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Background: While uncertainty quantification has been making its way into nuclear theory, these methods are yet to be
explored in the context of reaction theory. For example, it is well known that different parameterizations of the optical
potential can result in different cross sections, but these differences have not been systematically studied and quantified.

Purpose: The purpose of this work is to investigate the uncertainties in nuclear reactions that result from fitting a given model
to elastic scattering data, as well as studying how these uncertainties propagate to the inelastic and transfer channels.

Method: We use statistical methods to determine a best fit, and create the corresponding 95% confidence bands. A simple
model of the process is fit to elastic scattering data and used in predicting either inelastic or transfer cross sections. We
assume that our model is correct and the only uncertainties come from the variation of the fit parameters.

Results: We study a number of reactions, involving proton and deuteron projectiles with energies in the range of 5 − 25
MeV/u, on targets with mass A = 12− 208. We investigate the correlations between the parameters in the fit. The case
of deuterons on 12C is discussed in detail: the elastic scattering fit and the prediction of 12C(d,p)13C transfer, using both
uncorrelated and correlated χ2 minimization functions. The general features for all cases are compiled in a systematic
manner so trends can be identified.

Conclusions: Our work shows that, in many cases, the correlated χ2 functions provide a more natural parameterization of the
process. These correlated function do, however, produce broader confidence bands. Further optimization may require
improvement in the models themselves or more information to be included in the fit.

PACS numbers: 24.10.Eq, 25.40.Dn, 25.40.Fq, 25.40.Hs, 02.60.Ed
Keywords: Uncertainty Quantification, elastic scattering, inelastic scattering, transfer reactions, direct reac-
tion theory

I. INTRODUCTION

For nuclei close to the limits of stability, nuclear theory
needs to become more predictable, because not all sys-
tems will be measured directly. For those nuclei that are
studied experimentally, it is essential to have a deep un-
derstanding of the probe and its uncertainties. For these
exotic systems, there is a diversity of reaction probes
which enable to study of a wide variety of nuclear phe-
nomena. A solid understanding of reaction theory is
crucial in the interpretation of these experiments. This
understanding must include the sources of uncertainty
within the models.

There are four main sources of uncertainty in reaction
theory, as discussed in [1]. These can be classified as
approximations to a) the few-body problem, b) the effec-
tive interactions used, c) the structure functions (such as
overlaps), and d) the degrees of freedom left out of the
model. Most of these have been investigated, in [1] (ref-
erences therein) and elsewhere. However, typically one
relies on the comparison of two models or parameteriza-
tions. Concerning a), for example, methods such as the
adiabatic approximation or continuum-discretized cou-
pled channels method, have been benchmarked against
the Faddeev method [2–4]. To address b), the uncer-
tainty from the effective interactions used, the standard
procedure is to use different parameterizations of the op-
tical model within the same reaction theory framework,
with the percent errors coming from the difference be-

tween the results obtained with two parameterizations.
The same approach is taken when investigating c), the
effect of simplifications in the structure functions.

Although comparative methods can be used to inves-
tigate each of these sources of uncertainties, it is not sys-
tematic. It also does not allow us to know, a priori, when
these effects will become important. In order to move the
field forward, it is crucial to develop systematic ways to
compute uncertainties.

As opposed to reaction theory, in other nuclear the-
ory subfields, systematic methods of uncertainty quan-
tification have become widespread. Bayesian methods
for parameter estimation are being used in effective field
theories (EFTs), for example [5, 6], as well as in nuclear
data evaluations [7]. Truncation errors are being system-
atically investigated in EFTs and the derivation of the
nuclear force [8–11]. Uncertainty quantification has also
been applied to density functional theory (DFT), for ex-
ample in [12, 13].

Uncertainty quantification has been used widely in
fields outside low energy nuclear physics. For example,
Bayesian approaches are used in measuring neutron star
radii [14] and estimating parameters for heavy-ion col-
lisions [15]. Of course, systematic error quantifications
are also the topic of research in fields beyond physics, an
example being the issue of complexity in models of geo-
chemical reactions [16]. There are many lessons learned
from the large array of applications that can guide the
work on uncertainty quantification in reaction theory,
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however there are many specifics that need to addressed
to face the challenges of improving upon the current state
of the art. Our approach therefore is to start with sim-
ple formulations of the process and focus on developing
a systematic and robust methodology that holds specifi-
cally for nuclear reactions. This work represents the first
step in this process.

The goal of this work is to quantify uncertainties com-
ing from parameter variations of the effective interaction
within a given model. In Section II, we will discuss the
formulation used for our study of uncertainties as well
as a brief mention of the reaction models that we are
considering. The systems that we have studied will be
introduced in Section III and results will be presented in
Section IV, including one detailed example and a sum-
mary of the overall trends. In Section V, these results will
be discussed. Finally, we will conclude in Section VI, as
well as present ideas of how to improve this analysis in
the future.

II. THEORETICAL FRAMEWORK

Throughout this entire work, we will assume that all
uncertainties are coming from our choice of parameteri-
zation of the cross section model and not from the model
itself. Uncertainties in the model will be discussed briefly
in Section VI.

A. Uncorrelated χ2 fitting

The goal is to describe a true function, µ(θ) with a
known model, m(x, θ), where the model is a function of
angle, θ, and has N free parameters x = (x1, x2, ..., xN ).
In this work, the model is a formulation for a differen-
tial cross section and the free parameters are the pa-
rameters in the optical model potential; this will be dis-
cussed in Section II E. The model describes M sets of
data pairs {(θ1, d1), (θ2, d2), ..., (θM , dM )}, with an asso-
ciated experimental error, σi. Typically, the data and
the errors are independent of one another and normally
distributed, such that

di = µ(θi) + εi, (1)

with

εi ∼ N (0, σ2
i ). (2)

In matrix form,

d ∼ N (µ,Σ), (3)

where Σ is an m × m diagonal matrix with σ2
i on the

diagonals.

The residuals, the differences between the data and the
model, then have the distribution

[m(x, θ1)−d1,m(x, θ2)−d2, ...m(x, θM )−dM ]T ∼ N (0,Σ).
(4)

This gives us the minimization function,

χ2 =

M∑
i=1

(m(x, θi)− di)2

σ2
i

, (5)

which is the definition of the standard χ2 function. In
minimizing this equation, we can find the best fit set of
parameters x̂.

From here, we can define 95% confidence bands for
our model. We further assume that the parameter space
around the best fit is normally distributed,

N (x̂,Cp) ∼ exp[−1

2
(x− x̂)TCp(x− x̂)]. (6)

Cp is the N × N parameter covariance matrix, describ-
ing the correlations between the fit parameters. This
assumption of a normal distribution can be verified by
looking at two-dimensional slices of parameter space as a
function of χ2 value or the square root of the χ2 value. To
take into account the goodness of the fit, the parameter
covariance matrix is scaled by

s2 =
χ2

M −N
, (7)

such that in Eqn. 6

Cp → s2Cp (8)

Two hundred parameter sets can then be pulled from
the distribution in (6) and run through the model. At
each angle at which the model calculations were per-
formed, the highest 2.5% and lowest 2.5% of the cal-
culations are removed. This defines the 95% confidence
bands.

B. Correlated χ2 fitting

However, we know that there are correlations in our
models for the cross sections. Even for the single channel
elastic cross section,

dσ

dΩ
=

1

4k2

∣∣∣∣∣
∞∑
L=0

(2L+ 1)PL(cosθ)(SL − 1)

∣∣∣∣∣
2

, (9)

fitting at one angle, determines the cross section values at
all other angles. The correlations between angles should
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be taken into account in the fitting process. This is done
in the following manner.

Along with the assumptions made in Section II A, we
assume that our model is normally distributed,

[m(x, θ1),m(x, θ2), ...,m(x, θM )]T ∼ N (µ,Cm), (10)

where Cm is an M ×M model covariance matrix that
describes the correlations between each of the angles in
the model. This leaves the residuals distributed as

[m(x, θ1)−d1,m(x, θ2)−d2, ...m(x, θM )−dM ]T ∼ N (0,Cm+Σ).
(11)

From this, we end up with a correlated χ2 fitting func-
tion,

χ2 =

M∑
i=1

M∑
j=1

Wij(m(x, θi)− di)(m(x, θj)− dj), (12)

where Wij are the matrix elements of W = (Cm + Σ)−1.
Once the best fit set of parameters is found with this

fitting function, 95% confidence bands can be defined in
the same was as in Section II A.

C. Matrices

The parameter covariance matrix is defined as

Cp = (JT J)−1, (13)

where the matrix element of the Jacobian, J, are,

Jij =
∂m(x, θi)

∂xj

∣∣∣∣
x=x̂

. (14)

From the covariance matrix, the parameter correlation
matrix can be defined

Ccorr = ATCpA. (15)

Here, A is the matrix which has, as its diagonal elements,
the square roots of the diagonal elements of Cp, and its

off-diagonal elements are zero (Aii =
√

(Cp)ii). The ma-
trix elements of the correlation matrix range from zero
to one. Zero means no correlation between the two pa-
rameters, and one means that the two parameters are
fully correlated. Therefore, the diagonal elements of the
correlation matrix are all ones, since every parameter is
fully correlated with itself.

D. Non-Gaussian parameter space

Parameter space does not have to be described by a
Gaussian. If this is the case, we can pull the 200 param-
eter sets from the actual distribution (defined by contours
of constant χ2), rather than the multivariate Gaussian of
Eqn. 6. For each parameter set pulled, its χ2(x) value is
tested in the inequality,

χ2(x)− χ2(x̂) ≤ 9M. (16)

If the χ2(x) associated with the parameter set fulfills this
requirement, the parameter set is kept; otherwise, it is
thrown away. When 200 parameter sets have passed,
these are run through the model, and 95% confidence
bands are constructed in the same way as defined previ-
ously.

E. Reaction models

In this work, we fit elastic scattering data to predict
inelastic scattering cross sections as well as transfer cross
sections. There are two reaction models that we focus
on, the Coupled Channel Born Approximation (CCBA)
for elastic and inelastic scattering calculations, and the
Distorted Wave Born Approximation (DWBA) for the
elastic scattering and transfer calculations. [17]

1. CCBA

CCBA couples the elastic and inelastic channels to-
gether by solving N equations,

[Hα − Eα]ψααi(Rα) +

N∑
β 6=α

Vαβψβαi(Rβ) = 0. (17)

αi is the incoming elastic channel.
These coupled channels are split into two sets of equa-

tions, where the full coupled-channel problem is solved
within each set, but only first order couplings are in-
cluded between the two sets. This combines a coupled
channel solution with a first order Born Approximation,
which is useful when there are strong couplings between
the initial and final nuclei but weaker transfer couplings
that connect them.

In this work, CCBA is used when calculating neutron
elastic and inelastic scattering cross sections, coupling
the first excited state to the ground state.

2. DWBA

For (d, d) and (d, p) reactions distorted wave ap-
proximations are made. For the elastic scattering of
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the deuteron, the interaction potential describes the
deuteron interacting with the target (instead of using
nucleon-target interactions). For the transfer reaction, in
DWBA, instead of solving for the exact scattering wave
function for use in the transfer matrix, the exact wave
function is replaced with a distorted wave multiplied by
the corresponding bound state of the deuteron.

That is, we solve,

TDWBA
prior = 〈Φ(~rnA)χ(~Rf )|VdA − Ui|ΦIb;Ia(~rnp)χ~ki(

~Ri)〉,
(18)

instead of

Texact
prior = 〈Ψ(−)exact|VnA + VpA − Ui|ΦIb;Ia(~rnp)χ~ki(

~Ri)〉.
(19)

Here, VnA, VpA, and VdA describe the neutron-target,
proton-target, and deuteron-target interactions respec-
tively, Ψexact

prior is the exact three-body wave function,

ΦIb;Ia(~rnp) is the initial bound state wave function for the

deuteron, χ(~Ri) is the distorted wave of the deuteron in-
teracting with the target, Φ(~rnA) is the final bound state

wave function of the target plus neutron, and χ(~Rf )is the
distorted wave of the outgoing proton interacting with
the target+neutron system.

After calculating the transfer cross section, a spectro-
scopic factor can be extracted,

(
dσ

dΩ

)exp

= Sexp

(
dσ

dΩ

)DWBA

, (20)

where the cross sections are compared at the first peak.
This describes the single particle nature of the transfered
nucleon in comparison to the composite nucleus.

3. Optical model

For both the CCBA and DWBA calculations, the po-
tential was defined by the optical model, wherein each po-
tential is characterized by a real and an imaginary part,

U(r) = V (r) + iW (r). (21)

The imaginary part takes into account the flux that
leaves the exit channels but which is not explicitly taken
into account in the model.

These potentials have volume, surface, and spin-orbit
parts which are characterized by Woods-Saxons or the
derivatives of a Woods-Saxon. It is in these potentials,

V (r) = − Vo

1 + exp( r−Ro

ao
)
, (22)

and

V (r) = − Wo

1 + exp( r−Rw

aw
)
, (23)

(or their derivatives) where the free parameters in the fit
arise.

III. CASES

In each of the cases studied for this work, elastic scat-
tering data was fit, and then either inelastic scattering
or transfer cross sections were predicted and compared
to data. Table I summarizes the systems that were stud-
ied, including references to the starting optical model
potential and data.

System Energy (MeV) Data Potential
12C(d,d)12C 11.8 [18] [19]
12C(d,p)13C 11.8 [20] —
90Zr(d,d)90Zr 12.0 [21] [22]
90Zr(d,p)91Zr 12.0 [23] —
12C(n,n)12C 17.29 [24] [25]

12C(n,n’)12C(2+
1 ) 17.29 [24] —

48Ca(n,n)48Ca 7.97 [26] [27]
48Ca(n,n’)48Ca(2+

1 ) 7.97 [26] —
54Fe(n,n)54Fe 16.93 [28] [29]

54Fe(n,n’)54Fe(2+
1 ) 16.93 [28] —

208Pb(n,n)208Pb 26.0 [30] [28]
208Pb(n,n’)208Pb(3−

1 ) 26.0 [31] —

TABLE I: Physics cases studied in this work. The third col-
umn gives the reference for each of the data sets included in
this work, and the fourth column gives the reference for the
starting optical model parameterization for each fit.

IV. RESULTS

To demonstrate our method, we will go through one
of the cases from Table I in detail, that of fitting
12C(d,d)12C elastic scattering to predict the 12C(d,p)13C
transfer cross section, focusing specifically on the differ-
ence between uncorrelated and correlated fitting.

A. Fitting to elastic scattering data

Starting from the parameterization referenced in Ta-
ble I for 12C(d,d)12C and using the uncorrelated χ2 min-
imization function of Eqn. 5, we reach the best fit pa-
rameterization of Table II. The blue parameters were
simultaneously minimized, and their variations give rise
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to the 95% confidence bands, while the green parame-
ters were initially varied but fixed during the final fitting
procedure.

V (MeV) r (fm) a (fm) W (MeV) r (fm) a (fm)

Vol 111.505 1.002 0.7308 0.000 0.000 0.000

Sur 0.000 0.000 0.000 27.582 1.235 0.2841

TABLE II: Best fit parameters when only elastic scattering
data was fit for 12C(d,d)12C to predict the 12C(d,p)13C trans-
fer cross section (uncorrelated). The spin-orbit part of the
potential was not fit. The second, third, and fourth columns
are the real part of the potential; the last three columns are
the parameters for the imaginary part of the potential. The
second row gives the real and imaginary volume parameters,
and the third row gives the surface parameters. Blue param-
eters were simultaneously minimized and contribute to the
95% confidence bands, while the green parameters were fixed
during the final fitting procedure. χ2/M = 4.513

To explore the shape of the parameter space around the
fit in Table II, 2D χ2 contours were constructed, shown
in Figure 1. Since the contours are elliptical, centered
around the best fit parameterization, we can pull pa-
rameter sets from the multivariate Gaussian (Eqn. 6)
to construct the confidence bands in Figure 2. The best
fit parameterization, shown in red, passes through most
of the elastic scattering data (Figure 2, top); however,
at the forward angles where the reaction models should
be more accurate, the best fit does not entirely describe
the data. The predicted transfer cross section, Figure 2,
bottom, has been normalized to the data, which gives
an experimental spectroscopic factor of 0.310. The pre-
diction does not agree with the shape of the data. The
average width of the elastic scattering band is 1.3577 (as
a ratio to the Rutherford cross section), and the aver-
age width of the predicted transfer cross section band is
0.77888 mb/sr.

As mentioned in Section II B, there are correlations in
our model that are not taken into account in the fitting
process. We can visualize these model correlations by
looking at the scattering of cross section values at two
different angles. If these two angles are uncorrelated, the
scattering of data should be roughly circular; the more
elliptical this scattering becomes, the more correlated the
two angles are. This is shown for a selected set of angles
for the elastic scattering data set in Figure 3. Angles near
each other are highly correlated - almost straight lines -
whether they are forward or backward angles, while there
is much more of a scatter for angles that far away from
one another.

Therefore, instead of an uncorrelated fit, we use the
correlated χ2 function of Eqn. 12 to fit the elastic scat-
tering data. The best fit parameterization is given in Ta-
ble III, and the 2D χ2 contour plots are shown in Figure
4. The contour plots are not elliptical, so we pull pa-
rameters from the exact distribution instead of the mul-
tivariate Gaussian. The 95% confidence bands for the

FIG. 1: Two-dimensional χ2 contour plots for the best fit
parameterization of Table II. Black stars show the best fit
parameters.

elastic scattering fit and inelastic scattering prediction
are shown in Figure 5. The elastic scattering fits nearly
perfectly at forward angles, and the extracted spectro-
scopic factor is 0.265. The average width for the elastic
scattering band is 18.181 (ratio to Rutherford cross sec-
tion), and the average width for the predicted transfer
cross section band is 7.9226 mb/sr.

V (MeV) r (fm) a (fm) W (MeV) r (fm) a (fm)

Vol 55.126 1.121 0.6700 0.000 0.000 0.000

Sur 0.000 0.000 0.000 40.931 1.193 0.1963

TABLE III: Same as Table II when the correlated fitting func-
tion was used. Again, the spin-orbit part of the potential was
not fit. χ2/m = 0.283

B. Summary of calculations

In this section, we summarize the results of all of our
calculations, including χ2 values for each of the fits, av-
erage widths of the confidence bands, and a quick note
about the shape of the cross sections relative to the shape
of the data. Table IV gives this summary for the un-
correlated fits, and Table V gives this summary for the
correlated fits. Not included in the table, the extracted
spectroscopic factor for the uncorrelated 90Zr(d,p)91Zr is
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FIG. 2: 95% confidence bands constructed from the uncorre-
lated fitting of 12C-d elastic scattering data, for elastic scat-
tering (top) and transfer (bottom, predicted). Sexp = 0.310
as predicted from the best fit parameterization. The cross sec-
tion calculations from the best fit parameterization are shown
the red, the 95% confidence bands in brown, and the black
circles show the elastic and inelastic scattering data.

5.109, and 0.335 for the correlated spectroscopic factor.

V. DISCUSSION

Before commenting on the general properties from Sec-
tion IV B, we will make some comments about the trans-
fer case discussed in detail above.

First, by looking at the comparison of the elastic scat-
tering best fit cross section and the transfer predictions,
we get the sense of what extra physics is included when
model correlations are taken into account. Figure 6 shows
the comparison of the correlated and uncorrelated fits for

FIG. 3: Visual representation of model correlation for the
elastic scattering data set for 12C(d,d)12C, for select angles.

FIG. 4: Same as Figure 1 for the best fit parameterization of
Table III.

elastic scattering (a) and transfer (b) cross sections. In-
cluding the model correlations allows the shape of the
best fit parameterization to better match the shape of
the data. This is true, for the elastic scattering, more so
at forward angles, which is where we expect our models
to be the most accurate. Even at very backwards angles,
we see that the shape of the elastic scattering data is bet-
ter matched by the correlated fit which continues to rise,
instead of flattening off like the uncorrelated fit does.

A more extreme example of the correlated minimum
having a more physical fit is shown in the case of fit-
ting 54Fe(n,n)54Fe elastic scattering data to predict the
54Fe(n,n’)54Fe(2+1 ) inelastic cross section, shown in Fig-
ure 7. The correlated calculations (red, dashed) follow
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FIG. 5: Same as Figure 2 for the correlated fit. Sexp = 0.265
from the best fit parameterization.

the shape of the data much more closely, even if the cal-
culation is mainly below the data points (for the elastic
scattering case). For the inelastic scattering prediction
the same deformation parameter is used in both calcula-
tions, however, the correlated prediction better describes
both the shape and the magnitude of the inelastic scat-
tering data.

Returning to 12C-deuteron scattering, the χ2 values
are lower when model correlations are included, by a fac-
tor of about 8. Instead of all positive definite quantities
being added together (the case for the calculation of the
uncorrelated χ2), when fitting with correlated χ2, there
can be interference between the various residuals because
of the model covariance matrix, which causes a lower χ2

value. In general, we see that χ2/M = 1 is no longer the
definition of a perfect fit. Correlated fitting also produces
larger confidence bands on both the elastic and transfer
cross section calculations.

System Sets χ2/m Avg. Width
12C(d,d)12C 1 4.513 1.3577
12C(d,p)13C 0 — 0.77888
90Zr(d,d)90Zr 1 1.421 0.087820
90Zr(d,p)91Zr 0 — 0.38644
12C(n,n)12C 1 68.321 204.35

12C(n,n’)12C(2+
1 ) 0 — 17.212

48Ca(n,n)48Ca 1 22.344 134.21
48Ca(n,n’)48Ca(2+

1 ) 0 — 7.164
54Fe(n,n)54Fe 1 158.098 151.20

54Fe(n,n’)54Fe(2+
1 ) 0 — 1.4722

208Pb(n,n)208Pb 1 3.678 86.105
208Pb(n,n’)208Pb(3−

1 ) 0 — 0.42104

TABLE IV: Summary of the properties of all of the physics
cases studied for this work, for the uncorrelated fits. The first
column gives the system that was studied, the second column
gives the number of data sets that were fit, the third column
gives the χ2 value for each fit, and the fourth column gives the
average width of each 95% confidence band (either in mb/sr,
for neutron elastic and inelastic scattering and (d, p) transfer
reactions, or as a ratio to Rutherford scattering for deuteron
elastic scattering.

System Sets χ2/m Avg. Width
12C(d,d)12C 1 0.283 18.181
12C(d,p)13C 0 — 7.9226
90Zr(d,d)90Zr 1 0.142 0.21451
90Zr(d,p)91Zr 0 — 3.5741
12C(n,n)12C 1 0.483 382.52

12C(n,n’)12C(2+
1 ) 0 — 51.253

48Ca(n,n)48Ca 1 2.142 380.91
48Ca(n,n’)48Ca(2+

1 ) 0 — 35.586
54Fe(n,n)54Fe 1 1.080 92.191

54Fe(n,n’)54Fe(2+
1 ) 0 — 2.2338

208Pb(n,n)208Pb 1 1.731 697.13
208Pb(n,n’)208Pb(3−

1 ) 0 — 0.87376

TABLE V: Same as Table IV for the correlated fits.

Many of the best fit parameters take on more physical
values when the correlated fitting is performed compared
to the uncorrelated fitting, including less difference be-
tween the real and imaginary depths. We can also cal-
culate the parameter correlation matrices for each of the
fits from the previous section. These are found in Tables
VI and VII.

We can also discuss general properties of all of the cases
that we have studied. We find that the χ2 values for the
correlated fits are always smaller than for the uncorre-
lated fits, as described above. In almost all cases, the av-
erage width of the correlated confidence bands is larger
than for the uncorrelated case. Stefan mentioned a
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FIG. 6: Comparison of correlated and uncorrelated cross sec-
tion calculations when elastic cross section data was fit to pre-
dict transfer cross sections for 12C(d,d)12C. Panel a) shows
the elastic scattering calculations, and panel b) shows the
predicted transfer calculations. Shown are uncorrelated fit
to elastic scattering (red solid) and correlated fits to elastic
scattering (black dashed).

r a Ws rs as

r 1.000 -0.765 0.380 -0.479 -0.535

a -0.765 1.000 0.070 0.870 0.102

Ws 0.380 0.070 1.000 0.154 -0.941

rs -0.479 0.870 0.154 1.000 -0.050

as -0.535 0.102 -0.941 -0.050 1.000

TABLE VI: Correlation matrix for 12C(d,d)12C uncorrelated
fit.

FIG. 7: Comparison of correlated and uncorrelated cross sec-
tion calculations when elastic scattering data was fit to predict
inelastic cross sections, for 54Fe-neutron scattering. Panel a)
shows the elastic scattering fits, and panel b) shows the in-
elastic scattering predictions. Shown are uncorrelated (black
solid) and correlated (red dashed) fits and predictions.

reason for this. Part of this, is that the parameter co-
variance matrix is larger for the correlated fits than for
the uncorrelated fits - and even though it is scaled by s2

as defined in Eqn. 7, there still ends up being a wider
range for the parameters to be pulled from.

However, in all cases, the correlated fitting better
matches the shape of the data, at forward angles, if not
everywhere. As shown in Section IV, this is true for
both fitted and predicted cross sections. For the case of
fitting 90Zr(d,d) to predict 90Zr(d,p)91Zr, the fits using
the uncorrelated and correlated χ2 functions were nearly
identical at forward angles. Even though the uncorre-
lated fit almost perfectly matched the data (shown by
χ2/m = 1.421 in Table IV) and the correlated fit was
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V rs a r as

V 1.000 -0.568 0.013 -0.910 0.486

rs -0.568 1.000 0.720 0.307 0.248

a 0.013 0.720 1.000 -0.322 0.920

r -0.910 0.307 -0.322 1.000 -0.704

as 0.486 0.248 0.620 -0.704 1.000

TABLE VII: Same as Table VI, for the correlated fit.

above the data at backwards angles, still the transfer
cross section calculated using the best fit parameters for
the correlated fit was much more physical than that of the
uncorrelated parameters, in both magnitude and shape
(partially shown by the difference in extracted spectro-
scopic factors).

Looking at the correlations between the fitted param-
eters across all systems that were studied here, we can
make two comments. The first is that radii appear to
decouple somewhat from the potential depth when go-
ing from correlated to uncorrelated fitting. In general,
these are two of the most correlated parameters. Second,
the depths of the interactions couple more strongly when
correlations are added to the fitting function. This may
influence the wider confidence bands for the correlated
case, depending on whether the couplings are positively
or negatively correlated.

We can also simultaneously fit multiple sets of data,
such as fitting both elastic and inelastic cross sections
instead of predicting the inelastic. This does not always
greatly change the parameter values, but the width of
the confidence bands typically decreases. With more con-
straints coming from the data, it follows that the best fit
would be better determined.

These same conclusions still hold when starting from
multiple global optical model parameterization and per-
forming an independent minimization. Even with differ-
ent shapes of the spin-orbit potential, which was not fit
for any system, and different mean field parameters, the
same conclusions are reached. Generally, a very large
error can be introduced from the variation in parame-
ters. However, this comes from assuming nearly nothing
about constrains on the parameter space; including more
information about the model space before the fit could
decrease this uncertainty.

VI. CONCLUSIONS AND FUTURE WORK

as methods of uncertainty quantification become more
widely used in theory calculations, it is important to ap-
ply these methods to reaction theory calculations. Here,
we have fit optical model parameters to elastic scattering
data in order to construct 95% confidence bands for the
reaction observables that were fit (elastic scattering cross
sections), as well as propagate the 95% confidence bands
to predicted inelastic and transfer cross sections. We in-

troduced a correlated χ2 fitting function to take into ac-
count the angular correlations within the reaction theory
models. These correlations lead to more physical shapes
for the fitted and predicted cross sections, along with,
generally, more physical values for the resulting optical
model parameters. This added correlation contributes to
larger 95% confidence bands.

The Bayesian methods used in many nuclear EFT cal-
culations could also be applied to the systems studied in
this work as a way to add more of an a priori knowl-
edge of physical parameter ranges into the definition of
the confidence bands. This could, as well, lead to a more
thorough investigation of the correlations between the
optical model parameters. Due to the high level of cor-
relation among the parameters, it could also be possible
to fix the relationship between certain parameters then
only actively vary a single parameter - and update the
second parameter based on the predefined relationship.

Even though we were fitting to elastic scattering data,
these potentials are not the only ones that are include
din more complex calculations, such as for transfer reac-
tions. Here, both incoming and outgoing reaction chan-
nels must be defined. It would, therefore, be interesting
to systematically study how the outgoing channel affects
the 95% confidence bands, as well as study the effect of
varying both the incoming and outgoing channels.

One of the goals of uncertainty quantification is to in-
clude uncertainties in the model into the confidence band
calculations, instead of just variations of the parameters.
This would give a quantifiable way of knowing how much
missing physics affects the final solution, without having
to compare to exact answers when often these exact so-
lutions do not exits. A first step to investigate this would
be to use various reaction models (such as distorted wave
and CCBA) within the framework presented here to com-
pare and fitted optical potentials, confidence bands, and
parameter correlations. Preliminary studies of this are
currently underway.

With the Facility for Rare Isotope Beams (FRIB) com-
ing online, it is important to have accurate predictions in
regions of the nuclear chart far from stability. Since these
are regions where exotic physics is often found and stan-
dard models are less able to accurately reproduce data,
it is crucial to have an understanding of the uncertain-
ties within our models and to be able to propagate them
to systems where data has not yet been measured. Ulti-
mately, having a data-free way of quantifying parameter
and model uncertainties would lead to the widest appli-
cability of these methods.
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