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Abstract: 

Topological defects and their interactions often arouse multiple types of emerging 

phenomena from edge states in Skyrmions to disclination pairs in liquid crystals. In 

hexagonal manganites, partial edge dislocations, a prototype topological defect, are 

ubiquitous and they significantly alter the topologically protected domains and their 

behavior . Herein, combining electron microscopy experiment and graph theory 

analysis, we report a systematic study of the connections and configurations of 

domains in this dislocation embedded system. New rules for domain arrangement are 

established . The dividing line between domains, which can be attributed by the strain 

field of dislocations, is accurately described by a genus model from higher dimension 

in graph theory. Our results provide a new paradigm for the understanding of domain 

patterns in topologically protected multiferroic systems. 
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Main text: 

Topological defects is a kind of defects that can be depicted by a non-trivial 

homotopy group mathematically. Skyrmions, topological insulators, dislocations, 

supercurrent vortices are examples of topological defects in condensed matter 

physics.[1-5] They are very stable under external perturbations and cannot be 

disentangled continuously. The quest for seeking applicable topological materials 

pushes us to understand the fundamental problems in these materials. Identifying the 

topological structures is important for the prediction and utility of the functional 

properties emerging from these topological defects.  

YMnO3, as a representative candidate in hexagonal manganite family, has drawn 

much attention because of its complex topologically protected domains and abundant 

physics in electromagnetic coupling. The typical atomic model of YMnO3 with 

downward polarization direction is shown in Fig. 1(a). Because of hexagonal 

symmetry (space group P63cm), YMnO3 has two kinds of ferroelectric domains (+, -) 

and three kinds of antiphase domains (α, β, γ). As shown in Fig. 1(b), six order 

parameters (α+, α-, β+, β-, γ+, γ-) can precisely depict the domain configurations.[6,7] 

Two kinds of vertices, vortex (α+→β-→γ+→α-→β+→γ-) and anti-vortex 

(α+→γ-→β+→α-→γ+→β-) cores, can be recognized in its cloverleaf shaped domains. 

According to the phase relationship among domains, a vortex core must connect to an 

antivortex core. However, with the introduction of partial edge dislocations (PEDs), 

where the extra atomic planes are parallel to c-axis, the originally six-fold (anti)vortex 

cores are thus changed to eight-kinds of non-six-fold (anti)vortex cores.[8] A new 

type of boundary, which is named as dividing line (caused by the strain field), is thus 

defined to separate two different phases within one ferroelectric domain. The 

2-dimentional order parameter space is also extended to 3-dimentional donut 



shape.[8] 

Graph theory, a field common to both mathematics and computer science, 

involves the graph structures used to model pairwise relations between objects.[9] 

Some famous problems, such as the seven bridges of Königsberg problem, and the 

four-color conjecture, push this field to real-world systems. It has been proved to be a 

powerful tool in data clustering with wide applications ranging from quantum 

chemistry, materials physics, statistics, machine learning, image processing and 

biology to social network [10-14]. Many practical problems can be represented by 

graphs, such as social media, travelling, computational devices, and many other fields 

like engineering as well as economics. [15] As a powerful tool in solving the 

problems with two sets: a nonempty set of objects (vertices) and a set of connections 

(edges) among the objects, graph theory  has been successfully used in solving the 

domain configurations in dislocation free hexagonal manganite system.[16] However, 

with the introduction of dislocations, ten types of vertices (eight kinds of non-six-fold 

(anti)vortex and two kinds of six-fold (anti)vortex) are created and the connections 

between vertices are changed.[8] The initial two dimensional graph theory should be 

extended to three dimension to explain the whole picture. Some major conclusions 

drawn by dislocation free system need to be modified and a more comprehensive 

understanding about the domain patterns is required. 

Transmission electron microscopy (TEM), which has high spatial resolution, is a 

powerful tool for charactering ferroelectric domains.[17] The low magnification dark 

field TEM image for the dislocation free system is shown in Fig. 1(c). All the vertices 

have six-fold symmetry. In mathematics, a face is typically named as n-gon if it is 

surrounded locally by n edges.[16] For convenience, the domains in YMnO3 can be 

treated as faces, while the (anti)vortex cores can be abstracted as vertices in graph 

theory. The links between two nearby vortices are the connections between a pair of 

vortex and antivortex. According to the graph theory, the dislocation free system only 

has two types of vortices and all the faces are two-proper-colorable.  

Figure 1(d) shows the dark field TEM image from the dislocation system. The 

positions of dislocations and (anti)vortex cores can be recognized and they are 



strongly correlated. Non-six-fold vertices are marked by white dashed circles. The 

dividing lines caused by the strain fields of PEDs are indicated by white dashed lines. 

Since the positions of the dividing lines can be arbitrarily assigned, we put all the 

dividing lines vertically for simplicity.[8] The polarization directions of the domains 

can be justified by the black and white contrast and all the phases can be uniquely 

defined. Figures 1(e) and (f) are schematic diagrams for Figs. 1(c) and (d), 

respectively. Different colors in (e) represent different polarization directions, while 

colors in (f) represent different phases. Two phases could coexist within one 

ferroelectric domains in dislocation system because of the dividing line. In dislocation 

free system, two polarization directions can effectively separate nearby domains and 

the system is two-proper colorable. While for dislocation system, three phases must 

be used to separate domains, thus it is three-proper colorable. 



 
FIG. 1 Atomic models and domain structures of single crystalline YMnO3. (a) Atomic 

model of YMnO3. (b) 2-dimentional order parameter space. TEM characterizations of 

dislocation free (c) and dislocation (d) systems under two beam conditions. The 

pinning positions of dislocations are indicated by white dashed circles. The white 

dashed lines represent the positions of dividing lines. (e) Schematic diagram for the 

dislocation free system in (c) and it is two-proper-colorable. (f) Schematic diagram for 

the dislocation free system in (d) and it is three-proper-colorable.  

 



At first glance, the arrangement of domains is random and irregular in dislocation 

embedded system. However, after careful inspections, a scenery of topological order 

and regularity can be established with the help of graph theory. In graph theory, 

four-color theorem tells us that all regions can be colored with only four colors 

without two adjacent regions having the same color in two-dimensional space. When 

a map satisfies some rules, the required number of colors can be reduced. Planar 

graph is a graph in a two dimensional plane and all the edges can only cross at the 

vertices. Since the types of vertices and the connections between the vertices have 

been changed, some major conclusions based on graph theoretical analyses in 

conventional system (dislocation free system) may no more applicable in PED system. 

As shown in Table I, in dislocation system, the vertices are ten-colorable instead of 

two. Moreover, new type of connection line (dividing line) needs to be considered and 

two phases could thus coexist within one ferroelectric domain. Though every close 

connected domain is still surrounded by an “even” number of edges in dislocation 

system, the number of vertices encircling a domain may be odd (as illustrated in Fig. 

3(b)). Moreover, the faces are three-proper-colorable in dislocation system, which is 

different from that in dislocation free system. Physically, the three colors for planes 

represent three types of antiphases. Mathematically, it is NP-complete 

(non-deterministic polynomial-time complete) in complexity to decide whether a 

planar map can be colored with just three colors, and up to now,  finding general 

rules for three-proper-colorablity is still an open problem.[18] Since the difficulty of 

this problem, in 1976 Steinberg conjectured that every planar graph without 4- and 

5-cycles is 3-colorable and this has been solved with a negative answer very recently. 

Fortunately, for the configuration graphs studied in the present paper, we can confirm 

the three-proper-colorable property. (See the Supplemental Materials for detailed 

proofs and discussions)  

 
Table I. The number of colors for coloring in dislocation/dislocation-free systems.  

 Vertex coloring Edge coloring Face coloring 



Dislocation free system 2 6 2 

Dislocation system 2 or 3 MaxDegree 3 

   

It should be emphasized that the vertices are 10-colorable rather than 

10-proper-colorable. In fact, 2 or 3 colors are enough. For example, the vertices could 

be colored in two steps: (1) A vertex is colored by red (blue) if it is a vortex 

(anti-vortex) core. (2) For two vortex (or anti-vortex) cores connected by a dividing 

line, one color of two vortex (or anti-vortex) cores should be replaced by yellow. Thus, 

the vertices can be colored by three colors (red, blue, yellow). The coloring number of 

vertices is 3 if and only if there exists a 2i-fold vertex and a 2j-fold vertex connected 

by a dividing line and |2i-2j| is not a multiple of 3. For simplicity and convenience, we 

would like to use 10 colors for vertices. In Table I, `MaxDegree’ is the largest number 

of edges meeting at one vertex and the `edges’ means the union of both solid lines and 

dividing lines. The possible value of `MaxDegree’ belongs to {3,5,6,9,11} and thus is 

less than or equals to 11.  

Graph theory analyses of the domain patterns in dislocation systems leads to some 

important conclusions. For convenience, the size of a face (vertex) is defined to be the 

number of edges around (crossing) it. The number of faces with size 2i , 1, 2, ,i N= L  

is denoted by , and the number of vertices with size 2 j , 1, 2,3, 4,5j =  is denoted 

by jq . We can establish the relationship that : 

 ( )    (1) 

This formula provides a systematic way for computing the percent of the designated 

type of vertices, from which, some interesting corollaries can be deduced: (1) The 

sum of the number of 2-gons and the number of 2-fold vertices is larger than the total 

number of gons and vertices with size bigger than four. (2) If there are neither 

two-fold vertices nor four-fold vertices, at least half of the gons are 2-gons. The 

Formula (1) also suits for the dislocation free system, where only 6-fold vertices exist. 

ip

1 1

5

(1 ) (1 (1 ) ) 2.i i
i i

N

ti p t i q
= =

− + − − =∑ ∑ t∈ ¡



The deductions is altered as: The system has at least half of the gons are 2-gons, 

which has been confirmed by experimental observations in dislocation free 

system.[16] All these conclusions can be proved via the Euler formula, which can be 

found in the Supplemental Materials. Experimentally, we would like to emphasize 

that there is no specific number in the N-gon distribution. The face number is always 

there and the formula cannot be simplified. Therefore, Euler formula is used to 

construct the relationship between the number of vertices and faces, but cannot be 

applied to determine the types of vertices. 

   Figure 2(a) shows a low magnification dark field TEM image with large range. 

Many six-fold and non-six-fold vertices can be observed. Both ferroelectric domains 

and PEDs are sensitive to dark field TEM images in two beam conditions and the 

relationship between PEDs and (anti)vortex cores can be indicated. The positions of 

PEDs and also the non-six-fold vertices are presented with green arrows. Combining 

the TEM results shown in Fig. 1(d) and Fig. 2(a), it’s easy to find that most of the 

domains are 2-gons. The statistical result for the distributions of different folds of 

vortex cores is illustrated in Fig. 2(b), which could reflect the emergence probabilities 

and the relative energies for different types of non-six-fold vortex cores. 

 
FIG. 2 (a) Low magnification dark field TEM images showing the distributions of 

(anti)vortex cores. The folds of vertices are indicated. (b) Statistical distribution of 



different folds of vortex cores. 

 

By carefully checking the connections between the vertices, it is noteworthy to 

mention that: for a 2i-fold vertex and a 2j-fold vertex that are connected by a dividing 

line, the number of the vertices that a trail passing from the 2i-fold vertex to the 

2j-fold vertex along solid lines is even if and only if |j-i| is a multiple of 3 (The 

detailed discussion can be found in the Supplemental Materials). In Fig. 3(a), an 

eight-fold antivortex core (i=4) and a four-fold vortex core (j=2) are connected by a 

dividing line and |j-i|=2. If we chose eight-fold antivortex core as the starting point 

and four-fold vortex core as the ending point, whatever the path along the solid lines 

is chosen, the number of vertices that the path goes through is odd. While for the case 

shown in Fig. 3(b), the number of vertices that the path goes through is even because 

|j-i|=3. In dislocation free system, |j-i| is always zero and the number of vertices that a 

trail passing from one vertex to another is even. The significance of this conclusion is 

to show a necessary condition for determining whether a configuration exists. Such 

conclusion can justify the non-existence of a drawing graph. Besides, it gives us an 

opportunity to construct special dislocation systems by slightly modifying the 

dislocation free system. As shown in Fig. 3, we successfully draw several interesting 

configurations with various patterns. Fig. 3(c) shows a configuration that every vertex 

is non-six-fold and thus all the vertices are paired by dividing lines, while in Fig. 3(d) 

all the vertices are six-fold except only two eight-fold vertices. These configurations 

exemplify the above conclusion and indicate that there is no way to determine the 

types of vertices.  



 
FIG. 3 Some special configurations with the insertion of PEDs. (a) A domain 

configuration with an eight-fold vertex and a four-fold vertex. Any trail passing from 

the eight-fold vertex to the four-fold vertex along solid lines must cross an odd 

number of vertices. The solid lines represent the domain walls, while the dashed line 

is the dividing line. (b) A domain configuration having an eight-fold vertex and a 

two-fold vertex. In contrast with (a), it should pass an even number of vertices from 

the eight-fold vertex to the two-fold vertex along solid lines. (c) A domain 

configuration that all the vertices are eight-folds. These eight-fold vertices are paired 

via dividing lines and the number of vertices along solid lines between two paired 

eight-fold vertices must be even. (d) A model that has only two eight-fold vertices. 

The analogous odevity displayed in (c) holds for this model.  

 

In reality, the ferroelectric domains of YMnO3 are 3-dimensional spreading and the 

curved domain walls are energetically stable.[7] The dividing line will inevitably 

cross these curved edges, which is beyond the consideration of traditional 

2-dimentional graph theory. All non-six-fold vertices can be divided into several pairs 

in such a way that every pair of non-six-fold vertices are connected via a dashed line 

(dividing line). However, dividing lines may cross solid lines, which makes some 



difficulties in comprehensive understanding about the domain patterns. Therefore, we 

now consider drawing it on surfaces to guarantee the non-crossing property of both 

solid and dashed lines. From the view of graph theory, the dividing lines can be 

treated as the 2-dimentional projection of curves (called bridge-curves) which connect 

pairs of vertices in a 3-dimentional space. We define the “crossing number” as the 

number of dividing lines crossing solid lines, which is a classical quantity in graph 

theory. For studying surfaces, the concept of genus, a famous topological invariant 

which is always a nonnegative integer (or a natural number), is introduced. A classic 

result in mathematics states that the genus of the surface that the modified 

configuration graph can be drawn in does not exceed the crossing number. We may 

define the genus of a graph to be the genus of its ambient surface. If a graph with 

nonzero genus is drawn on the plane, some dividing lines must cross solid lines 

because the crossing number is positive. For example, as shown in Fig. 4, this is a 

special surface that is constructed by gluing a plane with a hole and a cylindrical 

surface (handle) along the boundary of the hole in three-dimensional Euclidean space. 

Two four-fold vertices are thus created and they are connected by a dividing line (as 

shown in the projection view in the inset). The yellow solid lines in Fig. 4 are domain 

walls and the dashed green line on the cylindrical part is a dividing line. Further, the 

crossing number and genus of the configuration are 2 and 1, respectively. In 

conventional case, any link between two vertices is the connection between two 

different types, i.e. a pair of vortices and antivortices. While, in dislocation system, 

the dividing lines are able to connect the same type of vertices, i.e. a pair of 

(anti)vortex and (anti)vortex cores.  



 

FIG. 4 A domain configuration on a plane with one "handle". Two four-fold vertices 

can be found in the plane and the dividing line crosses several solid lines. The 

projection view can be found in the inset.  

 

Conclusions: 

Combining electron microscopy experiment and graph theory analysis, we have 

studied the interactions between topologically protected (anti)vortex cores and PEDs. 

YMnO3 single crystal, a typical hexagonal manganite, has been used as a model 

system to study the intriguing arrangement of PEDs embedded domain patterns. The 

relationship between the vertices and faces has been established. The 

three-proper-colorablity of domains in the system has been provided, which is not 

only a new phenomenon in PEDs system, but also an intriguing result on three-color 

problem in graph theory. A comprehensive understanding about the dividing lines has 

been established mathematically: it is the projection of space curves induced by genus 

of graph from 3D space and the topology of the modified graph is very different from 

the original one. Our results provide a platform for the understanding of complex 

domain patterns in topologically entangled systems.  
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