
A Parameter Subset Selection Algorithm for Mixed-Effects Models

Kathleen L. Schmidt 1,2 and Ralph C. Smith2

Abstract

Mixed-effects models are commonly used to statistically model phenomena that include
attributes associated with a population or general underlying mechanism as well as effects
specific to individuals or components of the general mechanism. This can include individual
effects associated with data from multiple experiments. However, the parameterizations
used to incorporate the population and individual effects are often unidentifiable in the
sense that parameters are not uniquely specified by the data. As a result, current literature
focuses on model selection, by which insensitive parameters are fixed or removed from
the model. Model selection methods that employ information criteria are applicable to
both linear and nonlinear mixed effects models, but such techniques are limited in that
they are computationally prohibitive for large problems due to the number of possible
models that must be tested. To limit the scope of possible models for model selection via
information criteria, we introduce a parameter subset selection (PSS) algorithm for mixed-
effects models, which orders the parameters by their significance. We provide examples to
verify the effectiveness of the PSS algorithm and to test the performance of mixed-effects
model selection that makes use of parameter subset selection.

Keywords: mixed-effects models, sensitivity analysis, model selection, parameter subset
selection

1. Introduction

Mixed-effects models provide one way to account for parameter values that vary among
individuals in a population. To illustrate the formulation and issues associated with mixed-
effects models, we consider two examples with linearly and nonlinearly parameterized pa-
rameters.

We first consider the problem of modeling the heights of boys measured over time as
presented in [1]. Height measurements of 26 boys were recorded at nine occasions over time.
The data plotted in Figure 1 shows that all of the boys exhibit a linear growth pattern, but
no one single choice of an intercept will provide a good fit for all of the individuals since
they start at different heights. To quantify the boys’ growth in a manner that incorporates
the variability in their initial heights, we consider a linearly parameterized statistical model
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of the form

yij = (θ0 + ri) + θ1xij + εij , i = 1, . . . ,M , j = 1, . . . , ni (1)

= f(xij; θ, ri) + εij

Here yij denotes the height of the ith boy at time j, xij quantifies the time when the
measurement was taken, and εij is the observation error associated with the measurement.
The fixed effect parameters θ = [θ0, θ1] apply to the population of all data sets and θ0 can
be interpreted as the population average for the intercept, or starting height. The random
effect ri represents the variation in the starting height of the ith boy from the population
mean. We typically assume that ri ∼ N(0,Ψ), where the covariance matrix Ψ specifies the
variability and correlation in initial height. It is also standard to assume that measurement
errors are independent and identically distributed (iid), εij ∼ N(0, σ2), and that εij and ri
are independent.

Alternatively, we could also choose to include a random effect to account for individual
variation of the slope, or the growth rate. In this case, the model would be

yij = (θ0 + r0i) + (θ1 + r1i)xij + εij (2)

where we assume that
ri ∼ N(0,Ψ) , εij ∼ N(0, σ2)

where ri = [r0i, r1i]. However, it is clear from Figure 1 that there is limited variation of the
slope among the data sets, so inclusion of a second random effect parameter is unlikely to
significantly improve the individual fits. In cases where the parameter relations are more
complex, it may not be immediately obvious if the inclusion of a particular random effect
is necessary or if parameters will be identifiable in the sense that they can be uniquely
determined from data. As we will detail after the next example, techniques to isolate
identifiable parameters in fixed effect models are often ineffective for mixed-effects models,
thus motivating the algorithms presented here.

To illustrate a nonlinearly parameterized mixed-effects model, we consider the spring
equation

m
d2y

dt2
+ ky = 0 (3)

y(0) = y0 ,
dy

dt
(0) = 0,

which has the solution
y(t) = y0 cos

(
t
√
k/m

)
. (4)

When conducting experiments, we assume that the observed initial displacements are
drawn from a population and thus can be represented as y0 + ri where ri ∼ N(0,Ψ).
The resulting statistical model is

yij = f(tij; θ, ri) + εij
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Figure 1: Height measurements in centimeters for 26 boys on nine occasions from [1].

where yij is the measured spring displacement at time tij for the ith experiment and
εij ∼ N(0, σ2) are the measurement errors. The mathematical model is

f(xij; θ, ri) = (y0 + ri) cos
(
t
√
k/m

)
where θ = [m, k, y0] are the fixed effect parameters. We first note that mass m and stiffness
k are not jointly identifiable since they appear in the solution as a quotient. Furthermore,
additional random effects would not be identifiable for data generated in this manner.

To motivate issues that must be addressed when considering parameter subset selec-
tion techniques for mixed-effects models, we first detail the concepts of identifiable and
influential parameters. Here we consider general models of the form y = f(θ).

The parameters θ = [θ1, . . . , θp] are identifiable at θ∗ if f(θ) = f(θ∗) implies that θ = θ∗

for all admissible θ ∈ Θ where Θ is the admissible space of parameters. The parameters
θ are identifiable with respect to a space I(θ), termed the identifiable subspace, if this
holds for a θ∗ ∈ I(θ). Readers are referred to Chapter 6 of [2] for details regarding the
specification of I(θ) for the spring model (3).

Influential parameter spaces are sometimes defined differently in various disciplines.
We define the parameters θ to be noninfluential on the space NI(θ) if |f(θ) − f(θ∗)| < ε
for all θ and θ∗ ∈ NI(θ). The space of influential parameters, I(θ), is defined to be the
orthogonal complement of NI(θ) with respect to the admissible parameter space Θ.

Because noninfluential parameters yield model responses that vary minimally over
NI(θ), it is common to ascertain noninfluential parameters by testing whether local sen-
sitivities satisfy the property ∂y

∂θi
≈ 0. More generally, one can employ global sensitivity

techniques to rank the influence of the parameters. For example, variance-based tech-
niques, such as Sobol analysis, rank the degree to which response uncertainties can be
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apportioned to input uncertainties. Morris indices provide quasi-global parameter rank-
ings by averaging course finite-difference approximations computed at randomly-chosen
points in the parameter space [2].

Whereas these techniques often prove very effective for fixed effect models, they are
generally much less effective for mixed-effects models since they do not distinguish be-
tween the global nature of the fixed effects and the local nature of the random effects.
Since standard sensitivity methods are generally ineffective, model selection techniques
are frequently employed to determine insensitive parameters, which can be fixed without
greatly affecting the model response.

Many model selection techniques for mixed-effects models utilize information criteria, or
selection scores generated by minimizing a penalized least squares error function for various
model versions [3, 4, 5]. The most common choices for information criteria include the
Akaike Information Criteria (AIC), the Bayesian Information Criteria (BIC), and modified
versions of these such as the marginal AIC (mAIC) and the conditional AIC (cAIC) [5].
This approach is beneficial in that it can be applied to both linear and nonlinear mixed-
effects models [3, 5]. However, use of information criteria can be prohibitive due to the
number of model candidates that need to be considered [6, 5]. Typically, model selection
starts with a version of a mixed-effects model containing pF fixed effects and pR random
effects, and it attempts to reduce the number of parameters to avoid overfitting. This
means that the model candidates are generated with all possible combinations of each
of the pF + pR parameters being used as a variable or fixed as an appropriate constant.
Hence, 2pF+pR possible models must be considered. Some efforts have been made to reduce
the number of tested models, including the Extended GIC (EGIC) and the Restricted
Information Criteria, both of which perform model “pre-selection” based on either the
mean or the covariance [6]. However, this only reduces the number of models to 2pF + 2pR ,
which can still be prohibitive with high-dimensional problems.

For linear mixed-effects models, the two most notable model selection alternatives to
information criteria are fence methods and shrinkage methods. Like the use of information
criteria, fence methods can also be computationally intensive, especially for large models
[5]. Shrinkage methods, however, are a popular choice for model selection when pF + pR
is large. These methods, including mixed-effects variations of the LASSO (Least Abso-
lute Shrinkage and Selection Operator) such as in [6], utilize a regularized least squares
estimation that drives parameters to zero; those parameters that are shrunk to zero are
eliminated from the model. There have been some attempts to generalize LASSO tech-
niques to nonlinear mixed-effects models as in [7]. However, these techniques are limited
in that they cannot be used for certain types of covariate relations such as power models
[7].

We propose a method of model selection, which relies on parameter subset selection,
that can be used for both linear and nonlinear mixed-effects models. We first introduce
the parameter subset selection algorithm for mixed-effects models in Section 2. Then, in
Section 3, we use the algorithm to limit the number of model candidates, reducing the
computational cost of model selection via information criteria. Employing of our version
of parameter subset selection, which is based on standard errors, lowers the number of
model candidates from 2pF+pR to pF + pR.
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2. Parameter Subset Selection (PSS) Algorithm

Consider the general mixed-effects model

yij = f(xij; θ, ri) + εij , i = 1, . . . ,M , j = 1, . . . , ni

where, for each individual i, yij is the jth observation, xij is the jth vector of independent
variables, θ is the vector of fixed effect parameters, ri represents the random effects, and
εij is the measurement error. We assume that

ri ∼ N (0,Ψ) , εi ∼ N (0, σ2I),

where Ψ is the covariance matrix of the random effects and σ2 is the variance of the
measurement errors. Note that there are M individual data sets. Let pF be the number
of fixed effects and pR be the number of random effects.

To calibrate the mixed-effects model, the parameters to be estimated are the pF com-
ponents of the fixed effects vector θ, the pR components each of the random effects vectors
ri for i = 1, . . . ,M , and the components of the pR×pR random effects covariance matrix Ψ.
We build upon the parameter subset selection (PSS) method developed in [8] and described
in [9] and [10] to establish influential parameters for mixed-effects models. Specifically, our
PSS Algorithm 1 determines the set of the np ≤ p = pF + pR most influential parameters
from among the fixed and random effects. The ordering of the parameter influence is based
on the asymptotic approximation of standard errors, which are obtained by normalizing
the estimates of the standard deviation for each parameter. Hence, the standard errors
provide a measure of parameter uncertainty. The parameters with the least amount of
associated uncertainty are deemed the most influential. Steps 1 - 5 of the algorithm are
identical to the process in [8] with the exception that PSS is performed for each individual
data set. Thus, the PSS algorithm of [8] is repeated M times. This leaves us with M sets
of parameter rankings; the rankings will be different for each data set because the random
effects parameter estimates will be different for each data set. We introduce steps 6 and 7
to provide an overall ranking of the parameters for all of the data sets.

5



Algorithm 1 Parameter Subset Selection (PSS)

1. Check the identifiability of the parameters for the purely fixed effects model. This
can be done using a variety of techniques, including computing Pearson correlation
coefficients, analyzing pairwise scatter plots of parameter realizations, and construct-
ing joint parameter densities using Bayesian techniques [2, 10]. Fix parameters as
necessary to eliminate identifiability problems.

2. Construct an estimate of the error variance ŝ2 = RTR
N−p where R = [R1, . . . , RM ]T is

the column vector of residuals with

Ri =

 yi1(xi1; q̂i)− ŷi1
...

yini
(xini

; q̂i)− ŷini

 =

 f(xi1; q̂i)− ŷi1
...

f(xini
; q̂i)− ŷini

 .
Here ŷij is the jth observed model response for the ith data set, N =

∑M
i=1 ni is the

total number of observations for all data sets, and q̂i = [θ̂, r̂i] is the optimized pa-
rameter vector for the ith data set. We used the MATLAB functions fitlmematrix
and nlmefit to obtain q̂i for each of the M data sets. These functions return the
maximum likelihood estimates for linear and nonlinear mixed-effects models, respec-
tively.

3. Using local sensitivity matrix

χ(q̂) =

 χ1(q̂1)
...

χM(q̂M)

 ,
where

χi(q̂i) =


∂y
∂θ1

(xi1; q̂i) . . . ∂y
∂θpF

(xi1; q̂i)
∂y
∂r1i

(xi1; q̂i) . . . ∂y
∂rpRi

(xi1; q̂i)
...

...
...

...
∂y
∂θ1

(xini
; q̂i) . . . ∂y

∂θpF
(xini

; q̂i)
∂y
∂r1i

(xini
; q̂i) . . . ∂y

∂rpRi
(xini

; q̂i)

 ,
construct an estimate of the covariance matrix Cov = ŝ2

(
χ(q̂)Tχ(q̂)

)†
containing

the variances and correlations of the fixed and random effects. Here † denotes the
Moore-Penrose pseudoinverse.

4. Determine standard errors SEk =
√

Cov(k, k).

5. Calculate selection scores for all i data sets. For the kth parameter in the ith data
set, the selection score is αki = |SEk/q̂ki |. The np smallest selection scores for the
ith data set correspond to the data set’s np most significant parameters.
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Algorithm 1 Parameter Subset Selection (PSS) (continued)

6. To determine the np most significant parameters over all M data sets, we assign the
kth parameter in the ith data set a selection index γki . For the most significant
parameter in the ith data set—i.e., the parameter with the lowest αki for all ki =
1, . . . , p—we set the selection index equal to one. For the next significant parameter
with the next highest αki , we assign a selection index of 2. We continue until the
least significant parameter is assigned a selection index of p.

7. Calculate the selection index sums Γk =
∑M

i=1 γki for all k = 1, . . . , p parameters.
The np smallest values of Γk correspond to the np most significant parameters for
all data sets. If selection index sums are equal for two parameters, we compare the
selection scores of the two parameters for each of the M data sets. The parameter
that most frequently has the lower selection score of the two is determined to be
more significant over all M data sets. Note that for the selection of subsets, we
first choose the number of parameters for the subset and then incrementally add
the parameter with the next-highest selection index sum until we reach the desired
number of parameters.

Note that the elements of the random effects covariance matrix Ψ are not considered
in parameter selection. To construct an estimate of the parameter covariance matrix
utilizing asymptotic theory (Step 3) and obtain the resulting standard errors (Step 4),
we need to be able to take partial derivatives of the model response with respect to the
parameters of interest; the parameters of Ψ are not included in the formula for the model
response. However, when we employ PSS to aid model selection, we indirectly determine
the dimensions of Ψ by determining the number of random effects included in the selected
model.

2.1. Examples Illustrating the PSS Algorithm

In this section, we illustrate the PSS Algorithm for linearly and nonlinearly parame-
terized models.

Example 1: Linearly Parameterized Model

We utilize an example from [6] to examine the effectiveness of the PSS algorithm for
linear problems. We first generate synthetic data for 30 individuals from the true model

ŷij = β1xij1 + β2xij2 + b1i + b2izij2 + b3izij3 + εij , εij ∼ N (0, 1). (5)

Here we have nj = 5 observations and j = 1, . . . 5 for all i = 1, . . . , 30. The covariates xij1,
xij2, and zij` for ` = 1, 2, 3 are drawn from U(−2, 2), the random effects bi = [b1i, b2i, b3i]
are drawn from N (0,Ψ) with

Ψ =

 9 4.8 0.6
4.8 4 1
0.6 1 1

 ,
and β1 = β2 = 1.
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We assumed that the synthetic data was quantified using nine fixed effects β1, . . . , β9
and four random effects b1i, . . . , b4i via the model

yij = β1xij1 + β2xij2 + · · ·+ β9xij9 + b1i + b2izij2 + b3izij3 + b4izij4 + εij (6)

with unbiased measurement error εij ∼ N(0, σ2) for fixed but unknown error variance σ2.
With 5 observations each, we have j = 1, . . . , 5 for all 30 data sets. The covariates xijk for
k = 1, 2 and zij` for ` = 2, 3 were drawn from U(−2, 2) with the generation of the synthetic
data. We draw additional covariates xijk for k = 3, . . . , 9 and zij` for ` = 4 from U(−2, 2)
to obtain a full set of covariates for the model (6), specifically xijk for k = 1, . . . , 9 and zij`
for ` = 1, 2, 3.

Since the assumed model contains more parameters than (5), the model (6) is overfitting
the data, and we would expect the five most significant parameters of (6) to be the five
parameters used to generate the data, namely β1, β2, b1i, b2i, and b3i. We can rewrite (6)
as

yi = Xiβ + Zibi + εi , i = 1, . . . , 30

bi ∼ N (0,Ψ) , εi ∼ N (0, σ2I).

Here Xi =
[
xi1 . . . xi9

]
is a 5×9 matrix for i = 1, . . . , 30 with xik denoting the 5×1 col-

umn vector of covariates xijk for j = 1, . . . 5 and k = 1, . . . 9, and Zi =
[
1j×1 zi2 zi3 zi4

]
is a 5 × 4 matrix for i = 1, . . . , 30 with 15×1 representing a column vector of ones and
zi` representing the 5 × 1 column vector of covariates zijk for j = 1, . . . , 5 and ` = 2, 3, 4.
Note that each covariate vector corresponds to only one parameter, indicating that the
parameters of (6) are identifiable.

With the synthetic data ŷi generated from (5), we constructed an estimate of the
covariance matrix in the following manner. We used the MATLAB Statistics Toolbox
function fitlmematrix to obtain optimal parameter estimates q̂ = [q̂1, . . . , q̂30] where
q̂i = [β̂1, . . . , β̂9, b̂1i, . . . , b̂4i] for i = 1, . . . , 30. We computed the estimated error variance
using the relation

ŝ2 =
RTR

N − p
where

R =

R1
...
R30

 =

 y1(X1, Z1; q̂1)− ŷ1
...

y30(X30, Z30; q̂30)− ŷ30


is the column vector of residuals, N = 150 is the total number of observations for all 30
data sets, and p = pF +pR = 13 is the total number of fixed and random effects parameters.
The covariance estimate was then calculated as

Cov(q̂) = ŝ2(XTX)−1

where

X =


X1 Z1

X2 Z2
...

...
X30 Z30

 .
8



Note that the pseudoinverse is not necessary since XTX is full rank. We used the diagonal
elements of this covariance matrix to calculate the selection scores for each parameter in
each data set.

The selection scores are presented in Table 1. To determine the overall ordering of
parameter significance, we used the selection scores to calculate the selection index sums,
which are given in Table 2. Based on the selection index sums, we found that the pa-
rameters b2i, β2, b3i, β1, and b1i are the five most significant parameters for (6). Hence,
we recovered the parameters used in the true model, which supports the validity of the
mixed-effects PSS algorithm.

Example 2: Nonlinearly Parameterized Model

In this example, we use synthetic data to verify the effectiveness of the PSS algorithm
for a nonlinearly parameterized problem. We consider the classic orange tree growth model

yij =
θ1 + r1i(

1 + e−[tij−(θ2+r2i)]/(θ3+r3i)
) + εij (7)

ri ∼ N (0,Ψ) , εi ∼ N (0, σ2I)

from [11] where, for the jth data point in the ith data set, yij is the tree circumference in
millimeters, tij is the time in days, θ = [θ1, θ2, θ3] are the fixed effects, and ri = [r1i, r2i, r3i]
are the random effects. We generated pairwise plots for the fixed effect parameters of (7)
using the Delayed Rejection Adaptive Metropolis (DRAM) algorithm [12, 2]. Observing
these pairwise plots in Figure 2, we determined that that none of the three plots show
single-valuedness; thus, the fixed effect parameters are identifiable.

We generated synthetic data for 30 individuals using the model

ŷij =
θ1 + r1i(

1 + e−[tij−(θ2+r2i)]/θ3
) + εij , εij ∼ N (0, 1) (8)

where
ti =

[
118 484 664 1004 1231 1372 1582

]T
.

Here ti is the 1× 7 column vector of time covariates for all i = 1, . . . , 30, bi = [r1i, r2i] are
drawn from N (0,Ψ) with

Ψ =

[
15 0
0 30

]
,

and θ1 = 175, θ2 = 800, and θ3 = 300. Note that (8) does not contain an r3i random effect.
Thus, using the mixed-effect PSS algorithm with the synthetic data, we would expect to
find that r3i is the least influential parameter of (7).

Using the 30 synthetic data sets ŷi, we employed the MATLAB Statisitics Toolbox
function nlmefit to obtain optimal parameter estimates q̂ = [q̂1, . . . , q̂30] where q̂i =
[θ̂1, θ̂2, θ̂3, r̂1i, r̂2i, r̂3i] for i = 1, . . . , 30. We computed the estimated variance

ŝ2 =
RTR

N − p
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Table 1: Selection scores for (6) for all 30 data sets.

Data Set β1 β2 β3 β4 β5 β6 β7 β8 β9 b1i b2i b3i b4i
1 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.62 0.051 0.37 13.6
2 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.24 0.026 0.035 0.95
3 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.041 0.58 0.023 2.42
4 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.14 0.025 0.079 11.9
5 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.056 0.042 0.055 3.05
6 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.099 0.070 0.031 1.30
7 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.11 0.007 0.010 0.25
8 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.089 0.035 0.049 2.96
9 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.55 0.010 0.026 0.49
10 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.042 0.025 0.016 0.71
11 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.055 0.043 0.080 1.76
12 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.058 0.035 0.041 10.3
13 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.36 0.026 0.061 1.54
14 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.25 0.021 0.038 1.01
15 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.053 0.014 0.014 0.48
16 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.554 0.046 1.162 22.9
17 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.280 0.031 0.51 3.85
18 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.079 0.006 0.015 0.26
19 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.075 0.016 0.019 0.62
20 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.046 0.012 0.014 0.52
21 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.069 0.086 0.036 4.02
22 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.38 0.011 0.017 0.40
23 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.065 0.030 0.019 0.76
24 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.159 0.014 0.023 0.56
25 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 1.28 0.012 0.023 0.49
26 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.080 0.012 0.58 1.04
27 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.149 0.020 0.077 0.95
28 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.34 0.12 0.088 1.63
29 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.11 0.15 0.054 3.77
30 0.051 0.047 1.21 0.46 0.91 2.02 0.43 0.31 0.22 0.039 0.017 0.032 2.54

Table 2: Selection index sums for the linear mixed-effects model (6).

Γβ1 Γβ2 Γβ3 Γβ4 Γβ5 Γβ6 Γβ7 Γβ8 Γβ9 Γb1i Γb2i Γb3i Γb4i
107 76 344 265 309 379 235 200 165 164 56 95 335

where

R =

R1
...
R30

 =

 y1(t1; q̂1)− ŷ1
...

y30(t30; q̂30)− ŷ30


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is the column vector of residuals, N = 210 is the total number of observations for all 30
data sets, and p = pF +pR = 6 is the total number of fixed and random effects parameters.
We then calculated the covariance matrix

Cov(q̂) = ŝ2(χ(q̂)Tχ(q̂))†

where † is the Moore-Penrose pseudoinverse and

χ(q̂) =

 χ1(q̂1)
...

χ30(q̂30)

 .
For i = 1, . . . , 30, we computed the local sensitivities

χi(q̂i) =
[
∂y
∂θ1

(ti; q̂i)
∂y
∂θ2

(ti; q̂i)
∂y
∂θ3

(ti; q̂i)
∂y
∂r1i

(ti; q̂i)
∂y
∂r2i

(ti; q̂i)
∂y
∂r3i

(ti; q̂i)
]

evaluated at the optimized parameter vector q̂i = [θ̂1, θ̂2, θ̂3, r̂1i, r̂2i, r̂3i] for the ith data set,
containing 7 data points. Note that we use the pseudoinverse because χ(q̂)Tχ(q̂) has rank
3 and is, therefore, non-invertible.

Using the diagonal elements of the estimated covariance matrix, we calculated the
selection scores for each of the six parameters for all 30 data sets. The selection scores
are tabulated in Table 3, and the resulting selection index sums are given in Table 4. The
selection index sums indicate that r3i is overall the least significant parameter. This is
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Figure 2: Pairwise plots generated by DRAM for the fixed effects of (7).
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Table 3: Selection scores for the nonlinear mixed-effects orange tree circumference model (7).

Data Set |SE1/θ̂1| |SE2/θ̂2| |SE3/θ̂3| |SE4/r̂1i| |SE5/r̂2i| |SE6/r̂3i|
1 0.6479 0.8960 0.7948 71.88 107.87 299.06
2 0.6479 0.8960 0.7948 120.71 95.67 286.26
3 0.6479 0.8960 0.7948 933.49 16.62 1443.12
4 0.6479 0.8960 0.7948 43.45 1413.06 15274.02
5 0.6479 0.8960 0.7948 73.24 1099.03 389.92
6 0.6479 0.8960 0.7948 60.12 239.68 903.57
7 0.6479 0.8960 0.7948 17.44 52.88 276.29
8 0.6479 0.8960 0.7948 241.53 124.86 543.32
9 0.6479 0.8960 0.7948 37.08 76.50 300.59
10 0.6479 0.8960 0.7948 20.75 373.93 667.00
11 0.6479 0.8960 0.7948 8.700 103.18 279.28
12 0.6479 0.8960 0.7948 32.33 62.07 1810.03
13 0.6479 0.8960 0.7948 26.03 374.38 575.21
14 0.6479 0.8960 0.7948 26.70 44.37 315.69
15 0.6479 0.8960 0.7948 29.69 150.75 283.38
16 0.6479 0.8960 0.7948 29.02 388.47 2454.32
17 0.6479 0.8960 0.7948 57.87 93.86 362.46
18 0.6479 0.8960 0.7948 37.02 290.18 441.05
19 0.6479 0.8960 0.7948 269.34 154.94 1602.34
20 0.6479 0.8960 0.7948 162.72 205.70 998.84
21 0.6479 0.8960 0.7948 31.49 130.49 285.46
22 0.6479 0.8960 0.7948 515.65 65.19 1341.84
23 0.6479 0.8960 0.7948 68.15 107.18 309.76
24 0.6479 0.8960 0.7948 92.36 559.78 338.74
25 0.6479 0.8960 0.7948 14806.29 338.39 373.06
26 0.6479 0.8960 0.7948 23.32 191.33 213.74
27 0.6479 0.8960 0.7948 173.02 48.49 222.54
28 0.6479 0.8960 0.7948 33.50 85.21 672.02
29 0.6479 0.8960 0.7948 70.99 193.41 1336.61
30 0.6479 0.8960 0.7948 35.48 320.27 396.94

Table 4: Selection index sums for the nonlinear mixed-effects orange tree circumference model (7).

Γθ1 Γθ2 Γθ3 Γr1i Γr2i Γr3i
30 90 60 128 145 177

expected since the synthetic data was generated from (8), which did not include an r3i
random effect. Hence, the results support the validity of the mixed-effects version of the
PSS algorithm when applied to the benchmark nonlinearly parameterized problem.
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3. Model Selection

The PSS algorithm ranks the fixed and random effects of a mixed-effects model in order
of significance and defines a subset of the np most influential parameters for 1 ≤ np ≤ p
where p = pF + pR. These results allow us to limit the number of models considered
for testing via information criteria. Instead of testing all 2pF+pR models as is commonly
the case, we only test the p models derived from the subsets of the np = 1, 2, . . . , p most
significant parameters. We apply this method of model selection to the previous models
to verify the PSS algorithm.

For the linear model (6), we used both AIC and BIC scores to select from among the
13 models corresponding to the parameter subsets generated by the PSS algorithm. For
200 trials, we used (5) to generate 30 individual data sets with 5 observations each and
performed model selection. In Table 5, we list the percentage of the trials for which the
PSS-aided model selection determined the correct model, the correct fixed effects, and
the correct random effects. Moreover, Table 5 compares the results from the PSS-aided
model selection to those from various other techniques as reported by [6]. Note that for
the M-ALASSO method, the label of AIC or BIC denotes the method used for tuning.
For REML.IC and EGIC, it denotes the method used for pre-selection. The methods
denoted as LASSO, ALASSO, and Stepwise utilize REML.IC with either AIC or BIC
for pre-selection and then the listed shrinkage or stepwise technique for the final step of
model selection. The performance of the PSS-aided model selection via BIC compares
favorably to the other methods, and while the PSS-aided AIC does not do quite as well,
it out-performs the other techniques that make use of the AIC.

We similarly applied our model selection technique to the nonlinear model (7), calcu-
lating the AIC and BIC scores for the 6 models determined by the PSS algorithm. For
200 trials, we employed the model (8) to generate 30 individual data sets with 7 observa-
tions each and calculated the AIC and BIC scores for the appropriate models. In Table
6, we tabulate the percentage of the trials for which the PSS-aided model selection deter-
mined the correct model, the correct fixed effects, and the correct random effects. For the
nonlinearly parameterized model, we did not compare our model selection method to the
alternative techniques listed in Table 5 because these techniques are not easily applicable
to nonlinear models. Although we do not compare our PSS-aided model selection to other
methods for nonlinear mixed-effects models, note that for both the AIC and BIC, the
percentages compare favorably with those for the linear model selection given in Table 5.

Table 6: Model selection results for nonlinear model (7) using PSS to aid in model selection.

Method %Correct Model %Correct Fixed Effects % Correct Random Effects
PSS BIC 55 100 55
PSS AIC 62 100 62
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Table 5: Model selection results for linear model (6). The results from PSS-aided model selection are
shown along with the results from various other methods as reported in [6].

Method %Correct Model %Correct Fixed Effects % Correct Random Effects
PSS BIC 67 75 91
PSS AIC 26 27 91

M-ALASSO BIC 71 73 79
EGIC BIC 47 56 52

REML.IC AIC 19 21 62
REML.IC BIC 59 59 68
Stepwise AIC 13 15 62
Stepwise BIC 51 53 68
LASSO AIC 17 21 62
LASSO BIC 45 47 68

ALASSO AIC 21 24 62
ALASSO BIC 62 63 68

4. Conclusion

Because local and global sensitivity analysis techniques are generally ineffective for
mixed-effects models, one must determine alternative techniques to ascertain which pa-
rameters are noninfluential and can be effectively fixed for subsequent computations. The
most common model section technique, the use of information criteria, is limited in that
it can be computationally demanding for problems with large numbers of parameters. We
developed a parameter subset selection algorithm for mixed-effects models, which can be
used to limit the number of models required to be tested with information criteria. We
verified the performance of the mixed-effects PSS algorithm and successfully applied it to
aid model selection.

Although the PSS algorithm performed well for the considered linear and nonlinear
examples, it is important to remember that the algorithm is rooted in asymptotic theory;
thus, it is vital that a sufficient data points be used to obtain accurate results. Future work
will involve a more thorough exploration of this aspect of the PSS algorithm, hopefully
providing more insight as to the number of observations required to trust the results of
the algorithm. For additional future work, we will further test PSS-aided model selection,
applying it to additional examples—both linear and nonlinear—and comparing our non-
linear model selection results to those from other techniques described in the literature.
Moreover, we will explore information criteria beyond the basic AIC and BIC, which may
not be ideal for use with mixed-effects models [13, 14]. Finally, as an additional consider-
ation of uncertainty, we will consider the error of the parameter ranking system detailed
in Steps 1 – 5 of Algorithm 1. Any uncertainty in the ranking of the parameters of each
individual data set will propagate into the overall ranking and, therefore, the assignment
of relative parameter sensitivity.
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