). Further, muon CT is 
a fairly new imaging modality and there is still room for 
improvement, both in the imaging domain and detector 
technology. Finally, it is expected that detectors having width 
equal to the diameter of the steel canister inside the concrete 
overpack can reconstruct the spent nuclear fuel assemblies and 
identify missing assemblies. 
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