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Abstract

A new software package, the Fission Induced Electromagnetic Response (FIER) code, has been developed
to analytically predict delayed γ-ray spectra following fission. FIER uses evaluated nuclear data and solu-
tions to the Bateman equations to calculate the time-dependent populations of fission products and their
decay daughters resulting from irradiation of a fissionable isotope. These populations are then used in the
calculation of γ ray emission rates to obtain the corresponding delayed γ-ray spectra. FIER output was
compared to experimental data obtained by irradiation of a 235U sample in the Godiva critical assembly
and the results are in good agreement. This investigation also illuminated discrepancies in the input nuclear
data libraries, showcasing the usefulness of FIER as a tool to address nuclear data deficiencies through com-
parison with experimental data. FIER provides traceability between γ ray emissions and their contributing
nuclear species, decay chains, and parent fission fragments, yielding a new capability for the nuclear data
community.
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1. Motivation

Delayed γ rays provide a signature for fission-
able materials, with applications in nuclear energy,
nuclear forensics, and isotope production. The
Fission Induced Electromagnetic Response (FIER)5

code was developed to meet the need for a transpar-
ent, analytical tool to model delayed γ-ray spectra.
Building on the work of Chivers, et al. [1], FIER
implements analytical solutions to the Bateman
equations, a series of differential equations describ-10

ing the transmutation of radioactive species [2, 3].
Given a nuclear data library composed of half-lives,
decay modes, branching ratios, γ ray intensities,
and independent fission yields, FIER calculates fis-
sion product populations and time-dependent de-15

layed γ-ray spectra resulting from a user-specified
irradiation scheme.

Simulation of delayed γ-ray spectra can be
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performed with other software packages, includ-
ing MCNP6/CINDER [4, 5], Geant4 [6], and20

SCALE/ORIGEN-S [7]. These packages special-
ize in stochastic simulation that accounts for ge-
ometric effects and particle transport. FIER com-
plements these tools with a 0-dimensional, analyti-
cal model that directly links the input nuclear data25

with the delayed γ-ray spectral output. Gamma ray
emissions in FIER are quantified as discrete peaks.
Thus contributions to a specific energy range can be
traced to the relevant discrete γ rays, their emitters,
the decay chains that produce each emitter, and the30

originating fission fragments. This inherent trans-
parency in the model output aids the investigation
of discrepancies in evaluated nuclear data libraries
through comparison with experimental data. The
need for accurate decay data, γ branching ratios,35

and fission yields has been identified as a critical
need of the nuclear science community [8].

A mathematical description of the production
and decay of radioactive species is provided in
Sec. 2. The computational methodology of FIER40
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is outlined in Sec. 3, including a detailed descrip-
tion of input parameters, model function implemen-
tation, output structure and data, and options for
interfacing with MCNP. A benchmarking of FIER
output with experimental data is given in Sec. 4.45

Concluding remarks are provided in Sec. 5.

2. Analytical Transmutation Model

Gamma rays resulting from fission are often
classified as prompt or delayed, based on the
timescales of the mechanisms governing their emis-50

sion. Prompt γ rays are emitted in the photoevap-
oration of the resultant fission fragments less than
a picosecond after the fission event [9] and are not
simulated by FIER. Delayed γ rays, the focus of
FIER, are emitted through the population of ex-55

cited nuclear states that result from the decay of
fission fragments and their daughters. As fission
fragments and their daughters have a wide range of
half-lives, the emission of delayed γ rays occurs on
a variety of timescales.60

The time-dependent transmutation of the popu-
lations of a radioactive decay chain is described by
a set of coupled differential equations termed the
Bateman equations [2, 3]. The rate of change in
the population of the first species of a decay chain,
N1(t), is given by its production rate and activity:

∂N1

∂t
= γ1R− λ1N1(t), (1)

where γ1 is the independent fission yield of the par-
ent of the decay chain, λ1 is the decay constant of
the parent, and R is a constant fission rate. The
rate of change of each subsequent species in the
decay chain, Ni(t), is given by the growth of the
species from the activity of its parent and its own
activity:

∂Ni
∂t

= βiλi−1Ni−1 − λiNi(t), (2)

where λi is the decay constant of the ith species and
βi is the branching ratio for decay of the (i − 1)th
species to the ith species of the decay chain.

In the case where R = 0, an initially pure ra-
dioactive sample is allowed to decay. Sequential so-
lution of Eqs. 1 and 2 with application of the initial
conditions N1(0) = N0

1 and Ni6=1(0) = 0 yields the

population of the ith member of the decay chain:

Ni(t) =
[
N0

1

i−1∏
l=1

βl+1λl

] i∑
j=1

e−λjt

i∏
k=1
k 6=j

(λk − λj)
. (3)

Equation 3 is referred to as the batch decay solu-
tion, as it describes the decay of a “batch” of the65

parent species.
In the complementary case, where R 6= 0, the

chain parent is continuously produced by an ex-
ternal process, such as nuclear fission. Sequential
solution of this series of differential equations with
the initial conditions Ni(0) = 0 yields [3]:

Ni(t) =
[
γ1R

i−1∏
l=1

βl+1λl

] i∑
j=1

1− e−λjt

λj
i∏

k=1
k 6=j

(λk − λj)
. (4)

Equation 4 is referred to as the continuous produc-
tion solution; it is used to calculate newly produced
species and their simultaneous decay.

3. Methods70

3.1. Input Data

The computational implementation of the Bate-
man solutions necessitates assembly of the decay
chains for each fission fragment and its daughters.
This requires the decay modes, associated branch-75

ing ratios, and half-lives of the fission fragments
and their daughters as input data. Using empirical
independent fission yields and a user-specified irra-
diation scheme, FIER calculates the population of
fission fragments and their daughters at the end of80

a specified irradiation. As Eq. 4 requires a constant
fission rate, the user-specified irradiation scheme is
composed of a series of time intervals, each with a
corresponding constant fission rate. Continuously
time-varying irradiation schema can be simulated85

by discretizing the irradiation using a series of con-
stant fission rates. FIER does not account for burn-
up of the fissioning material, so if depletion is a con-
cern, the user must decrease the fission rate with
time accordingly. The calculation of the resultant90

time-dependent delayed γ-ray spectra requires the
γ-ray energies and intensities for each species as
input data. The user specifies a counting scheme
composed of the desired time intervals to obtain
the resultant delayed γ-ray spectra. For each of95
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these time intervals, FIER calculates and outputs
the expected number of γ rays emitted. The sources
for the input dataset used in this work are summa-
rized in Table 1. Gamma ray energies and inten-
sities and decay constants, modes, and branching100

ratios were taken primarily from CINDER. These
data were then augmented by sourcing missing data
from ToRI and ENSDF. The source of independent
fission yields was the England and Rider library.

3.2. Implementation of the Bateman Solutions105

At initialization, FIER generates a list of all pos-
sible decay chains for each fission fragment and its
daughters. As radioactive species can have multiple
decay modes, a given species can appear in multi-
ple decay chains. FIER identifies all decay paths110

that lead to each species, termed decay stems. Each
species has a set of decay stems associated with it
and the total population of a species at time t is
the sum of the populations calculated for each of
its associated decay stems.115

For example, consider this representative ra-
dioactive decay chain:

238U→ 234Th→ 234Pa

It is composed of the following three decay stems:

238U
238U→ 234Th
238U→ 234Th→ 234Pa

For each decay stem, the population of its associ-
ated species is calculated using Eqs. 3 and 4. At
t = 0, the initial population of a species is assumed
to be zero if no initial population is specified by the
user.120

The computational implementation of Eqs. 3 and
4 is illustrated in Fig. 1 for a parent species that
will only grow and decay by single exponentials.
With an initial population of zero, the population
of the species produced over the time interval t0125

to t1 is calculated using the fission rate specified
by the irradiation scheme and Eq. 4. For the next
time interval spanning t1 to t2, the total population
at time t1 is used as the initial population and the
batch decay solution given by Eq. 3 is applied. In130

this illustration, there is no fission during this time
interval, and thus the total population at time t2 is
the result of the batch decay solution only.

For the next time interval spanning t2 to t3, the
population of the species at time t2 is used as the135
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Figure 1: Illustration of the implementation of the Bate-
man solutions. The population calculated in the continuous
production solution at the end of each time step is added
to the initial population in the batch decay solution for the
subsequent time step.

initial population in Eq. 3. Eq. 4 is used to calcu-
late the production and simultaneous decay of new
species based on the fission rate specified by the ir-
radiation scheme for this time interval. These two
populations are summed to give the total popula-140

tion at the end of the time interval, t3. This process
continues for each time interval specified in the ir-
radiation scheme and the batch decay solution is
used to calculate populations for any time specified
after irradiation has ceased.145

3.3. Calculation of Delayed γ-Ray Spectra

The counting scheme begins following irradiation
and any user-specified cooling period. During the
cooling and counting period, the decay of the pop-
ulations produced from irradiation is calculated us-
ing Eq. 3. To calculate the number of γ ray emis-
sions as a function of time, the user specifies a set of
time intervals. For a time interval, tn to tn+1, the
number of counts, Ci(Ek), for the kth γ ray of en-
ergy, Ek, of the ith species of the decay chain is the
integral of the time-dependent γ-ray emission rate.
The γ-ray emission rate for the kth γ ray of the
ith species is the time-dependent activity, λiNi(t),
multiplied by the γ-ray intensity, Ik:

Ci(Ek) =

tj+1∫
tj

IkλiNi(t)dt. (5)
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Parameters Source(s)
Irradiation Scheme User Specified
Counting Scheme User Specified
Fission Yields England and Rider [10]
γ Ray Energies and Intensities CINDER [5], ToRI [11], ENSDF [12]
Decay Constants, Modes, and Branching Ratios CINDER [5], ToRI [11], ENSDF [12]

Table 1: Sources of nuclear data for simulations presented in this study.

Substituting the population given by the batch de-
cay solution in Eq. 3 and integrating yields:

Ci = IkλiN
0
1

[ i−1∏
l=1

βl+1λl

] i∑
j=1

−e−λjt

λj
i∏

k=1
k 6=j

(λk − λj)

∣∣∣∣∣
tn+1

tn

.

(6)

3.4. Design, Performance, and Output

FIER is a standalone code written in Fortran
95 with expeditious execution. Loading of the nu-
clear data libraries and building decay chains is ex-150

tremely rapid, on the order of 100 microseconds. A
single step irradiation and counting interval calcu-
lation typically occurs in less than a second. For
example, the irradiation and counting scheme pre-
sented in Sec. 3.4 was executed in 0.79 seconds on155

a 1.3 GHz Intel i5 processor. The software does
not require external packages or code libraries and
is available upon request to the corresponding au-
thor.

FIER output includes both fission fragment pop-160

ulation data and delayed γ-ray spectra. The for-
mer can be obtained for any specified point in
time during or after irradiation. Population data
is output in comma-separated value format. In the
output file, each column corresponds to the time-165

dependent evolution of the population of a radioac-
tive species. Header rows specify the Z, A, excita-
tion energy, and half-life for the species in each col-
umn. Each subsequent row corresponds to a user-
specified point in time.170

Gamma ray emission data can be obtained for
any specified time interval after the irradiation.
These data are also output in comma-separated
value format with individual columns correspond-
ing to the time-dependent evolution of a γ ray emit-175

ted from a radioactive species. Header rows specify
the emitter Z, A, excitation energy, and half-life
and the emitted γ-ray energy in each column. Each
subsequent row corresponds to a user-specified time

Figure 2: Population distribution in integer bins of 235U
fission fragments after 10s of thermal neutron irradiation re-
sulting in 20 fissions. Note the zero-suppressed axes. There
are non-zero populations for species with Z ranging from 24
to 70. However, only the region displayed has total yields
large enough to be seen on a linear color map.

interval. This output format is an important fea-180

ture of FIER as γ ray emission data are associ-
ated not only with the γ-ray energy, but also the
Z, A, excitation energy, and half-life of the emit-
ting parent. Figures 2 and 3 show visualizations of
a representative FIER output for a 10 second ther-185

mal neutron irradiation of an isotopically pure 235U
sample. The radionuclide populations and delayed
γ-ray spectra for a sample of mixed composition
can be obtained through the fission-cross-section-
weighted superposition of delayed γ-ray spectra for190

each component of the mixture.

Additionally, FIER can output a list of possible
decay chains for each fission product. Thus, popu-
lation and γ ray emission data can be traced back
to the decay chains and fission fragments that con-195

tribute to them. The delayed γ-ray spectra simu-
lated by FIER can also be used to generate source
cards for use in Monte Carlo N-Particle (MCNP)
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Figure 3: Discrete line plot of the delayed γ-ray spectrum
from the 10 seconds immediately following the irradiation
specified in Fig. 2.

transport simulations. A representative source card
is as follows:200

L D

1.113000e+00 1.534187e-22

3.200000e+00 3.605454e-13

4.821000e+00 1.256422e-12

4.850000e+00 1.368334e-06205

6.281000e+00 1.777951e-06

6.290000e+00 5.964094e-26

. .

. .

. .210

where the column labeled “L” represents the source
γ-ray energy in keV and the column labeled “D”
represents the normalized probability of emission.

4. Model Validation

Output from FIER was compared to experimen-215

tal data for model validation. The delayed γ-ray
spectrum resulting from thermal irradiation of a
highly enriched 235U sample was measured at the
Godiva critical assembly at the National Criticality
Experiments Research Center at the Nevada Na-220

tional Security Site [13]. Data were collected using
two high-purity Germanium detectors. FIER was
used to simulate the delayed γ-ray spectrum result-
ing from fission of 235U using a thermal irradiation
scheme matching that of the experiment.225

Figure 4: Comparison of FIER simulation to experimental
data [14]. Plotted is a histogram with 5% bins of the figure-
of-merit defined by Eq. 7 calculated for each γ-ray predicted
by FIER. Det. 8815 and 8816 represent the numerical labels
of the detectors used in the collection of the experimental
data.

The γ-ray yield data were extracted from the
experimental spectra using the XGAM spectrum-
fitting code [14]. The measured γ-ray yields were
corrected using the absolute detection efficiency.
A total of 564 γ-ray peaks were identified and
compared to the FIER output using the following
figure-of-merit, ε:

ε = 100
Yo − Ye
Ye

, (7)

where Yo is the observed time-integrated γ-ray
yield, obtained from the experimental data, and
Ye is the expected time-integrated γ-ray yield pre-
dicted by FIER. The calculated values of this figure-
of-merit for each data point are presented in a his-230

togram in Fig. 4. The results show generally good
agreement with the most common value of ε being
0 for the data from both detectors.

Disagreements between FIER and the exper-
imental data can be attributed to two major235

sources: uncertainties in the γ-ray yields extracted
by XGAM and discrepancies in the evaluated nu-
clear data libraries. As the model implemented in
FIER requires nuclear data as input, the FIER out-
put is only as accurate as the input nuclear data.240

Figures 5, 6, and 7 illustrate comparisons between
the FIER output and individual γ ray transitions
observed in the Godiva irradiation with energies of
664.6 keV, 667.7 keV, and 364.5 keV, respectively.
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Figure 5: Time-dependent evolution of the 664.6 keV
gamma-ray emission from the decay of 143Ce. This figure
demonstrates a case where FIER and experimental data are
in good agreement.

Figure 5 shows the time evolution of the245

664.6 keV γ ray emitted in the decay of 143Ce. The
FIER output exhibits excellent agreement with the
experimental data over the full time range investi-
gated, suggesting that the input nuclear data asso-
ciated with this gamma-ray emission are accurate.250

Figure 6 shows the time evolution of the 667.7
keV γ ray emitted in the decay of 132I, 132Cs, and
127Sb. Here, the FIER output disagrees with the
experimental data near the end of the irradiation
and converges towards agreement at later times. In255

Eq. 6, it can be seen that the only nuclear param-
eters effecting the shape of the time evolution of
the γ-ray emission are the half-lives of the chain
species; all other parameters are pre-factors that
affect the magnitude. This suggests discrepancies260

in the half-lives for 132I, 132Cs, 127Sb and/or their
parents. This study did not seek to identify which
specific parents had discrepant nuclear data param-
eters.

Figure 7 shows the time evolution of the 364.5265

keV γ ray emitted in the decay of 131I and 113Ag.
The FIER output is systematically lower than the
experimental data throughout the examined time
range, but the shape of the calculated γ ray yield
mirrors that of the experimental data. From Eq.270

6 and by extension, Eqs. 3 and 4, it can be seen
that the magnitude of a γ-ray emission is deter-
mined by the following pre-factors: the γ-ray in-
tensity, the independent fission yields of the chain
species, decay mode branching ratios of the chain275

species, and half-lives of the chain species. If the
discrepancy was due to the half-lives of the chain

Figure 6: Time-dependent evolution of the 667.7 keV
gamma-ray emission from the decay of 132I, 132Cs, and
127Sb. This figure suggests there is an inaccuracy in the
half-life of this species or its parents in the nuclear data li-
brary used.

species, the shape of the gamma-ray emission time
evolution would also be discrepant. This suggests
that the disagreement is due to discrepancies in the280

γ-ray intensity or the independent fission yields and
decay mode branching ratios of the chain species.
Further investigation as to the source of a time-
constant discrepancy can be made by comparing
the agreement of different γ-ray emissions from the285

same species [15]. If only some of the γ rays emit-
ted by a particular species exhibit a magnitude off-
set that is constant as a function of time, then the
discrepancy is more likely due to inaccuracies in
the γ-ray intensities, and not the independent fis-290

sion yields and decay mode branching ratios of the
chain species.

5. Conclusions

Using the Bateman solutions, evaluated nuclear
data, and a specified irradiation scheme, FIER pro-295

duces radioactive decay chains, time-dependent fis-
sion product population data, and delayed γ-ray
spectra following fission. These modeled time-
dependent delayed γ-ray spectra can be formatted
by FIER into MCNP source cards for photon trans-300

port. Using experimental delayed γ-ray spectra
obtained from thermal irradiation of a 235U sam-
ple at the Godiva critical assembly at the National
Criticality Experiments Research Center, the FIER
model output has been successfully benchmarked.305

As demonstrated, FIER has the potential to as-
sist in the improvement and expansion of empirical
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Figure 7: Time-dependent evolution of the 364.5 keV
gamma-ray emission from the decay of 131I and 113Ag. This
figure suggests there is an inaccuracy in independent fission
yields, decay mode branching ratios, or gamma-ray intensity
related to this species in the nuclear data library used.

nuclear data libraries. By identifying discrepancies
between experimental data and FIER model out-
put, experimental activities can be directed to tar-310

get various nuclear data properties, including half-
lives, decay mode branching ratios, γ-ray intensi-
ties, and independent fission yields [8]. Beyond ba-
sic science applications, FIER’s computational effi-
ciency leaves it well poised to perform large-scale315

calculations in support of nuclear forensics anal-
yses. The capabilities introduced by FIER offers
transparent traceability between delayed fission ra-
diation and characteristic nuclear data, yielding a
new tool for the nuclear science community.320
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