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Abstract Selective laser melting (SLM) is an addi-

tive manufacturing process that builds a complex three-

dimensional part, layer-by-layer, using a laser beam to

fuse fine metal powder together. The design freedom

afforded by SLM comes associated with complexity. As

the physical phenomena occur over a broad range of

length and time scales, the computational cost of mod-

eling the process is high. At the same time, the large

number of parameters that control the quality of a part

make experiments expensive. In this paper, we describe

ways in which we can use data mining and statistical in-

ference techniques to intelligently combine simulations

and experiments to build parts with desired properties.

We start with a brief summary of prior work in find-

ing process parameters for high-density parts. We then

expand on this work to show how we can improve the

approach by using feature selection techniques to iden-

tify important variables, data-driven surrogate models

to reduce computational costs, improved sampling tech-

niques to cover the design space adequately, and un-

certainty analysis for statistical inference. Our results

indicate that techniques from data mining and statis-

tics can complement those from physical modeling to

provide greater insight into complex processes such as

selective laser melting.
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1 Introduction

Additive manufacturing (AM) is a process for fabricat-

ing parts, layer-by-layer, directly from a three-dimen-

sional digital model. It presents an opportunity for pro-

ducing complex parts not possible with traditional man-

ufacturing processes, such as medical implants that are

customized to each individual and lattices that reduce

weight while maintaining the strength of structures.

AM can also reduce both the time to market and mate-

rial waste. However, a number of technical issues must

still be addressed before widespread use of AM tech-

nology becomes a reality, including dimensional accu-

racy of AM parts, process optimization to quickly build

complex parts with desired properties, and increased

confidence in properties of parts fabricated using this

process [1,24,2].

In this paper, we consider selective laser melting

(SLM), which is an additive manufacturing process that

uses a laser beam to create three-dimensional metal

parts by fusing fine metal powders together. The pro-

cess, also referred to as laser powder-bed fusion, starts

by first slicing a three-dimensional model of the part

into two-dimensional layers, each of a specified thick-

ness, usually in the range of 30 µm to 100 µm. A thin

layer of metal powder is then spread on a base plate

and the first layer is created by selectively melting the

powder in the locations indicated in the first slice of the

part. The process is repeated for the second slice, and

the part is built, layer by layer, with the power and

speed of the laser selected so that the energy density

is sufficient to melt the powder and the layer below it,

thus integrating the new layer into the rest of the part.

The design freedom afforded by AM comes with as-

sociated complexity. The modeling of the process is

complicated as the physical phenomena occur over a

broad range of length and time scales. Three-dimension-

al computer simulations to understand the relationship

between processing parameters and the thermal behav-

ior of the material as it is melted by the laser, for exam-

ple, see [9,19,11,17,22], can be quite expensive to run,

even on high-performance computer systems, especially

if they include various aspects of the physics underly-

ing SLM. Exploring the design space using experiments

can also be challenging as there are a large number of

parameters, more than 130 by some estimates [31], that

influence the process and thus the final quality of the

part. Figure 1 shows some of the parameters related to

the laser and the powder bed. These include:

– The laser parameters such as i) the laser power,

ranging from 50W to 400W, though higher-powered

lasers are also available; ii) the laser beam profile,

usually Gaussian, though flat-top is also used; iii)
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Fig. 1: Schematic illustrating the SLM process and some of the parameters that influence the properties of a part.

the laser scan speed, ranging from 100mm/s to over

5000mm/s; iv) the scan-line overlap, which is the

distance between adjacent scan lines and must be

chosen to ensure no unmelted powder remains be-

tween scan lines; and v) the scan strategy, which is

the path taken by the laser to melt the powder in

appropriate places in a slice.

– The powder bed parameters, which include the

layer thickness, the particle size distribution in the

powder, and the porosity of the powder bed. The

layer thickness is the amount by which the build

platform is lowered for each slice. To build a part,

this is set to a fixed value, typically in the range of

30-50µm, with a larger layer thickness resulting in

a reduced build time but requiring a larger energy

density for melting. The layer thickness is deter-

mined by considering the particle size distribution of

the powder; a layer thickness much smaller than the

mean particle size would result in poor utilization of

the powder as most of the particles would be swept

away by the coater used to spread the layer of pow-

der. The powder size distribution tends to change

when the powder is recycled; to maintain the size

distribution over time, the powder may need to be

mixed with fresh powder or sieved to remove large

clusters of particles sintered together. The porosity

of the powder bed introduces an added complica-

tion. When a layer of powder of a given thickness

is melted, its height reduces due to the elimination

of the voids in between the powder particles. The

next layer of powder therefore is deeper than the

amount by which the build platform drops at each

layer. This thickness of the powder increases until

it reaches a steady state of lt/(1 − vf),where lt is

the layer thickness and vf is the void fraction. For

a typical void fraction of 0.4 - 0.5, the actual thick-

ness of the powder, at steady state, is 1.667 - 2.0

times the set layer thickness. Therefore, the laser

parameters, such as the speed and the power, must

be selected to melt through the steady-state powder

thickness into the substrate below.

– The material properties, such as density, thermal

conductivity, heat capacity, and latent heat of the

material being processed also determine the amount

of energy required to melt the powder and the sub-

strate. In addition, these properties determine the

width and height of the melt bead, which, in turn,

influence the parameters in the scanning strategy,

such as the scan-line overlap.

Using additive manufacturing technology to build a

part with certain desired properties such as part den-

sity, dimensional accuracy, weight, or surface smooth-

ness, can be challenging for several reasons. First, as

we have just discussed, the number of parameters that

have to be set in an AM system is large. Second, the

parameters can vary during the build of a part. For ex-

ample, the laser beam size may change as the optics

used to focus the laser get heated during use. Or the

porosity of the powder bed may change depending on

the distribution of the powder size particles in a layer of

powder. Third, the parameters could vary across builds,

for example, when the laser beam becomes uncalibrated

over time and no longer remains Gaussian, or when the

measured value of the laser power drifts from the set

value over time, or when the powder size distribution

changes as it is re-used many times. Finally, some of

the material properties, such as the absorptivity, may

not be known precisely, may take values within a range,

or may depend on whether the material in the path of

the laser beam is liquid, powder, or solid, as the ab-

sorptivity of these forms is different. All these factors

introduce uncertainties that influence the repeatability
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of the process and create uncertainties in the properties

of the additively-manufactured part.

In this paper, we describe the use of techniques

from data mining and statistical inference to build high-

density (>99%) parts using selective laser melting. We

use an iterative approach, described in Section 2, that

allows us to explore the design space efficiently. We then

summarize our prior work in Section 3 where we demon-

strate the use of simple simulations and experiments to

determine the process parameters for high density 316L

stainless steel (SS) parts. The main contribution of this

paper is to build on this prior work to gain additional

insight into the SLM process and improve our approach.

Specifically, we consider feature selection techniques to

identify the important parameters (Section 4), data-

driven surrogate models to reduce computational costs

(Section 5), improved sampling techniques to reduce

the number of sample points in design space (Section 6),

complex models to improve predictions (Section 7), and

uncertainty analysis for statistical inference (Section 8).

We conclude with a summary of our observations and

plans for future work in Section 9.

A brief note on the terminology used in this paper

- we use the term “model” to mean both physical mod-

els as well as data-driven models. As the main focus

of this paper is the use of data mining and statistical

techniques, to make the paper accessible to a multi-

disciplinary audience, we will also describe the terms

used in these fields when we first introduce them.

2 Approach for process optimization

There are a number of approaches to find the optimal

parameters for creating additively-manufactured parts

with desired properties (see, for example, the summary

in [15] for the work done in 316L stainless steel for

> 99% density parts). Typically, carefully designed ex-

periments are used to study how various process pa-

rameters, such as powder quality, layer thickness, laser

power, laser speed, and scanning strategies, would influ-

ence the properties, such as density and surface rough-

ness, of a part. In some cases, small cubes are built

and their properties evaluated [29,20,34], while in oth-

ers [32,16,21], a process window is first identified by us-

ing single track experiments. In these experiments, sin-

gle tracks are made on a layer of powder using a range of

laser power and speed values. As these experiments are

simpler than building small pillars, they can be more

cost-effective in narrowing the range of design space

for optimal parameters. Principled techniques from the

field of design and analysis of experiments [25,8], are

also gaining acceptance. For example, Delgado et al. [5]

used a full factorial experimental design with three fac-

tors (layer thickness, scan speed, and build direction),

and two levels per factor, in their study on part qual-

ity for a fixed laser power. The outputs of interest were

dimensional accuracy, mechanical properties, and sur-

face roughness and an ANOVA (ANalysis Of VAriance)

approach was used to understand the effects of various

factors on the outputs.

Much of this early work was done using systems with

relatively low laser powers of 50-100W. As a result, the

design space spanned by laser power and speed was

not very large and optimization through experimenta-

tion was a practical option. However, as machines with

higher laser powers (of 400W or greater) have become

common, using just experiments to identify optimal pa-

rameters can be prohibitively expensive. In addition, as

the types of SLM machines have proliferated, the use of

different beam sizes, scanning parameters, and powder

size distributions has enlarged the design space so that

determining the optimal parameters for each machine

for different materials has become more challenging.

To address these issues in the context of identify-

ing parameters for high-density AM parts, we devised

an iterative approach that combines experiments and

computer simulations. Our work was motivated by the

fact that our AM machine, a Concept Laser (CL) M2

system, had a relatively narrow beam, with D4σ = 52

µm, and maximum power of 400W. (D4σ is the beam

diameter and, for a perfect Gaussian beam, is four times

the standard deviation of the Gaussian.) This meant

that we could not use the parameters for optimal den-

sity available in the literature as these were for ma-

chines with lower powers of < 225W and larger beam

sizes of D4σ ≈ 120µm. Given the large range of power

(100-400W) for our machine, exploring the design space

using just experiments was prohibitively expensive, es-

pecially as we processed different materials, and a more

efficient approach was required.

Figure 2 illustrates our iterative approach that com-

bines computer simulations and experiments using tech-

niques from data mining and statistical inference; a

practical application of this approach is illustrated in

the rest of the paper. Starting with a densely-sampled

design space of parameters, we run simple, and rela-

tively inexpensive, simulations and experiments to pro-

gressively narrow the space of parameters as we move

towards more expensive and accurate simulations and

experiments. In each cycle, we have a set of samples that

span the space of input SLM parameters. We run the

experiments and/or simulations at the sample points,

extract the characteristics of interest (such as the melt-

pool dimensions or the part density), and analyze the

data that relate the sample points to the character-
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Fig. 2: Schematic illustrating the iterative process that uses data mining and statistical inference to combine

simulations and experiments to reduce the time and costs to determine optimal process parameters.

istics of interest. This analysis could include visual-

ization using scatter plots or parallel-coordinate plots

(Section 3.1), feature selection to identify important pa-

rameters (Section 4), building surrogate models for pre-

diction (Sections 5 and 7.2), and uncertainty analyses

(Section 8) to find regions that are less sensitive to mi-

nor changes in the parameters. From this analysis, we

identify a subset of samples that meets our require-

ments. We then perform more complex simulations and

experiments at these sample points, and iterate until

we have obtained the desired results.

This iterative approach has several benefits. First,

by starting with simple simulations and experiments,
we can quickly and efficiently identify which regions of

the design space are viable as they yield melt pools

that are deep enough so that a part can be built. This

is particularly relevant when we are working with ma-

terials that may not have been additively manufactured

before, or with machines with different process param-

eters, or with powders with different particle size distri-

butions. Second, the large number of SLM process pa-

rameters implies that we need to identify sample points

in a high-dimensional space, where the dimension of the

space is the number of parameters. To span a space

adequately, the number of samples required is expo-

nential in the dimension. This makes it prohibitively

expensive to start exploring the entire space by build-

ing many parts. Using simpler experiments and simula-

tions lowers the cost of exploring the space of parame-

ters more fully, thus increasing the chance of finding all

sets of parameters that yield desired properties. Third,

the iterative approach enables us to progressively make

bigger samples and perform more complex simulations,

while building on what we have learned from simpler

experiments and simulations. This reduces costs as the

complex simulations are computationally more expen-

sive and it takes longer to build the bigger samples and

evaluate their properties. Finally, by using data mining

techniques to analyze the data from the simulations and

experiments at each step, we can fully exploit the data

we do collect and better guide the next set of experi-

ments and simulations. We next describe how we used

this approach to identify process parameters for high-

density 316L SS parts. We have also successfully used

this approach to create parts with >99% density for

other materials and the ideas can also be extended to

other properties of a part.

3 Creating high-density 316L SS parts

This section summarizes our prior work as described

in Kamath et al. [15] and provides the background for

the contributions of this paper. Our primary goal was

to determine the process parameters that would result

in 316L stainless steel parts with > 99% density on

our Concept Laser M2 machine. A secondary goal was

to understand how the density varied as we varied the

laser power and speed.

3.1 Using simple simulations

To identify the viable range of process parameters, we

started with the very simple Eagar-Tsai (E-T) model [6]

to determine under what conditions we would obtain

melt pools that were deep enough to melt a layer of
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powder and the substrate below. Eagar-Tsai is a ther-

mal conduction model that considers a Gaussian beam

on a flat plate to describe conduction-mode laser melt-

ing. The resulting temperature distribution is used to

compute the melt-pool width, depth, and length as a

function of four parameters - laser power, laser speed,

beam size, and laser absorptivity of the powder.

The Eagar-Tsai model does not directly relate the

process parameters to the density of a part, which is the

property of interest. It also does not consider powder

other than the effect of powder on the laser absorptivity,

so its results provide only an estimate of the melt-pool

characteristics. However, this estimate was sufficient to

guide the next steps in our work. In addition, the sim-

plicity of the model makes it computationally inexpen-

sive, taking ≈1 minute to run on a laptop. This allows

us to sample the input parameter space rather densely,

ensuring that we consider all possible viable cases.

We sampled the four-parameter input space using a

full factorial design of computer experiments ([25] and

[8]). This method divides the range of each parameter

into several levels, and then randomly selects a point

in each cell. Table 1 lists the minimum and maximum

values for each of the four input parameters, as well as

the number of levels, which result in 462 simulations.

The upper bound on the laser power was set to the

maximum of the CL M2 machine. The lower limit on

the speed was set to ensure sufficient melting at the low

power values such that the melt-pool depth would be at

least 30µm, which was the layer thickness selected for

our experiments based on the prior work of Yasa [34].

The upper limit on the speed was estimated at a value

that would likely result in a relatively shallow melt pool

at the high power value. The lower and upper limits on
the beam size were obtained from measurements of the

beam size at focus offsets of 0mm and 1mm. The ab-

sorptivity was assumed to be around 0.4. By varying the

beam size and the absorptivity, we accounted for pos-

sible variations in these parameters over time or build

conditions as we built each part.

Parameter Minimum Maximum Levels

Power (W) 50 400 7

Speed (mm/s) 50 2250 11

Beam size D4σ (µm) 50 68 3

Absorptivity η 0.3 0.5 2

Table 1: Ranges and levels for the full factorial sampling

of the Eagar-Tsai model input parameter space.

The output from the Eagar-Tsai model was pro-

cessed to extract the melt-pool depth, width, and length.

Of these three dimensions, the depth was of greatest in-

terest as it indicates if the energy is sufficient to melt

through the powder to the substrate for the given val-

ues of power and speed, under the assumption that

the beam size and absorptivity might vary by a small

amount. To understand how the depth was related to

the four input parameters, we used parallel coordinate

plots [12]. These plots are a way of displaying high-

dimensional, multi-variate data. First, the values of each

variable for all simulations are scaled so they lie in the

same range and can be displayed in a single plot. For

our data, we chose this range to be 0.0 through 4.0.

Next, the five dimensions, (f1, f2, f3, f4, f5), are indi-

cated along the x-axis, and their scaled values along

the y-axis. Each simulation is represented as a poly-line

connecting the values of the scaled variables, (x1, x2, x3,-

x4, x5), for that simulation.

Figure 3 shows the parallel coordinate plot for our

462 simulations. The values of the depth were divided

into three groups for small (< 60µm), moderate (be-

tween 60-120 µm) and large (> 120µm), and the poly-

lines in each group were assigned a different color. The

simulations with small depth were discarded as they

were likely to leave unmelted particles. The simulations

with large depth were also discarded as they are the

result of the energy density being too high, possibly

resulting in keyhole-mode melting [18], where the laser

drills into the material, leaving voids as the material va-

porizes. The thresholds for identifying moderate depth

were obtained as follows: For a powder layer thickness of

30µm and a void fraction of 0.4, the steady-state pow-

der thickness would be 1.667*30 = 50µm and, for a void

fraction of 0.5, it would be 60µm (see Section 1). So,

the energy density must be sufficient to melt through a

powder layer of 50-60µm into the substrate. We ensure

this by selecting the minimum depth of a viable simu-

lation in the Eagar-Tsai model to be 60µm. The upper

threshold was set to twice the lower threshold to ensure

that we had sufficient number of viable cases, though

we did recognize that some of these cases could result

in keyhole-mode melting.

The parallel plot also sheds some light on the rel-

ative importance of the four input parameters. Based

on the clustering of the colors in the speed and power

columns, we observe that simulations with low speed

and high power have deep melt pools, while simula-

tions with high speed and low power have shallow melt

pools, which is what one would expect. However, there

is no such clear clustering of colors in the beam size and

absorptivity, indicating that these inputs are less rele-

vant to the determination of the depth, allowing us to

focus on the power and speed parameters in our exper-
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iments. In Section 4, we will arrive at a similar result

using quantitative techniques from data mining.

3.2 Using simple experiments

The full sampling of the design space of the Eagar-Tsai

model gives us a viable set of power and speed values

as indicated by the model. However, the depth of the

melt pool obtained from this simplified model is only an

approximation to the actual depth of the melt pool in

an experiment. Since we do not know how far the Eagar-

Tsai approximation is from reality, we next performed

a set of single track experiments to obtain the melt

pool dimensions for a set of power-speed combinations

chosen from the viable range of parameters.

Single track experiments [32] are a simple way to

evaluate the melt pool dimensions for a material for spe-

cific values of laser power, laser speed, layer thickness,

and powder size distribution. A single layer of powder

at a specific layer thickness is spread on the plate, and

multiple tracks made at different laser power and speed

values. The plate is then cut so the cross-section of a

track can be measured to obtain the melt-pool depth,

height, and width. Figure 4 shows the plate with the

14 single tracks used in our experiments. The plate is

40mm by 40mm and is bolted to the build platform at

the center. It is tilted so that the powder thickness is 0

at the left and increases linearly to 200µm at the right.

This allows us to evaluate the melt-pool dimensions at

several different values of layer thickness [33]. For ex-

ample, a vertical cut 6mm from the left edge gives the

cross-sections of the 14 tracks at a powder layer thick-

ness of 30µm, as shown for the two tracks in the figure,

where the laser direction is perpendicular to the plane

of the paper.

Table 2 shows the depth of the melt pool obtained

using the Eagar-Tsai model, as well as the experiments

at powder layer thickness of 30µm and 50µm, for the

14 tracks. The results for the Eagar-Tsai model were

generated using a fixed value for the beam size of D4σ

= 54µm and absorptivity of 0.3. Our results indicate

that the Eagar-Tsai model typically under-predicts the

depth, though given that the model has no powder, it is

difficult to compare the results with experiments that

do include powder. Note that the Eagar-Tsai results

use values of D4σ and absorptivity that are nearer to

the lower end of the ranges used in our sampling of the

design space as indicated in Table 1.

Table 2 also shows that the experimental data for

30µm layer thickness is consistent, with higher pow-

ers and lower speeds resulting in deeper melt pools. In

contrast, there are some inconsistencies in the 50µm re-

sults; for example, track 6 at 300W, 1200mm/s has a

smaller depth than track 5 at 1500mm/s. In some cases,

the depth of a track at 50µm layer thickness is greater

than at 30µm. These inconsistencies are to be expected

in experiments. Since we are spreading a thin layer of

powder, with a particle size distribution, over a tilted

plate, it is difficult to ensure that the layer thickness at

the location of the cut is exactly what we expect it to

be. This variation is usually small when we are in the

stable regime of conduction-mode melting, as our ex-

periments using a flat plate have shown [18]. However,

it introduces a source of uncertainty in our analysis.

3.3 Building 316L SS density pillars

Next, we used the results from the single track experi-

ments to guide the selection of parameters for building

small pillars for density measurements. We built 10mm
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Fig. 4: Single track experiments: Left - the 14 track tilted plate. Right - cross-sections of two tracks at 30µm layer

thickness: (top) track 4 at 300W and 1800mm/s, (bottom) track 5 at 300W and 1500mm/s.

Track# Power Speed E-T depth Depth (µm) from experiment

(W) (mm/s) (µm) layer thickness 30 µm layer thickness 50 µm

1 400 1800 50.4 105 90

2 400 1500 57.6 119 137

3 400 1200 62.4 182 183

4 300 1800 43.2 65 58

5 300 1500 48.0 94 86

6 300 1200 55.2 114 76

7 300 800 67.2 175 207

8 200 1500 38.4 57 43

9 200 1200 43.2 68 62

10 200 800 52.8 116 106

11 200 500 67.2 195 179

12 150 1200 36.0 30 37

13 150 800 43.2 67 63

14 150 500 55.2 120 104

Table 2: The depth for each track from the Eagar-Tsai model and the single track experiments at layer thickness

of 30 µm and 50µm. The Eagar-Tsai results were obtained assuming D4σ of 54µm and absorptivity of 0.3. Note

the inconsistency in experiment at 50µm between track 5 and 6, where a lower speed results in lower depth.

×10mm × 8mm high pillars using a layer thickness of

30µm and a variety of power and speed combinations

that were chosen to ensure sufficiently deep melt-pools

at steady-state powder layer thickness. We used default

values for all remaining process parameters [15].

The density of the pillars, measured using the Archi-

medes method, is shown in Figure 5 for the first two sets

of pillars, each set consisting of 24 pillars on a build

plate. The first set was used to determine if we could

obtain >99% dense pillars and the second set was used

to fill the gaps in the curves. The results show that it is

possible to use our approach to create high-density pil-

lars for power values ranging from 150W to 400W. For

a given power value, increasing the speed leads to in-

sufficient melting and lower density, which is expected.

The density also reduces at low speed due to voids re-

sulting from keyhole mode laser melting; this reduction

is however not as large as the reduction due to insuf-

ficient melting. We also observe that at higher powers,

the density is high over a wider range of scan speeds,

unlike at lower powers. This indicates that higher pow-

ers could provide greater flexibility in choosing process

parameters that optimize various properties of a man-

ufactured part. However, it remains to be seen if oper-

ating at higher powers will have other negative effects

on the microstructure or properties of a part.

3.4 Improving the process

We have successfully used the approach outlined in Sec-

tions 3.1 through 3.3 on other materials and powders
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of different sizes. We improved the process by using a

flat plate instead of a tilted plate as we found that we

often used just one value for the layer thickness. This

allowed us to double the number of tracks on a plate,

resulting in a more extensive exploration of the design

space. We have also explored ways in which we can use

data mining and statistical techniques to gain insight

and improve the process. We next describe how we have

built on our prior work by using feature selection tech-

niques to identify the important parameters, surrogate

models for prediction, improved sampling, more com-

plex simulations, and uncertainty analysis.

4 Identifying important variables

In Section 3.1, we used parallel coordinate plots to gain

a qualitative understanding of the relative importance

of the four input parameters to the Eagar-Tsai model.

In data mining, dimension reduction techniques [13] are

often used to identify important variables and reduce

the dimension of a problem, which is the number of

variables or features that describe the objects in a data

set. In our problem, the objects are the simulations or

experiments and the features are the input or process

parameters. Reducing the dimension of a problem pro-

vides several benefits. By focusing on just the impor-

tant variables, it becomes easier to understand how the

outputs might be related to the inputs. Further, as the

number of sample points required to adequately sample

the design space is exponential in the number of dimen-

sions, reducing the dimension lowers the cost of expen-

sive simulations and experiments. We can also build

more accurate surrogate models (Sections 5 and 7.2) if

irrelevant variables are removed from the data set.

There are a variety of dimension reduction tech-

niques, including linear and non-linear methods that

transform the data into a lower-dimensional space, as

well as feature subset selection methods that rank the

features in order of importance. We prefer feature sub-

set methods as they directly inform us which features

are important, unlike transform methods, where the in-

terpretation of the variables in the transformed space

may not be straightforward. We consider two methods

that operate directly on continuous inputs and outputs,

as methods that first discretize the variables could be

sensitive to the discretization used.

The Correlation-based Feature Selection (CFS) meth-

od [10] is a simple approach that calculates a figure of

merit for a feature subset of k features as

Merit =
krcf√

k + k(k − 1)rff
(1)

where rcf is the average feature-output correlation and

rff is the average feature-feature correlation. We use

the Pearson correlation coefficient between two vectors,

X and Y , defined as

Cov(X,Y )

σXσY
(2)

where Cov(X,Y ) is the covariance between the two vec-

tors and σX is the standard deviation of X. A higher

value of Merit results when a subset of features has a

high correlation (rcf ) with the output and a low corre-

lation (rff ) among themselves.

In the second feature selection method, the features

are ranked using the mean squared error (MSE) as a

measure of the quality of a feature [3]. This metric is
used in regression trees (see Section 5) to determine

which feature to use to split the samples at a node of

the tree. Given a numeric feature x, the feature values

are first sorted (x1 < x2 < ... < xn). Then, each inter-

mediate value, (xi+xi+1)/2, is proposed as a split point,

and the samples split into two depending on whether

the feature value of a sample is less than the split point

or not. The MSE for a split A is defined as

MSE(A) = pL · s(tL) + pR · s(tR) (3)

where tL and tR are the subset of samples that go to

the left and right, respectively, by the split based on A,

pL and pR are the proportion of samples that go to the

left and right, and s(t) is the standard deviation of the

N(t) output values, ci, of samples in the subset t:

s(t) =

√√√√ 1

N(t)

N(t)∑
i=1

(ci − c(t)
2
) (4)
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and c(t) is the mean of the values in subset t. For each

feature, the minimum MSE across the values of the fea-

ture is obtained and the features are rank ordered by

increasing values of their minimum. This method con-

siders a feature to be important if it can split the data

set into two, such that the standard deviation of the

samples on either side of the split is minimized, that

is, the output values are relatively similar on each side.

Note that while CFS considers subsets of features, the

MSE method considers each feature individually.

Table 3 presents the ordering of subsets of input fea-

tures by importance, obtained using the CFS method,

for the melt-pool width, length, and depth. A noise fea-

ture was added as another input; this is consistently

ranked as the least important variable, as might be ex-

pected. The table indicates that for the melt-pool depth

and width, the single most important input is the speed,

while the two most important inputs are the speed and

power. In contrast, for the length of the melt pool, the

most important single input is the power, while the two

most important inputs are power and absorptivity. The

results for the MSE method in Table 4 are very similar,

with the exception that the beam size is ranked lower

than the noise variable for the depth of the melt pool.

For all three melt-pool characteristics, the three lowest

ranked variables have similar MSE values, so they have

roughly the same order of importance.

In our problem, the depth and the width are the

most important melt-pool characteristics; the depth in-

dicates when the energy density is sufficient enough to

melt through the powder into the substrate below, while

the width is used to determine the distance between ad-

Melt Speed Power Beam Absorptivity Noise

pool size

Width 5 4 2 3 1

Length 3 5 2 4 1

Depth 5 4 2 3 1

Table 3: Rank order of subsets of input parameters to

the Eagar-Tsai model using the CFS method. The best

subset of k features is the one with the k highest ranks.

Melt Speed Power Beam Absorptivity Noise

pool size

Width 5 4 2 3 1

Length 3 5 2 4 1

Depth 5 4 1 3 2

Table 4: Rank order of the input parameters to the

Eagar-Tsai model using the MSE method. A higher

rank indicates a more relevant input.

jacent scan lines so that no unmelted powder particles

remain between them. As the laser power and speed are

the most relevant inputs to determining the melt-pool

depth and width, it makes sense to focus on them first

in our experiments.

In the Eagar-Tsai simulations, we chose to vary just

four inputs. However, as we move to more complex sim-

ulations, feature selection and other dimension reduc-

tion techniques will become more useful in helping us

to identify the important variables, potentially limiting

the number of expensive experiments or simulations re-

quired to create parts with desired properties.

5 Building data-driven surrogate models

The Eagar-Tsai model (Section 3.1) is a physical model

that provides an approximation to the melt-pool dimen-

sions given the laser power, laser speed, beam size, and

absorptivity. When we run the model with various val-

ues of the input parameters to explore the design space,

we create a data set that relates the specific values of

the inputs to the corresponding outputs. If the design

space is sampled adequately, we can use the data set

to build a data-driven model which, given a set of val-

ues for the continuous inputs, will predict the contin-

uous outputs. There are many algorithms we can use

to build such a regression model, ranging from para-

metric techniques that fit multi-variate functions, such

as polynomials, to the data, to machine learning meth-

ods such as neural networks, regression trees, locally

weighted learning, and support vector machines [13].

We consider two data-driven predictive models in

this paper. This section focuses on regression trees, while

the more complex Gaussian process models are dis-

cussed in Section 7.2. A regression tree [3], is a structure

that is either a leaf, indicating a continuous value, or

a decision node that specifies some test to be carried

out on a feature, with a branch and sub-tree for each

possible outcome of the test. If the feature is continu-

ous, there are two branches, depending on whether the

condition being tested is satisfied or not. The decision

at each node of the tree is made to reveal the structure

in the data. Regression trees tend to be relatively sim-

ple to implement, yield results that can be interpreted,

and have built-in dimension reduction.

A regression tree is built in two phases. In the train-

ing phase, the algorithm is “trained” by presenting it

with a set of examples with known output values, such

as the data obtained using the Eagar-Tsai model. In

the test phase, the data-driven model created in the

training phase is tested to determine how accurately it

performs in predicting the output for known examples

that were not used in building the model. If the results
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meet expected accuracy, the model can be put into op-

eration to predict the output for a new sample point

whose inputs are used to traverse the tree, following

the decision at each node, until a leaf node is reached.

The predicted value assigned to the sample is the mean

of the output values of the training data that end up

at that leaf node.

In building the regression tree, the test at each node

is determined by examining each feature and finding the

split that optimizes an impurity measure. We use the

mean-squared error, MSE, as defined in Section 4, as

the impurity measure. The split at each node of the

tree is the one that minimizes MSE across all features

for the samples at that node. To avoid over fitting, we

stop the splitting if the number of samples at a node is

less than 5 or the standard deviation of the values of the

output variable at a node has dropped below 5% of the

standard deviation of the output variable of the original

data set. Note that each split creates a decision surface

perpendicular to one of the axes (the feature selected

for the split), dividing the data at that node into two,

corresponding to sample points on the right and left

side of the split location (the value of the feature used

in the split). Depending on the data and the options

used to build the tree, this splitting of the data can

lead to a “block” structure in the regression model.

A common approach to improving the accuracy of

regression algorithms is to use an ensemble, where many

models, built from the same training data using ran-

domization, are created [13,27,28]. The final prediction

is the mean of the prediction from each of the models.

In our work, we consider 10 trees in the ensemble, with

randomization introduced through sampling. Instead of

using all the sample points at a node to determine a

split, we use a random subset of the samples [14], mak-

ing each tree in the ensemble different from the others.

We consider two different measures to evaluate the

accuracy of the predictive model. The first is k runs

of m-fold cross validation, where the data are divided

randomly into m parts, the model is trained on (m −
1) parts and evaluated on the part that is held out.

This is repeated for each of the m parts. The process is

repeated k times, each with a different random partition

of the data. The final accuracy metric is the average of

the accuracy for each of the k × m parts. We use the

relative mean-squared error metric, defined as

n∑
i=1

(pi − ai)2
/ n∑

i=1

(ā− ai)2 (5)

where pi and ai are the predicted and actual values,

respectively, of the i-th sample point in the test data

consisting of n points, and ā is the average of the actual

values in the test data. This is essentially the ratio of

the variance of the residual to the variance of the tar-

get (that is, actual) values and is equal to (1.0 − R2),

where R2 is the coefficient of determination. The sec-

ond metric is the leave-one-out (LOO) approach, where

a model, which is built using all but one of the sample

points, is used to predict the value at the point that is

held out. For a data set with N points, this is essentially

N -fold cross validation.

Figure 6 shows the accuracy of the regression tree

model in predicting the depth using the 462 simulations

of the Eagar-Tsai model. Panels (a) and (b) shows the

predicted vs. actual values using LOO for 1 tree and 10

trees, respectively. We observe that most of the points

are near the blue line at 45◦ (indicating perfect predic-

tion), though the scatter is greater at larger melt-pool

depths. The scatter reduces with the use of ensembles

as would be expected. Using 5 runs of 5-fold cross val-

idation as the error metric, we obtain a relative mean-

squared error of 8% with a single tree and 3.6% with

an ensemble of 10 trees.

The regression tree can be considered as a surrogate

for the data from the Eagar-Tsai simulations and can be

used to predict the width, depth and length of the melt

pool for a given set of inputs. Figure 6, panel (c) shows

the depth prediction at data points on a 40 × 40 grid

over the power-speed design space, using a fixed value

of D4σ = 52µm and absorptivity of 0.4. The prediction

was obtained using the 462 Eagar-Tsai points to build

a model with 10 regression trees. Panel (d) shows the

viable space in the power-speed plot, where viability is

defined as 60µm ≤ depth ≤ 120µm. While each Eagar-

Tsai simulation takes ≈1 minute on a laptop, it takes a

few micro-seconds to build the surrogate from the 462

simulations and practically no time to use it to generate

the melt-pool depth for a set of input variables.

The accuracy of the regression tree depends on the

number and location of the sample points, as well as

the complexity of the function being modeled. If there

are too few sample points, or they are in the wrong

location, then the prediction can be poor, especially

if the function being predicted is quite complex. For

our set of simulations, the accuracy obtained is reason-

able, though it could be improved further by adding

new sample points in appropriate locations.

6 Improving sampling of design space

The locations of the sample points chosen to run sim-

ulations, such as the Eagar-Tsai model, are critical to

building an accurate data-driven, surrogate model based

on these points. In our work, we started with strati-

fied random sampling (Section 3.1) as we wanted to
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Fig. 6: Leave-one-out prediction using (a) 1 tree and (b) 10 trees. (c) Depth prediction in µm over a uniform grid

in the power-speed space, with the beam size and absorptivity fixed. (d) Sample points in the viable region of (c).

reduce the over- and under-sampling commonly asso-

ciated with random sampling (see Figure 7(a)). How-

ever, stratified random sampling lacks flexibility as the

number of samples is determined by the number of lev-

els along each dimension and new samples cannot be

added easily. In addition, as shown in Figure 7(b), it

still results in under- and over-sampled regions, though

less than the regular random sampling.

In our work, we want to generate an arbitrary num-

ber of samples that are randomly placed as far from

each other as possible. Since the samples points are

inputs to simulations, some of which may be compu-

tationally expensive unlike the Eagar-Tsai model, we

want greater control over the number of samples. We

want to start with a small initial set, and, if necessary,

add an arbitrary number of new samples, while main-

taining the randomness and the constraint on the dis-

tance between samples. To accomplish this, we consid-

ered low-discrepancy sampling, defined as follows: let

X be a d-dimensional measure space, such as [0, 1]d.

Let R, the collection of subsets of X, denote the range

space. Typically R is chosen as the set of axis-aligned

rectangular subsets. Then the discrepancy for a given

point set P of N points and range space R is given by

Discrepancy(P,R) = sup
r∈R

{∣∣∣∣ |P ∩ r|N
− µ(r)

µ(X)

∣∣∣∣} (6)

where |P ∩ r| is the number of points in P ∩ r, and

µ(r) is a Lebesgue measure (this can be considered to

be the area in two dimensions and volume in three di-

mensions). Each term in the supremum indicates how

well the number of points in r can be used to estimate

the hyper-volume of r. In a low discrepancy sampling,

if the volume of r is a certain fraction of the volume

of X, then the number of points in r will be the same

fraction of the total number of points N .

We investigated two low-discrepancy sampling ap-

proaches - the Poisson-disk sampling [4] and Mitchell’s

best-candidate sampling [23]. The Poisson-disk sam-

pling distributes random samples such that no two sam-

ples are closer than a pre-specified distance (Figure 7(c)),

meeting our requirements. However, the method is not

easily extensible to higher dimensions, requires the spec-

ification of the minimum distance between the samples

instead of the number of samples, and does not lend

itself to the addition of an arbitrary number of new

samples. In contrast, Mitchell’s best candidate algo-

rithm (Figure 7(d)), met all our constraints. Though

it does not explicitly place samples at least a fixed dis-

tance away from each other, the process of generat-

ing the samples ensures that they are placed far apart

from each other. The method itself is straight-forward.

It starts by placing the first point randomly. Then, for

each new point, it generates randomly a pre-specified

number of candidate points and selects as the next sam-

ple the candidate that has the largest nearest-neighbor

distance to the current set of samples. It thus incremen-

tally adds new sample points until the desired number

have been generated.

To compare the stratified random sampling with the

best-candidate sampling on the four dimensional input

space of the Eagar-Tsai model, we generated a set of

100 samples using each method and calculated the dis-

tance to the nearest neighbor for each sample. Figure 8

shows the distances for each of the 100 samples in the

two methods. Both plots have the same scale. It is clear

that stratified random sampling, despite the use of grids

to avoid under- or over-sampling, has a large range of

nearest-neighbor distances ranging from 0.1 to more

than 0.4. In contrast, most of the points in the best-

candidate sampling have a nearest-neighbor distance of

0.3, with none below 0.25.

When we use a small number of samples in our ini-

tial set, especially in higher-dimensional problems, it is

obvious to ask how this affects the accuracy of the sur-

rogate model built using these sample points. The an-

swer is dependent on the problem (the complexity of the
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Fig. 7: Sampling in a two-dimensional space: 100 samples distributed using (a) random sampling, (b) stratified

random sampling, (c) Poisson-disk sampling, and (d) best-candidate sampling.
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Fig. 8: Distance to the nearest neighbor for a set of 100 samples distributed in a four-dimensional space using

(left) stratified random sampling and (right) best-candidate sampling.

variable being modeled) and the surrogate used. We ran

the Eagar-Tsai model at the 100 sample points gener-

ated using the stratified random and the best-candidate

sampling methods, and evaluated the accuracy of the

model using both the LOO and cross validation met-

rics. Table 5 presents the relative mean-squared error

resulting from five runs of five-fold cross-validation. As

expected, the use of a smaller number of samples in-

creases the cross-validation error, while using ensembles

reduces it. For a single tree, the random stratified sam-

ples give slightly better results compared to the best

candidate. One explanation might be that the points in

the random stratified sampling are closer to each other

(see Figure 8) and therefore are better predictors. For

100 samples, using an ensemble of 10 trees removes any

differences between the random stratified and best can-

didate methods. Though the results are less accurate

in comparison with the larger number of samples, they

are none-the-less sufficient for our use in identifying vi-

able regions of design space. The results for LOO metric

are shown in Figure 9; there is little difference between

the two sampling methods, and, as expected, the use of

ensembles reduces the scatter for both methods.

As with our larger sample set, we also created an

ensemble of ten regression trees using the 100 samples

from each method and used them to generate the melt-

pool depth at the sample points in the 40×40 grid over

the power-speed design space, as shown in Figure 10.

We used a fixed value of D4σ = 52µm and absorptiv-

ity of 0.4. The prediction now has a more pronounced

“block” form, which is expected given the small number

of points and the use of regression trees with the axis-

parallel division of the design space. We also observe

that the region with deep melt-pools at low speeds is

no longer considered non-viable; this is likely because

the small number of sample points is not sufficient to

capture the rapidly increasing depth in this region.

These experiments indicate that, with fewer sam-

ples, using regression trees as a surrogate can result in

a more approximate viability region. This would sug-

gest that more sophisticated surrogates should be con-

sidered when the number of sample points is small. For

Method 1 tree 10 trees

Random stratified (462 samples) 8.0% 3.6%

Random stratified (100 samples) 24.0% 12.4%

Best candidate (100 samples) 27.1% 12.3%

Table 5: Relative mean-squared error using 5 runs of 5-

fold cross-validation using the Eagar-Tsai model with

samples generated using different methods.
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Fig. 9: Leave-one-out prediction using for a sample of 100 points generated using stratified sampling with (a) 1

tree and (b) 10 trees and best-candidate sampling with (c) 1 tree and (d) 10 trees.
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Fig. 10: Prediction using the 100 samples from random stratified sampling ((a) and (b)) and best-candidate

sampling ((c) and (d)). (a) and (c): prediction of depth in µm over a uniform grid in the power-speed space, with

the beam size and absorptivity fixed. (b) and (d): the sample points in the viable region in (a) and (c), respectively.

example, a model tree, where the prediction is based

on a model (such as a linear model) derived from the

training samples at the leaf node, might be more appro-

priate. We investigate this idea further in Section 7.2.

We also observe that there is not much difference in

accuracy between the random stratified sampling and

the best candidate methods. However, the more evenly

spread out samples in the latter would, in general, pro-

vide a better coverage of the design space. In addition,

the flexibility of the best candidate algorithm in sup-

porting any number of samples points, as well as in-

cremental addition of samples, make it our choice of

sampling method.

7 Using more complex models

Thus far, we have focused on the Eagar-Tsai model

to generate an approximation to the melt-pool depth.

While the model is computationally inexpensive, allow-

ing us to explore the design space extensively, it lacks

much of the physics involved in SLM. In particular, it

does not include powder, making it challenging to com-

pare the melt-pool dimensions with experiments. An

obvious improvement is to use a more complex model,

with additional physics. As these models are computa-

tionally expensive, we can only run a small number of

sample points. Therefore, we need to consider more so-

phisticated data-driven surrogates to address the small-

sample issues with regression trees. We next describe

two complex models - one physical and one data-driven

- to alleviate these concerns. This fits into our iterative

approach outlined in Section 2, where we progressively

use more complex experiments and simulations.

7.1 More complex physical models

The Verhaeghe model [30] starts by considering the dif-

ferent physical phenomena that are involved in the laser

melting of powder on a substrate. The laser beam inter-

acts with the powder particles that melt into liquid. The

heat transfer is different in the low-conductivity powder

and the densified material. The temperature gradients

in the melt pool can give rise to convection, both nat-

ural and Marangoni. Surface tension effects may lead

to wetting or balling of the liquid melt pool. To incor-

porate all these aspects into a simple and pragmatic

model, the authors use an enthalpy-based formulation

of the heat transfer equation. This accounts for the var-
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ious phase transitions in the material, including evapo-

ration, where the vapor phase is assumed to be removed

by the inert gas that flows over the powder bed. Un-

like the Eagar-Tsai and other simplified models, the

reference frame does not move with the heat source,

enabling the study of the effect of changing substrate

structure from a powder bed to a dense metal. A Gaus-

sian heat source is assumed. To keep the model simple,

certain important phenomena, such as surface-tension

driven shape evolution of the liquid bath, are not con-

sidered. However, the compaction of the powder bed

due to melting is accounted for by using an iterative

shrinking procedure.

The Verhaeghe model, given the additional physics

that is included, is more computationally expensive than

the Eagar-Tsai model, requiring about 1-3 hours of

computational time (depending on the laser speed) on

a small 8 processor cluster. While this is a moderate

requirement in terms of computational resources, the

Verhaeghe model has a larger number of parameters,

such as the powder layer thickness, the void fraction,

and the material properties, such as the absorptivity

and conductivity of the various material phases, not all

of which are known precisely. While the addition of the

new physics in the Verhaeghe model makes it more real-

istic relative to the Eagar-Tsai model, the new parame-

ters introduce new sources of uncertainties and lead to

a higher-dimensional design space. Therefore, our ini-

tial work has focused mainly on exploring the effects

of two parameters to understand the model - the layer

thickness and the void fraction of the powder.

Table 6 shows the depth predictions obtained us-

ing the Verhaeghe model for the power and speed val-
ues used in the 14 track experiment described in Sec-

tion 3.2. We report results for two values of void frac-

tion for the powder, 0.4 and 0.5, as the void fraction

is typically in this range. The grid spacing used in the

Verhaeghe model is 2.5µm. We make several observa-

tions on Table 6. First, the results for both 30µm and

50µm layer thickness using the Verhaeghe model is

closer to the experiment than the Eagar-Tsai results in

Table 2. Second, the change in void fraction does not

have an appreciable effect on the depth when the layer

thickness is 50µm. However, for layer thickness of 30µm,

the melt-pool depth at void fraction of 0.5 is lower than

at 0.4, suggesting that a larger amount of metal in the

powder layer gives deeper melt pools. Also, we might

intuitively expect that with a deeper layer of powder

at 50µm, the melted region in the substrate would be

shallower as more powder has to melt first before the

substrate melts. However, this is true only at void frac-

tion of 0.4, but not at 0.5. These results indicate that

the predictions from the Verhaeghe model depend in a

complex way on the void fraction and the layer thick-

ness - the two factors that determine how much metal

is in the powder layer.

7.2 More complex data-driven surrogate models

There are other more complex surrogate models that

could be used as an alternative to the regression tree

model discussed in Section 5, such as model trees, neu-

ral networks or support vector machines. We chose Gaus-

sian process (GP) models [26] for our work as they pro-

vide not just a prediction, but also an uncertainty on

the prediction, which is useful, given the many sources

of uncertainty in building additively-manufactured parts.

There are several ways in which we can interpret

Gaussian processes. A simple explanation in a brief tu-

torial by Ebden [7] considers a one-dimensional problem

with a training set of N samples, {x1, . . . , xN} and the

associated output values y = {y1, . . . , yN}. A Gaussian

process is a collection of random variables, any finite

number of which have a joint Gaussian distribution [26].

GPs can be considered to be an extension of multivari-

ate Gaussian distributions to infinite dimensions. Since

our training data with N samples can be thought of as a

single point sampled from an N-variate Gaussian distri-

bution, they can be partnered with a Gaussian process.

The mean of this GP is often taken to be zero.

Two samples xi and xj in the training data are

related to each other through the covariance function

k(xi, xj). We chose the squared-exponential function

k(xi, xj) = σ2
f exp

(
−(xi − xj)2

2l2

)
(7)

where the maximum allowable covariance is σ2
f and l is

a length parameter that determines the extent of influ-

ence of each point. σ2
f should be set to a large value for

functions that cover a broad range of values. If points

xi and xj are close to each other, the covariance is near

maximum, so the values of the outputs at the two points

are highly correlated. If the two points are far away,

then the correlation is near zero, so the value at one

point does not influence the value at the other point.

Therefore, the parameter l controls the smoothness of

the interpolation.

Suppose we want to use the training data to pre-

dict the output at a new sample point x∗. Then, as the

data can be represented as a sample from a multivariate

Gaussian distribution, we have[
y

y∗

]
= N

(
0,

[
K KT

∗

K∗ K∗∗

])
, (8)
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Track Power Speed Depth (layer thickness = 30 µm) Depth (layer thickness = 50 µm)

number (W) (mm/s) Experiment Verhaeghe (µm) Experiment Verhaeghe(µm)

(µm) vf = 0.4 vf = 0.5 (µm) vf = 0.4 vf = 0.5

1 400 1800 105 105.0 97.5 90 100.0 100.0

2 400 1500 119 127.5 117.5 137 122.5 122.5

3 400 1200 182 163.5 147.5 183 157.5 157.5

4 300 1800 65 75.0 67.5 58 67.5 70.0

5 300 1500 94 90.0 82.5 86 85.0 85.0

6 300 1200 114 115.0 105.0 76 110.0 110.0

7 300 800 175 172.5 155.0 207 170.0 170.0

8 200 1500 57 55.0 50.0 43 47.5 50.0

9 200 1200 68 70.0 62.5 62 62.5 65.0

10 200 800 116 105.0 95.0 106 97.5 100.0

11 200 500 195 165.0 147.5 179 162.5 160.0

12 150 1200 30 47.5 45.0 37 40.0 42.5

13 150 800 67 72.5 67.5 63 65.0 67.5

14 150 500 120 112.5 102.5 104 107.5 107.5

Table 6: Single track experiments with predictions using the Verhaeghe model with void fractions of 0.4 and 0.5.

where y is the output variable corresponding to the N

training data, y∗ is the prediction of the output at point

x∗, and the submatrices are defined as follows:

K =


k(x1, x1) k(x1, x2) . . . k(x1, xN )

k(x2, x1) k(x2, x2) . . . k(x2, xN )
...

... ¨
...

k(xN , x1) k(xN , x2) . . . k(xN , xN )

 , (9)

K∗ =
[
k(x∗, x1) k(x∗, x2) . . . k(x∗, xN )

]
, (10)

and

K∗∗ = k(x∗, x∗) (11)

The probability of y∗, that is, the output at the new

sample point, is then given by

y∗ = K∗K
−1y (12)

and the uncertainty in the estimate is given by the vari-

ance

var(y∗) = K∗∗ −K∗K−1KT
∗ (13)

The parameters l and σf of the Gaussian process can

be calculated from the training data using a maximum

likelihood approach. It is also possible to include a Gaus-

sian noise component in the output variable, but in our

current analysis, we have assumed the noise to be zero.

Since the Gaussian process is a more complex model,

it is obvious to ask if it can give accurate predictions

with a small number of sample points and perform bet-

ter than regression trees by avoiding the “block” struc-

ture in the predictions seen in Figures 6 and 10. To

evaluate this, we used the 462 Eagar-Tsai samples gen-

erated using random stratified sampling and the 100

Eagar-Tsai samples generated using the best candidate

algorithm as our two training data sets, and used GP

to predict the depth at data points on a 40 × 40 grid

over the power-speed design space, using a fixed value

of D4σ = 52µm and absorptivity of 0.4. Our results

are presented in Figure 11. We also include the stan-

dard deviation in the prediction, which represents the

uncertainty, and the viable region consisting of points

where 60µm ≤ depth ≤ 120µm.

We make a number of observations. First, regardless

of the number of points used to build the model, the
predictions are more continuous and the block structure

seen with regression trees is not present. The viable re-

gion using just 100 points (panel (f)) is close to the

viable region using 462 points (panel (c)) though the

predicted values are different. This indicates that, for

our problem, the GP model gives an accurate viable

region even with the smaller number of sample points.

Second, the uncertainty in prediction using 462 sam-

ples is high at high speeds. This is due to extrapolation

as the sample points had a maximum speed of 2250

mm/s (Table 1), while the maximum speed on the grid

of test points is 2500mm/s. Third, for the same reason,

there are three viable test points in the top right of

panel (c) that have a depth greater than 60µm and a

standard deviation of nearly 16. This indicates that GP

predictions can be poor in regions outside the training

data and the high uncertainty is an indication that we

should not trust these results. However, this behavior is

not seen when we build the model with fewer training

samples. We suspect that the larger distance between
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Fig. 11: GP prediction using the Eagar-Tsai model with

the 462 random stratified samples (left) and the 100

best candidate samples (right). Top to bottom: depth

prediction in µm, the standard deviation in the predic-

tion, and the sample points in the viable region.

the sample points leads to greater smoothness of the

interpolating function so that the depth at high power

and speed remains below the cut off threshold of 60µm.

Finally, there is greater uncertainty in predictions at

low speed and high powers; this is due to extrapolation

in this region as well as the rapidly changing values

of the depth. However, the uncertainty in panel (e) is

smaller than in panel (b).

8 Statistical inference

We have shown that the Verhaeghe model gives results

that are closer to the experimental data in comparison

with the Eagar-Tsai model (Section 7.1) and that the

Gaussian process model can give reasonable predictions

even with few sample points (Section 7.2). We next in-

vestigate if we can combine the two types of models to

build a surrogate with few sample points that will give

results comparable with experiments, along with an as-

sociated uncertainty on the predictions. We follow the

iterative approach for process optimization (Section 2),

starting with simple simulations and experiments and

progressively using more complex simulations and ex-

periments to constrain the space of process parameters.

We start with the 100 simulations of the Eagar-

Tsai model generated using the best-candidate sam-

pling method (Section 6). Of these, 34 samples have

depth > 60µm and form the viable set of points. These

range in power from 150W to 400W and in speed from

500 mm/s to 1600 mm/s. We then run the Verhaeghe

model at these points using a void fraction of 0.5 and a

layer thickness of 30µm and build a Gaussian process

surrogate with the resulting melt-pool depth values.

Figures 12 and 13 show the prediction from the

Gaussian process at various values of laser power, speed,

beam size, and absorptivity, with the other variables

held constant. The uncertainty range shown is at two

standard deviations. We observe larger uncertainty dur-

ing extrapolation, for example, Figure 12 (a) at values

of power less than 150W and Figure 12(b) at values of

speed greater than 1600 mm/s. The behavior seen in

the curves is as expected - increasing power or reducing

speed increases the depth as does reducing the beam

size or increasing the absorptivity. For a given power,

the variation of the depth with speed is non-linear (Fig-

ure 12 (b)), while the variation in depth with power for

a fixed speed is close to, but not quite, linear. Figure 13

indicates that the depth varies linearly with both beam

size and absorptivity.

Next, we used the Gaussian process surrogate to

predict the depth at the power and speed values for the

14 single tracks described in Section 3.2, with D4σ =

52µm and η = 0.40, and compared the results with

the experiments as shown in Figure 14. We notice that

when the depth is large, the surrogate under-predicts
the depth. To confirm that this was not due to the res-

olution used in the Verhaeghe model, we repeated one

of the cases using i) double the cell size and ii) double

the number of grid points in all dimensions. There was

no change in the results in either case, indicating that

the Verhaeghe model might not include all the physics

required for predicting deep melt pools.

We also observed that the error bars are larger at

smaller values of the depth. These are all tracks at

higher speeds, and in some cases, have speeds outside

the range of the 34 sample points used in building the

surrogate. To confirm that this large uncertainty was

due to extrapolation, we included additional sample

points that had an Eagar-Tsai depth of 55µm or higher,

instead of 60µm or higher. The seven new points in-

cluded some with speed larger than 1600 mm/s, bring-

ing the samples used for building the surrogate closer

to the speed values used in the experiments. For these

41 sample points, we ran the Verhaeghe model for four

cases: layer thickness of 30µm and 50µm, and void frac-



Data Mining and Statistical Inference in Selective Laser Melting 17

100 150 200 250 300 350 400
Power in Watts

0

50

100

150

200

S
p
e
e
d
: 

 9
0

0
 m

m
/s

100 150 200 250 300 350 400
Power in Watts

0

50

100

150

200

S
p
e
e
d
: 

1
2

0
0

 m
m

/s

100 150 200 250 300 350 400
Power in Watts

0

50

100

150

200

S
p
e
e
d
: 

1
5

0
0

 m
m

/s

Depth as a function of power for set speed values

600 800 1000 1200 1400 1600 1800
Speed in mm/s

0

50

100

150

200

P
o
w

e
r:

 1
5

0
 W

600 800 1000 1200 1400 1600 1800
Speed in mm/s

0

50

100

150

200

P
o
w

e
r:

 2
5

0
 W

600 800 1000 1200 1400 1600 1800
Speed in mm/s

0

50

100

150

200

P
o
w

e
r:

 3
5

0
 W

Depth as a function of speed for set power values

(a) (b)

Fig. 12: GP prediction of depth as a function of (a) power for different speed values and (b) speed for different

power values, using the Verhaeghe model run at the 34 viable Eagar-Tsai samples. D4σ = 52µm and η = 0.40.
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Fig. 13: GP prediction of depth as a function of (a) 2σ for different η values and (b) η for different 2σ values using

the Verhaeghe model run at the 34 viable Eagar-Tsai samples. Power = 250W and speed = 1200mm/s.

tions of 0.4 and 0.5. For each case, we built a Gaussian

process surrogate and used it to predict the depth of the

14 track experiments as before. Our results in Figure 15

indicate that we were able to reduce the uncertainty

associated with small values of melt-pool depth in Fig-

ure 14. Comparing panels (a) and (b) in Figure 15, we

find that using a void fraction of 0.4 gives GP predic-

tions that are closer to the experiments than a void

fraction of 0.5 for a layer thickness of 30µm. Changing

the void fraction for the 50µm layer thickness has little

effect as was observed in Table 6.

These results show that the Verhaeghe model, com-

bined with predictions using a GP surrogate, can give

reasonable results for melt-pool depths for 316L stain-

less steel. The uncertainty associated with the predic-

tions is small, giving us greater confidence in the results.

9 Conclusions

In this paper, we demonstrated several different ways

in which techniques from data mining and statistical

inference can be used to provide scientific insight and

improve process optimization in selective laser melting,

enabling us to quickly build parts with desired prop-

erties, such as high density. We showed how we can

combine more complex physical and data-driven mod-

els to improve accuracy of prediction and, through un-
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Fig. 14: Comparing 14 track experiments with GP prediction using depth from the Verhaeghe model at the 34

viable Eagar-Tsai samples. Layer thickness = 30µm, void fraction = 0.5. Error bars are at one standard deviation.
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Fig. 15: Comparing 14 track experiments with GP prediction using depth from the Verhaeghe model at the 41

viable Eagar-Tsai samples. Error bars are at one standard deviation. Layer thickness and void fraction are as

follows: (a) 30µm, 0.4; (b) 30µm, 0.5; (c) 50µm, 0.4; and (d) 50µm, 0.5.

certainty analysis, gain confidence in the process pa-

rameters selected for SLM. Our future work will include

using the Verhaeghe model, coupled with Gaussian pro-

cesses, to understand the effects of other variables such

as powder size distributions and material parameters.

We will also extend our work to other materials to un-

derstand if results are broadly applicable.
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