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an open surface, whose boundary is part of the graph. We systematically construct a

series of boundary Hamiltonians such that each of them, when combined with the usual

Levin-Wen bulk Hamiltonian, gives rise to a gapped energy spectrum which is topologically

protected. It is shown that the corresponding wave functions are robust under changes of

the underlying graph that maintain the spatial topology of the system. We derive explicit

ground-state wavefunctions of the system on a disk as well as on a cylinder. For boundary

quasiparticle excitations, we are able to construct their creation, annihilation, measuring

and hopping operators etc. Given a bulk string-net theory, our approach provides a clas-

sification scheme of possible types of gapped boundary conditions by Frobenius algebras

(modulo Morita equivalence) of the bulk fusion category; the boundary quasiparticles are

characterized by bimodules of the pertinent Frobenius algebras. Our approach also offers

a set of concrete tools for computations. We illustrate our approach by a few examples.
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1 Introduction and summary

Two important characteristic properties of a 2d matter phase with an intrinsic topological

order [1], crucial for topological quantum computation, are a finite set of topologically

protected, degenerate ground states [2–4] and the corresponding anyon excitations obeying

braid statistics [5]. While the former furnishes robust quantum memories [6], the latter

delineates a logical Hilbert space that supports topological quantum computation via uni-

tary braiding of anyonic quasiparticles [7–10]. It is also hopeful to realize or simulate

Abelian [11, 12] and non-Abelian anyons [13, 14]. On a closed spatial 2-surface, the genus

number and the fusion rules between anyon excitations determine the ground state de-

generacy (GSD) [1, 4, 10, 15, 16]. In particular, on a torus, the GSD equals the number

of anyon species. Nevertheless, realizing closed-surface material with topological order is

difficult in experiments; it is much more natural to make finite open systems. Yet, any

boundary massless modes that often appear must be gapped to have a well defined GSD.

The gapping conditions of Abelian topological orders have recently been understood in

terms of the concept of Lagrangian subsets [17–24], and subsequently the GSD of these

Abelian phases on open surfaces with multiple boundaries were computed [23, 25], based

on the idea of anyon transport across boundaries. Experiments detecting and utilizing the

topological degeneracy with gapped boundaries were proposed in [26, 27]. The gapping

conditions of non-Abelian topological orders have recently been tackled by the mechanism

of anyon condensation [28] and equivalently by solving certain algebraic equations [29].

Gapped boundaries of topological orders can also be classified by Frobenius algebras [30],

using the mechanism of anyon condensation.

Nevertheless, the rich studies and classifications of gapped boundaries of topological

orders are, unfortunately, not practical enough, because they are based on abstract math-

ematical theories rather than explicit Hamiltonian models consisting of both bulk and

boundary terms. This causes consequent issues. For example, ref. [28] offers a closed-form

formula of computing the GSD of a topological order on a n-hole surface, in terms of the

condensed anyons at the holes and their fusion rules. This formula, though mathemati-

cally complete and beautiful, cannot tell us how to realize the boundary conditions on a

given Hamiltonian model of the topological order. Although it is known that a gapped

boundary of a topological order corresponds to certain anyon condensation, it is not clear

how bulk anyons interact with the boundary excitations. Hence, the proposal of using

the generalized Laughlin-Tao-Wu charge-pumping argument [2, 31] to braid anyons and

realize topological quantum computation in ref. [28] would be impossible unless there is a

concrete Hamiltonian model in which pumping a boundary excitation from one boundary

to another can be studied in terms of physical operators.

More broadly, a dynamical theory in which one is not able to specify boundary con-

ditions is not a complete dynamical theory. Therefore, Hamiltonian models of topological

orders such as the Levin-Wen model [32], the Kitaev Model [7], and the twisted quantum

double model [33] as a generalization of the Kitaev model are not complete dynamical

models on open surfaces because they do not include boundary terms.

– 1 –



J
H
E
P
0
1
(
2
0
1
8
)
1
3
4

In this paper, we develop a new systematic approach — in the framework of discrete

models on a 2d graph with boundary — to gapped topological phases on open surfaces.

Our approach leads to the following main results.

1. A large family of exactly solvable boundary Hamiltonian Hbdry, using the data of

a Frobenius algebra in the unitary fusion category (UFC) (or the fusion algebra

associated with it), that defines the bulk Levin-Wen model.

2. A gapped energy spectrum for each boundary Hamiltonian together with its bulk

Hamiltonian, that is protected by the spatial topology, as in the original Levin-Wen

model.

3. The topological ground-state wavefunctions on a disk and a cylinder in closed form,

in terms of solely the input data (fundamental degrees of freedom of the model, whose

generalization to surfaces with more boundaries is straightforward.

4. Explicit creation, measuring, and hopping operators for boundary excitations.

5. A classification scheme of possible types of gapped boundary conditions by Morita-

equivalent Frobenius algebras of the bulk fusion algebra, as well as that of boundary

quasiparticles by bimodules of the pertinent Frobenius algebra.

These results enable one to study explicitly various topological properties, such as the

GSDs, the topological entanglement entropy, excitations, bulk boundary correspondence,

and so on, of topological orders on open surfaces.

Our approach is based on three physical ansatzes as follows.

1. Locality : the boundary Hamiltonian is a local one.

2. Asympototics : the boundary (interacting) theory is the asymptotics of the bulk (in-

teracting) theory; hence, the boundary degrees of freedom should come from the bulk

degrees of freedom.

3. Topological invariance: the ground-state Hilbert space is invariant under topology-

preserving mutations of the graph. This leads to Frobenius algebras characterizing

boundary interactions, as emergent structures of the bulk degrees of freedom.

The Locality ansatz is natural. The Asymptotics ansatz and the emergence of Frobenius

algebras deserve more justification, as we now elaborate.

It is well-known that for a continuum Chern-Simons gauge theory on a bounded spatial

region in a plane, besides the usual Chern-Simons bulk term, the action contains an addi-

tional term on the boundary [34], to ensure the gauge invariance of the total action. The

physical interpretation for adding a boundary action term is holography, i.e. a holographic

correspondence between the bulk and the boundary, respected in a topological phase in two

dimensions. Motivated by the desired holography in the discrete framework, the central

idea of ours is to construct explicitly and systematically an appropriate boundary Hamil-

tonian, to be added to the Levin-Wen bulk Hamiltonian that was originally designed for a
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Figure 1. Trivalent graph with boundary.

closed surface. Thus, our new approach features the new Hamiltonian below, defined on a

trivalent graph as in figure 1:

H = HLW +Hbdry, (1.1)

where HLW is the usual Levin-Wen model Hamiltonian in the bulk of the graph, while

Hbdry is our boundary Hamiltonian defined along the boundary of the graph. As in the

original Levin-Wen model, the bulk degrees of freedom, i.e., the string types labeled on

the bulk edges, are simple objects of a unitary fusion category (UFC), such as irreducible

representations of a finite group or a quantum group. The boundary Hamiltonian in our

new approach however are associated with a Frobenius algebra that is a composite object in

the bulk UFC, so that in the ground states the boundary degrees of freedom are restricted to

be the string types appearing only in the pertinent Frobenius algebra. This consideration of

Frobenius algebra is again motivated by the demand of exact solvability and by holography.

First, when we restrict the boundary degrees of freedom to live in a subset of those in

bulk described by the input UFC, and require the commutativity between the boundary

operators and the bulk operators, we find that the boundary degrees of freedom would have

to form a Frobenius algebra — an associative algebra with non-degenerate inner product.

Second, restricted to bulk ground states only, the boundary theory of a topological order

may be thought of as a (1 + 1)-d topological quantum field theory (TQFT) associated

with the bulk (2 + 1)-d TQFT. It has been shown that (1 + 1)-d TQFTs are in one-to-one

correspondence with commutative Frobenius algebras [35]. Third, in the case with finite

groups, the Levin-Wen model is dual to the Kitaev quantum double model. Shor et al.

have shown that the boundary degrees of freedom in the Kitaev model defined by a finite

group G live in a subgroup of G [37], which in the dual Levin-Wen model corresponds to

a Frobenius algebra in the UFC of the representations of G.

Compared to the existing approaches to gapped topological phases on open surfaces,

our boundary Hamiltonian approach has the following advantages. First, the usual clas-

sification of topological boundaries by Lagrangian subsets and/or by anyon condensation,

as mentioned above, is based on the data of the anyon species of excitations in topological

orders, which is the output of the dynamics of the system. In contrast, our classification is

characterized by the input data of the dynamical model. This is more in line with the spirit
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of the usual Hamiltonian dynamics. Secondly, for a given Levin-Wen bulk Hamiltonian,

the boundary terms of our model may not be unique, and the gapped energy spectrum

of the whole bounded system depends on the choice of the boundary term accordingly.

Hence, it is obvious that the boundary Hamiltonians can be used to characterize and clas-

sify the boundary conditions that give rise to gapped topological boundaries. Moreover,

by solving the total Hamiltonian (bulk plus boundary terms) we can obtain the explicit

wave functions of the ground and excited states, all in the form of tensor network states.

This will provide us a very detailed, dynamic understanding of the stationary topological

states of the whole bounded system, especially of what happens on and near the bound-

ary. For example, our model enables us to study the boundary excitations explicitly. Also

anyon condensation may be understood at more microscopic scales. These studies will be

reported later separately.

We organize our paper as follows. In section 2 we review the core ingredients of the

Levin-Wen model and set up notations. We extract some basic topological features of the

Levin-Wen model on a closed surface, that are often overlooked except the original pa-

per, and promote them into basic principles crucial to our development for open surfaces.

Section 3 is devoted to the construction of the boundary Hamiltonian in our approach, with

a graphical presentation developed along the way. Then the ground state on a disk of the

total (bulk plus boundary) Hamiltonian is studied in section 4, while those on a cylinder are

studied in section 6. The topological nature of the ground states is examined in section 5.

We devote the next section 7 to the construction of relevant operators for studying bound-

ary excitations, such as their creation, annihilation, measuring, and hopping operators etc.

Section 8 presents a few explicit examples. In section 9 we discuss in what sense two ap-

parently different boundary conditions are equivalent, resulting in a classification scheme

of gapped boundary conditions by Morita equivalence of Frobenius algebras.

It is worth noting that there has been a few studies of the boundary Hamiltonians in

the Kitaev model [36–39], as well as a study of the Levin-Wen model [17] with boundary in

the language of module categories. While our approach is systematic and easier to access

by the condensed matter community, we shall discuss in section 10 the relation between

our approach and the one taken by Kitaev and Kong [17]. The appendices collect certain

details and proofs.

Two of us also reported in a companion paper [40] a similar approach of constructing

the boundary Hamiltonian of the twisted quantum double model. The present paper is a

much expanded version, with many details and more results, of a short paper of three of

us [41] that briefly reports the main ideas and some results.

2 Review of the Levin-Wen model

Let us start with a brief review of the Levin-Wen model [32] on a closed surface without

boundary, setting up our notations and conventions. This model is a lattice Hamiltonian

model defined by a set of input data — a unitary fusion category (UFC) C — that specifies

the Hilbert space of the model. In this work, we will use the tensor description of C in

terms of 6j-symbols. (For a physicist-readable introduction see, e.g., ref. [42].)
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Figure 2. A configuration of string types on a directed trivalent graph. The configuration (b) and

hence the associated Hilbert space is regarded the same as (a), with some of the directions of some

edges reversed and the corresponding labels j conjugated j∗.

The model is defined on a trivalent graph embedded in a closed, oriented surface. The

Hilbert space is spanned by the degrees of freedom on edges (see figure 2), which are the

simple objects (called string types) in C and are labeled by j that runs over a finite set of

integers L = {j = 0, 1, . . . , N}. (For example, string types could be irreducible representa-

tions of a finite or quantum group.) The Hilbert space is spanned by all configurations of

the labels on edges. Each label j has a “conjugate” j∗, which is also an integer and satisfies

j∗∗ = j. If we reverse the direction of one edge labeled by j and replace the label by j∗,

we require the state remains the same. See figure 2. There is a unique “trivial” label j = 0

with 0∗ = 0.

As simple objects in a UFC C, the string types are subject to fusion rules. A fusion

rule on L is a function N : L× L× L→ N such that for a, b, c, d ∈ L,

N b
0a = N b

a0 = δab, (2.1)

N0
ab = δab∗ , (2.2)∑

x∈L
Nx
abN

d
xc =

∑
x∈L

Nd
axN

x
cb. (2.3)

A fusion rule is multiplicity-free if N c
ab ∈ {0, 1} for all a, b, c ∈ L. We restrict to the

multiplicity-free case throughout this paper unless stated otherwise. We define δabc := N c∗
ab ,

with the symmetric properties: δabc = δbca and δabc = δc∗b∗a∗ . A triple (a, b, c) is admissible

if δabc = 1.

Given a fusion rule on L, a quantum dimension is a map d : L → R such that

da∗ = da and ∑
c∈L

dcδabc∗ = dadb. (2.4)

In particular, d0 = 1. Let αj = sgn(dj), which take values of ±1 for each label j and satisfy

αiαjαk = 1, if δijk = 1. (2.5)

Given fusion rules and quantum dimensions on L, we may define 6j-symbols, often

denoted as G. A tetrahedral symmetric unitary 6j-symbol is a map G : L6 → C satisfying
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these conditions:

Gijmkln = Gmijnk∗l∗ = Gklm
∗

ijn∗ = αmαnG
j∗i∗m∗

l∗k∗n ,∑
n

dnG
mlq
kp∗nG

jip
mns∗G

js∗n
lkr∗ = Gjipq∗kr∗G

riq∗

mls∗ ,∑
n

dnG
mlq
kp∗nG

l∗m∗i∗
pk∗n =

δiq
di
δmlqδk∗ip,

(2.6)

where the second equation above is the pentagon identity.

The input data of the Levin-Wen model is such a set: {dj , δijk, Gijmklm} that can be

derived from the representation theory of a finite group or a quantum group, and more

generally, such a set of data is from a UFC. For instance, we may take the labels j to

be the irreducible representations of a finite group H. The trivial label 0 is the trivial

representation. The fusion rules indicate whether the tensor product j1 ⊗ j2 ⊗ j3 contains

the trivial representation or not. Each number αj is the Frobenius-Schur indicator telling

whether the representation j is real, complex, or pseudoreal. The relation dj = αjdim(j)

holds, where dim(j) is the dimension of the corresponding representation space. The 6j-

symbols Gijmkln are identified with the (symmetrized) Racah 6j-symbols of the group H. In

this example, the Levin-Wen model can be mapped to the Kitaev quantum double model.

One important property of the 6j-symbols is that

Gijmkln = Gijmkln δijmδklm∗δlinδnk∗j∗ . (2.7)

To prove this, one can rewrite the orthogonality condition as∑
n

(
vnvqG

mlq
kp∗n

)(
vnviG

mlq
kp∗n

)
= δiqδmliδk∗ip, (2.8)

where c̄ stands for the complex conjugate of a complex number c. When q = i, the

above equality implies that Gmlikp∗n must vanish unless δmlqδk∗ip = 1. By the tetrahedral

symmetry, one arrives at eq. (2.7), where vj =
√

dj is a choice of a square root of the

quantum dimension. The number vj is either real or pure imaginary, depending on the

αj = sgn(dj), and is determined up to a sign that can be fixed as follows. From the

conditions (2.6), we have (Gijk0kjvjvk)
2 = δijk, and it is possible to fix the sign of vj such

that Gijk0kjvjvk = δijk. We define

vj :=
1

Gj
∗j0
0 0 j

. (2.9)

In particular, v0 = 1 because d0 = 1 (from eq. (2.4)), and thus G000
000 = 1 from eq. (2.6).

Indeed, we can verify v2
j = dj directly from the orthogonality condition in eq. (2.6) together

with d0 = 1. The definition in eq. (2.9) also implies that

Gijk0kjvjvk = δijk, (2.10)

which is due to the pentagon identity d0G
ijk
0kjG

j∗j0
0 0 jG

k∗k0
0 0 k = Gijk0kjG

j∗i∗k∗

k∗0j and the orthogo-

nality djG
ijk
0kjG

j∗i∗k∗

k∗0j = 1
dk
δijk.

– 6 –
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There are two types of local operators, Qv defined at a vertex v and Bs
p (indexed by

the string types s = 0, 1, . . . , N) on a plaquette p. On a trivalent graph, a Qv acts on the

labels j1, j2, and j3 on three edges incident at the vertex v, such that

Qv

∣∣∣∣∣ j1

j2j3
〉

= δj1j2j3

∣∣∣∣∣ j1

j2j3
〉
, (2.11)

where the tensor δj1j2j3 determines whether the triple {j1, j2, j3} is admissible or not at v.

Since δj1j2j3 is invariant under permutations of its three indices, the ordering in the triple

{j1, j2, j3} is irrelevant.

An operator Bs
p acts on the boundary edges of the plaquette p, and has the following

matrix elements on a triangular plaquette.〈
j5

j1
j4

j2

j3 j6
∣∣∣∣∣Bs

p

∣∣∣∣∣ j5
j4

j′1

j′3

j′2

j6
〉

= vj1vj2vj3vj′1vj′2vj′3G
j5j∗1 j3
sj′3j

′∗
1
G
j4j∗2 j1
sj′1j

′∗
2
G
j6j∗3 j2
sj′2j

′∗
3
. (2.12)

The action of Bs
p on a quadrangle, a pentagon, or a hexagon, etc, is similar. Note that the

matrix of Bs
p is non-diagonal only on the labels of the boundary edges (such as j1, j2, and

j3 in the above graph). The operators Bs
p have the properties

Bs†
p = Bs∗

p , (2.13)

Br
pB

s
p =

∑
t

δrst∗B
t
p, (2.14)

which can be verified by using conditions (2.6).

The operators defined above comprise the Hamiltonian of the model:

H = −
∑
v

Qv −
∑
p

Bp, Bp =
1

D

∑
s

dsB
s
p (2.15)

where the sum run over vertices v and plaquettes p of the trivalent graph, and D =
∑

j d2
j

is the total quantum dimension.

It turns out that all Qv and Bp involved are mutually-commuting projectors. Namely,

(1) [Qv, Qv′ ] = 0 = [Bp, Bp′ ], [Qv, Bp] = 0; (2) QvQv = Qv and BpBp = Bp. Thus the

Hamiltonian is exactly soluble. The elementary energy eigenstates are given by common

eigenvectors of all these projectors. The ground states satisfies the constraints Qv = Bp = 1

for all v and p, while the excited states violate these constraints for certain plaquettes

and/or vertices.

In cases where the input data {d, δ, G} arises from the representations of groups or

quantum groups, we have δrst∗ = δsrt∗ . Then the operators Bs
p also meet the following

commutation relation,

[Br
p1 , B

s
p2 ] = 0, (2.16)

which can be verified by the conditions (2.6), with p1 and p2 two neighboring plaquettes,

and by eq. (2.14), together with δrst∗ = δsrt∗ when p1 = p2.

– 7 –
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2.1 Topological feature

We briefly review the topological nature of the bulk ground state(s). Any two given trivalent

graphs Γ(1) and Γ(2) can be mutated into each other by a composition of three elementary

moves, call Pachner moves. There are unitary linear maps [42] associated to these moves:

T2→2

∣∣∣∣∣ j2

j1
j3

j4
j5

〉
=
∑
j′5

Gj1j2j5
j3j4j′5

vj5vj′5

∣∣∣∣∣ j2

j1
j′5
j4

j3

〉

T1→3

∣∣∣∣∣ j1
j2

j3

〉
=

∑
j4,j5,j6,

vj5vj6vj4√
D

Gj1j2j3j5j6j4

∣∣∣∣∣ j1

j2
j4

j6
j3

j5

〉

T3→1

∣∣∣∣∣ j1

j2
j4

j6
j3

j5

〉
=

vj5vj4vj6√
D

G
j∗1 j
∗
3 j
∗
2

j5j∗4 j
∗
6

∣∣∣∣∣ j1
j2

j3

〉
(2.17)

This provides a linear transformation H(1) → H(2) between the two Hilbert spaces. Instead

of T3→1, one may use another move: squeezing a “bubble”,

T ′2→0

∣∣∣∣∣
k

k′

i j

〉
= δkk′

vivj

vk
√
D

∣∣∣∣∣ k

〉
, (2.18)

which is a composition of T3→1 and T2→2.

The topological nature of the bulk ground states is described as follows. The ground-

state Hilbert space is invariant under arbitrary composition of T2→2, T1→3, and T3→1.

Moreover, given initial and final trivalent graphs there are multiple ways to compose

T2→2, T1→3, T3→1, but different ways result in one and the same transformation on the

ground-state Hilbert space.

The topological feature is similar in the Hilbert space HQ=1 of simultaneous eigenvec-

tors of Q = 1 at all vertices. All states in HQ=1 are invariant under any transformation

composed of T2→2. An example that yields the Pentagon identity (A.1) is presented in

appendix A.1.

Transformations involving T2→2, T1→3 and T3→1 that moves from one given graph to

another are generally not unique; however, there are subsets of all possible sequences of

T1→3 and T3→1 moves, each of which leads to a unique transformation. Such a subset is

obtained by specifying (using a ‘×’) in the initial graph the plaquettes to be killed by T3→1

moves, and in the final graph the plaquettes (using a ‘·’) to be created by T1→3 moves. In

the rest of the paper, we will follow the above convention. That is, we suppress the choice

of sequence of Pachner moves behind any transformation, and denote the transformation

by T hereafter. In this convention, the Bp operator is compactly expressed by

T

(∣∣∣∣∣ × ·

〉)
. (2.19)

– 8 –
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3 The boundary Hamiltonian

In this section, we explicitly construct the boundary Hamiltonian for the Levin-Wen model

on open surfaces. To understand our systematic construction, we will first introduce certain

necessary mathematical structures.

3.1 Frobenius algebra as input data

The topological feature in the bulk is a consequence of the conditions (2.6) on the 6j-

symbols. We expect the gapped boundaries to have similar topological feature; hence, it

is natural to look for ingredients in the input data that may play a role similar to that of

the 6j-symbols in the bulk.

We shall need a mathematical structure — Frobenius algebra of simple objects in a

UFC — to construct the boundary terms to be added to the Levin-Wen bulk Hamiltonian.

Let G be a symmetric 6j-symbol over the label set L. A Frobenius algebra is a subset

LA ⊂ L equipped with a multiplication f , i.e. a set of multiplication coefficients fijm
(i, j, k ∈ LA), defined by i⊗ j = ⊕kfijkk, satisfying

(associativity)
∑
c

fabc∗fcde∗G
abc∗
de∗gvcvg,= fage∗fbdg∗ ,

(non-degeneracy) fbb∗0 6= 0, ∀b ∈ LA. (3.1)

We can normalize (as described in appendix A.2) the non-degeneracy condition to

fbb∗0 = 1, ∀b ∈ LA. (3.2)

Due to the symmetry conditions (2.6) of symmetric 6j-symbols [42], the multiplication

meets the following defining properties.

(unit) fbb∗0 = fb0b∗ = f0bb∗ = 1,

(cyclic) fabc = fcab,

(strong)
∑
ab

fabcfc∗b∗a∗vavb = dAvc, (3.3)

where dA =
∑

a∈LA
da is the quantum dimension of A.

If we set g = 0, d = b∗, e = a in eq. (3.1), we get∑
c

fabc∗fcb∗a∗vc = vavb . (3.4)

Define

∆abc = fabcfc∗b∗a∗ . (3.5)

Then the above equation is expressed by∑
c

∆abcvc = vavb, (3.6)
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which, when compared with eq. (2.4), implies that symbols ∆abc play a role similar to that

of the fusion coefficients δijk. The definition above can be illustrated graphically by the

Pachner moves. The associativity condition (3.1) graphically reads

T

(∑
c

fbac∗fcde∗

∣∣∣∣∣ b
d
e

ca

〉)

=
∑
c

fabc∗fcde∗
∑
g

Gabc
∗

de∗gvcvg

∣∣∣∣∣ a e

d
g

b

〉
=
∑
g

fbdg∗fage∗

∣∣∣∣∣ a e

d
g

b

〉
, (3.7)

where in the initial and final states, each vertex is associated with a multiplication f .

The strong condition (3.3) may also be understood graphically as

T

(
√
D

dA

∑
a,b

fabc∗fcb∗a∗

∣∣∣∣∣
c

c

a b

〉)
=

∣∣∣∣∣ k

〉
, (3.8)

or, equivalently, as

T

(
√
D

dA

∑
a2,a4,a5

fa∗4a5a∗6fa1a∗2a4fa2a3a∗5

∣∣∣∣∣
a2

a3

a4 a5

a6

a1

〉)

=

√
D

dA

∑
a2,a4,a5

fa∗4a5a∗6fa1a∗2a4fa2a3a∗5

× va2va4va5
D1/2

G
a6a∗3a

∗
1

a∗2a4a
∗
5

∣∣∣∣∣ a1 a3

a6

〉

= fa∗6a1a3

∣∣∣∣∣ a3

a6

a1

〉
. (3.9)

To save writing, we can suppress the coefficients f and related summations. For

example, let us express the associativity and strong conditions compactly as:

T

(∣∣∣∣∣ i l
kj

〉)
=

∣∣∣∣∣ i l

kj

〉
(3.10)

T

(
√
D

dA

∣∣∣∣∣
k

k

〉)
=

∣∣∣∣∣ k

〉
(3.11)

T

(
√
D

dA

∣∣∣∣∣
j1

j6

j3

〉)
=

∣∣∣∣∣
j6

j1

j3

〉
(3.12)

The rule is to put a thick dot at any vertex associated with an f and draw an unlabeled

thick line indicating a summation. We shall call this rule the thick-line convention and
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j1
j2

j3

j4j5

j6

j7j8

j9

a1

a2

a3

j10j11

j12

bulk

Figure 3. Boundary is a wall carrying tails. j’s are bulk labels and a are tail labels.

follow it hereafter. It is sometimes natural and handy to refer to the multiplication f of a

Frobenius algebra A as the Frobenius algebra without causing any confusion.

To summarize, a Frobenius algebra f determines a state (on a trivalent graph) with an

f at each vertex, and a factor
√
D/dA at an internal plaquette. Such a state is invariant un-

der Pachner moves T2→2, and T3→1 but not invariant under T1→3 that creates plaquettes. In

other words, it is invariant under moves from bigger/dense graphs to smaller/sparse graphs.

For computational convenience, we set fijk = 0 for any i, j, k in L\LA, so that f is

defined for all labels.

3.2 Boundary Hamiltonian

A section of a generic boundary of our model is depicted in figure 3. The boundary is

a domain wall separating the bulk (in gray in the figure) and the vacuum. The bulk

edges are labeled by j1, j2, . . . , which take value in L, the set of objects of the input UFC.

The boundary degrees of freedom, also taking value in L, inhabit the tails, i.e. open (or

dangling) edges, labeled by a1, a2 . . . . In ground states the boundary degrees of freedom

are required to be restricted to a Frobenius algebra LA ⊆ L; this will be implemented

by projection operators comprising the boundary Hamiltonian, to be explained shortly.

The Hilbert space of the model thus consists of all possible configurations of the bulk and

boundary degrees of freedom.

The boundary Hamiltonian comprises two sets of operators as follows.

Hbdry = −
∑
n

Qn −
∑
p

Bp. (3.13)

Here, Qn is a boundary edge operator acting on open edge n, which projects the boundary

degrees of freedom to LA ⊆ L:

Qn

∣∣∣∣∣ an
j1

j2
〉

= δan∈LA

∣∣∣∣∣ an
j1

j2
〉
. (3.14)

And Bp is an operator comprised of operators B
t
p:

Bp =
1

dA

∑
t∈LA

vtB
t
p, dA =

∑
t∈LA

dt, (3.15)
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where B
t
p acts on a boundary open plaquette between two nearest neighboring open edges:

B
t
p :

∣∣∣∣∣ j5

a1

j4

a2j3

j2

j1

〉
7→

∑
a′1,a

′
2,j
′
2,j
′
3

ft∗a′2
∗a2fa1ta′1

∗ua1ua2ua′1ua′2×

G
j∗4 j3a

∗
2

t∗a′2
∗j′3
G
j5j2j∗3
t∗j′3

∗j′2
G
t∗j′2

∗j2
j1a∗1a

′
1

vj2vj3vj′2vj′3

∣∣∣∣∣ j5

j′3

j4

a′2

j1

j′2

a′1

〉
.

(3.16)

If one of the neighboring open edges an or an+1 /∈ LA, then we have ft∗a′2
∗a2fa1ta′1

∗ = 0,

and hence

B
t
p = 0. (3.17)

Note that our definition of the boundary Hamiltonians needs a Frobenius algebra A with

LA ⊂ L as input data.

3.3 Graphical presentation

We have reviewed unitary transformations associated with Pachner moves on 2D graphs

on a closed surface, in terms of 6j-symbol. These transformations quantitatively describe

the topological feature in the bulk. Likewise, we can use Frobenius algebras to asso-

ciate unitary transformations to Pachner moves on 1D boundary part of the graphs on an

open surface.

Similar to transformations (2.17), we can use the Frobenius algebra A to define unitary

transformations associated with 1D Pachner moves on the boundaries of a graph: (with

ua =
√
va)

T1→2

∣∣∣∣∣ a1
i

j
〉

=
∑
a2,a3

ua1ua2ua3√
dA

∑
k

vkfa∗2a∗3a1G
j∗ia∗1
a∗2a
∗
3k

∣∣∣∣∣
i

k

a2

j a3 〉
,

T2→1

∣∣∣∣∣
i

k

a2

j a3 〉
=
∑
a1

ua1ua2ua3√
dA

vkfa2a3a∗1G
ja1i∗

a∗2k
∗a3

∣∣∣∣∣ i

j

a1

〉
. (3.18)

where ua =
√

va (sign of square root may be arbitrarily chosen but if fixed once then for all).
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Alternative to T1→2 and T2→1, the boundary Pachner moves can be defined as

T ′1→2

∣∣∣∣∣ a1

〉
=
∑
a2,a3

fa∗2a∗3a1ua2ua3

ua1
√

dA

∣∣∣∣∣ a1

a3

a2

〉
,

T ′2→1

∣∣∣∣∣
a2

a1

j1

j2

j3 〉
=
∑
a3

fa2a1a∗3ua3
√
D

ua2ua1
√

dA

∣∣∣∣∣ a2

a1

a3

j1

j2

j3 〉
,

(3.19)

or

T ′′2→1

∣∣∣∣∣ a1

a3

a2

〉
=
fa2a3a∗1ua2ua3

ua1
√

dA

∣∣∣∣∣ a1

〉
. (3.20)

The T1→2 and T2→1 can be derived by composing the bulk Pachner moves and these

alternative T ′ moves.

The action of Bp can be expressed in terms of T moves: Bp = T2→2 ◦· · ·◦T2→2 ◦T ′2→1 ◦
T1→2. To see this, we expanded in terms of f and G:

Bp

∣∣∣∣∣ j5

a1

j4

a2j3

j2

j1

〉
= T

(√
Dua′1

ua′2
dAua1ua2

∣∣∣∣∣ j5

j3

j4 a2

a′1

a′2

j1

j2

a1

×

〉)

=
∑
t,a′2

ft∗a′2
∗a2utua′2

ua2
√

dA

∑
a′1

fa1ta′1
∗ua′1

√
D

ua1ut
√

dA

∑
j′3

G
j∗4 j3a

∗
2

t∗a′2
∗j′3

va2vj′3

∑
j′2

G
j5j2j∗3
t∗j′3

∗j′2
vj3vj′2G

t∗j′2
∗j2

j1a∗1a
′
1

vj2va′1

× vtva1
va′1

√
D

∣∣∣∣∣ j′3

j5

a′2

a′1j1

j′2

j4 〉
. (3.21)

Recall the thick-line convention that a thick dot stands for an f , an unlabeled thick line

stands for a summation, and a × marks the plaquette to be killed by Pachner moves. The

detailed derivation of the above equation can be found in appendix A.3. More compactly,

we can write Bp as

Bp

∣∣∣∣∣ j5

a1

j4

a2j3

j2

j1

〉
= T

(
T ′1→2T

′
2→1

∣∣∣∣∣ j5

a1

j4

a2j3

j2

j1

〉)
, (3.22)

where by eq. (3.19) the sequence of moves, T ′1→2T
′
2→1, would generate an extra bulk pla-

quette, which would then be killed by the transformation T due to eq. (3.12), so that
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the final graph would be the one in the last row of eq. (3.21). This sequence of moves

and transformations would generate all the coefficients and summations in the last row of

eq. (3.21). On a simple open plaquette,

Bp

∣∣∣∣∣
j1

j2

j3

a1

a2

〉
= T1→2T2→1

∣∣∣∣∣
j1

j2

j3

a1

a2

〉
. (3.23)

On a generic open plaquette, the formula above should be sandwiched between a

sequence of moves T2→2 . . . that turns the generic open plaquette to a simple plaquette

and another sequence of moves T2→2 . . . that turns the simple plaquette back to the shape

of the original generic plaquette. That is, we have Bp = T2→2 . . . T1→2T2→1T2→2 . . . on a

generic open plaquette.

One can use the graphical representation of the boundary terms to prove that: (i) the

boundary terms Qn and Bp commute with bulk terms Qv and Bp, and (ii) the boundary

plaquette operators Bp are mutual commuting projections. Appendix A.4 records the

details of the proof. Therefore, the total Hamiltonian — the sum of the bulk and boundary

Hamiltonians — is exactly solvable.

4 Ground state on a disk

Now we proceed to consider the sector of states on a disk without quasiparticles in the

bulk, which contains the ground state of the whole system. Effectively, on such a disk, we

can apply the T transformation to shrink the bulk graph to a single plaquette, bounded

by a circle with outward open edges, as in the equation below. We label the wall edges by

l’s taking value in L and the open edges by a’s taking value in LA ⊆ L, with A a Frobenius

algebra. Denote by N the length of the boundary.

Restricting to the Hilbert spaceHQ=1, the bulk Hamiltonian reads Hbulk =− 1
D

∑
s∈LdsB

s
p

with

〈
a1

a2

a3

aN
l′1

l′2

l′N

∣∣∣∣∣Bs
p

∣∣∣∣∣
a1

a2

a3

aN
l1

l2

lN

〉

= vl1vl′1vl2vl′2 . . . vlN vl′NG
a∗2l
∗
2 l1

sl′1l
′∗
2
G
a∗3l
∗
3 l2

sl′2l
′∗
3
. . . G

a∗1l
∗
1 lN

sl′N l
′∗
1
.

(4.1)

The boundary Hamiltonian takes the form Hbdry = −
∑

nB(n,n+1), where

(n, n+1) labels the boundary plaquette p sandwiched by the links (an, an+1), and

B(n,n+1) = 1
dA

∑
tB

t
(n,n+1),

〈
a′n

a′n+1

ln−1

l′n

ln+1 ∣∣∣∣∣Bt
(n,n+1)

∣∣∣∣∣ an

an+1

ln−1

ln

ln+1 〉

= uanuan+1ua′nua′n+1
vlnvl′nfan+1t

a′n+1
ftana′nG

l∗n+1lna
∗
n+1

ta′∗n+1l
′
n

G
l∗nln−1a∗n
a′∗n t
∗l′n

.

(4.2)
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A topologically ordered system on the disk has exactly one ground state, which is

the simultaneous +1 eigenvector of Bp and
∏N
n=1B(n,n+1). To find the unique ground

state, we need to first understand the notion of local ground states on the boundary, which

boils down to solving the eigen-problem of
∏
nB(n,n+1) = 1. It turns out that the local

eigenvectors are characterized by A-modules over the Frobenius algebra A, which is defined

as follows.

A (right) module over Frobenius algebra A (or, a A-module) is a subset LM ⊆ L of

labels equipped with an action tensor ρaj1j2 , with a ∈ LA and j1, j2 ∈ LM . Note that LM
is not anything ad hoc but to be obtained by solving the tensor equations of ρaj1j2 . The

tensor ρaj1j2 vanishes outside of these subsets and satisfies the following condition.∑
j′

ρa1j1j′ρ
a2
j′j2

Gj1a1j
′∗

a2j∗2a
′ vj′va′ = ρa

′
j1j2fa2a′∗a1 , (4.3)

which can be understood in terms of Pachner moves:

T2→2

∑
j′

ρa1j1j′ρ
a2
j′j2

∣∣∣∣∣
j1

j2

a1

a2
j′

〉

=
∑
j′

ρa1j1j′ρ
a2
j′j2

∑
a′

Gj1a1j
′∗

a2j∗2a
′ vj′va′

∣∣∣∣∣ j1
a2

j2

a′

a1

〉
=
∑
a′

ρa
′
j1j2fa2a′∗a1

∣∣∣∣∣ j1
a2

j2

a′

a1

〉
,

where the f factor in the last row should be understood as the tensor of the trivial module to

be defined below eq. (4.7). Let us again take the thick-line convention. We also suppress the

indices of the action tensor ρ and put it in a box. In this box-notation, the condition (4.3)

takes the following compact form:

T2→2

∣∣∣∣∣
j1

j2

a1

a2

ρ

ρ
〉

=

∣∣∣∣∣ j1

j2

a1

a2
ρ

〉
. (4.4)

Here a boxed ρ at a vertex means that the tensor ρ is associated with the vertex (e.g., ρcj1j2
on the r.h.s. , with a thick-line summation). We denote the collection of all modules over

A as ModA.

The unit condition on the Frobenius algebra A implies the unit condition on A-modules:

ρ0jj = 1. (4.5)

If we set a′ = 0, a1 = a∗2 = a, j2 = j1 = j, and j′ = k in eq. (4.3), we get∑
k

ρajkρ
a∗
kjvk = vavj , (4.6)

– 15 –



J
H
E
P
0
1
(
2
0
1
8
)
1
3
4

which is presented graphically using T move (2.18),

T

(∣∣∣∣∣
j

j

ρ

ρ

a

〉)
=

da√
D

∣∣∣∣∣ j

〉
. (4.7)

Each Frobenius algebra A has a trivial module M0 = A. The action tensor of M0 is thus

[ρM0 ]ajk = fak∗j . We shall denote the minimal set of inequivalent A-modules by {(M,ρM )}.
Using ρ, the local eigenvectors of Bp = 1, i.e., the basis of local ground states on the

boundary, are expressed as

∑
a1,a2

ua1ua2

∣∣∣∣∣
a2

a1

ρ

ρ

j1

j2 〉
, (4.8)

which can be verified directly as in appendix A.5.

The ground state on a disk has neither bulk nor boundary quasiparticle excitations. It

is easily shown to be non-degenerate. Using the local basis found above, the unique ground

state on the disk is expressed as

|Φ〉 =
∑
M

dM

dA
√
D
|ΦM 〉 , (4.9)

where dM =
∑

j∈LM
dj and ΦM is the wavefunction corresponding to the local eigenvector

characterized by the A-module (M,ρM ):

ΦM

 aN

a1

a2

a3

l1
l2

l3

 = ua1ua2 . . . [ρM ]a1l1l2 [ρM ]a2l2l3 . . . (4.10)

Here {(M,ρM )} are all (inequivalent) irreducible modules over the algebra A.

The unique ground state on a disk can also be expressed in terms of fijk and 6j-symbols:

|Φ〉 = Bp |ΦM0〉

=
1

D

∑
s

ds
∑

a′1a
′
2...l
′
1l
′
2...

∑
a1a2...l1l2...

ua1ua2 . . . vl1vl2 . . . vl′1vl′2 . . .

×Ga1l
∗
2 l1

sl′1l
′?
2
G
a2l∗3 l2
sl′2l
′?
3
. . . fa1l∗2 l1fa2l∗3 l2 . . .

∣∣∣∣∣ aN
a1

a2

a3

l1
l2

l3 〉
.

(4.11)

Here p is the only plaquette of bulk in the simplest reduced diagram.
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We now prove that |Φ〉 in eq. (4.9) is a ground state on the disk. It suffices to show

that Bp |Φ〉 = |Φ〉. We apply unitary Pachner moves on |Φ〉 and get

∑
M

∑
j

dM

dA
√
D

∑
a1a2...

ua1ua2 · · · ×

∣∣∣∣∣ a1 a2 a3

aN

aN−1
ρMj

〉
(4.12)

which can be evaluated using eq. (A.17)

1√
D

∑
j

dj
∑
a1a2...

ua1ua2 · · · ×

∣∣∣∣∣ a1 a2 a3

aN

aN−1

0
j

〉
(4.13)

which is a Bp = 1 eigenvector. Hence |Φ〉 is a ground state on disk.

Certain useful proofs can be found in appendix A.5. We often abuse the notation by

referring to M as an A-module.

5 Topological feature of ground states

In this section, we study the topological nature of the ground state. Namely, we show that

the ground states of our Hamiltonian are invariant under Pachner moves.

The bulk topological feature in the case with boundaries is the same as that in the

case without boundaries. We then need only to show the boundary topological feature via

the 1+1D Pachner moves on boundaries, which are defined in eqs. (3.18) through (3.20).

With boundary, the topological feature can be described as follows. The ground

state is invariant under any transformation composed by T2→2, T1→3, T3→1 in the bulk

and T1→2, T2→1 on the boundary. Moreover, such transformation is unique: different ways

to composing T ’s results in the same transformation.

To show the uniqueness of the transformation, we consider boundary Pachner moves

T1→2, T2→1. Take example of a transformation from N1 tails to N2 tails. The composition

of T1→2, T2→1 amounts a graph structure with N1 input edges and N2 output edges, where

each trivalent vertex is attached with a multiplication f .

(5.1)

From the Frobenius condition, the transformation presented by the graph in the dashed

box is unique.
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Figure 4. Effective Hilbert space of on the cylinder.

6 Ground states on a cylinder

A topologically ordered system on a cylinder has two boundaries. We can specify the

two boundary Hilbert spaces and define the two boundary Hamiltonians by two Frobenius

algebras over LA and LB, respectively. The corresponding multiplications are denoted by

fkij for i, j, k ∈ LA and gcab for a, b, c ∈ LB.

If we consider the states without any bulk quasiparticles, we can completely shrink the

bulk graph by Pachner moves to make it disappear, so that the cylinder graph becomes

a ring with open edges on both sides of the ring, as in figure 4. Consider the Hilbert

subspace spanned by all the labels in the graph. The total Hamiltonian contains two

boundary Hamiltonians defined by two Frobenius algebras.

The ground states are characterized by the A-B-bimodules, as will be defined shortly.

Each bimodule PM gives rise to a ground-state wavefunction:

Φcyl
M


a1

a2

a4

a3

b1
b2

b3

j1

j2 j3

j4

j5

j6


=
∏
n

uanubn [PM ]anbnjn−1jnkn
. (6.1)

An A-B-bimodule is a subset LM equipped with an action tensor P abijk, satisfying

T

(∣∣∣∣∣
j

a2

a1

b1

b2 k

PM

PM

〉)
=

∣∣∣∣∣ a2

a1

b1

b2 k

j

PM

〉
. (6.2)

Here the tensor PM is expressed by a box, whose meaning is as follows:

∣∣∣∣∣
k

a
b

i

PM

〉
≡
∑
j

P abijk

∣∣∣∣∣ a

b
k

i

j

〉
. (6.3)
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The r.h.s. is independent of j which is summed; hence, j does not appear on l.h.s.. Note

that in this work modules and bimodules are multiplicity free (see appendix A.8 for details).

The A-B-bimodules are subject to the orthonormality and completeness conditions,

respectively as follows.

D

d2
A

T

(∣∣∣∣∣
j

j

j

a

b

PM

PN

〉)
= δM,N

dj
dM

∣∣∣∣∣ a
b

j

j

PM

〉
. (6.4)

∑
M

dM
dj

[PM ]abjij = δa,0δb,0δi,jd
2
A. (6.5)

Both conditions can be proved in a fashion similar to that in the case of A-

modules. Now the ground state
∣∣∣Φcyl

M

〉
characterized by the bimodule PM can be expressed

graphically as ∣∣∣Φcyl
M

〉
=

∑
a1...b1...

ua1ua2 . . . ub1ub2 · · · ×

∣∣∣∣∣
a2

a3

b2

b3

a1

a4

b1

b4

PM

PM

PM

PM

〉
. (6.6)

Let us prove this. First, similar to the disk case, we study the local basis of the ground

states on a cylinder. By local we mean a piece of the ring comprising two neighboring

tensors as follows.

BpBp′
∑

a1a2b1b2

ua1ua2ub1ub2

∣∣∣∣∣
j

a2

a1

b1

b2 k

PM

PM

〉
=

∑
a′1a
′
2b
′
1b
′
2

ua′1ua′2ub′1ub′2

∣∣∣∣∣
j

k

a′1

a′2b′1

b′2
PM

PM

〉
. (6.7)

Detailed derivation can be found in appendix A.6. Hence,
∣∣∣Φcyl

M

〉
is a ground state for the

A-B-bimodule M .

Each Frobenius algebra A also has a trivial bimodule M0 = A. The action tensor of

M0 is thus [PM0 ]abijk = faj∗ifbjk∗ .

7 Boundary excitations

Boundary elementary excitations are Bp = 0 eigenstates for certain boundary plaquettes

p (we only consider BP since Qn = 0 implies Bp = 0). Boundary elementary excitations
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support topological quasiparticles. In this section we characterize the excitations and

topological quasiparticles, by studying the algebra of local operators B
t
p. We show that

topological quasiparticles are classified by the bimodules over A.

The main result is that topological quasiparticles are classified by A-B-bimodules,

which are solutions to eq. (6.2). Particularly, if A = B, the topological quasiparticles and

cylinder ground states are classified by the A-A-bimodules, which are also solutions to

eq. (6.2) for A = B. The GSD on the cylinder is identical to the number of quasiparticle

species on the boundaries.

There are three kinds of important operators to characterize quasiparticles. One is a

set of orthonormal projection operators as measuring operators to identify quasiparticles.

Another is the set of creation operators to create quasiparticle pairs (quasiparticles can not

be singly created). The third is a set of hopping operators that can hop a quasiparticle

along a boundary. We will construct these three kinds of operators in the following three

subsections. Then we discuss the topological feature of quasiparticles in terms of hopping

operators. We also discuss fluxons as a special subset of quasiparticles.

7.1 Measure quasiparticles

In this subsection we construct a set of orthonormal projection operators as measuring

operators to identify quasiparticles.

Given a bimodule M , define the corresponding measuring operator ΠM by

ΠM

∣∣∣∣∣
j1

j2

j3
j4

j5

j6

a1

a2

k

〉
=

dM
dk

∑
a′1a
′
2

ua′1ua′2
ua1ua2

T

(∣∣∣∣∣
j1

j2

j3
j4

j5

j6

a1 a′1

a2 a′2

PM
k k

〉)
.

Using the orthonormal condition (6.4) and completeness condition (6.5), we verify that

the set {ΠMj} is orthonormal

ΠMΠN = δM,NΠM , (7.1)∑
M

ΠM = 1. (7.2)

A boundary elementary excitation is a +1 eigenstate of certain
∏
M . In particular, however,

when M is the trivial module M0 = A,

BpBp′ = ΠM0 ; (7.3)

hence, the eigenstate of
∏
M0

= 1 is in fact a state without any quasiparticles in the

boundary region it acts on. This verifies that ΠM commutes with Bp, and hence indeed

identifies the good quantum numbers of elementary excitations.
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7.2 Creation operators

The elementary boundary excitations are characterized by topological quasiparticles. On

an A-boundary component, quasiparticle species are identified with the A-A-bimodules

M . Consequently, a boundary elementary excitation with quasiparticles carrying an A-A-

bimodule M would be a +1 eigenstate of the measuring operator
∏
M . We construct a

creation operator WM to create a pair of quasiparticles carrying the bimodule M . Below

shows how such an operator acts on a boundary section.

WMj

∣∣∣∣∣
a1

a2

a3
〉

=
∑

a′1ja
′
3ka
′
5

ujua′2uk

ua1ua2ua3
T

(
D
d2A

∣∣∣∣∣ PM

j

k

a1

a2

a3

a′2

〉)
, (7.4)

for M ∈ ModA|A. In this example, the operator WM creates an M -type and M∗-type

quasiparticles on both neighboring open edges j and k of the middle open edge, which

becomes a′3. We use wavy lines to indicate the quasiparticles. If j = k = 0, the quasiparti-

cles become fluxons (to be defined in section 7.4) residing in the corresponding plaquettes.

By acting creation operators on ground states, we get an elementary boundary excitation

basis WM |Φ〉.
One can verify that WM |Φ〉 is an eigenvector of ΠM = 1, as shown in appendix A.7.

7.3 Hopping operators

Quasiparticles can move along the boundary under the hopping operator HM defined by

HM

∣∣∣∣∣ a

j

〉
=

√
D

dA

∑
j′a′

ua′uj′

uauj
T

(∣∣∣∣∣ PM

j

a
j′

a′

〉)
, (7.5)

that hops an M -type quasiparticle initially at the bottom open edge upward across the edge.

The topological feature of elementary excitations can be described using hopping of

quasiparticles.

7.4 Fluxons

We consider a subclass of quasiparticles called fluxons. Thus, we can restrict to the Hilbert

subspace of
∏
v Qv = 1. We find that the local operators B

t
p form an algebra

B
r
pB

s
p =

∑
t

vrvs
dAvt

fr∗s∗tft∗srB
t
p. (7.6)

The quasiparticles occupied at plaquette p are then identified by the orthonormal

projection operators

nxp =
∑
t

Y x
t B

t
p, (7.7)

nxpn
y
p = δx,yn

x
p , (7.8)
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where Y x
t satisfies the following conditions, as can be derived from eq. (7.6):

1

dA

∑
rs

vrvs
vt

fr∗s∗tft∗srY
x
r Y

x
s = Y x

t . (7.9)

Particularly, nx=0
p = Bp with Y 0

t = 1 for all t ∈ LA.

For an excitation ψ with nxp = 1 we say ψ supports an x-type fluxon at position

p. Fluxons are a subclass of the full set of topological quasiparticles identified by the

bimodules. Indeed, let Y x
t = [PM ]tt

∗
0t0, then eq. (7.9) is identified with (6.4). Hence, fluxon

is a special type of quasiparticle identified by those modules (M,PM ) in which M contains 0.

8 Examples

8.1 Charge boundary

For any input fusion category, there is always a trivial Frobenius algebra A0 = 0, such that

Bp is trivial and hence the boundary Hamiltonian reduces to

H = −
∑
v

Qv, (8.1)

Qn

∣∣∣∣∣ an
j1

j2
〉

= δan,0

∣∣∣∣∣ an
j1

j2
〉
. (8.2)

The A0-modules (and A0-A0-bimodules) are the entire label set L, with [ρj ]
0
jj = 1

([ρj ]
00
jjj = 1), j ∈ L. Boundary quasiparticles are then characterized by labels j ∈ L.

8.2 LW Z2 model

The input fusion category is Z2; hence the label set is L = {0, 1}, with d0 = d1 = 1,

and 0∗ = 0, 1∗ = 1. Fusion rules are the Z2 group multiplication rule δ011 = 1, and the

6j-symbols are

Gijmkln = δijmδklm∗δjkn∗δinl. (8.3)

There are two Frobenius algebras, one is the trivial one A0 = 0, which defines a charge

boundary condition. Quasiparticles on the charge boundary are identified with 1 and e,

with e a Z2 charge.

The nontrivial Frobenius algebra is A1 = 0 ⊕ 1, with LA = {0, 1} = L. This is a

flux boundary. The boundary quasiparticles are identified with 1,m with m a Z2-flux.

The charge-boundary is referred to z-boundary or smooth boundary (respectively, the

flux-boundary to x-boundary or rough boundary) in some literature (e.g., see ref. [36]).

Cylindrical model has GSD = 2 with the charge-charge or flux-flux boundary condi-

tions, and GSD = 1 with the charge-flux boundary condition. We shall explain the flux-flux

boundary case in detail below.

Consider the model with the flux boundary condition (with the algebra A1) on a disk

illustrated in figure 5. The total Hamiltonian is

H = Hbulk + εHbdry, (8.4)
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Figure 5. A trivalent graph on disk.

1 2

3

45

6

0

Figure 6. Z2 effective boundary theory.

where ε is a positive constant, and

Hbulk = −
∑
v

Av −
∑
p

Bp, Hbdry = −
∑
p′

Bp′ . (8.5)

Seen in figure 5, examples of these operators are

Av = σz1σ
z
2σ

z
7 , Bp = σx1σ

x
2σ

x
3σ

x
4σ

x
5σ

x
6 , (8.6)

and

Bp′ = σx8σ
x
9σ

x
10σ

x
11. (8.7)

If we consider states without quasiparticles in the bulk, we can simplify the problem

with the effective theory on the disk as defined on a chain, see figure 6. The Hilbert space

is spanned by N + 1 spins: on N external edges and one internal edge denoted by 0 (the

spins on all other internal edges are determined by the fusion rules). We require a global

constraint
N∏
n=1

σzn = 1. (8.8)

Violating this constraint results in a nontrivial charge in the bulk. The bulk Hamiltonian

is reduced to

Hbulk = −σx0 −
N∏
n=1

σzn. (8.9)

The boundary Hamiltonian is

Hbdry = −
N−1∑
n=1

σxnσ
x
n+1 − σx0σxNσx1 . (8.10)

The extra σx0 in last term is due to the nontrivial action of Bp′ on the spin at edge 0.
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Figure 7. Z2 effective boundary theory.

Similarly, we have an effective theory for the cylinder as defined on a chain with

the flux-flux boundary condition (figure 7). Suppose we have N external edges on both

boundaries of the cylinder. Then the Hilbert space is spanned by the 2N + 1 spins, with

the global constraint
N∏
n

σzn

N∏
n′

σzn′ = 1. (8.11)

Here we denote external edges on one boundary by n = 1, . . . N and on the other boundary

by n′ = 1′, . . . N ′. Violating this constraint results in a nontrivial charge in the bulk.

The plaquettes in the bulk region are completely removed by the Pachner moves. The

effective cylindrical Hamiltonian consists of a bulk term, which accounts for the global

constraint (8.11), and two flux-boundary Hamiltonians on either side:

Hcylin = −1

ε

N∏
n

σzn

N∏
n′

σzn′ −
N−1∑
n=1

σxnσ
x
n+1 − σx0σxNσx1

−
N−1∑
n′=1

σxn′σ
x
(n+1)′ − σ

x
0σ

x
N ′σ

x
1′ .

(8.12)

One verifies that the GSD = 2, as expected. The two ground states are

|σx0 = 1, σxn = 1, σxn′ = 1〉+ |σx0 = 1, σxn = −1, σxn′ = −1〉 , (8.13)

and

|σx0 = 1, σxn = 1, σxn′ = −1〉+ |σx0 = 1, σxn = −1, σxn′ = 1〉 . (8.14)

Here σxn = ±1 denotes the simultaneous eigenvalues of σxn = ±1 for all n.

8.3 LW Fibonacci model

The input fusion category is the Fibonacci category with string types L = {0, 2}, also

denoted by {1, τ}. Let φ = 1+
√
5

2 be the golden ratio. The quantum dimensions of 0 and

2 are d0 = 1 and d2 = φ. The fusion rules are

δ000 = δ022 = δ222 = 1, δ002 = 0, (8.15)

and the nonzero independent 6j-symbols G are given by

G000
000 = 1, G022

022 = G022
222 = 1/φ,

G000
222 = 1/

√
φ, G222

222 = −1/φ2. (8.16)
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The Fibonacci category has two Frobenius algebras: the trivial one A0 = 0 and the

nontrivial one A1 = 0 ⊕ 2. The A0-modules are N0 = 0 and N1 = 2, with action tensor

[ρj ]
0
jj = 1. This defines a charge boundary condition.

For A1 = 0⊕ 2, set LA1 = {0, 2}. The only nontrivial multiplication reads

f222 = φ−3/4. (8.17)

A1has two modules: (1) M0 = 0 ⊕ 2, i.e., A1 itself, with action morphism being the

multiplication ρajk = fak∗j ; (2). M1 = 2, with action morphism given by

[ρ1]
2
22 = −φ−1/4. (8.18)

The two algebras A0 and A1 are Morita equivalent, hence giving rise to the same

boundary condition.

8.4 LW Ising model

The input fusion category is the Ising category, with L = {0, 1, 2}, also denoted by {1, σ, ψ}.
The quantum dimensions are d0 = 1, d1 =

√
2, and d2 = 1. The fusion rules are

δ000 = 1, δ011 = 1, δ022 = 1, δ112 = 1, (8.19)

and the nonzero 6j-symbols G are

G000
000 = 1, G000

111 =
1
4
√

2
, G000

222 = 1, G011
011 =

1√
2
,

G011
122 =

1
4
√

2
, G011

211 =
1√
2
, G022

022 = 1, G112
112 = − 1√

2
.

(8.20)

There are two Frobenius algebras: the trivial one A0 = 0, giving rise to the charge boundary

condition, and A1 = 0⊕ 2.

The Frobenius algebra A0 = 0 has three modules N0 = 0, N1 = 1, and N2 = 2, which

are labels in L.

The Frobenius algebra A1 = 0 ⊕ 2 has three modules: (1) M0 = 0 ⊕ 2, with

[ρ0]
2
20 = [ρ0]

2
02 = 1. (2). M1 = 1, with [ρ1]

2
11 = 1. (3). M2 = 1, with [ρ2]

2
11 = −1.

9 Equivalent boundary conditions

The boundary conditions are classified by A-A-bimodules, in the sense that boundary ele-

mentary excitations with good quantum numbers are identified with equivalent bimodules.

In this section, however, we discuss a situation where two different Frobenius algebras

in a unitary fusion category give rise to equivalent boundary conditions. Two Frobenius

algebras A and B are Morita equivalent if category ModA of A-modules is equivalent to

ModB. [43] By the previous analysis, the local ground state basis is characterized by mod-

ules. Hence, Morita equivalent Frobenius algebras define equivalent boundary conditions.

For any A-module M , k⊗M is also a right module. But k⊗M is reducible; hence, we

can decompose k⊗M into a direct sum of irreducible modules. To do so, we need to study
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the equivalence between k⊗M and some other irreducible module N . Define a morphism

η : k ⊗M → N as a tensor η satisfying

T

(∣∣∣∣∣ k
η

ρM

j3

j4

a

〉)
=

∣∣∣∣∣ k
η

ρN

j3

j4

a
〉
. (9.1)

We denote the number of independent solutions of η byNN
jM , called the fusion rule in ModA.

In the following, we give a practical check of the Morita equivalence between ModA
and ModB. Frobenius algebra A is equivalent to B if the following two conditions

hold. (1) All irreducible A-modules M0,M1, . . . ,Mn are mapped to irreducible B-modules

M ′0,M
′
1, . . . ,M

′
n. (2) The fusion rule is preserved by the mapping.

For example, in Fibonacci case, the two Frobenius algebras are Morita equivalent. One

can easily verify that the fusion rules

2⊗M0 = M0 ⊕M1, 2⊕M1 = M0 (9.2)

are equivalent to

2⊗N0 = N1, 2⊗N1 = N0 ⊕N1, (9.3)

by mapping M0 → N1 and M1 → N0. Hence, the two Frobenius algebras are Morita

equivalent and give rise to the same boundary conditions.

In the Ising case, the two Frobenius algebras are also Morita equivalent by mapping

M1 → N2,M2 → N1 and M3 → N3. One verifies the fusion rules

1⊗M1 = M2 ⊕M3, 1⊗M2 = M1, 1⊗M3 = M1,

2⊗M1 = M1, 2⊗M2 = M3, 2⊗M3 = M2, (9.4)

are preserved under the mapping. Hence, the two Frobenius algebras are Morita equivalent

and give rise to the same boundary conditions.

10 Relation to the Kitaev-Kong formulation

We used a Frobenius algebra to define the Boundary theory in this paper. This formulation

is closely related to Kitaev and Kong’s work [17] that formulates boundary theories using

module categories over C. In this section we will discuss the relation between our approach

and the Kitaev-Kong (KK) formulation.

In our approach, we take boundary degrees of freedom from the labels of the input

UFC — the same degrees of freedom as in the bulk, and we start with local boundary

Hamiltonians. To write down a “good” boundary Hamiltonian we examine the (unitary

representation of) 1+1D boundary Pachner moves. The desired form of the Hamiltonian

will be one such that the ground-state Hilbert space is invariant under all bulk and bound-

ary Pachner moves. This invariance leads to a Frobenius algebra structure appearing in

the boundary Hamiltonian operators.
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With Hilbert space spanned by labels of the input UFC, all operators are explic-

itly expressed using these labels. Our approach is convenient for computational purposes

yet rigorous in characterizing the topological properties. The reader can compute the

ground states and excitations by solving the Hamiltonian eigen-problems without knowl-

edge of categories.

Given the bulk Levin-Wen model with input fusion category C, in the KK formulation,

the input data to specify the boundary degrees of freedom and boundary operators is a

module category M over C. The topological feature of the boundary ground states comes

from the compatibility conditions between the bulk degrees of freedom in C on the left side

and boundary degrees of freedom in M. Here and after we assume the bulk is on the left

of a boundary. This is always possible if one tracks along the boundary clockwise.

In the following we will build up the correspondence between the Hilbert space struc-

tures in KK formulation and our formulation, by studying the eigen-problem of Bp = 1,

where p label the boundary plaquettes.

Given a boundary Γ, the local basis of boundary ground states (i.e., the
∏
pBp = 1

eigenstates) has been discussed in previous sections and has the form

∑
a1,a2

ua1ua2

∣∣∣∣∣
a2

a1

ρ

ρ

j1

j2 〉
(10.1)

for some M ∈ ModA. This basis is defined for simple boundary plaquettes but can be

generalized to cover the cases with generic boundary plaquettes, where bulk edges must

also be taken into account. We write the generic form of potential basis vectors as

∑
a1,a2

ua1ua2

∣∣∣∣∣
a2

a1
j1

j2

k
η

ρM

ρN 〉
, (10.2)

where we assume two potentially different modules M and N and a tensor η connected to

bulk edge k, to be determined by the condition Bp = 1.

Acting Bp on such states yields

√
D

dA
T

(∑
a1,a2

ua1ua2

∣∣∣∣∣

a2

a1
j1

j2

k

η

ρM

ρN

ρM

ρN 〉)
. (10.3)
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∣∣∣∣∣
M1

M2

M3

j1

j2

η1

η2 〉

(a)

∑
a1,a2,a3

ua1ua2ua3

∣∣∣∣∣
a1

a2

a3

η1

η2

ρM1

ρM2

ρM3

j1

j2 〉

(b)

Figure 8. (a) The Hilbert space structure in the KK formulation. The boundary degrees of

freedom live in a module category. (b) The Hilbert space structure in our formulation. With

ModA treated as the module category, the local basis of boundary ground states recovers the KK

Hilbert space structure.

The above is a Bp = 1 eigenvector if and only if

√
D

dA
T

(∣∣∣∣∣ k
η

ρM

ρN

j3

j4 〉)
=

∣∣∣∣∣ k
η

j3

j4 〉
. (10.4)

This condition is equivalent to the defining property (9.1) of the morphisms in

Hom(k ⊗M,N) of the category ModA.

Therefore, on a generic boundary graph, the local basis of boundary ground states is

characterized by modules M ’s in ModA and morphisms η in ModA. It is known that ModA
is equivalent to a module category. We can use such module category data M and η as

input degrees of freedom to describe the ground states. See figure 8. Hence, we build up

the mapping between the Hilbert space in our formulation and that in the KK formulation

on the level of ground states.

This mapping is two-way, which follows from a mathematical theorem: the category

of right modules over an algebra A in C is equivalent to the right module category over

(unitary fusion) C [43]. The mapping is many to one. Namely, two Frobenius algebras A

and B are Morita equivalent if ModA is equivalent to ModB, and they specify the same

boundary condition.

In the KK formulation, the boundary excitations are constructed using module func-

tors Fun(M,M) of the input module category M. In our formulation, however, the

elementary excitations are identified with the bimodules ModA|A. In this paper, we are

not going to directly prove the equivalence of elementary excitations in the two formula-

tions. Nevertheless, it is known that [43] if M is taken to be ModA then the category

Fun(M,M) is equivalent to ModA|A. Therefore, we expect our formulation also agrees

with the KK formulation on boundary elementary excitations.

By above analysis, we show that our approach with an Frobenius algebra A is equivalent

to the KK formulation with input module category M = ModA.

– 28 –



J
H
E
P
0
1
(
2
0
1
8
)
1
3
4

1

2

3 4

5

1

2

3 4

5

1

2

3 4

5

1

2

3
4

5

1

2

3
4

5

Figure 9. Two ways of composing T2→2 moves to transform from the left most graph to the right

most graph.
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A Some proofs and details

A.1 Topological feature of the graph

In the Hilbert space HQ=1 of simultaneous eigenvectors of Q = 1 at all vertices, all states

are invariant under any transformation composed of T2→2.

For example, consider composition of T2→2 illustrated in figure 9 involving 5 external

edges. There are two ways to compose T2→2 moves to transform from the left most graph

to the right most graph. Explicitly, they are

T

(
1
2
3 4
5

1
2

3
4
5

1
2

3 4

5

)
:

∣∣∣∣∣ j1

j2

j3

j5

j4

j6 j7

〉
7→
∑
k3

G
j6j3j∗7
j∗4 j
∗
5k3

vj7vk3

∣∣∣∣∣ j1

j2
j6

j3

j4

j5

k3

〉

7→
∑
k1

G
j∗2 j1j

∗
6

j3j∗7k1
vj6vk1

∣∣∣∣∣ j1 k1

j2
j7

j3

j5

j4

〉

7→
∑
k1

G
j∗2 j1j

∗
6

j3j∗7k1
vj6vk1

∑
k2

G
j∗2k1j

∗
7

j∗4 j
∗
5k2

vj7vk2

∣∣∣∣∣ j1
k1

j3

j4

j2 j5
k2

〉
(A.1)
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Figure 10. (a) Initial and final graphs with marked plaquettes. (b) A possible sequence of Pachner

moves taking the initial graph to the final.

and

T

(
1
2
3 4
5

1
2

3 4
5

1
2

3 4

5
1
2 3

4 5

)
:

∣∣∣∣∣ j1

j2

j3

j5

j4

j6 j7

〉
7→
∑
k3

G
j6j3j∗7
j∗4 j
∗
5k3

vj7vk3

∣∣∣∣∣ j1

j2
j6

j3

j4

j5

k3

〉

7→
∑
k3

G
j6j3j∗7
j∗4 j
∗
5k3

vj7vk3
∑
k2

G
j∗2 j1j

∗
6

k3j∗5k2
vj6vk2

∣∣∣∣∣
j3

j4

j2

j1
k3

j5
k2

〉

7→
∑
k3

G
j6j3j∗7
j∗4 j
∗
5k3

vj7vk3
∑
k2

G
j∗2 j1j

∗
6

k3j∗5k2
vj6vk2

∑
k1

G
k∗2j1k3
j3j∗4k1

vk3vk1

∣∣∣∣∣ k1

k2
j4

j2 j5

j1

j3

〉
. (A.2)

By the pentagon identity (2.6), eq. (A.1) is identified with eq. (A.2). We can simply

write both transformations as T . In fact, any transformation composed by T2→2 moves

only depends on the initial and final graphs (with the same topology) and can be written

as T , without specifying the choice of the sequence of T2→2 moves.

Transformations involving T2→2, T1→3 and T3→1 moves from one graph to another are

not unique. So we introduce the cross-dot notation as in section 2.1, see figure 10 for an

example. In figure 10(a), the initial graph has two plaquettes marked by ×, while the final

graph has one plaquette marked by ·. In this case, all possible sequences of T2→2, T1→3,

and T3→1 moves result in the same transformation between the Hilbert spaces associated

with the initial and final graphs. one such sequence is shown in figure 10(b).

A.2 Frobenius algebra

Property. The unit and cyclic conditions are consequences of the association condition,

via appropriate choice of normalization.
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Proof. We present a choice of normalization of f . The fabc is determined up to a contin-

uous transformation. If fabc is a solution, then for any nonzero complex function ξa

f ′abc = fabc
ξc∗

ξaξb
(A.3)

is also a solution.

Since fbb∗0 6= 0 for all b ∈ LA. For each dual pair a = b∗, set ξa = ξb =
√
fab0 (the

order of a, b and the sign of the square root are randomly chosen but fixed once for all).

We have

fjj∗0 = 1. (A.4)

Particularly, we have

f000 = 1. (A.5)

Now we prove the property with this normalization choice.

Let a = 0 in eq. (3.1). Using G0bc∗
de∗gvcvg = δb,cδe,g, the equation implies

f0bb∗ = f0gg∗ (A.6)

since f000 = 1 we get

f0bb∗ = 1. (A.7)

Similarly, setting c = 0 in eq. (3.7) results in

fa0a∗ = 1. (A.8)

By setting e = 0 in eq. (3.7), together with that Gabc
∗

d0g vcvg = δa,g∗δd,c∗ , we obtain the

cyclic symmetry condition

fabc∗ = fbc∗a. (A.9)
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A.3 Derivation of equation (3.19)

Bp

∣∣∣∣∣ j5

a1

j4

a2j3

j2

j1

〉
= T

(√
Dua′1

ua′2
dAua1

ua2

∣∣∣∣∣ j5

j3

j4 a2

a′1

a′2

j1

j2

a1

×

〉)

= T

(∑
t,a′2

ft∗a′2∗a2
utua′2

ua2

√
dA

∑
a′1

fa1ta′1
∗ua′1

√
D

ua1
ut

√
dA

∣∣∣∣∣ j5

j3

j4
a′2

a′1

a2

j1

j2

a1

t

〉)

= T

(∑
t,a′2

ft∗a′2∗a2
utua′2

ua2

√
dA

∑
a′1

fa1ta′1
∗ua′1

√
D

ua1
ut

√
dA

∑
j′3

G
j∗4 j3a

∗
2

t∗a′2
∗j′3

va2
vj′3

∣∣∣∣∣
j′3

j5

j1

j3

j2
a1

j4
a′2

a′1

t

〉)

= T

(∑
t,a′2

ft∗a′2∗a2
utua′2

ua2

√
dA

∑
a′1

fa1ta′1
∗ua′1

√
D

ua1ut

√
dA

∑
j′3

G
j∗4 j3a

∗
2

t∗a′2
∗j′3

va2vj′3

∑
j′2

G
j5j2j

∗
3

t∗j′3
∗j′2

vj3vj′2

∣∣∣∣∣
j′3

j5

j1

j2
a1

j′2
t

j4 a′2

a′1

〉)

=
∑
t,a′2

ft∗a′2∗a2
utua′2

ua2

√
dA

∑
a′1

fa1ta′1
∗ua′1

√
D

ua1
ut

√
dA

∑
j′3

G
j∗4 j3a

∗
2

t∗a′2
∗j′3

va2vj′3

∑
j′2

G
j5j2j

∗
3

t∗j′3
∗j′2

vj3vj′2
G

t∗j′2
∗j2

j1a∗1a
′
1

vj2va′1

× vtva1

va′1

√
D

∣∣∣∣∣
j′3

j5

a′2

a′1j1

j′2

j4 〉
. (A.10)

A.4 Property of boundary terms

We state that the Boundary terms Qn and Bp commute with bulk terms Qv and Bp. The

proof is straightforward though somewhat tedious. Here we offer only a sketch of the

proof below.

Sketchy proof. We first consider the nontrivial case of Bp and Bp′ for neighboring plaque-

ttes p and p′. See figure 11. Since both Bp and Bp′ can be expressed as a composition of T

moves, the composition of Bp and Bp′ does not depend on the order of the T moves involved:

BpBp′ = T

(
×
×

·
)

= Bp′Bp. (A.11)
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p

p′

Figure 11. A bulk plaquette p and a boundary plaquette p′ neighboring to each other.

Alternatively, We can compare Bp′ with Bp and use the known properties of Bp to

argue for the their commutativity. Observe that the matrix element of B
t
p can be divided

into two parts: f and u factors acting only on open edge labels a’s, while G and v factors

on labels j’s and a’s. The part involving G and v factors is exactly the same as those of Bt
p

acting on j labels. Loosely speaking, B
t
p is a combination of half of Bt

p operator acting on

half plaquette involving bulk labels, and the action on the tails determined by f . Since Bs
p

commutes with Bs
p′ for any neighboring plaquette p, p′, B

t
p should commute with all Bs

p.

Two boundary plaquette operators Bp and Bp′ on two different boundary plaquettes p

and p′ also commute, i.e., BpBp′ = Bp′Bp. This commutativity obviously holds if p and p′

are far away, since Bp is defined locally. If p and p′ are neighboring to each other, we have

BpBp′ = T

(
p

p′

×

×

)

= T

(
p

p′

×

×

)
= Bp′Bp , (A.12)

where the second equality follows from the association condition.

We also state that boundary plaquette operators Bp are mutual commuting projections:

BpBp = Bp, (A.13)

which is verified by directly computation:

BpBp

∣∣∣∣∣
j1

j2

j3

j4

a1

a2
〉

= T

(
D
d2A

∑
a′1,a

′
2

ua′1ua′2
ua1ua2

∣∣∣∣∣
j1

j2

j3

j4

a1 a′1

a2 a′2

× ×

〉)
= T

(
D
d2A

∑
a′1,a

′
2

ua′1ua′2
ua1ua2

∣∣∣∣∣
j1

j2

j3

j4

a1 a′1

a2 a′2

×
×

〉)

= T

(
√
D

dA

∑
a′1,a

′
2

ua′1ua′2
ua1ua2

∣∣∣∣∣
j1

j2

j3

j4

a1

a2 a′2

a′1

×

〉)
= Bp

∣∣∣∣∣
j1

j2

j3

j4

a1

a2
〉
, (A.14)

where in the second equality uses the association condition, and third the strong condition.
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A.5 Ground state on a disk

We first prove (4.8) and then state the proof for orthonormality and completeness for ρM ’s.

Bp

∑
a1,a2

ua1ua2

∣∣∣∣∣
a2

a1

ρ

ρ

j1

j2 〉

= T

(
√
D

dA

∑
a′1,a

′
2

ua′1ua′2

∣∣∣∣∣ a′1

a′2ρ

ρ

j1

j2 〉)

= T

(
√
D

dA

∑
a′1,a

′
2

ua′1ua′2

∣∣∣∣∣ a′1

a′2

ρ

j1

j2 〉)

= T

(∑
a′1,a

′
2

ua′1ua′2

∣∣∣∣∣
a′2

a′1

ρ

j1

j2 〉)

=
∑
a′1,a

′
2

ua′1ua′2

∣∣∣∣∣
a′2

a′1

ρ

ρ

j1

j2 〉
. (A.15)

Orthonormality and completeness.

1

dA

∑
a

[ρM ]ajk[ρM ]a
∗
kj

vavk
vj

=
dk
dM

, (A.16)

∑
M

dM
dj

[ρM ]ajj = δa,0dA . (A.17)

Orthonormality condition (A.16) is expressed graphically as

√
D

dA
T

(∣∣∣∣∣
j

k

j

ρM

ρN
〉)

= δM,N
dk
dM

∣∣∣∣∣ j

〉
. (A.18)
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Sketch proof. Given a minimal set of modules {ρM}, we have

T

(∣∣∣∣∣
j

k

j

ρM

ρN
〉)

= δM,Nβ

∣∣∣∣∣ j

〉
(A.19)

for β ∈ C independent of j. To compute β, we evaluate

∑
j

T

(∣∣∣∣∣ k

ρM

ρM

j

j

j

0

0

〉)
=
∑
j

T

(∣∣∣∣∣
ρM

ρM

j

0

0

kk

k

〉)

= β
∑
j∈LM

T

(∣∣∣∣∣ j

j

0

0

〉)
. (A.20)

Using eq. (4.7), the last equality is evaluated explicitly as

dkdA/
√
D = βdM . (A.21)

Hence we proved eq. (A.16).

We now prove completeness condition. using eq. (A.16) and (4.4), we have

∑
M

dM
dj

√
D

dA
T

(∣∣∣∣∣
j

j

a
j

ρM

ρN
〉)

=

∣∣∣∣∣
j

j

aρN

〉
. (A.22)

Introduce tensor 1 with 1ajj =
√
Dδa,0, which satisfies

T

(∣∣∣∣∣
j

j

a
j

ρN

1

〉)
=

∣∣∣∣∣
j

j

aρN

〉
. (A.23)

Compare eq. (A.23) and eq. (A.22), we arrive at eq. (A.17).
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A.6 Proof of equation (6.7)

In this part we sketch the graphical proof of (6.7).

BpBp′
∑

a1a2b1b2

ua1ua2ub1ub2

∣∣∣∣∣
j

a2

a1

b1

b2 k

PM

PM

〉
=

∑
a′1a
′
2b
′
1b
′
2

ua′1ua′2ub′1ub′2

∣∣∣∣∣
j

k

a′1

a′2b′1

b′2
PM

PM

〉
. (A.24)

A.7 WM |Φ〉 is an eigenvector of ΠM = 1

We now verify that WM |Φ〉 is an eigenvector of ΠM = 1 in the following. It suffices to

verify that

ΠNT

( ∑
a′2jka4

ua′2ujukua4

∣∣∣∣∣ PM

j

k

a′2

ρN

ρN

ρN

ρN
a4 〉)

=
D

d2
A

T

( ∑
a′2jka

′
4

dN
dk

ua′2ujukua′4

∣∣∣∣∣ PM

j

k

a′2
ρN

ρN

ρN

ρN
a′4

PN k

〉)

=
D

d2
A

∑
a′2jka

′
4

dN
dk

ua′2ujukua′4T

(∣∣∣∣∣
PM

j

k

a′2
ρN

ρN

ρN

ρN

a′4

k
PN

〉)

= δM,NT

( ∑
a′2jka

′
4

ua′2ujukua′4

∣∣∣∣∣ PM

j

k

a′2

ρN

ρN

ρN

ρN
a4 〉)

, (A.25)

where the last equality is due to the completeness condition (6.5). Hence WM |Φ〉 is a

ΠM = 1 eigenvector.
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A.8 Bimodules with multiplicity

In general, the action tensor of modules ρ and bimodules P carries extra indices, say, α

and β. The action tensor of a bimodule PM is now expressed by

∣∣∣∣∣
k

a
b

i

PM
α

β
〉
≡
∑
j

P ab,αβijk

∣∣∣∣∣ a

b
k

i

j

〉
. (A.26)

In defining property (6.2), for a thick line on the l.h.s. we should also sum over appropriate

α indices of the two action tensors. Similarly, in general we need to put extra indices to

a module tensor action and follow the same convention. Nevertheless, the discussion and

derivation throughout the paper remains true when we add the extra indices to tensor

actions and add the corresponding summation rule to the thick line convention. Therefore,

in the rest of paper, we suppress the α indices for simplicity.
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