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Calculation of the Equilibrium Evolution of the ZaP
Flow Z-Pinch using a Four-Chord Interferometer

S. D. Knecht, Member IEEE, R. P. Golingo, B. A. Nelson, and U. Shumlak, Member IEEE

Abstract—A four-chord interferometer and measurements
from an array of surface-mounted magnetic probes were used in
conjunction with equations of radial heat conduction and radial
force balance to calculate the equilibrium evolution of a pinch
plasma in the ZaP Flow Z-Pinch. A multiple shooting method was
used to solve the nonlinear coupled differential equation system,
with Ohmic heating and bremsstrahlung radiation as sources and
sinks, respectively. Data from a single ZaP pulse are reported
including profiles of magnetic field and temperature and their
evolution. Profiles are dominated by high thermal conductivity
near the axis which quickly decreases with radius. This is due
to the plasma being weakly magnetized near the axis which
increases thermal conductivity and flattens the temperature
profile, but strongly magnetized near the characteristic radius,
significantly reducing thermal conductivity and resulting in a
large temperature gradient. The equilibrium evolution indicates
that plasmas in ZaP heat and compress with increasing current
as a result of magnetic compression during the quiescent period.

Index Terms—Z-Pinch, Interferometry, Equilibrium Evolution,
Plasma Heating, Pinch Oscillation

I. INTRODUCTION

Measuring the evolution of the electron density in a plasma
experiment is critical to understanding the behavior of the
plasma, including equilibrium properties and associated fluctu-
ations. A common method of measuring the electron density as
a function of time is an interferometry system. Inteferometry
is a widely used diagnostic on many different plasma ex-
periments including field-reversed configurations (FRCs) [1],
spheromaks [2], tokamaks [3], [4], stellarators [5], capillary
discharges [6] and plasmoids from coaxial plasma accelerators
[7].

These systems often consist of multiple chords which mea-
sure chord-integrated electron density. The chord-integrated
measurements must be inverted to determine electron density
profiles, ne(r) [8], [9]. The electron density profile evolution
from interferometry can be used in concert with other diagnos-
tics to reconstruct other equilibrium properties of the plasma
[10].
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This paper describes a method in which two of the
temporally-evolving equilibrium properties of the ZaP Flow
Z-Pinch [11]–[14], magnetic field and temperature, are cal-
culated using electron density measurements from a four-
chord interferometry system to completely describe the Z-
pinch MHD equilibrium. Interferometry and magnetic probe
measurements are coupled with the equations of radial force
balance and radial heat conduction. The effects of Ohmic
heating and bremsstrahlung radiation are taken into account.
Density profile measurements at a single temporal point in
the ZaP Flow Z-Pinch have been previously reported using
holographic interferometetry [9] and spectroscopy [15]. In ad-
dition to offering spatially-resolved measurements, four-chord
interferometry provides temporally-resolved density profiles
during a single pulse, which allows for a more detailed study
of the evolution of the plasma.

II. ZAP FLOW Z-PINCH EXPERIMENTAL CONFIGURATION

The Z-pinch is a simple magnetic confinement configura-
tion, consisting of a column of plasma between two conduc-
tors. The plasma is in equilibrium when radial force balance
is satisfied, i.e. when the pressure gradient is balanced by
magnetic force and magnetic tension as described by

j×B = ∇p, (1)

where j is the current density, B is the magnetic field,
p=kB(neTe+niTi), kB is Boltzmann’s constant, ne and ni are
the electron and ion densities and Te and Ti are the electron
and ion temperature.

The ZaP Flow Z-Pinch experiment is shown in Fig. 1 and
consists of coaxial conductors with no externally-generated
magnetic fields, similar to a Marshall gun design [16]. The
outer conductor extends beyond the end of the inner conductor
and constitutes the pinch assembly region. During a pulse,
neutral gas is injected radially from the inner and outer
conductors midway down the inner conductor, and capacitor
banks are discharged across the inner conductor and the outer
conducting wall, ionizing the gas; typical gases are hydrogen,
helium and methane. The Lorentz force accelerates the plasma
axially until it reaches the end of the inner conductor, where
the pinch assembles along the machine axis. The current sheet
continues moving down the outer conductor until it reaches
the end wall where the assembly is completed resulting in a
pinch with a long axial extent (≈ 1 m) and an embedded axial
flow. The arrows in Fig. 1 indicate the positions of the current
sheet and direction of current flow immediately after ionization
(green) and after pinch formation (yellow). The location z=0 m
is the primary diagnostic location in this study.
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Fig. 1. ZaP Flow Z-Pinch Geometry. ZaP consists of a one meter coaxial gun with no externally-generated magnetic fields, coupled to a one meter pinch
assembly region. Gas is injected radially midway down the inner conductor from both the inner and outer conductor prior to capacitor bank discharge. The
arrows indicate the position of the current sheet and direction of current flow immediately after ionization (green) and after pinch formation (yellow). The
measurements described in this paper are made at the z=0 m plane. A one meter scale is included for reference.

TABLE I
ZAP OPERATING PARAMETERS

Parameter Value
Accelerator Length (m) 1
Outer Conductor Radius (m) 0.10
Inner Conductor Radius (m) 0.08
Pinch Radius, a (m) 0.01
Pinch Length (m) 1
Peak Current (kA) 300–400
Electron Density (m−3) 1022–1023
Temperature, Te, Ti (eV) 50–125
Magnetic Field (T) 0.5–2
Quiescent Period (µs) 30–70

Measurements and analysis have indicated that ZaP Flow Z-
pinch plasmas remain stable as a result of sheared axial flows
that are generated during the pinch formation process [11],
[12], [17], [18]. Instability growth times for static plasmas with
similar plasma and magnetic field parameters are on the order
of 10 ns. ZaP plasmas are observed to be stable for thousands
of times longer than the instability growth times [13], [14].
It is hypothesized that the heating of the Z-pinch plasma
is a result of adiabatic compression [19] during the pinch
formation process. ZaP operational parameters are shown in
Table I. Methane (CH4) was used for the pulse described
here. Methane is used on ZaP to introduce an artificial carbon
impurity to facilitate spectroscopic measurements. It has been
observed experimentally that pinches produced using hydrogen
and methane are dynamically indistinguishable in ZaP.

A. ZaP Diagnostics

ZaP utilizes a number of diagnostics to measure plasma
equilibrium and stability. For this study, the two primary sys-
tems of interest are a magnetic probe array and the four-chord
interferometer. Surface-mounted magnetic probes are located
in the outer conductor and measure the change in azimuthal
magnetic field as a function of time, dBθ/dt. Analog integra-
tion of this signal provides the magnetic field evolution, Bθ.
Four azimuthal arrays of surface-mounted magnetic probes are

located at z=−0.25 m, z=0 m, z=0.35 m, z=0.70 m. The array
at z=−0.25 m has six probes and the other arrays have eight
probes uniformly spaced at 45deg increments. The azimuthal
arrays are used to determine the stability characteristics of the
pinch at those locations. Fourier decomposition of the data
yields the amplitudes of the azimuthal magnetic field, Bm.
The m=0 mode is the average magnetic field measured by the
probes, m=1 indicates the radial offset of the current centroid
from the axis of the machine, m=2 is a measure of the elliptic-
ity of the current distribution, and m=3 is the triangularity of
the current distribution. The m=1 mode is the fastest-growing
and highest amplitude of the asymmetric modes, identifies
the current centroid location and defines the ZaP stability
criterion. When the normalized m=1 mode, (B1/B0), is less
than 0.2, the radial displacement of the current centroid from
the machine axis is less than 0.01 m [20]. ZaP pulses exhibit a
period of time during which the normalized value drops below
0.2 and the frequency of magnetic fluctuations decreases. This
is called the stable, or quiescent, period.

ZaP utilizes a four-chord helium-neon (HeNe) Mach-
Zehnder heterodyne, quadrature interferometer for chord-
integrated electron density measurements. The HeNe laser
beam (6328 Å) enters an acousto-optic modulator (Bragg cell)
and two exiting beams are utilized; one at the original laser
frequency (zeroth-order) and one with a 40 MHz offset (first-
order). For each of the four chords, a scene beam passes
through the z=0 m port of the experiment. Upon exiting the
experiment through a port diametrically opposite, the scene
beam is recombined with a reference beam and a quadrature
detector measures the optical phase difference. A schematic
of a single chord in ZaP is shown in Fig. 2. The measured
phase difference is directly proportional to the chord-integrated
electron density, as expressed by Eq. (2)

φ =
ω

2cnc

∫
nedl (2)

where c is the speed of light, ω is the frequency of the laser
light, ne is the electron number density, nc=ω

2meε0
e2 is the cut-

off plasma density of the laser, ε0 is the permittivity of free
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Fig. 2. Schematic of the axial view of a single chord of the ZaP HeNe interferometry system. A HeNe laser beam (6328 Å) enters an acousto-optic modulator
(Bragg cell) and two exiting beams are utilized: one at the original frequency and a second beam with a 40 MHz offset. One beam passes through the
experiment and the plasma (scene beam) and the other bypasses the plasma (reference beam). The beams are combined and sent to a quadrature detector
which measures the phase difference between the beams, which is directly proportional to the chord-integrated electron density.

space, e is the elementary electron charge, and me is the rest
mass of an electron.

Additional chords for the interferometer are produced by
passing the beams through beam splitters. The diagnostic has
four chords that can be placed at various locations on the
experiment. The configuration used in this paper utilizes four
chords at different impact parameters for measuring the density
profile at a single z-location, z=0 m.

The measured chord-integrated density as a function of
time often exhibits high-frequency oscillations that are a
combination of signal noise and density fluctuations about the
equilibrium density profile. These oscillations are not relevant
to determining the equilibrium density profile of the pinch,
which evolves on a slower time scale. The chord-integrated
density as a function of time are filtered using a process called
emperical mode decomposition (EMD) [21]. See the Appendix
for more information. Interferometry data are decomposed as
lower frequency “mean” behavior with high-frequency oscil-
lations superimposed. Data that follow show chord-integrated
densities with the high-frequency oscillations filtered out.

III. INTERFEROMETRY ANALYSIS

The four interferometry chords were placed at z=0 m
at different impact parameters. Figure 3 shows a schematic
example of the four-chord interferometry setup. The yellow
circle is an axial view of the Z-pinch plasma column. The
black dot indicates the location of the current centroid de-
termined from the azimuthal magnetic probe array. The four
colored horizontal lines indicate the locations of the four
interferometry chords. The locations remain constant relative
to the machine axis at y=0.1 cm (blue), y=−0.6 cm (green),
y=−1.3 cm (red), and y=−2.0 cm (black). Figure 4 shows
the magnetic data at z=0 m for a representative pulse. The
resulting chord-integrated density data as a function of time
and the y-location of the current centroid for this pulse,
determined from the azimuthal magnetic probe array, are
shown in Fig. 5. The colors in Fig. 5 correspond to the colors
in Fig. 3. The data indicate a well-defined pinch with an
observable density gradient during the quiescent period, which
is represented by the red vertical lines from 32 µs to 55 µs. The
interferometry chord closest to the current centroid (blue) has

Fig. 3. Schematic of the four-chord interferometer setup. The yellow circle
signifies an axial view of the pinch with the four interferometer scene beams
passing through at impact parameters that are spaced 7 mm apart. The
locations remain constant relative to the machine axis at y=0.1 cm (blue),
y=−0.6 cm (green), y=−1.3 cm (red), and y=−2.0 cm (black). The colors of
the scene beams are consistent with the colors of the data traces in Fig. 5. The
black dot indicates the location of the current centroid, which is determined
from the azimuthal magnetic probe array data.

the highest chord-integrated density. Chords further from the
current centroid show decreasing chord-integrated densities.
Error bars are on the order of 10−3 T for the magnetic field
data and 1019 m−2 for the density data [13].

The chord-integrated data and the location of the current
centroid are analyzed to determine the radial density profile
evolution throughout the plasma pulse. The plasma density
is assumed to be azimuthally symmetric about the current
centroid. The analysis requires the chord-integrated density
to monotonically decrease with distance from the current
centroid. Figure 6 shows an example of the chord-integrated
density as a function of impact parameter relative to the
machine axis with the four points indicating magnitudes of
the chord-integrated data and the vertical line indicating the
location of the current centroid. The horizontal blue lines
indicate the estimated measurement uncertainty of the chord
locations, which is ±1 mm. The beams are approximately
3 − 4 mm in diameter and the location of the beam mid-
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Fig. 4. Magnetic field data for representative operating conditions, showing
the average azimuthal magnetic field (top plot) and the normalized m=1 mode
(bottom plot). Pulses are characterized by a smoothly rising magnetic field
during the quiescent period. The beginning and end of the quiescent period,
defined by a sustained period with B1/B0 ≤ 0.2 (blue line), are indicated
by the red vertical lines. The peak of the magnetic field typically precedes
the end of the quiescent period.
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Fig. 5. Interferometry data for representative operating conditions (top plot)
and calculated y-location of the current centroid (bottom plot). During the
quiescent period the data show a well-defined pinch with an observable density
gradient, which is indicated by the chord located closest to the machine axis
having the highest magnitude (blue) and chords further from the machine axis
having monotonically decreasing values. The location of the plasma density
peak agrees with the y-location of the current centroid determined from the
azimuthal magnetic probe array data which indicates a current centroid located
within a few mm of the machine axis throughout the quiescent period.

points can be visually resolved to approximately ±1 mm. The
vertical error bars are smaller than the symbol size. The mirror
point is the reflection of the datum measured on the right side
of the axis, which results from the assumption of azimuthal
symmetry about the current centroid.

As a starting point for the analysis, a pressure profile is
guessed to fit a Bennett equilibrium pressure profile [22],
which has a well-studied analytic solution [23],

p =
µ0I

2
pinch

8π2

a2

(r2 + a2)2
, (3)

where µ0 is the permeability of free space, Ipinch is the total
pinch current and a is the characteristic radius of the pinch.

−2 −1.5 −1 −0.5 0
0

2

4

6

8

10

Impact Parameter (cm)

∫ n
e d

l (
10

20
 m

−
2 )

Pulse 90323044

Fig. 6. Example chord-integrated density data at time, t=49.8 µs. The analysis
requires chord-integrated density to decrease monotonically with distance
from the current centroid. Impact parameter is with respect to the machine
axis. The indicated mirror point (x) is the reflection of the datum to the right
of the axis.

The density and temperature profiles are initially guessed to
have the same radial dependence. This produces a Lorentzian
density profile,

ne(r) =
n0a

2

r2 + a2
, (4)

where n0 is the density at r=0 m. The assumed profile extends
to the outer conductor wall, rw.

Integrating this equation along the path length of an inter-
ferometry chord from the wall of the outer conductor yields
an expression for the chord-integrated density profile,∫

ne|yidl =
2n0a

2√
y2
i + a2

tan−1

(
l√

y2
i + a2

)
, (5)

where yi is the impact parameter relative to the current
centroid, l=

√
r2
w − y2

i is the chord length. The four chord-
integrated points are fit to this chord-integrated profile using
a nonlinear least-squares fit method using a and n0 as fit
parameters.

Figure 7 shows the chord-integrated data points and the
chord-integrated fit at a single time for the given pulse,
t=49.8 µs. The figure also shows the resulting electron
density profile for three times during the pulse: during the
first expansion, t=37.5 µs; near the time of largest pinch
radius, t=42.7 µs; and near the time of greatest compres-
sion, t=49.8 µs. The chord-integrated data indicate that the
Lorentzian density profile is a reasonable fit. The blue points
are the experimentally-measured chord-integrated values as a
function of impact parameter relative to the current centroid.
The shaded areas are the range of values after displacing the
measured location of the current centroid between ±1 mm
to account for uncertainties in the chord locations and the as-
sumption of coincidence between the current centroid location
and the pinch axis. This is done by producing chord-integrated
fits for a range of shifted centroid values [−1, 1] mm. The
values that produce the highest and lowest magnitude linear
density, N=

∫
nedA, where A is the cross-sectional area of the

pinch, are used to calculate this uncertainty range.
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(a)

(b)

Fig. 7. Chord-integrated fit at t=49.8 µs and electron density profiles at three
different times. (a) Chord-integrated data points are fit with a nonlinear least-
squares method. Impact parameter is with respect to the current centroid. Blue
points are experimentally-measured; blue horizontal lines are the estimated
measurement uncertainty of chord locations (±1 mm). (b) The Lorentzian
electron density profile calculated from the values of a and n0 fit to the chord-
integrated data for three times during the pulse. Shaded areas in both plots
indicate the fits resulting from displacing the measured location of the current
centroid between ±1 mm. Vertical dashed lines indicate the characteristic
radius.

Figure 8 shows the evolution of the values of the character-
istic radius and the on-axis density as a function of time during
the quiescent period. The gaps in the data are due to failure
to meet the condition of monotonically-decreasing values
of chord-integrated density with distance from the current
centroid or if the numerical method described in Section IV
fails to converge. The red lines are regression fits of the data
to a first-order function in time. The shaded black areas are
the data with the current centroid shifted between ±1 mm.
Uncertainty is largest at approximately 36 µs and 50 µs due
to the smaller characteristic radius which is approaching the
size of the uncertainty levels. The overall behavior of this pulse
suggests that the pinch was being compressed as a function of
time with the characteristic radius of the pinch decreasing by
up to a factor of three, from 15 to 5 mm, and the resulting peak

(a)

(b)

Fig. 8. Characteristic pinch radius and peak density as a function of time. (a)
Overall trend is a decrease in the size of the pinch with increasing time. (b)
On-axis density is anti-correlated with the pinch size, as expected. The pinch
is compressing as a function of time. The red lines are regression fits of the
data to a first-order function in time. Shaded black areas are with the current
centroid displaced between ±1 mm. Uncertainty is larger at approximately
36 µs and 50 µs due to the smaller characteristic radius which is approaching
the size of the uncertainty levels.

electron density increasing to a peak of 7.5×1022 m−3. Large
magnitude oscillations are observed in the characteristic radius
of the pinch with primary minima occurring at 36 µs and 51 µs
and a maximum at t ≈ 43 µs. This behavior can be interpreted
as one cycle of a periodic expansion and contraction of the
pinch with a 15 µs period. Further cycles cannot be observed
in the presented pulse due to the quiescent period ending soon
after 51 µs, as indicated in Fig. 5, but the decreasing radius
starting at 33 µs and the short period of increasing radius after
51 µs suggest other expansion/contraction cycles are possible.
Section V discusses how the Z-pinch formation process can
result in periodic contraction and expansion of the pinch. The
second observed minimum is smaller than the first indicating
that, in addition to the periodic behavior of the pinch size, an
overall compressional effect is observed.

This compression is expected from Fig. 9 which shows
the total pinch current at z=0 m increasing, from 30 to
70 kA, and the linear density remaining relatively constant as
a function of time, at approximately 4 × 1019 m−1. Shifting
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Fig. 9. Pinch current and linear density as a function of time. (a) Pinch
current is increasing as a function of time, consistent with the compression
of the pinch. (b) The linear density is approximately constant as a function of
time, resulting in an increase in peak electron density due to compression of
the pinch. Shaded black areas in (b) are with the current centroid displaced
between ±1 mm.

of the measured current centroid location has little effect
on the calculated linear density. A total mass of the pinch
can be calculated from this linear density, assuming that the
dominant carbon impurity is doubly-ionized CIII, the length
of the pinch is L=1 m and that the pinch is axially uniform
as mpinch=(NCmC +NHmp)L=2.67NLmp=1.8× 10−7 kg,
where mp=1.67 × 10−27 kg is the mass of a proton, mc =
12mp is the mass of a carbon atom, NH is the linear density
of hydrogen ions and NC is the linear density of carbon ions.
The total pinch current is calculated using Ampere’s law with
the measured magnetic field at z=0 m.

The overall evolution of the density profile is more readily
evident using a contour plot of electron density as a function
of radius and time as shown in Fig. 10. The contours shown
are for the measured location of the current centroid only and
do not take into account the location uncertainty.

IV. CALCULATIONS OF MAGNETIC FIELD AND
TEMPERATURE PROFILES

The equations of conservation of energy and radial force
balance can be used to calculate profiles for the magnetic
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Fig. 10. Contour plot of electron density for representative operating
conditions. Electron density contours as a function of radius and time indicate
the overall compression of the pinch. Contours shown are for the measured
location of the current centroid only and do not take into account the location
uncertainty.

field and temperature of the pinch, using the calculated density
profiles at a given temporal point. According to the MHD
model, the conservation of energy equation is

3

2

∂p

∂t
+

3

2
∇ · pv + p∇ · v +∇ · q = S, (6)

where p is the plasma pressure, v is the plasma velocity, q
is the heat flux, and S are sources and sinks in the system.
The first term of Eq. (6) represents the time rate of change
of the internal energy density, the second term represents the
convection losses, the third term is energy loss due to fluid
expansion, the fourth term is loss due to thermal conduction
[24].

A steady-state equilibrium is considered, such that the first
term in Eq. (6) vanishes, assuming that the equilibration
time which is the Alfvén time, τA=a/VA, is faster than the
characteristic time of radial motion, a/ȧ. Convective and
expansion losses are also neglected since the equilibrium is
assumed to evolve slowly. The primary diffusive process is
assumed to be radial heat conduction and the source terms
are assumed to be Ohmic power input and bremsstrahlung
radiation. Eq. (6) reduces to

∇ · q = η⊥j
2 − PBrem, (7)

where η⊥ is cross-field Spitzer resistivity, η⊥j2 is the Ohmic
heating term, and PBrem is the bremsstrahlung radiation term.

These equations can be simplified by assuming that
T=Te=Ti, due to the short thermal equilibration time, and
n=ne=Zeffni, due to the short Debye length, where Zeff is
the effective charge state of the plasma which is chosen to
be a spatially-uniform value of Zeff = 1.33 for this study.
This value is chosen to account for the 4: 1 ratio of hydrogen
atoms to carbon atoms in the methane-generated plasma and
a spectroscopically-observed dominant carbon ionization state
of doubly-ionized CIII.

The equation for radial force balance is given by

Bθ
r

d(rBθ)

dr
= −µ0kB

d

dr
(neTe + niTi). (8)



7

Multiplying both sides of Eq. (8) by r2 and using the chain
rule results in,

d(rBθ)
2

dr
= c1r

2

(
T
dn

dr
+ n

dT

dr

)
, (9)

where c1=−2µ0kB(Zeff + 1). Eqs. (9) and (7) must be solved
simultaneously to determine the temperature and magnetic
field profiles.

By assuming a Fourier-law dependence, the radial heat flux
is expressed as

qr = −kB

(
κ⊥e + κ⊥i

)
dT

dr
. (10)

Expressions for the thermal conductivity, κ⊥e and κ⊥i, take
into account the degree of magnetization of the particles,
which is the ratio of the Larmor radius of the particles to the
mean free path of the particles. The ion and electron thermal
conductivities for the assumed Zeff=1.33 are given by Ref.
[25] as

κ⊥,i =
nkBTτi
Zeffmi

(
2x2

i + 2.645

x4
i + 2.7x2

i + 0.677

)
, (11)

κ⊥,e =
nkBTτe
me

(
γ1x

2
e + γ0

x4
e + δ1x2

e + δ0

)
, (12)

where the coefficients in the parentheses of Eq. 12 are calcu-
lated using a third-order fit, as a function of Zeff , to the values
shown in the table on page 25 of Ref. [25] and the inverse of
the magnetization parameters are

xi = ωciτi, (13)

xe = ωceτe, (14)

and ωci is the ion cyclotron frequency, ωce is the electron
cyclotron frequency, τi and τe are the collision times of the
ions and electrons

τi = 2.09× 1013 T
3
2

Z3
effn ln Λ

, (15)

τe = 3.44× 1011 T
3
2

Zeffn ln Λ
. (16)

The thermal conductivities given in Eqs. (11) and (12) take
into account the unmagnetized behavior of the particles near
the pinch axis where the magnetic field is zero as well as the
magnetized behavior near the magnetic field peak.

The Spitzer resistivity term [26] and the bremsstrahlung
term [26] are expressed as

η⊥ = 1.035× 10−4Zeff ln ΛT−
3
2 , (17)

PBrem = 1.69× 10−38Z2
effn

2T
1
2 . (18)

Using the above equations and definitions, Eqs. (7), (9) and
(10) become [27]

dh

dr
=
c21r

3c3

4uT
3
2

(
− nh

rkB(κ⊥,i + κ⊥,e)

+ T
dn

dr

)2

−rPBrem, (19)

du

dr
= c1r

2

(
− nh

rkB(κ⊥,i + κ⊥,e)
+ T

dn

dr

)
, (20)

dT

dr
= − h

rkB(κ⊥,i + κ⊥,e)
, (21)

where c3= 1.035×10−4Zeff ln Λ
µ2
0

. Auxiliary variables h≡rq, and
u≡(rBθ)

2 are defined to simplify the solution procedure.
These equations are solved using a multiple shooting

method [28] with the ode15s MATLAB routine [29], [30]
which is well suited for stiff systems. The boundary conditions
are

h|r=0 = 0, (22)

u|r=0 = 0, (23)

u|r=rw = (rwBw)2, (24)

where rw is the radius of the outer conducting wall and Bw is
the average magnetic field at the wall. Eq. (24) is set to match
the average magnetic field measured at the outer conducting
wall by the probes discussed in Sec. IIA.

Figure 11 shows calculated profiles of magnetic field and
temperature at three times during the experimental plasma
pulse. The shaded areas are the calculated profiles when
the measured current centroid location is shifted between
±1 mm. The temperature profiles are characterized by a flat
profile near the axis due to the high thermal conductivity
as a result of weakly magnetized particles. The temperature
profile becomes steep further from the axis due to the stronger
magnetization of the particles and corresponding low thermal
conductivity. The peak temperature is 63 eV at t=49.8 µs. This
temperature profile, which is broader than the original guess
of a Lorentzian profile, coupled with the calculated density
profile produces a pressure profile which is broader than the
initial guess of a Bennett pressure profile. This broader profile
is more stable to the m=0 mode than the Bennett pressure
profile. The magnetic field profile is also noticeably broader
with a value of 0.81 T at r = a = 0.006 m and t=49.8 µs,
and transition to ≈ 1/r decay after the temperature reaches
the minimum value, which is set at 10−3 eV. The discontinuity
in the magnetic field prior to the 1/r transition is a numerical
artifact that is due to the resolution of the solver which
results in a discontinuity in the temperature gradient when
the temperature reaches the minimum value.

Figure 12 shows the magnetic field at r = a and the
peak temperature during the quiescent period as a function
of time for this pulse. Highlighted by the regression fits, the
magnetic field values are increasing as a function of time



8

(a)

(b)

Fig. 11. Magnetic field and temperature profiles for a representative operating
conditions at three different times. (a) At t=49.8 µs, magnetic field profile
has a value of 0.81 T at r = a = 0.006 m and is noticeably broader
than a Bennett profile. The profile transitions to ≈ 1/r behavior when the
temperature profile reaches the minimum value. (b) Temperature profile peaks
at 63 eV at t=49.8 µs. Shaded areas are the calculated profiles with the
current centroid displaced between ±1 mm. Vertical dashed lines indicate the
characteristic radius.

to values near 1 T and the temperature is increasing with
peak values of 67 eV for this pulse. Shifting of the measured
current centroid location has a greater effect on the peak
magnetic field than the peak temperature. The insensitivity of
the temperature to this shift is a direct result of the insensitivity
of the calculated linear density. These data combined with the
characteristic radius and density data indicate that the pinch is
undergoing magnetic compression and heating as the quiescent
period progresses. These data agree with the interpretation of
magnetic compression from Figs. 8 and 9.

Figure 13 shows contours of the temperature as a function
of radius and time during the quiescent period. These contours
clearly show the effects of heating through magnetic compres-
sion as the quiescent period progresses. These contours are
for the calculated profiles for the measured current centroid
location only and do not account for the location uncertainty.

(a)

(b)

Fig. 12. Magnetic field at r = a and peak temperature as a function of time
for representative operating condition. (a) The magnetic field increases as a
function of time. (b) Temperature increases as a function of time in a similar
manner to the magnetic field. The magnetic compression results in higher
temperatures, peaking at 67 eV. The red lines are regression fits of the data
to a first-order function in time. Shaded black areas are the calculated peak
values with the current centroid displaced between ±1 mm.
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Fig. 13. Temperature contours as a function of radius and time for representa-
tive operating condition. As time progresses, the compression and temperature
increase of the pinch is observed. Contours are for the calculated temperature
profiles for the measured current centroid location only and do not account
for the location uncertainty.
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Fig. 14. Magnetic Mach number as a function of time for representative op-
erating condition. The magnetic Mach number remains well below MM=1.0
during the pulse, suggesting that equilibration is reached in time scales faster
than the characteristic radial motion, justifying the use of a steady-state
assumption in the analysis.

V. SOURCE OF Z-PINCH OSCILLATIONS

The ZaP Flow Z-Pinch formation process consists of a radial
compression from the acceleration region of the experiment to
the pinch assembly region. Depending on the radial velocity
of the compression which is dependent on the plasma current,
the accelerated mass and the distance over which acceleration
occurs, overcompression of the pinch can result whereby the
kinetic energy of the plasma may temporarily exceed the mag-
netic energy resulting in a subsequent expansion [31]. Given
constant current conditions, continued oscillations would be
expected that are damped due to losses from processes such
as radiation. As shown in Fig. 9, the current is increasing as
a function of time, resulting in an overall trend of continued
compression of the pinch with the oscillations superimposed
as shown in Fig. 8. The time scale of these oscillations
(several µs) is long compared to the thermal equilibration time
of the plasma, validating the assumption of Te=Ti in the above
analysis.

Furthermore, the radial velocity of the oscillations can be
calculated as Vr=da/dt and compared to the Alfvén velocity,
VA, through the magnetic Mach number, MM=Vr/VA. This is
equivalent to the ratio of the Alfvén time to the characteristic
time of radial motion, τA/τr. The Alfvén velocity is calculated
as [26]

VA =
B√

4πnimi
=

B√
4π( 1

6mcne + 2
3mpne)

(25)

The mean value of VA within the characteristic pinch radius
is used for this calculation as a conservative estimate. The
magnetic Mach number throughout this pulse is always less
than 0.22 and typically less than 0.15 as shown in Fig. 14,
suggesting that equilibration is occurring on time scales faster
than the radial motion, justifying the use of a steady-state
assumption in the above analysis.

VI. CONCLUSIONS

A method to calculate the evolution of the equilibrium
properties of a flowing Z-pinch is described. A four-chord
HeNe interferometer was used to measure the electron density
profile as a function of time by guessing a Lorentzian electron
density profile centered on the measured current centroid
of the pinch and fitting the chord-integrated points to the
corresponding experession for the chord-integrated profile.
The resulting profiles validate a Lorentzian distribution as a
reasonable fit. An azimuthal array of magnetic probes was used
to measure the magnetic field at the outer conducting wall of
the experiment and the location of the current centroid. The
equations of radial force balance and radial heat conduction
are then used with these measured parameters to calculate
the profiles of temperature and magnetic field in the pinch.
The coupled equations are solved with an iterative multiple
shooting method, taking into account Ohmic heating and
bremsstrahlung radiation as sources and sinks, respectively.
The analysis method shows that, as expected, plasmas in ZaP
heat and compress with increasing current suggesting magnetic
compression as the quiescent period progresses. Significant
oscillations in the size of the pinch are also observed; they
are attributed to an initial overcompression of the pinch, due
to the formation process, followed by subsequent expansion.
Comparison of the equilibration time to the characteristic time
of radial motion indicates that equilibration occurs on a faster
time scale than the motion, validating the assumption of a
steady-state analysis. High thermal conductivity due to weakly
magnetized plasma near the axis of the pinch results in a
broadened temperature profile that becomes steep near the
characteristic radius as the thermal conductivity decreases due
to the increasing magnetization of the particles. The analysis
method developed is useful for evaluating ZaP pulses from
multiple experimental configurations to reconstruct evolving
equilibrium profiles and to determine the primary heating
mechanisms in the pinch.

This method could also be implemented on other config-
urations where azimuthal symmetry of the pressure profile
can be assumed, such as other pinch devices and FRC’s, and
the spatial resolution of diagnostics limit the applicability of
inversion techniques.
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APPENDIX

Empirical mode decomposition [21] (EMD) operates by
reducing a signal into a series of intrinsic mode functions
(IMFs). An IMF is a function that satisifies the conditions that
the mean value of the function defined by the local maxima
and minima is zero and that the number of zero crossings
and extrema are equal or differ by no more than one. EMD
progresses in a process called sifting in which the IMFs are
separated based on their characteristic time scales which are
defined by the time lapse between successive extrema [21].

The first IMF identified is the highest frequency IMF, which
is subtracted from the original signal and then the sifting
process continues on the residual (i.e. original signal without
the first IMF). This process continues until the remaining
residual is either monotonically increasing or decreasing or
constant. Summing all of the resultant IMFs including the
monotonic residual returns the original signal meaning that all
of the data are retained within the IMFs. An example of an
IMF series from interferometry data is shown in Fig. 15. The
top plot is the original interferometry signal and the bottom
three are IMFs 2 - 4. Note that as the IMF number increases
the frequency of the oscillations decreases.

Each of the IMFs from the interferometry signals has an
instantaneous frequency and amplitude that can be determined
by performing a Hilbert transform, y(t)=H(x(t)), on each
IMF,

y(t) =
1

π
P

∫ ∞
−∞

x(τ)

t− τ
dτ, (26)

where P signifies the Cauchy principal value of the integral.
A complex analytic signal, z(t), can now be written

z(t) = x(t) + iy(t), (27)

which can be expressed as

z(t) = x(t) + iy(t) = A(t) exp (iψ(t)), (28)

where i=
√
−1 and A(t) is the instantaneous amplitude of z(t),

A(t) = |x(t) + iy(t)|, (29)

and ψ(t) is the instantaneous phase,

ψ(t) = tan−1 y(t)

x(t)
. (30)

The instantaneous frequency, ω(t), is then defined as

ω(t) = − d

dt
ψ(t). (31)

The instantaneous amplitude and frequency are plotted as a
function of time with a scatter plot as shown in Fig. 16. The
vertical axis is frequency, the horizontal axis is time and the
color bar indicates the amplitude. These data indicate large
amplitude oscillations near 75 and 78 µs with frequencies
between 1 and 2 MHz.
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