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Abstract—Effcient management of wind ramping characteris-
tics can signifcantly reduce wind integration costs for balancing 
authorities. By considering the stochastic dependence of wind 
power ramp (WPR) features, this paper develops a conditional 
probabilistic wind power ramp forecast (cp-WPRF) model based 
on Copula theory. The WPRs dataset is constructed by extracting 
ramps from a large dataset of historical wind power. Each 
WPR feature (e.g., rate, magnitude, duration, and start-time) 
is separately forecasted by considering the coupling effects 
among different ramp features. To accurately model the marginal 
distributions with a copula, a Gaussian mixture model (GMM) is 
adopted to characterize the WPR uncertainty and features. The 
Canonical Maximum Likelihood (CML) method is used to esti-
mate parameters of the multivariable copula. The optimal copula 
model is chosen based on the Bayesian information criterion 
(BIC) from each copula family. Finally, the best conditions based 
cp-WPRF model is determined by predictive interval (PI) based 
evaluation metrics. Numerical simulations on publicly available 
wind power data show that the developed copula-based cp-WPRF 
model can predict WPRs with a high level of reliability and 
sharpness. 

Index Terms—Conditional probabilistic forecast, Copula the-
ory, Gaussian mixture model, wind power ramps. 

ACRONYMS 

WPR Wind power ramp. 
WPRF Wind power ramp forecasting. 
SVM Support vector machine. 
p-WPRF Probabilistic wind power ramp forecasting. 
d-WPRF Deterministic wind power ramp forecasting. 
cp-WPRF Conditional probabilistic wind power ramp fore-

casting. 
OpSDA Optimized swinging door algorithm. 
R Ramp rate. 
D Ramp duration. 
M Ramp magnitude. 
S Non-ramp duration or ramp start-time. 
SWPO Start-time wind power output. 
GMM Gaussian mixture model. 
CDF Cumulative distribution function. 
PDF Probability distribution function. 
cPDF Conditional probability density function. 
CML Canonical maximum likelihood. 
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PI Predictive interval. 
RRFE Ramp rate forecast error. 
BIC Bayesian information criterion. 
ACE Average coverage error. 
ASV Average score value. 
SEM Synthetic evaluation metric. 
PICP Predictive interval coverage probability. 
PINC Predictive interval nominal confdence. 

I. INTRODUCTION 

W IND power ramps (WPRs) are caused by large fuc-
tuations in wind speed in a short time period and 

can threaten the secure and stable operation of power sys-
tems [1]–[3]. However, wind power ramp forecasting (WPRF) 
is still challenging for system operators even though larger 
wind power penetrations are being seen in power systems 
worldwide [4], which makes WPRF signifcant for practical 
applications. 

WPRF methods can be divided into deterministic forecasts 
(d-WPRF) and probabilistic forecasts (p-WPRF). The recent 
development of machine learning methods makes it possible 
to constitute deterministic WPRF models. For example, Liu 
et al. [5] developed a hybrid WPR forecasting model to 
combine an orthogonal test with a support vector machine 
(SVM). Zareipour et al. [6] presented a direct approach for 
predicting WPR events by using the SVM classifer. Cut-
ler et al. [7] forecasted wind power ramps and evaluated 
the effciency of the Wind Power Prediction Tool and the 
Mesoscale Limited Area Prediction System for ramp forecasts. 
Probabilistic WPRFs are expected to provide more information 
on forecasting uncertainties of wind power ramps. Accurate 
information of p-WPRF can help power system operations, 
such as (i) enabling credible wind-friendly fexible ramping 
products design in both unit commitment and economic dis-
patch models [8], and (ii) signifcantly helping reduce wind 
integration cost by enabling wind power dispatchability and 
effciently managing wind ramping characteristics. Most of 
existing p-WPRF methods can be further divided into two 
categories: two- and one-step methods. The two-step p-WPRF 
method is to frst generate a massive number of wind power 
scenarios by using wind power forecasting techniques, and 
then detect all the possible WPRs. The probabilistic infor-
mation of WPRF is obtained through the statistical analysis 
of those detected WPRs. For example, Li et al. [9] provided 
probabilistic WPR information using wind power scenarios 
generated from quantile forecasts. Cui et al. [10] utilized 
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Neural Networks to generate wind power scenarios and derive 
the probabilistic distributions of ramp features. Due to the high 
dependence on wind power scenarios, the two-step p-WPRF 
method is generally computational expensive. The one-step 
p-WPRF method is to directly forecast ramp features based 
on historical measured WPR information and can eliminate 
impacts of generated wind power scenarios. For example, 
Taylor [11] used a multinomial logit structure and categorical 
distribution to directly estimate the ramp event probabilities 
for different thresholds. 

Generally, WPRs can be characterized with four features: 
ramp rate, duration, magnitude, and start-time. However, most 
of current literature focuses on ramp rate forecasts while 
neglecting the stochastic dependence between different ramp 
features. To this end, a one-step copula-based conditional p-
WPRF (cp-WPRF) model is developed in this paper, which 
is able to model conditional probabilistic forecasts of WPR 
features. Copula theory has been widely applied in dependence 
and uncertainty analyses. Zhang et al. [12] utilized the copula 
theory to formulate the conditional distributions of multiple 
wind farms’ forecasting errors. Wang et al. [13] used the cop-
ula theory to describe the wind farms’ dependence structure 
under multiple forecasting conditions. Copula theory has also 
been used for power system uncertainty analysis. For example, 
Wang et al. [14] utilized the high-dimensional copula theory 
for power system reserve requirement evaluation and wind 
power capacity credit assessment analysis. 

In this paper, we seek to address two critical questions for 
balancing authorities with increasing wind power penetrations 
in power systems. Is it possible to quantitatively evaluate the 
probabilistic information of WPR features (e.g., rate, duration, 
magnitude, and start-time)? What is the impact of the stochas-
tic dependence between WPRF uncertainties and different 
ramp features? This paper develops a cp-WPRF model to 
characterize key ramp features. The main contributions of this 
paper include: (i) using the Gaussian mixture model (GMM) 
to accurately ft the probability distributions of WPRF errors 
and ramp features; (ii) using copula to develop a cp-WPRF 
model to separately forecast each WPR feature considering the 
stochastic dependence of ramping features; and (iii) analyzing 
the probability information of conditional forecasts for ramp 
features. 

The remainder of this paper is organized as follows. In Sec-
tion II, a database of historical WPRs is constructed and ramp 
features are characterized. The stochastic dependence between 
WPRF uncertainty and variability is modeled in Section III. 
The development of the cp-WPRF model and evaluation 
metrics are described in Section IV and V, respectively. Case 
studies and analysis performed on publicly available wind 
power data are present in Section VI. Concluding remarks are 
summarized in Section VIII. 

II. DATA PREPARATION AND CHARACTERIZATION 

Before performing the conditional forecasts of WPRs, a 
database of historical ramping features is constructed in Sec-
tion II-A. The SVM method is used to generate d-WPRFs 
and construct a dataset of forecasting errors of different 
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Fig. 1. A typical WPR represented by different ramp features. 

ramping features, as described in Section II-B. Uncertainty 
and variability of WPRFs are characterized in Section II-C 
for marginal distributions that can be used in copula-based 
conditional forecasts. 

A. WPR Detection 

The WIND Toolkit [15] is utilized to construct the historical 
WPRs database, and the optimized swinging door algorithm 
(OpSDA) [16] is used to automatically detect WPRs. In the 
OpSDA, the conventional swinging door algorithm (SDA) 
with a predefned value is frst applied to segregate the wind 
power data into multiple discrete segments. Then dynamic 
programming is used to merge adjacent segments with the 
same ramp direction and relatively high ramp rates. A brief 
description of the OpSDA is introduced in this section, and 
more details can be found in [16]. A brief example of one 
WPR is illustrated in Fig. 1. As can be seen, one WPR consists 
of four ramp features and one auxiliary variable. The four 
ramp features are ramp rate, duration, magnitude, and non-
ramp duration/start-time, which are represented by symbols R, 
D, M, and S , respectively. The auxiliary variable is the start-
time wind power output (SWPO) represented by the symbol 
P . Note that the ramp start-time can be calculated from the 
non-ramp duration. Since ramp features are more practical 
for power system operations than the auxiliary variable, the 
developed WPRF model in this paper is to forecast each ramp 
feature. Since four features and one auxiliary variable consti-
tute one WPR, the stochastic dependence among them needs 
to be modeled to forecast any ramp feature. To characterize the 
mutual dependence of WPR features and the auxiliary variable, 
Copula theory is adopted for analytical analysis and introduced 
in Section III. 

B. ε-SVM Based d-WPRF Model 

Based on the historical WPR features data, a classic ma-
chine learning method, epsilon-insensitive support vector ma-
chine (ε-SVM), is used to generate d-WPRFs. Note that this 
paper does not aim to develop any new machine learning meth-
ods for WPRFs. SVM has been widely used in regression and 
classifcation problems [17], as well as for d-WPRFs. Given an 
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Fig. 2. Deterministic forecasting results of ramp rate using SVM. 

ˆobservation WPR sample set {Rt, Rt+1}Ntr , each Rt ∈ Rn 
t=1

represents the input variables of WPR samples at the current 
tth ramp, i.e., Rt =(Rt−NI+1, · · · , Rt−1, Rt), and R̂t+1 ∈ R 
represents the corresponding forecast at the next (t+1)th ramp 
with Ntr training points. NI is the number of input variables. 
The nonlinear mapping is established to transfer the input 
data into a feature space with higher dimensions. The linear 
regression can be performed in this feature space, given by: � 

f (R) = w T,K (R, R ) + b (1)t

where the coeffcients w and b are estimated from the data. 
To map the high-dimensional feature space, the widely used 
radial basis function (RBF) is adopted as a kernel: � � 

K (R, R ) = exp −γkR − Rtk2 (2)t

To deal with infeasible constraints, slack variables ξt and 
ξ∗ are introduced for each point. By minimizing the following t 
risk function, all the variables are calculated: 

NtrX1 {w, b, ξt, ξ ∗ } = arg min kwk2 + C (ξt + ξ ∗ ) (3)t 2 t 
t=1 

ξt, ξ ∗ ≥ 0 (4)t �
 � � 
R̂t+1 − w T,K (R, Rt) + b ≤ ε + ξt (5) �
 � � 
w T,K (R, Rt) + b − R̂t+1 ≤ ε + ξ ∗ (6)t 

As shown in Fig. 2, the SVM only depicts the variability of 
the ramp rate. However, it does not characterize the uncertainty 
in WPRF, which is discussed as follows. 

C. Uncertainty and Variability Characterization of WPRF 

Similar to the wind power, WPR features also present the 
uncertainty and variability characteristics [18]. WPRF errors 
are varying over time with different forecasting accuracies, 
which is the a proxy for the uncertainty (see the green brace 
in Fig. 2). The WPR features change frequently with time, 
which is the variability (see the red brace in Fig. 2). Taking 
the ramp rate forecast error (RRFE) as an example, Fig. 3 
shows the scatter plots of joint distributions of RRFE and 
two representative WPR features: ramp rate and duration. 
Fig. 3a shows that RRFE is directly proportional to ramp rate, 
i.e., RRF E ∝ Rate. Fig. 3b shows that RRFE is inversely 
proportional to ramp duration, i.e., RRF E ∝ 1/Duration. 
This observation illustrates that RRFE correlates with WPR 

(a) Joint distribution of RRFE and ramp rate. 

(b) Joint distribution of RRFE and ramp duration. 

Fig. 3. Scatter plots of joint distributions for RRFE (y-axis) and two 
representative WPR features (x-axis): ramp rate in (a) and ramp duration 
in (b). 

features, such as ramp rate and duration. However, it is still 
challenging to model the stochastic dependence analytically 
when considering multivariate marginal distributions. Though 
a correlation coeffcient can characterize this relationship 
between RRFE and ramp features, it still cannot capture all of 
the dependence information. Copulas are effcient at describing 
the correlations of stochastically dependent variables, and 
have thus been adopted to model the probabilistic relationship 
between WPRF errors and WPR features. 

Currently, most papers in the literature use unimodal distri-
butions (normal distribution [19]) or nonparametric distribu-
tions (kernel density estimation [13]) to model the marginal 
distributions of copula. However, unimodal distributions can-
not accurately ft the irregular distributions of WPR features, 
and nonparametric distributions cannot be solved analytically. 
To characterize the uncertainty and variability of WPR fea-
tures, the GMM distribution [20] is used in this paper to 
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accurately model the multimodal probability distributions of 
WPRF errors and WPR features, respectively. The GMM 
distribution is formulated by: 

NGX 
f (xr|Γ)= ωigi (xr|µi, σi) (7)

i=1 

r ∈ R ={R, D, M, S} Z Z+∞ +∞ NGX 
f (xr|Γ) = ωigi (xr|µi, σi) = 1 (8) 

−∞ −∞ i=1 ZNG +∞X 
=⇒ ωi gi (xr|µi, σi) = 1 (9) 

−∞i=1 

where NG is the total number of mixture components. R 
is the WPR features set, including the ramp rate (R), ramp 
duration (D), ramp magnitude (M), and ramp start-time (S). 
Γ defnes the parameter set of all mixture components, i.e., 

NGΓ = {ωi, µi, σi}i=1. σ is the standard deviation. µ is the mean 
value. ω is the weight. Each component g (xr|µ, σ) conforms 
to a normal distribution, given by: 

2
1 (xr − µ)

g (xr|µ, σ) = √ exp(− ) (10)
2σ2σ 2π 

where the integral of a normal distribution equals unity. Thus, 
Eq. (9) becomes: 

NGX 
ωi = 1 (11) 

i=1 

The GMM distribution has two unity attributes formulated 
in (8) and (11), which make it possible to use the expectation 
maximization algorithm to estimate all the parameters of 
mixture components. More detailed information about this 
algorithm can be found in [21]. The uncertainty and variability 
of WPR features are separately characterized by the GMM 
distribution with specifc parameters. 

III. CONDITIONAL FORECAST OF UNCERTAINTY WITH 
STOCHASTIC DEPENDENCE OF VARIABILITY 

Generally, the behavior of WPR uncertainties is affected by 
WPR variabilities, which is called stochastic dependence [12], 
[19]. In other words, the WPR uncertainty and variability 
are stochastically dependent on each other. To analytically 
characterize the stochastic dependence between WPR uncer-
tainty and variability, Copula theory provides an effective 
way of capturing these correlations [22], [23]. Suppose that 
xr is the rth uncertainty variable (WPRF errors) and xr ∈ 
{xR, xD, xM, xS } (r ∈ R); yc is the cth random variability 
(or condition) variable (WPR features and auxiliary variable) 
and yc ∈ {yR, yD, yM, yS , yP } (c ∈ R ∪ {P}). The joint 
cumulative distribution function (CDF) FXr Yc represents the 
stochastic dependence, given by: 

FXr Yc (xr, yc) = FC (FXr (xr) , FYc (yc)) (12) 

where FXr and FYc are the marginal CDFs of WPR uncer-
tainty and variability that transform xr and yc into the uniform 
distributions, respectively. FC (·) is the copula CDF. In this 
way, Copula theory transforms the stochastic dependence 
problem into modeling FXr , FYc , and FC (·). 
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Fig. 4. CDF profles of ramping features and RRFE. 

A. Single Condition Based cp-WPRF 

Because of the stochastic nature of WPR, a change of ran-
dom WPRF errors would occur when the condition variables 
are altered, which is regarded as the stochastic dependence 
of WPR uncertainty with the variability. The joint distribution 
of WPRF errors and the conditional variable can be modeled 
by the copula function. The joint probability density function 
(PDF) fXr Yc (xr, yc) is formulated in (28) in Appendix A-A 
with the marginal PDFs of xr, yc, and copula PDF fC (·). 
Given the point forecast of one single conditional variable is 
yc = R̂c, the conditional PDF (cPDF) of WPRF errors can be 
expressed as: � � � �. � � 
fXr |Yc 

xr| R̂c = fXr Yc xr, R̂c fYc R̂c 

= fc 

� 
FXr (xr) , FYc 

� 
R̂c 

�� 
fXr (xr) 

(13) 

where the WPR uncertainty variable (xr) pool xr ∈ 
{xR, xD, xM, xS } includes the WPR uncertainties of four 
WPR features. The dependent condition (yc) pool in yc ∈ 
{yR, yD, yM, yS , yP } includes all the possible variables that 
are correlated with the WPR uncertainty. In this paper, the 
dependent conditional variable pool consists of four WPR 
features and SWPO (P). Note that the aforementioned pool 
defnitions are not limited by this paper and can be extended 
by balancing authorities for further studies. Each uncertainty 
or condition variable is normalized by: 

x = (xmeas. − µ)/σ (14) 

where µ and σ represent the mean value and standard deviation 
of uncertainty or condition variables, respectively. 

B. Multiple Conditions Based cp-WPRF 

Copula theory can also be used to establish the multiple con-
ditions based cp-WPRF model by expanding (13). The joint 
PDF fXr Y1Y2 ···Yc (xr, y1, y2, · · ·, yc) is formulated in (29) in 
Appendix A-B. Given point forecasts of multiple conditional 
variables are y1 = R̂1, y2 = R̂2, · · ·, yc = R̂c, the cPDF of 
WPRF errors, namely fXr |Y1 Y2 ···Yc

(xr|R̂1, R̂2,· · ·, R̂c), is ex-
pressed in (30) in Appendix A-B. Unlike the single condition 
based cp-WPRF, multiple conditional variables (y1, y2, · · ·, yc) 
are selected from the dependent conditions pool in (15) based 
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Algorithm 1: Newton-Raphson method for generating 
the lower bounds of WPR uncertainty. 

1 Initialization: obtain a random point (ρ ∈ [0, 1]) and 
evenly partition the WPRF errors into Nρ regions 

Nρ([xr,η, xr,η]η=1). Decide the region where ρ is: 
2 if FXr |Y1 ···Yc 

(xr,η)<ρ<FXr |Y1 ···Yc 
(xr,η) then 

0 13 Return η, x = xr,η; and the approximation x isr r 
calculated, when iteration l = 0, by: 

4 if single condition based cp-WPRF then 
5 Choose the optimal copula by (17) and run the 

iterative formula in (31) in Appendix A-C; 
6 end 
7 else if multiple conditions based cp-WPRF then 
8 Choose the optimal copula by (17) and run the 

iterative formula in (32) in Appendix A-C. 
9 end 

10 end 
11 Calculate the lower bounds: 
12 for Iteration l from 1 to 100 do� �

l+1 l13 if �x − x �<� thenr r 
14 The lower bound is returned as: 

αL l l+1 x ≈(x +x )/2;r r r 
15 else 
16 The iterative process is repeated by (31) 

and (32) in Appendix A-C. 
17 end 
18 end 

on the constraint in (16). By varying the c value, all of the 
possible conditions can be considered. 

y1, y2, · · ·, yc ∈ {yR, yD, yM, yS , yP } ; c ∈ R ∪ {P} (15) 

y1 6 6 · · 6 (16)= y2 = · = yc 

Overall, the conditional distribution of WPR uncertainty 
variables consists of the copula-based cPDF as the variant 
multiplier and the marginal GMM distribution as the base. 

C. Optimal Copula Models Determination 

To choose the optimal copula model, the Bayesian infor-
mation criterion (BIC) is used to assess the performance of 
different copula models [24]. Thus, the optimal copula model 
is chosen by minimizing the BIC, formulated by: " # 

NS � �X 
arg min NPlnNS −2ln ln fC ut, v1,t, · · ·, vc,t; θ̂ (17) 

t=1 

where NP is the number of parameters in a copula model. NS 

is the number of measured samples. For the Gaussian copula, 
NP = c (c + 1) /2. For the t copula, NP = 1 + c (c + 1) /2. 
For the Archimedean copula family, NP = 1. 

The optimal copula model is determined by BIC. In statis-
tics, BIC is a criterion used for model selection among a fnite 
set of models. The copula model with the minimum BIC is 
preferred. The minimum BIC is calculated using CDFs that 
transform the ramping features data into uniform distributions. 
Different CDF profles of each ramping feature may generate 
a different optimal copula model. Fig. 4 illustrates the CDF 
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Fig. 5. The overall framework of the developed cp-WPRF model: an example 
of ramp rate forecasts. 

profle differences of ramping features and RRFE, which 
shows that the optimal copula model could be different when 
used to forecast different ramping features. 

IV. DEVELOPMENT OF CP-WPRF MODEL: AN EXAMPLE 
OF RAMP RATE FORECASTS 

Based on the optimal copula model, the predictive intervals � �
αL αU(PIs) of WPR uncertainties x , x can be calculated by r,t r,t 

βusing the cPDF in (13) and (30). A PI (I ) of the forecasted r,t

WPRs with a nominal coverage rate (1-β) can be expressed 
with the lower bound R̂αL and the upper bound R̂αU [25], r,t r,t 
given by: h i � �β R̂αL R̂αU R̂SVM αL αUIr,t = r,t , r,t = r,t + xr,t , x r,t (18)| {z }

UNCERTAINTY 

where the lower and upper nominal proportions αL and 
αU equal to β/2 and (1 − β/2), respectively. However, the 
inverse function of the cCDF cannot be analytically deduced. 
Alternatively, we use the Newton-Raphson method [20] to 
obtain the numerical solution. Taking the ramp rate forecasts 
as an example, the lower bound of ramp rate uncertainty is 
generated by using the pseudocode in Algorithm 1 based on 
the copula PDF and the lower nominal proportion αL. The 
overall framework for generating the cp-WPRF of ramp rate 
is illustrated in Fig. 5, which mainly consists of four major 
steps: deterministic ramp rate forecast, marginal distribution 
ft, optimal copula model selection, and determining the best 
conditions based cp-WPRF model. The four major steps are 
described as follows: 
• Step 1: Based on the measured WPR data of ramp features, 

a machine learning method (i.e., SVM) is used to separately 
generate deterministic forecasts of all WPR features and the 
corresponding WPRF errors (see Section II-B). 
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• Step 2: Each WPR feature and its forecasting errors are 
characterized by the GMM distribution (see Section II-C), 
which is used as the marginal distribution in copula models. 

• Step 3: Parameters of the copula models are estimated by the 
ML/CML method. The best copula model is chosen based 
on the minimum BIC (see Section III). 

β 
• Step 4: The PIs of ramp rate Ir,t are calculated as the 

combination of the deterministic forecasts and the WPR 
uncertainties PIs (see (18)). The best conditions based cp-
WPRF model is determined by the quality of PIs with 
evaluation metrics (see Section V). 

V. CP-WPRF EVALUATION METRICS 

To evaluate the performance of cp-WPRF at different con-
ditions, two PI-based metrics, namely reliability and sharp-
ness [26]–[28], are adopted and briefy introduced in this 
section. Reliability indicates the correct degree of a cp-
WPRF assessed by the hit percentage. Sharpness indicates the 
uncertainty conveyed by the cp-WPRF. 

Conditions Pool

The ith conditions

Choose Optimal Copula Model

Calculate Predictive Intervals

Calculate   ,    , and 

NO

YES

YES

NO

YES

END

NO

 ;

A. Reliability Fig. 6. Flowchart of selecting the optimal condition. 

The forecasted WPR features are expected to lie within The average score value (ASV) can be employed to com-
the PI bounds with a prescribed probability termed as the prehensively evaluate the overall skill of WPR PIs to assess 
nominal proportion. It is expected that the coverage probability the sharpness, given by: 
of obtained PIs will asymptotically reach the nominal level �� 

Scβr 
j R̂r,t × 100% (23) 

N NXSL tX 

probability (PICP) is a critical measure for the reliability of the NSLNt j=1 t=1 
1 PNt βWPR PIs, formulated as PICP = φ ×100%, wheret=1 t 

β 
Nt Generally, smallerthe indicator of PICP (φ ) is defned in (19). Theoretically, 

1of confdence (ideal case) over the full WPRs. PI coverage ASV = 

ACE and ASV values indicate better 
r,t forecasting performance. To examine the trade-off betweenthe PICP should be close to the corresponding PI nominal 

confdence (PINC). The average coverage error (ACE) [26] 
metric formulated in (20) should be as close to zero as 
possible. A smaller absolute ACE indicates more reliable PIs 

the reliability and sharpness metrics, the synthetic evaluation 
metric (SEM) is formulated by: 

SEM = λ1ACE + λ2ASV (24)
of WPRs. (

1, βR̂r,t ∈ Ir,t where ACE and ASV are normalized by (14). λ1 and λ2 are(19)φβ 
r,t = βR̂r,t ∈/ I the weight coeffcients (in this paper, λ1 = λ2 = 0.5). The0, r,t 

weights could be adjusted based on the balancing authorities’ 
(or other stakeholders’) preferences between the two metrics.����� 

����� ×100% (20) 
XNSL

j=1 

XNt

Nt t=1 

= 
1 

NSL 

1 βj −PINCβjACE φt 

C. Optimal Condition Determination 
where NSL is the number of signifcance levels (SLs). Nt is 

To select the optimal condition from the conditions pool,the number of test samples. 
the objective function is constructed by minimizing the SEM 
metric for each correlated condition, given by: 

argmin SEMi = λ1,iACEi + λ2,iASV i (25) 

B. Sharpness 

Sharpness is related to the interval size of different SLs. 
The mean size of PIs (δβ ) at nominal coverage rate (1-β) is:r i∈Ω 

where Ω is the set of conditions pool.XNt

= x 
�1 αU αLδβ 

r × 100% (21)− x Fig. 6 shows the procedure of selecting the optimal condi-r,t r,tNt tion from the conditions pool, which is described as follows:t=1 �� 
The interval score Scβ ˆ rewards narrow PIs and • Step 1: Prepare a conditions pool and choose the ith 

r Rr,t 
condition from the conditions pool.assesses a penalty if a target doesn’t lie within estimated PIs. 

• Step 2: Select the optimal copula model, calculate predictive����⎧ 
RαL −R̂r,t , if R̂r,t <RαL 

r,t r,t�� 
R̂r,t 

�� 

⎪⎪⎪⎨ ⎪⎪⎪⎩ 

2βδβ 

Scβ R̂r,t = 2βδβ R̂r,t , if R̂r,t ∈ Ir r 

2βδβ 

intervals, and calculate evaluation metrics SEMi in (25). +4r�� 
β • Step 3: If i=1, the optimal SEM is set as SEMopt,1 = (22)r,t SEM1; otherwise, compare the ith SEM SEMi with the�� 

R̂r,t +4 R̂r,t −RαU , if R̂r,t >RαU 
r,t r,t optimal SEM SEMopt,i−1 in the last (i-1)th iteration.r 
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• Step 4: If SEMi < SEMopt,i−1, the optimal SEM is 
replaced by SEMopt,i ← SEMi and iopt ← i; otherwise, 
this step is skipped and goes to Step 5. 

• Step 5: Evaluate the termination condition. If the condition 
index i is smaller than the total number of conditions i < 
length(Ω), the index is updated by i = i +1 and it returns 
to Step 1; otherwise, the iteration calculation is terminated. 
The optimal condition is selected as the ioptth condition. 

VI. CASE STUDIES AND RESULTS 

A. Test Case 

The developed cp-WPRF model is evaluated using data from 
the Wind Integration National Dataset (WIND) Toolkit [15]. 
The data represents wind power generation from January 1st 

2007 to December 31st 2012. The wind plants used in this 
analysis are located in the regions of Dallas, Miami, Chicago, 
Los Angeles, and New York with a 5-minute data resolution. 
The total rated wind power capacities are 10,028 MW, 9,555 
MW, 9,974 MW, 10,119 MW, and 9,825 MW, respectively. 
There are approximately 1,585, 1,121, 1,819, 1,245, and 1,080 
WPRs in each of the locations, respectively. The last 140 
WPRs are used for testing. The remaining WPRs are used 
for training. All case studies are carried out using MATLAB 
2016a on an Intel-i7-6600 2.6-GHz laptop with 16 GB of 
RAM memory. The door width of the OpSDA is set as 0.2% 
of the rated capacity. 

B. Performance of the Developed cp-WPRF 

The detected WPRs in the Dallas area are used to verify the 
effectiveness of the developed model in this case. There are a 
total of 1,585 WPRs detected by the OpSDA. Fig. 7 shows the 
cp-WPRF results for ramp rate at different nominal coverage 
rates (1-β). To evaluate the accuracy of the proposed model, 
we defne two variables as FP and FN . FP is defned as the 
number of predicted ramps but not observed, which means 
the ramps are false alarms. FN is defned as the number of 
observed ramps but not predicted, which means the ramps 
are missed by the forecasting model. Two metrics are further 
defned based on the total number of ramps NR: the rate of 
false alarm ramps (ROF A) and the rate of missed ramps 
(ROMR). 

FP 
ROF A = (26)

NR 

FN 
ROMR = (27)

NR 

As shown in Table I, ROF A with different ramp rate 
thresholds is in the range of 5%∼8%. ROMR with different 
ramp rate thresholds is in the range of 3%∼5%. The small 
ROF A and ROMR values verify the effectiveness of the 
developed cp-WPRF model. 

Fig. 8 shows the performance of the developed copula-based 
cp-WPRF model for ramp rate. The joint conditional distribu-
tion of ramp duration and ramp rate forecast error (RRFE) 
is shown in Fig. 8a, which illustrates the correlation between 
the RRFE and ramp duration. The cCDFs cluster shown in 
Fig. 8b is generated by the conditional distributions of the 

TABLE I 
RESULTS OF FALSE ALARM RAMPS AND MISSED RAMPS WITH 

DIFFERENT RAMP RATE THRESHOLDS 

Thresholds False Alarm Missed 
[MW/h] 

FP ROFA [%] FN ROMR [%] 

190 10 7.14 6 4.29 
200 8 5.71 5 3.57 
210 7 5.00 5 3.57 

RRFE (X) for different ramp duration values (D), abbreviated 
as ‘X|D’. It shows that the cCDFs of RRFE present different 
shapes under conditions of different ramp duration values. 
Figs. 8c and 8d show the evaluation metrics of reliability and 
sharpness for the frst ffteen correlated conditions that are 
chosen based on smaller SEM values, respectively. The X|R
condition (where RRFE is only correlated with ramp rate) 
presents the closest coverage probability to the corresponding 
nominal proportion and relatively smaller interval scores for 
each nominal proportion. In Fig. 8d, the higher interval scores 
are caused by conditions that are less correlated with the 
RRFE. 

The numerical results of all correlated conditions for ramp 
rate are summarized in Table II. It indicates that the X|R
condition shows the smallest SEM value, which presents the 
optimal trade-off between reliability and sharpness compared 
to other correlated conditions. It also means in this case the 
ramp rate probabilistic forecasts can be signifcantly improved 
by considering the stochastic dependence between the ramp 
rate uncertainty and measured ramp rates. Note that the 
aforementioned results are based on the specifc data used 
in this section. However, by using the developed cp-WPRF 
model in this paper, system operators and users are able to 
determine the best condition (i.e., features combination) when 
forecasting a ramping feature. 

The numerical results in Table II also verify that there is 
no strong correlation between the forecasting accuracy and the 
number of ramping features considered. This is because some 
features may be helpful for improving the reliability metric 
(a smaller ACE value), whereas considering others may be 
helpful for improving the sharpness metric (a smaller ASV 
value). However, the ranks of features with the smallest ACE 
and ASV are completely different. Thus, it is still challenging 
to specify features which are important for improving both 
the reliability and sharpness metrics. As shown in Table II, 
the X|RPS condition performs the best at improving the 
sharpness metric with the smallest ASV value (12.89), and 
the X|R condition performs best at improving the reliability 
metric with the smallest ACE value (1.12). 

C. Comparisons of Different Probabilistic WPRF Models 

To verify the effectiveness of the developed cp-WPRF 
model, four probabilistic WPRF models are used for compar-
isons. The detailed information on the four models is described 
as below and also summarized in Table III. 
• Model 1: only consider the ramp features’ dependence 

without modeling WPRF error uncertainties. 
• Model 2: only considering WPRF error uncertainties with-

out modeling the ramp features’ dependence. 
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Fig. 8. Performance of the copula-based cp-WPRF model for ramp rate. 

• Model 3: both the ramp features’ dependence and WPRF 
error uncertainties are considered by using the normal 
marginal distribution. 

• Model 4 (proposed): both the ramping features’ dependence 
and WPRF error uncertainties are considered by using the 
GMM marginal distribution. 
Two cases are studied to compare the performance of four 

probabilistic WPRF models: (i) Case 1: WPRF results of 
different ramp features in the same region; and (ii) Case 2: 
WPRF results of the same ramp feature in different regions. 

Case 1: The WPR data of Section VI-B in the Dallas area 
is used as an extensive study in this case, i.e., different ramp 
features with multiple WPRF models. For ramp rate, Model 4 
uses the selected X|R condition as the best cp-WPRF model 
with the optimal Gumbel copula. For ramp magnitude, Model 
4 uses the selected X|RMS condition as the best cp-WPRF 
model with the optimal t copula. For ramp duration, Model 4 
uses the selected X|DR condition as the best cp-WPRF model 
with the optimal Gaussian copula. For ramp start-time, Model 
4 uses the selected X|DRSP condition as the best cp-WPRF 
model with the optimal t copula. 

For the simplicity of comparison, Fig. 9 shows the coverage 
probabilities (reliability) and interval scores (sharpness) for 
different ramp features. As can be seen, the coverage proba-
bility curve of Model 4 (the blue solid line) is the closest to the 
ideal nominal proportion line (the red solid line) in all cases. It 

TABLE II 
CP-WPRF RESULTS OF ALL CORRELATED CONDITIONS FOR RAMP RATE 

Conditions Optimal BIC ACE ASV 
Pool Copula Model [×104] [%] [%] SEM 

X|RPDMS t -2.37 2.73 12.94 0.02 
X|PDMS Gaussian -2.12 2.32 30.08 0.48 
X|RPDM t -1.17 2.66 12.94 -0.06 
X|RPDS t -1.51 2.66 12.94 -0.06 
X|RDMS t -2.31 2.73 12.96 0.02 
X|RPMS t -1.12 2.73 12.93 0.02 
X|RPD Frank -3.16 2.33 12.90 -0.49 
X|RPM t -3.16 2.33 12.90 -0.49 
X|RPS t -3.17 2.33 12.89 -0.49 
X|RDM t -1.08 2.60 12.97 -0.15 
X|RDS t -1.44 2.60 12.97 -0.15 
X|RMS t -1.05 2.60 12.97 -0.15 
X|PDM Gaussian -9.21 2.58 30.23 0.82 
X|PDS t -1.26 2.45 30.21 0.66 
X|DSM Gaussian -2.06 1.69 30.11 -0.33 
X|PMS Gaussian -8.77 2.33 30.21 0.50 
X|RP t -2.45 2.33 13.00 -0.48 
X|RD t -2.48 2.14 12.95 -0.74 
X|RM Gumbel -2.48 2.19 12.95 -0.67 
X|RS t -2.48 2.26 12.95 -0.59 
X|PD t -6.99 2.84 30.31 1.17 
X|PM t -6.95 2.84 30.31 1.17 
X|PS t -6.97 2.78 30.30 1.08 
X|DM Gaussian -8.52 1.85 30.22 -0.12 
X|DS t -1.18 1.96 30.23 0.02 
X|MS Gaussian -8.08 1.81 30.25 -0.17 
X|R Gumbel -2.55 1.12 13.34 -2.03 
X|P t -5.77 1.88 30.15 -0.09 
X|D Clayton -3.25 2.20 29.95 0.32 
X|M Clayton -3.26 2.27 29.94 0.40 
X|S Clayton -3.27 2.40 29.94 0.57 

Note that symbols of ‘R’, ‘D’, ‘M’, ‘S’, and ‘P’ represent the conditions of ramp rate, 
ramp duration, ramp magnitude, ramp start-time, and SWPO, respectively. For example, 
‘X|RD’ means the ramp rate forecast error (X) is correlated with the ramp rate (R) 
and ramp duration (D). 

TABLE III 
DESCRIPTIONS OF PROBABILISTIC WPRF MODELS 

DescriptionsWPRF Models 
Marginal 

Distribution 
WPRF Error 
Uncertainty 

Copula 
Dependence 

Model 1 
Model 2 
Model 3 

Model 4 (proposed) 

GMM 
GMM 
normal 
GMM 

– 
8 
8 
8 

8 
– 
8 
8 

TABLE IV 
COMPARATIVE RESULTS FOR DIFFERENT RAMP FEATURES 

Features Metrics Model 1 Model 2 Model 3 Model 4 

Rate 
ACE [%] 
ASV [%] 

SEM 

12.46 
40.18 
1.02 

6.64 
38.97 
0.27 

9.45 
31.58 
-0.15 

1.64 
30.05 
-1.14 

Mag. 
ACE [%] 
ASV [%] 

SEM 

4.87 
134.30 
0.53 

8.40 
63.03 
0.28 

7.53 
68.74 
0.18 

2.83 
50.26 
-0.99 

Dur. 
ACE [%] 
ASV [%] 

SEM 

6.86 
65.76 
0.30 

13.25 
35.98 
0.12 

12.86 
46.13 
0.42 

6.34 
34.48 
-0.85 

Start-time 
ACE [%] 
ASV [%] 

SEM 

9.37 
110.80 
1.04 

9.35 
45.35 
0.09 

8.85 
46.24 
-0.04 

5.89 
34.82 
-1.09 
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Fig. 9. Comparison of different models of conditional probabilistic forecasts for ramp features in the Dallas area. 
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Fig. 10. Comparison of different models of cp-WPRF for ramp rate in multiple regions. 

is also shown that Model 4 has the smallest interval scores for 
each nominal proportion. Particularly, Model 4 performs much 
better in terms of the interval score for ramp rate as shown in 
Fig. 9d. This is probably because the stochastic dependence 
between the ramp rate feature and its uncertainty is simultane-
ously considered in Model 4. For a better illustration, Table IV 
lists the numerical results of evaluation metrics for different 
ramp features. Specifcally, the reliability metric ranges of 
Model 1, 2, 3, and 4 are 4%–13%, 6%–14%, 7%–13%, and 
1%–7%, respectively. The sharpness metric ranges of Model 
1, 2, 3, and 4 are 40%–134%, 35%–63%, 31%–69%, and 
30%–51%, respectively. The fnal SEM ranges are 0.3–1.04, 
0.09–0.28, -0.15–0.42, and -1.14−-0.85, respectively. For all 
four ramp features, Model 4 presents the smallest ACE, ASV, 
and SEM values. This is because Model 4 considers both 
the WPRF error uncertainty and the stochastic dependence 
of different ramp features, compared to both Model 1 and 
Model 2. In addition, the accurate characterization of marginal 
distributions in Model 4 can signifcantly improve probabilistic 
WPRF metrics, compared to Model 3. 

The impact of the copula-based stochastic dependence is 
further analyzed by comparing Model 2 and Model 4. For all 
WPR features, evaluation metrics are better with improved 
SEM values of 1.41 [=0.27-(-1.14)], 1.27 [=0.28-(-0.99)], 
0.97 [=0.12-(-0.85)], and 1.18 [=0.09-(-1.09)]. These fndings 
would help balancing authorities effciently manage WPRs. 
For example, a better forecast accuracy of ramp magnitude 
can be used to design more reliable ramping products in the 
electricity market [29]. 
Case 2: The ramp rate data of the four regions in Miami, 

Chicago, New York, and Los Angeles is used to verify the 
robustness of the developed cp-WPRF model. Fig. 10 shows 
the coverage probabilities and interval scores for ramp rate 

TABLE V 
COMPARATIVE RESULTS FOR RAMP RATE IN MULTIPLE REGIONS 

Regions Metrics Model 1 Model 2 Model 3 Model 4 

MIA 
ACE [%] 
ASV [%] 

SEM 

13.51 
36.38 
1.16 

6.93 
35.67 
0.40 

4.65 
26.31 
-0.65 

2.65 
25.71 
-0.91 

CHI 
ACE [%] 
ASV [%] 

SEM 

10.56 
35.78 
0.73 

4.55 
46.42 
0.50 

5.72 
29.97 
-0.34 

2.61 
28.45 
-0.89 

NYC 
ACE [%] 
ASV [%] 

SEM 

10.69 
33.91 
0.53 

3.42 
42.67 
0.41 

7.03 
32.65 
-0.07 

2.27 
30.93 
-0.86 

LA 
ACE [%] 
ASV [%] 

SEM 

2.78 
34.55 
0.37 

4.33 
31.45 
-0.06 

5.66 
31.71 
0.48 

2.58 
31.07 
-0.79 

forecasts in these regions. It is found that Model 4 presents 
the closest coverage probability curve (the blue solid line) 
to the ideal nominal proportion line (the red solid line) in 
all cases. This model also shows the smallest interval scores 
for each nominal proportion. Numerical results of evaluation 
metrics for ramp rate in different regions are illustrated in 
Table V. Specifcally, the reliability metric ranges of Model 
1, 2, 3, and 4 are 2%−14%, 3%−7%, 4%−8%, and 2%−3%, 
respectively. The sharpness metric ranges of Model 1, 2, 3, 
and 4 are 33%−37%, 31%−47%, 26%−33%, and 25%−32%, 
respectively. The SEM ranges are 0.37−1.16, -0.06−0.5, -
0.65−0.48, and -0.91−-0.79, respectively. For all regions, 
Model 4 presents the smallest ACE, ASV, and SEM values. 
This is because Model 4 considers both the WPRF error 
uncertainty and the stochastic dependence of other ramp 
features. By comparing Model 2 and Model 4, all four regions 
show signifcant improvements in the evaluation metrics. The 
improved SEM values in Miami, Chicago, New York, and Los 
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TABLE VI 
χ2 STATISTICS COMPARISON OF GMM AND NORMAL DISTRIBUTIONS 

FOR RAMP RATE AT FIVE REGIONS 

Distributions MIA CHI NYC LA DAL 

normal 3.11 2.98 3.28 3.31 3.82 
GMM 2.37 2.15 2.62 2.54 1.07 

Improvement by GMM 23% 27% 21% 23% 72% 

Angeles are 1.31 [=0.40-(-0.91)], 1.39 [=0.50-(-0.89)], 1.27 
[=0.41-(-0.86)], and 0.73 [=-0.06-(-0.79)], respectively. 

Another interesting fnding is that the interval score dif-
ference between Model 3 and Model 4 in Fig. 9 is more 
signifcant than that in all four regions in Fig. 10. This is 
because the GMM marginal distribution can ft the WPRF error 
uncertainties signifcantly better than the normal marginal dis-
tribution. However, for other four regions in Fig. 10, the GMM 
marginal distribution can ft the WPRF error uncertainties 
only slightly better than the normal marginal distribution. To 
compare the ftting performance of the normal and GMM 
distributions for WPRF errors, Table VI illustrates the Chi-
square (χ2) statistics [20] to measure the goodness-of-ft. As 
can be seen, for the Dallas data, the ftting performance of 
GMM is about 72% better than that of the normal distribution. 
However, for other four regions (MIA, CHI, NYC, and LA), 
the slight improvements of using GMM are approximately 
21%∼27%, compared to the normal distribution. 

D. Robustness Analysis of cp-WPRF Models 

To verify the robustness of the developed model with differ-
ent forecasting methods, three autoregressive moving average 
model (ARMA) methods, i.e., ARMA(1,1), ARMA(2,1), and 
ARMA(3,1), are used as a comparison with the SVM-based 
cp-WPRF model in Fig. 9d. Fig. 11 shows the performance of 
cp-WPRF models using various ARMA forecasting methods. 
As can be seen in Figs. 11a–11c, the developed cp-WPRF 
model (Model 4) consistently presents the closest coverage 
probability curve (the blue solid line) and the smallest interval 
score (the green solid line), when using different ARMA 
methods. Specifcally, Fig. 11d compares the SEM values of 
cp-WPRF models using different forecasting methods. The 
developed cp-WPRF model (Model 4) consistently provides 
the smallest SEM values (see the dark blue bars). These 
observations verify that the developed cp-WPRF is robust with 
different forecasting methods. 

Table VII illustrates optimal copula models and best con-
ditions of different forecasting methods based on cp-WPRF 
models. It shows that the optimal copula model may change 
with the forecasting method. This is because the probability 
distributions of ramp rates forecasted by the distinct fore-
casting method are different. These probability distributions 
could generate different CDF values of u = F (xr), which can 
impact the estimated parameters in (33) and the performance 
of the optimal copula model with different BIC values in (17). 

VII. DISCUSSION 

For practical applications, the developed cp-WPRF model 
can be executed in two steps: offine training and online 

0 20 40 60 80 100
Nominal Proportion [%]

0

20

40

60

80

100

C
ov

er
ag

e 
Pr

ob
ab

ilit
y 

[%
]

 

10

30

50

70

90Ideal
Model 1
Model 2
Model 3
Model 4

In
te

rv
al

 S
co

re
 [%

]

0 20 40 60 80 100
Nominal Proportion [%]

0

20

40

60

80

100

C
ov

er
ag

e 
Pr

ob
ab

ilit
y 

[%
]

 

10

30

50

70

90Ideal
Model 1
Model 2
Model 3
Model 4

In
te

rv
al

 S
co

re
 [%

]

(a) ARMA(1,1)-based cp-WPRF (b) ARMA(2,1)-based cp-WPRF 

0 20 40 60 80 100
Nominal Proportion [%]

0

20

40

60

80

100

C
ov

er
ag

e 
Pr

ob
ab

ilit
y 

[%
]

 

10

30

50

70

90Ideal
Model 1
Model 2
Model 3
Model 4

In
te

rv
al

 S
co

re
 [%

]

-2

-1

ARMA(1,1) Model 1

0

S
E

M

1

ARMA(2,1) Model 2

2

ARMA(3,1) Model 3
Model 4SVM

(d) SEM values of multiple models (c) ARMA(3,1)-based cp-WPRF 

Fig. 11. Performance of different forecasting methods based cp-WPRF 
models: ARMA-based cp-WPRF in (a), (b), (c); SEM values of multiple 
models in (d). 

TABLE VII 
OPTIMAL COPULA MODELS AND BEST CONDITIONS OF DIFFERENT 

FORECASTING METHODS BASED CP-WPRF MODELS 

Forecasting Method Best Condition Optimal Copula Model 

ARMA(1,1) 
ARMA(2,1) 
ARMA(3,1) 

SVM 

X|RDM 
X|RMS
X|MR
X|R 

t 
Frank 

t 
Gumbel 

forecasting. Fig. 12 shows the overall framework of the online 
ramping forecasting and the offine training for determining 
the optimal condition. In the frst step of offine training, 
operators could adopt the developed procedure with SEM 
metrics to determine the optimal condition based on historical 
measured and forecasted WPR sets. The optimal condition 
determination procedure is further classifed based on different 
scenarios. These scenarios are divided by weather conditions 
(such as wind speed), time of day, season of year, and current 
wind power output. More details about scenarios can be 
found in our previous study in [8], [30]. For each scenario, 
the optimal conditions are pre-determined and prepared for 
online forecasting. In the second step of online forecasting, 
operators put WPR samples of the current tth ramp (Rt) into 
the proposed cp-WPRF model, and the optimal condition is 
chosen from the offine training stage based on the particular 
scenario to which the input variables of the WPR samples 
belong. Finally, the future ramp R̂t+1 can be forecasted online 
by using the current ramp information and the offine pre-
determined optimal condition. 

VIII. CONCLUSION 

This paper developed a conditional probabilistic wind power 
ramp forecast (cp-WPRF) model based on Copula theory. 
Based on the WIND Toolkit wind power data, the optimized 
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OFFLINE
TRAINING
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FORECASTING

Input Variables of 
WPR Samples at 
Current t Ramp:    

Proposed cp-WPRF Model
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Historical 
Measured WPR Set 

and Forecast Set

Output Forecasts of the Future 
Ramping Feature :    

Different Weather Conditions
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Different Seasons of The Year
Different Current Wind Power Output...

Fig. 12. Overall framework of the online ramping forecasting and the offine 
training for determining the optimal condition. 

swinging door algorithm (OpSDA) was frst used to construct 
the wind power ramps (WPRs) dataset. The epsilon-insensitive 
support vector machine (ε-SVM) was then adopted to sepa-
rately generate deterministic forecasts for each WPR feature 
and calculate corresponding forecasting errors. To character-
ize the conditional distributions of WPR forecasting errors, 
Copula theory was used to model the stochastic dependence 
with different ramp features based on the marginal distribution 
using the Gaussian mixture model (GMM). Numerical simu-
lations and comparisons on four probabilistic WPRF models 
showed that: 

(i) By considering the stochastic dependence between the 
ramp rate uncertainty and historical ramp rates, prob-
abilistic forecasts of ramp rate could be signifcantly 
improved with best evaluation metrics. 

(ii) The developed cp-WPRF model could enhance the proba-
bilistic forecasting accuracy of different ramping features: 
ramp rate, duration, magnitude, and start-time. 

(iii) The developed cp-WPRF model also provided high prob-
abilistic forecasting accuracy and robustness in different 
regions. 

In the future, this research can be further improved by: 
(i) developing probabilistic wind power ramp products in the 
electricity market design; and (ii) considering the uncertainty 
of space-time dependencies of various nearby locations and 
look-ahead times. 

APPENDIX A 

A. Single Condition 

The joint PDF with the marginal PDFs of the WPR uncer-
tainty variable (xr), the dependent condition variable (yc), and 
the copula PDF (fC (·)) is given by: 

∂2FXr Yc (xr, yc)
fXr Yc (xr, yc) = 

∂xr∂yc 

∂2FC(FXr (xr), FYc (yc)) ∂FXr (xr)∂FYc (yc) = 
∂xr∂yc ∂xr ∂yc 

= fC(FXr (xr), FYc (yc)) fXr (xr) fYc (yc) 
(28) 

B. Multiple Conditions 

The joint PDF fXr Y1Y2 ···Yc (xr, y1, y2, · · ·, yc) is given by: 

fXr Y1Y2 ···Yc (xr, y1, y2, · · ·, yc) 
∂2FC (FXr (xr) , FY1 (y1) , FY2 (y2) , · · ·, FYc (yc)) = 

∂xr∂y1∂y2 · · · ∂yc 
cY ∂FYk (yk) ∂FXr (xr)× 

∂yk ∂xr
k=1 

= fC (FXr (xr) , FY1 (y1) , FY2 (y2) , · · ·, FYc (yc)) 
cY 

× fYk (yk)fXr (xr) 
k=1 

(29) 
The cPDF of WPRF errors fXr |Y1 Y2 ···Yc

(xr|R̂1, R̂2,· · ·, R̂c) 
is expressed by: � � 

ˆ ˆ� � fXr Y1 ···Yc xr, R1,· · ·, Rc 
ˆfXr |Y1 ···Yc 

xr|R̂1,· · ·, Rc = � � 
ˆ ˆfY1 ···Yc R1,· · ·, Rc � � � � �� 

ˆ ˆfC FXr (xr) , FY1 R1 , · · ·, FYc Rc 
= � � � � �� fXr (xr)

ˆ ˆfC FY1 R1 , · · ·, FYc Rc 

(30) 

C. Iterative Process of Algorithm 1 

The iterative formula of single condition based cp-WPRF 
is run by: � � 

l ˆFXr |Yc 
xr|yc = Rc −αL 

l+1 l x =x − � � r r 0
FXr |Yc 

xl
r|yc =R̂c � � 

l ˆFXr |Yc 
xr|yc = Rc −αL 

=x l − � � r 
fXr |Yc 

xr
l |yc =R̂c 

l � � ��R x ˆr fC FXr (τ), FYc Rc fXr (τ) dτ −αL−∞ 
= x l − � � �� r 

fC FXr (x
l
r) , FYc R̂c fXr (x

l
r) 

(31) 
The iterative formula of multiple conditions based cp-WPRF 

is run by: � � 
l ˆ ˆFXr |Y1 ··· x |y1 =R1, · · ·, yc =Rc −αLYc r

l+1 l x =x − � � r r 
fXr |Y1 ···Yc 

xl
r|y1 = R̂1, · · ·, yc =R̂c 

l � � � � �� R x ˆ ˆr fC FXr (τ), FY1 R1 , · · ·, FYc Rc fXr (τ)dτ −αL−∞
= x l − � � � � �� r 

fC (xl ), FY1 R̂1 , · · ·, FYc R̂c (xl )FXr r fXr r

(32) 

D. Parameters Estimation of Optimal Copula Models 

Copula models are divided into two families: Elliptical 
and Archimedean. The Elliptical copula family consists of 
the Gaussian and t copulas. The Archimedean copula family 
consists of the Gumbel, Clayton, and Frank copulas. For all 
fve copula models in the single condition (i.e., bivariate type) 
and the Elliptical copula family in multiple conditions (i.e., 
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multivariable type), the Maximum Likelihood method can 
be used to estimate the copula models’ parameters, which 
has been implemented by the ftting function copulaft built 
into the Statistics and Machine Learning Toolbox in MAT-
LAB [31]. However, for the multivariable Archimedean copula 
family, it is still challenging to solve the sole parameter θ 
by using the current MATLAB toolbox. Hence, we adopt 
the Canonical Maximum Likelihood (CML) method that is 
implemented based on the empirical CDF of samples. Given 
that u = F (xr), v1 = F (y1), · · · , and vc = F (yc), the objective 
of CML is expressed by: 

NSX 
θ̂ = arg min − ln fC (ut, v1,t, · · ·, vc,t; θ) 

t=1 XNS dFC (u = ut, v1 = v1,t, · · · , vc = vc,t; θ)
= arg min − ln 

dudv1 · · · dvct=1 
(33) 

where fC (ut, v1,t, · · · , vc,t; θ) is the multivariable copula PDF 
that can be calculated by the multivariable copula CDF: Clay-
ton copula in (34), Gumbel copula in (35), and Frank copula 
in (36). A single-variable bounded nonlinear minimization 
function fminbnd embedded in MATLAB [32] is used as the 
optimization solver. 

E. Archimedean Copula Family 

The multivariable Clayton copula PDF: 
fC (u, v1, · · ·, vc; θ) = � � ��−θ −θ −θ −1/θ max u +v +· · ·+v −c; 0 (34)1 c 

The multivariable Gumbel copula PDF: 
fC (u, v1, · · ·, vc; θ) = � i1/θ 

�h 
θ θ θ 

exp − (−ln u) +(−ln v1) +· · ·+(−ln vc) (35) 

The multivariable Frank copula PDF: 
fC (u, v1, · · ·, vc; θ) = � � 
1 [exp(−θu)−1][exp(−θv1)−1]· · ·[exp(−θvc)−1] − ln 1+ (36)cθ [exp(−θ)−1]
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