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ABSTRACT: In this paper we propose a Hamiltonian approach to gapped topological phases
on open surfaces. Our setting is an extension of the Levin-Wen model to a 2d graph on
an open surface, whose boundary is part of the graph. We systematically construct a
series of boundary Hamiltonians such that each of them, when combined with the usual
Levin-Wen bulk Hamiltonian, gives rise to a gapped energy spectrum which is topologically
protected. It is shown that the corresponding wave functions are robust under changes of
the underlying graph that maintain the spatial topology of the system. We derive explicit
ground-state wavefunctions of the system on a disk as well as on a cylinder. For boundary
quasiparticle excitations, we are able to construct their creation, annihilation, measuring
and hopping operators etc. Given a bulk string-net theory, our approach provides a clas-
sification scheme of possible types of gapped boundary conditions by Frobenius algebras
(modulo Morita equivalence) of the bulk fusion category; the boundary quasiparticles are
characterized by bimodules of the pertinent Frobenius algebras. Our approach also offers
a set of concrete tools for computations. We illustrate our approach by a few examples.
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1 Introduction and summary

Two important characteristic properties of a 2d matter phase with an intrinsic topological
order [1], crucial for topological quantum computation, are a finite set of topologically
protected, degenerate ground states [2—4] and the corresponding anyon excitations obeying
braid statistics [5]. While the former furnishes robust quantum memories [6], the latter
delineates a logical Hilbert space that supports topological quantum computation via uni-
tary braiding of anyonic quasiparticles [7-10]. It is also hopeful to realize or simulate
Abelian [11, 12] and non-Abelian anyons [13, 14]. On a closed spatial 2-surface, the genus
number and the fusion rules between anyon excitations determine the ground state de-
generacy (GSD) [1, 4, 10, 15, 16]. In particular, on a torus, the GSD equals the number
of anyon species. Nevertheless, realizing closed-surface material with topological order is
difficult in experiments; it is much more natural to make finite open systems. Yet, any
boundary massless modes that often appear must be gapped to have a well defined GSD.
The gapping conditions of Abelian topological orders have recently been understood in
terms of the concept of Lagrangian subsets [17-24], and subsequently the GSD of these
Abelian phases on open surfaces with multiple boundaries were computed [23, 25], based
on the idea of anyon transport across boundaries. Experiments detecting and utilizing the
topological degeneracy with gapped boundaries were proposed in [26, 27|. The gapping
conditions of non-Abelian topological orders have recently been tackled by the mechanism
of anyon condensation [28] and equivalently by solving certain algebraic equations [29)].
Gapped boundaries of topological orders can also be classified by Frobenius algebras [30],
using the mechanism of anyon condensation.

Nevertheless, the rich studies and classifications of gapped boundaries of topological
orders are, unfortunately, not practical enough, because they are based on abstract math-
ematical theories rather than explicit Hamiltonian models consisting of both bulk and
boundary terms. This causes consequent issues. For example, ref. [28] offers a closed-form
formula of computing the GSD of a topological order on a n-hole surface, in terms of the
condensed anyons at the holes and their fusion rules. This formula, though mathemati-
cally complete and beautiful, cannot tell us how to realize the boundary conditions on a
given Hamiltonian model of the topological order. Although it is known that a gapped
boundary of a topological order corresponds to certain anyon condensation, it is not clear
how bulk anyons interact with the boundary excitations. Hence, the proposal of using
the generalized Laughlin-Tao-Wu charge-pumping argument [2, 31] to braid anyons and
realize topological quantum computation in ref. [28] would be impossible unless there is a
concrete Hamiltonian model in which pumping a boundary excitation from one boundary
to another can be studied in terms of physical operators.

More broadly, a dynamical theory in which one is not able to specify boundary con-
ditions is not a complete dynamical theory. Therefore, Hamiltonian models of topological
orders such as the Levin-Wen model [32], the Kitaev Model [7], and the twisted quantum
double model [33] as a generalization of the Kitaev model are not complete dynamical
models on open surfaces because they do not include boundary terms.



In this paper, we develop a new systematic approach — in the framework of discrete
models on a 2d graph with boundary — to gapped topological phases on open surfaces.
Our approach leads to the following main results.

1. A large family of exactly solvable boundary Hamiltonian Hpg,.,, using the data of
a Frobenius algebra in the unitary fusion category (UFC) (or the fusion algebra
associated with it), that defines the bulk Levin-Wen model.

2. A gapped energy spectrum for each boundary Hamiltonian together with its bulk
Hamiltonian, that is protected by the spatial topology, as in the original Levin-Wen
model.

3. The topological ground-state wavefunctions on a disk and a cylinder in closed form,
in terms of solely the input data (fundamental degrees of freedom of the model, whose
generalization to surfaces with more boundaries is straightforward.

4. Explicit creation, measuring, and hopping operators for boundary excitations.

5. A classification scheme of possible types of gapped boundary conditions by Morita-
equivalent Frobenius algebras of the bulk fusion algebra, as well as that of boundary
quasiparticles by bimodules of the pertinent Frobenius algebra.

These results enable one to study explicitly various topological properties, such as the
GSDs, the topological entanglement entropy, excitations, bulk boundary correspondence,
and so on, of topological orders on open surfaces.

Our approach is based on three physical ansatzes as follows.

1. Locality: the boundary Hamiltonian is a local one.

2. Asympototics: the boundary (interacting) theory is the asymptotics of the bulk (in-
teracting) theory; hence, the boundary degrees of freedom should come from the bulk
degrees of freedom.

3. Topological invariance: the ground-state Hilbert space is invariant under topology-
preserving mutations of the graph. This leads to Frobenius algebras characterizing
boundary interactions, as emergent structures of the bulk degrees of freedom.

The Locality ansatz is natural. The Asymptotics ansatz and the emergence of Frobenius
algebras deserve more justification, as we now elaborate.

It is well-known that for a continuum Chern-Simons gauge theory on a bounded spatial
region in a plane, besides the usual Chern-Simons bulk term, the action contains an addi-
tional term on the boundary [34], to ensure the gauge invariance of the total action. The
physical interpretation for adding a boundary action term is holography, i.e. a holographic
correspondence between the bulk and the boundary, respected in a topological phase in two
dimensions. Motivated by the desired holography in the discrete framework, the central
idea of ours is to construct explicitly and systematically an appropriate boundary Hamil-
tonian, to be added to the Levin-Wen bulk Hamiltonian that was originally designed for a



Figure 1. Trivalent graph with boundary.

closed surface. Thus, our new approach features the new Hamiltonian below, defined on a
trivalent graph as in figure 1:

H:HLw—I—Hbdry, (1.1)

where Hpw is the usual Levin-Wen model Hamiltonian in the bulk of the graph, while
Hygry is our boundary Hamiltonian defined along the boundary of the graph. As in the
original Levin-Wen model, the bulk degrees of freedom, i.e., the string types labeled on
the bulk edges, are simple objects of a unitary fusion category (UFC), such as irreducible
representations of a finite group or a quantum group. The boundary Hamiltonian in our
new approach however are associated with a Frobenius algebra that is a composite object in
the bulk UFC, so that in the ground states the boundary degrees of freedom are restricted to
be the string types appearing only in the pertinent Frobenius algebra. This consideration of
Frobenius algebra is again motivated by the demand of exact solvability and by holography.
First, when we restrict the boundary degrees of freedom to live in a subset of those in
bulk described by the input UFC, and require the commutativity between the boundary
operators and the bulk operators, we find that the boundary degrees of freedom would have
to form a Frobenius algebra — an associative algebra with non-degenerate inner product.
Second, restricted to bulk ground states only, the boundary theory of a topological order
may be thought of as a (1 4 1)-d topological quantum field theory (TQFT) associated
with the bulk (24 1)-d TQFT. It has been shown that (1 + 1)-d TQFTs are in one-to-one
correspondence with commutative Frobenius algebras [35]. Third, in the case with finite
groups, the Levin-Wen model is dual to the Kitaev quantum double model. Shor et al.
have shown that the boundary degrees of freedom in the Kitaev model defined by a finite
group G live in a subgroup of G [37], which in the dual Levin-Wen model corresponds to
a Frobenius algebra in the UFC of the representations of G.

Compared to the existing approaches to gapped topological phases on open surfaces,
our boundary Hamiltonian approach has the following advantages. First, the usual clas-
sification of topological boundaries by Lagrangian subsets and/or by anyon condensation,
as mentioned above, is based on the data of the anyon species of excitations in topological
orders, which is the output of the dynamics of the system. In contrast, our classification is
characterized by the input data of the dynamical model. This is more in line with the spirit



of the usual Hamiltonian dynamics. Secondly, for a given Levin-Wen bulk Hamiltonian,
the boundary terms of our model may not be unique, and the gapped energy spectrum
of the whole bounded system depends on the choice of the boundary term accordingly.
Hence, it is obvious that the boundary Hamiltonians can be used to characterize and clas-
sify the boundary conditions that give rise to gapped topological boundaries. Moreover,
by solving the total Hamiltonian (bulk plus boundary terms) we can obtain the explicit
wave functions of the ground and excited states, all in the form of tensor network states.
This will provide us a very detailed, dynamic understanding of the stationary topological
states of the whole bounded system, especially of what happens on and near the bound-
ary. For example, our model enables us to study the boundary excitations explicitly. Also
anyon condensation may be understood at more microscopic scales. These studies will be
reported later separately.

We organize our paper as follows. In section 2 we review the core ingredients of the
Levin-Wen model and set up notations. We extract some basic topological features of the
Levin-Wen model on a closed surface, that are often overlooked except the original pa-
per, and promote them into basic principles crucial to our development for open surfaces.
Section 3 is devoted to the construction of the boundary Hamiltonian in our approach, with
a graphical presentation developed along the way. Then the ground state on a disk of the
total (bulk plus boundary) Hamiltonian is studied in section 4, while those on a cylinder are
studied in section 6. The topological nature of the ground states is examined in section 5.
We devote the next section 7 to the construction of relevant operators for studying bound-
ary excitations, such as their creation, annihilation, measuring, and hopping operators etc.
Section 8 presents a few explicit examples. In section 9 we discuss in what sense two ap-
parently different boundary conditions are equivalent, resulting in a classification scheme
of gapped boundary conditions by Morita equivalence of Frobenius algebras.

It is worth noting that there has been a few studies of the boundary Hamiltonians in
the Kitaev model [36-39], as well as a study of the Levin-Wen model [17] with boundary in
the language of module categories. While our approach is systematic and easier to access
by the condensed matter community, we shall discuss in section 10 the relation between
our approach and the one taken by Kitaev and Kong [17]. The appendices collect certain
details and proofs.

Two of us also reported in a companion paper [40] a similar approach of constructing
the boundary Hamiltonian of the twisted quantum double model. The present paper is a
much expanded version, with many details and more results, of a short paper of three of
us [41] that briefly reports the main ideas and some results.

2 Review of the Levin-Wen model

Let us start with a brief review of the Levin-Wen model [32] on a closed surface without
boundary, setting up our notations and conventions. This model is a lattice Hamiltonian
model defined by a set of input data — a unitary fusion category (UFC) C — that specifies
the Hilbert space of the model. In this work, we will use the tensor description of C in
terms of 6j-symbols. (For a physicist-readable introduction see, e.g., ref. [42].)



(b)

Figure 2. A configuration of string types on a directed trivalent graph. The configuration (b) and
hence the associated Hilbert space is regarded the same as (a), with some of the directions of some
edges reversed and the corresponding labels j conjugated j*.

The model is defined on a trivalent graph embedded in a closed, oriented surface. The
Hilbert space is spanned by the degrees of freedom on edges (see figure 2), which are the
simple objects (called string types) in C and are labeled by j that runs over a finite set of
integers L = {j = 0,1,..., N}. (For example, string types could be irreducible representa-
tions of a finite or quantum group.) The Hilbert space is spanned by all configurations of
the labels on edges. Each label j has a “conjugate” j*, which is also an integer and satisfies
7** = j. If we reverse the direction of one edge labeled by j and replace the label by j*,
we require the state remains the same. See figure 2. There is a unique “trivial” label j =0
with 0* = 0.

As simple objects in a UFC C, the string types are subject to fusion rules. A fusion
rule on L is a function N : L x L x L — N such that for a,b,c,d € L,

b _ b
NOa - NaO - 5(1177

NO = Supe, (2.2)
d
Z N(:CLCbNxc = Z Ngx c:% (23)
zeLl zeL

A fusion rule is multiplicity-free if NS € {0,1} for all a,b,c € L. We restrict to the
multiplicity-free case throughout this paper unless stated otherwise. We define d,p. := N;’;,
with the symmetric properties: dgpe = Opeq aNd Igpe = derprq+. A triple (a, b, ¢) is admissible
if dgpe = 1.
Given a fusion rule on L, a quantum dimension is a map d : L — R such that
dex = dg and
> debaper = dads. (2.4)
cel

In particular, dg = 1. Let a;; = sgn(d;), which take values of &1 for each label j and satisfy
Q00 = 1, if 5ijk = 1. (25)

Given fusion rules and quantum dimensions on L, we may define 6j-symbols, often
denoted as G. A tetrahedral symmetric unitary 6j-symbol is a map G : L5 — C satisfying



these conditions:

yym _ ~mij  _ ~klm* _ JFi*m*
Gian = Gupre = Gijn> = amn Gy,

mlq ~jip js*n __ ~jip rig*
§ :d”ka nGmns ler =G *kr*Gmls*’ (26)
n

Zd GZ;lqun pk* = (Zj(;mlqék*ip,
where the second equation above is the pentagon identity.

The input data of the Levin-Wen model is such a set: {dj,éijk,GZ:Z} that can be
derived from the representation theory of a finite group or a quantum group, and more
generally, such a set of data is from a UFC. For instance, we may take the labels j to
be the irreducible representations of a finite group H. The trivial label 0 is the trivial
representation. The fusion rules indicate whether the tensor product j; ® jo ® j3 contains
the trivial representation or not. Each number «; is the Frobenius-Schur indicator telling
whether the representation j is real, complex, or pseudoreal. The relation d; = a;dim(j)
holds, where dim(j) is the dimension of the corresponding representation space. The 6;-
symbols GZJ/: are identified with the (symmetrized) Racah 6j-symbols of the group H. In
this example, the Levin-Wen model can be mapped to the Kitaev quantum double model.

One important property of the 6j-symbols is that

GZ;]l:ln = szlzlézjméklm* 5lin5nk*j* . (27)

To prove this, one can rewrite the orthogonality condition as
I !
Z (VanGZ;)En) (VnViGZ;*qn> = 0igOmiiOk~ips (2.8)
n

where ¢ stands for the complex conjugate of a complex number c¢. When ¢ = i, the
above equality implies that GmlZ must vanish unless ;1405 = 1. By the tetrahedral
symmetry, one arrives at eq. (2 7), where v; = \/CT] is a choice of a square root of the
quantum dimension. The number v; is either real or pure imaginary, depending on the
a; = sgn(d;), and is determined up to a sign that can be fixed as follows. From the
conditions (2.6), we have (Géjé];Vjvk)Q = d;jk, and it is possible to fix the sign of v; such
that Gé]é’;vjvk = 0;5. We define

L (2.9)

Ghd;

In particular, vo = 1 because dg = 1 (from eq. (2.4)), and thus G = 1 from eq. (2.6).
Indeed, we can verify VJQ- = d; directly from the orthogonality condition in eq. (2.6) together
with dg = 1. The definition in eq. (2.9) also implies that

Givivi = Oijk, (2.10)

which is due to the pentagon identity doGéJZ?G%OJ]OGIgBk,? = ngkIZGi%Jk and the orthogo-
. mk Jrik* 1



There are two types of local operators, @, defined at a vertex v and B, (indexed by
the string types s = 0,1,...,N) on a plaquette p. On a trivalent graph, a @, acts on the
labels j1, j2, and j3 on three edges incident at the vertex v, such that

Js J2 J3 J2
J1 = 0jjajs g1 ) (2.11)

where the tensor d;, j,;, determines whether the triple {ji, j2,j3} is admissible or not at v.

Qu

Since 0, j,j, is invariant under permutations of its three indices, the ordering in the triple
{j1, 72,73} is irrelevant.

An operator By acts on the boundary edges of the plaquette p, and has the following
matrix elements on a triangular plaquette.

o J5J1I3 ~J4J301 ~J6T5 T2
I ALAL stéji* stijé* stgj{; . (2.12)

= Vi Vi ViV

The action of By on a quadrangle, a pentagon, or a hexagon, etc, is similar. Note that the
matrix of B, is non-diagonal only on the labels of the boundary edges (such as j1, jo, and
js in the above graph). The operators B, have the properties

Bit =By, (2.13)
ByBy = dr B}, (2.14)
t

which can be verified by using conditions (2.6).
The operators defined above comprise the Hamiltonian of the model:

H=-) Q,—-> B, Bp:%stB]ﬁ (2.15)
v P S

where the sum run over vertices v and plaquettes p of the trivalent graph, and D = Zj d?
is the total quantum dimension.

It turns out that all @, and B, involved are mutually-commuting projectors. Namely,
(1) [Quv, Qu] = 0 = [By, Byl, [Qu,Bp] = 0; (2) QuQ» = Qu and BpB, = B,. Thus the
Hamiltonian is exactly soluble. The elementary energy eigenstates are given by common
eigenvectors of all these projectors. The ground states satisfies the constraints @, = B, =1
for all v and p, while the excited states violate these constraints for certain plaquettes
and/or vertices.

In cases where the input data {d,d, G} arises from the representations of groups or
quantum groups, we have J.g4+ = dg¢+. Then the operators B; also meet the following
commutation relation,

[B,,, B,,] =0, (2.16)
which can be verified by the conditions (2.6), with p; and ps two neighboring plaquettes,
and by eq. (2.14), together with 0,5+ = g+ When p; = po.



2.1 Topological feature

We briefly review the topological nature of the bulk ground state(s). Any two given trivalent
graphs T and T'® can be mutated into each other by a composition of three elementary
moves, call Pachner moves. There are unitary linear maps [42] associated to these moves:

1Y 4
]1]2.7a Js5
Tos2 ; J3J4Ji Vis Vi N
J2 J3
Vi Vi Vs Ji I J3
Js V76 VJja ~j17273 . ;
Tios VD Gj5j6j4 JaN/ 5
]41]57]67 2
‘7 Vi Vi, Vi _ixixix| j i
]5 JavVie ~J1J3J2 | J1 J3

This provides a linear transformation H() — H?) between the two Hilbert spaces. Instead
of T3 1, one may use another move: squeezing a “bubble”,

k > (2.18)

The topological nature of the bulk ground states is described as follows. The ground-

/
T2—>0

k/
. ViV
7 ) = O ——F
k ViV D

which is a composition of 15,1 and T5_,9.

state Hilbert space is invariant under arbitrary composition of T5 9,717 .3, and T3_,1.
Moreover, given initial and final trivalent graphs there are multiple ways to compose
To_0,T1 3, T5,1, but different ways result in one and the same transformation on the
ground-state Hilbert space.

The topological feature is similar in the Hilbert space H9=! of simultaneous eigenvec-
tors of @ = 1 at all vertices. All states in H9=! are invariant under any transformation
composed of Th,9. An example that yields the Pentagon identity (A.1l) is presented in
appendix A.l.

Transformations involving T5 9, 17,3 and T3, that moves from one given graph to
another are generally not unique; however, there are subsets of all possible sequences of
T1_,3 and T3_,1 moves, each of which leads to a unique transformation. Such a subset is
obtained by specifying (using a ‘x’) in the initial graph the plaquettes to be killed by T3,
moves, and in the final graph the plaquettes (using a ‘-’) to be created by T}_,3 moves. In
the rest of the paper, we will follow the above convention. That is, we suppress the choice
of sequence of Pachner moves behind any transformation, and denote the transformation
by T hereafter. In this convention, the B, operator is compactly expressed by

) e



3 The boundary Hamiltonian

In this section, we explicitly construct the boundary Hamiltonian for the Levin-Wen model
on open surfaces. To understand our systematic construction, we will first introduce certain
necessary mathematical structures.

3.1 Frobenius algebra as input data

The topological feature in the bulk is a consequence of the conditions (2.6) on the 6j-
symbols. We expect the gapped boundaries to have similar topological feature; hence, it
is natural to look for ingredients in the input data that may play a role similar to that of
the 6j-symbols in the bulk.

We shall need a mathematical structure — Frobenius algebra of simple objects in a
UFC — to construct the boundary terms to be added to the Levin-Wen bulk Hamiltonian.
Let G be a symmetric 6j-symbol over the label set L. A Frobenius algebra is a subset
Ly C L equipped with a multiplication f, i.e. a set of multiplication coefficients f;;p,
(i,j,k € La), defined by i ® j = @ fijrk, satisfying

(associativity) Z Saver feder GgZEZchg, = fage* fodg*»
(non-degeneracy) fb;o #0, Vbe Ly. (3.1)
We can normalize (as described in appendix A.2) the non-degeneracy condition to
fooro=1, Vbe La. (3.2)

Due to the symmetry conditions (2.6) of symmetric 6j-symbols [42], the multiplication
meets the following defining properties.

(unit)  fupro = foorr = forrr = 1,

(CyCliC) fabc = fcab;

(strong) Z JavefervrarVave = dave, (3.3)
ab

where dgy =) ¢ 1, da is the quantum dimension of A.
If we set g =0,d =0, e =aineq. (3.1), we get

Z Jaber febrarVe = VaVyp . (3.4)
c

Define
Aabc = fabcfc*b*a* . (35)

Then the above equation is expressed by

Z AgbeVe = VaVp, (3.6)



which, when compared with eq. (2.4), implies that symbols Ay play a role similar to that
of the fusion coefficients d;j,. The definition above can be illustrated graphically by the
Pachner moves. The associativity condition (3.1) graphically reads

T(Z Joac* fede M >>

abc*
= E fabc* fcde* E Gde* gVeVyg
c g

:E> = Zfbdg*fage* E >, (37)
g

where in the initial and final states, each vertex is associated with a multiplication f.

The strong condition (3.3) may also be understood graphically as

Db
VD

=0 2 oo oo fasase;

az,a4,as
6
a as
6
a as > ‘ (39)

To save writing, we can suppress the coefficients f and related summations. For

T (1{? Z fabc* fcb*a*
a,b

or, equivalently, as

D
T <\({; Z faZa5a§fa1a§a4fa2a3a§

az,a4,as

VasVayVas ~asaja}
D1/2 T az0aa;

= fagalag

example, let us express the associativity and strong conditions compactly as:

T< Dam >> = j ,i > (3.10)

T(f (3.11)

T(f (3.12)
Ji

The rule is to put a thick dot at any vertex associated with an f and draw an unlabeled
thick line indicating a summation. We shall call this rule the thick-line convention and

~10 -



Figure 3. Boundary is a wall carrying tails. j’s are bulk labels and a are tail labels.

follow it hereafter. It is sometimes natural and handy to refer to the multiplication f of a
Frobenius algebra A as the Frobenius algebra without causing any confusion.

To summarize, a Frobenius algebra f determines a state (on a trivalent graph) with an
f at each vertex, and a factor v/ D /d 4 at an internal plaquette. Such a state is invariant un-
der Pachner moves T5_,5, and T5_,1 but not invariant under 77 _.3 that creates plaquettes. In
other words, it is invariant under moves from bigger /dense graphs to smaller/sparse graphs.

For computational convenience, we set f;;; = 0 for any 7,5,k in L\Ly4, so that f is
defined for all labels.

3.2 Boundary Hamiltonian

A section of a generic boundary of our model is depicted in figure 3. The boundary is
a domain wall separating the bulk (in gray in the figure) and the vacuum. The bulk
edges are labeled by ji, jo, ..., which take value in L, the set of objects of the input UFC.
The boundary degrees of freedom, also taking value in L, inhabit the tails, i.e. open (or
dangling) edges, labeled by a1,as.... In ground states the boundary degrees of freedom
are required to be restricted to a Frobenius algebra L4 C L; this will be implemented
by projection operators comprising the boundary Hamiltonian, to be explained shortly.
The Hilbert space of the model thus consists of all possible configurations of the bulk and
boundary degrees of freedom.
The boundary Hamiltonian comprises two sets of operators as follows.

Hpary =—> Qn— Y By (3.13)
n P

Here, Q,, is a boundary edge operator acting on open edge n, which projects the boundary

J2 J2
j1 an — 6anELA ) an . (314)

J1
And Ep is an operator comprised of operators EZ:

_ 1 —
RS SR AT P o9
teL 4 tel 4

degrees of freedom to L4 C L:

Qn

- 11 -



where E; acts on a boundary open plaquette between two nearest neighboring open edges:

E ft*a a2fa1ta’1*ua1ua2ua’1ua’2x

a1:a23J27]3

(3.16)

3a 5J2 2
GJU,*z,G] ],13,G s ], Vo VsV

-V ;1
t*a2 J3 t*]S Jo ]1a ay

J2 " J3

If one of the neighboring open edges a,, or a,+1 ¢ L4, then we have Steay*an faytar =0,
and hence

= 0. (3.17)

Note that our definition of the boundary Hamiltonians needs a Frobenius algebra A with
L C L as input data.

3.3 Graphical presentation

We have reviewed unitary transformations associated with Pachner moves on 2D graphs
on a closed surface, in terms of 6j-symbol. These transformations quantitatively describe
the topological feature in the bulk. Likewise, we can use Frobenius algebras to asso-
ciate unitary transformations to Pachner moves on 1D boundary part of the graphs on an
open surface.

Similar to transformations (2.17), we can use the Frobenius algebra A to define unitary
transformations associated with 1D Pachner moves on the boundaries of a graph: (with

Uqg = \/Va)

j S
Ti—o ‘ > Z U.aluagutlg Z kaa2a3a1 G‘;SZ% k b >’
a2,a3 il a2
J p a3 ;
T2—>1 & > Z ma anua?’ kfazaga*f Gi;i}ﬁi*% | a1 > (318)
i i

where u, = /v, (sign of square root may be arbitrarily chosen but if fixed once then for all).

- 12 —



Alternative to 11,5 and T5_,1, the boundary Pachner moves can be defined as

\
7! fazadaluaguag as
1—2 (ll E al a )

az,as3

VERY 73 (319)
[ / ai
T J2 ual — Z —fagalaguag D J2
2—1 - a )
-— T~ UgyUg,Vda ap
. 2 3 .
J1 A J1
or
as fazaga Ugy Uas
T3 a1 Naz ) = —\/di ar ) (3:20)
Ug, A

The T1_2 and Tb_,; can be derived by composing the bulk Pachner moves and these
alternative T” moves.

The action of Ep can be expressed in terms of 1" moves: Ep =Ty y90---0Ts 90Ty 40
T1_,9. To see this, we expanded in terms of f and G:

vDu su
o )

dAuqq Uay

ft*a az Ua), falt(z’ Ua} Jijs3a3 Js32J4 t*j5" j2
- Z Z Uy, Uy /dA ZGt*a’ *j/V‘W J5 ZGt* il " ’VJ3 J2Gj ala) Vi2Vay
al

/ /
t,ay

ViVay

X
v VD

(3.21)

Recall the thick-line convention that a thick dot stands for an f, an unlabeled thick line
stands for a summation, and a x marks the plaquette to be killed by Pachner moves. The
detailed derivation of the above equation can be found in appendix A.3. More compactly,
we can write Ep as

(3.22)

where by eq. (3.19) the sequence of moves, T]_,,T5_,;, would generate an extra bulk pla-
quette, which would then be killed by the transformation 7 due to eq. (3.12), so that
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the final graph would be the one in the last row of eq. (3.21). This sequence of moves
and transformations would generate all the coefficients and summations in the last row of
eq. (3.21). On a simple open plaquette,

J3

2l > (3.23)
. |aq

. |as
J2 > =T 2T5 41
J1

On a generic open plaquette, the formula above should be sandwiched between a
sequence of moves Ty o ... that turns the generic open plaquette to a simple plaquette
and another sequence of moves T5_,o ... that turns the simple plaquette back to the shape
of the original generic plaquette. That is, we have Ep =T5 9...T1 39T 115 49... 0n a
generic open plaquette.

One can use the graphical representation of the boundary terms to prove that: (i) the
boundary terms @,, and B, commute with bulk terms @, and By, and (ii) the boundary
plaquette operators B, are mutual commuting projections. Appendix A.4 records the
details of the proof. Therefore, the total Hamiltonian — the sum of the bulk and boundary
Hamiltonians — is exactly solvable.

4 Ground state on a disk

Now we proceed to consider the sector of states on a disk without quasiparticles in the
bulk, which contains the ground state of the whole system. Effectively, on such a disk, we
can apply the T transformation to shrink the bulk graph to a single plaquette, bounded
by a circle with outward open edges, as in the equation below. We label the wall edges by
I’s taking value in L and the open edges by a’s taking value in Ly C L, with A a Frobenius
algebra. Denote by IV the length of the boundary.

Restricting to the Hilbert space H9=!, the bulk Hamiltonian reads Hyui=—75_ ¢, dsB;
with

(4.1)
azlily ~a3lsle atliln
= Vl1Vl’1Vl2Vl'2 Ce VlNV%V Gsl2’ l’* Gs;, l’* . GSllE\fll/l* .
The boundary Hamiltonian takes the form Hpgry, = —)_, E(n,nﬂ), where

(n, n—i—l) labels the boundary plaquette p sandwiched by the links (an,an+1), and
B(TL n+1) Zt nn+1

ln+1 aiHl ln+l An+1
4 ) l
< "t oan | Bantn| ™ >
ln_1 L (4.2)
-1, 1 o v vy f f n+llna‘n+1Gl ln—1a;,
= Uap Yayn 1 Yal, a’,VLJrl I Vi, an+1ta,"+1 tanal, l’ aFtxl

— 14 —



A topologically ordered system on the disk has exactly one ground state, which is
the simultaneous +1 eigenvector of B, and Hﬁf:l E(n’nﬂ). To find the unique ground
state, we need to first understand the notion of local ground states on the boundary, which
boils down to solving the eigen-problem of [], E(nmﬂ) = 1. It turns out that the local
eigenvectors are characterized by A-modules over the Frobenius algebra A, which is defined
as follows.

A (right) module over Frobenius algebra A (or, a A-module) is a subset Lj; C L of
labels equipped with an action tensor p?ljg, with a € L4 and j1,j2 € Ljs. Note that Ly
is not anything ad hoc but to be obtained by solving the tensor equations of p} ;. The
tensor pf ;, vanishes outside of these subsets and satisfies the following condition.

E : jrai1j’” a’
p]lJ”OJ ]2Ga2] sar Vi'Val = pjljzfaw’*al’ (4.3)

which can be understood in terms of Pachner moves:

J2

a2
7

ai
J1

jraij’*
- thj’pj’yz Z Gaz] sa0 Vi'Va/

a’

T2 Z 'Oyu’pj J2

J2 J2

a/
J1

al

where the f factor in the last row should be understood as the tensor of the trivial module to

a’ _ a’
az - E pjljgf(IQ(ll*al
a/

al

J1

be defined below eq. (4.7). Let us again take the thick-line convention. We also suppress the
indices of the action tensor p and put it in a box. In this box-notation, the condition (4.3)

ja2 J2
o >: jriNg > (4.4)
J1 a1

Here a boxed p at a vertex means that the tensor p is associated with the vertex (e.g., 0514

takes the following compact form:

To o

on the r.h.s., with a thick-line summation). We denote the collection of all modules over
A as Mody.
The unit condition on the Frobenius algebra A implies the unit condition on A-modules:

pd; =1. (4.5)

If we set a’ =0, a1 = a5 =a, jo = j1 = j, and j' = k in eq. (4.3), we get

S ol vi = vavy, (4.6)
k
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which is presented graphically using 7" move (2.18),

J > (4.7)

Each Frobenius algebra A has a trivial module My = A. The action tensor of My is thus

[p0)51, = fakej. We shall denote the minimal set of inequivalent A-modules by {(M, pa)}-
Using p, the local eigenvectors of B, = 1, i.e., the basis of local ground states on the
boundary, are expressed as

(4.8)

which can be verified directly as in appendix A.5.

The ground state on a disk has neither bulk nor boundary quasiparticle excitations. It
is easily shown to be non-degenerate. Using the local basis found above, the unique ground
state on the disk is expressed as

_ dM
|®) = %: /D |Par) (4.9)

where dyy = > jeLy d; and @,/ is the wavefunction corresponding to the local eigenvector
characterized by the A-module (M, pas):

= Ugy U, - - - [pm |1, oM, - - (4.10)

Here {(M, par)} are all (inequivalent) irreducible modules over the algebra A.
The unique ground state on a disk can also be expressed in terms of f;;, and 6j-symbols:

|[®) = By [Pa)

1
=D E d; E E UgyUag -« Vi Vig - - Vi Vi - - -
S

a‘lla‘/2“‘llll,2“' ajaz...lila...

(4.11)

ailily ~azl3ls
X Gsl/llé* Gsl’ng* e fallgh fa21§12 .

Here p is the only plaquette of bulk in the simplest reduced diagram.
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We now prove that |®) in eq. (4.9) is a ground state on the disk. It suffices to show
that B, |®) = |®). We apply unitary Pachner moves on |®) and get
- > (4.12)

@oml — “31—1}5*1 > (4.13)

which is a B, = 1 eigenvector. Hence |®) is a ground state on disk.

ZZdA\F Z tanthas 7

aias...

which can be evaluated using eq. (A.17)

\de Z Ug, Ugy - * * X

ayaz..

Certain useful proofs can be found in appendix A.5. We often abuse the notation by
referring to M as an A-module.

5 Topological feature of ground states

In this section, we study the topological nature of the ground state. Namely, we show that
the ground states of our Hamiltonian are invariant under Pachner moves.

The bulk topological feature in the case with boundaries is the same as that in the
case without boundaries. We then need only to show the boundary topological feature via
the 141D Pachner moves on boundaries, which are defined in eqgs. (3.18) through (3.20).

With boundary, the topological feature can be described as follows. The ground
state is invariant under any transformation composed by T5 0,773,731 in the bulk
and T7_,2,T5> 1 on the boundary. Moreover, such transformation is unique: different ways
to composing T”s results in the same transformation.

To show the uniqueness of the transformation, we consider boundary Pachner moves
T1_9,T5_,1. Take example of a transformation from Nj tails to Ny tails. The composition
of Ty 9, T5_,1 amounts a graph structure with N7 input edges and Ny output edges, where
each trivalent vertex is attached with a multiplication f.

............ ) (5.1)

From the Frobenius condition, the transformation presented by the graph in the dashed
box is unique.
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Figure 4. Effective Hilbert space of on the cylinder.

6 Ground states on a cylinder

A topologically ordered system on a cylinder has two boundaries. We can specify the

two boundary Hilbert spaces and define the two boundary Hamiltonians by two Frobenius

algebras over L4 and Lp, respectively. The corresponding multiplications are denoted by
Z-kj for 7,7,k € Ly and ¢, for a,b,c € Lp.

If we consider the states without any bulk quasiparticles, we can completely shrink the
bulk graph by Pachner moves to make it disappear, so that the cylinder graph becomes
a ring with open edges on both sides of the ring, as in figure 4. Consider the Hilbert
subspace spanned by all the labels in the graph. The total Hamiltonian contains two
boundary Hamiltonians defined by two Frobenius algebras.

The ground states are characterized by the A-B-bimodules, as will be defined shortly.
Each bimodule P, gives rise to a ground-state wavefunction:

%! = [T wan e, [Pad] " - (6.1)
n
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The r.h.s. is independent of j which is summed; hence, j does not appear on l.h.s.. Note
that in this work modules and bimodules are multiplicity free (see appendix A.8 for details).

The A-B-bimodules are subject to the orthonormality and completeness conditions,
respectively as follows.

(6.4)

d a
> (TM[PM]J‘% = 00,000,001, (6.5)
M J

Both conditions can be proved in a fashion similar to that in the case of A-

modules. Now the ground state ‘@5\%1> characterized by the bimodule Pj; can be expressed

graphically as

cyl\ _
‘®M>— E Ug; Ugy - - - Up Upy « -+ X

ay...by...

(6.6)

Let us prove this. First, similar to the disk case, we study the local basis of the ground
states on a cylinder. By local we mean a piece of the ring comprising two neighboring
tensors as follows.

o3 ») 2
ByBy Y s Ugup,up, >— > gy gy Uy

/PR NE N,
aiazbibs alahbi bl

Detailed derivation can be found in appendix A.6. Hence,
A-B-bimodule M.
Each Frobenius algebra A also has a trivial bimodule My = A. The action tensor of

My is thus [PMO]%bk = fajifojre-

@?\Zl> is a ground state for the

7 Boundary excitations

Boundary elementary excitations are B, = 0 eigenstates for certain boundary plaquettes
p (we only consider Bp since @,, = 0 implies B, = 0). Boundary elementary excitations
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support topological quasiparticles. In this section we characterize the excitations and
topological quasiparticles, by studying the algebra of local operators E;. We show that
topological quasiparticles are classified by the bimodules over A.

The main result is that topological quasiparticles are classified by A-B-bimodules,
which are solutions to eq. (6.2). Particularly, if A = B, the topological quasiparticles and
cylinder ground states are classified by the A-A-bimodules, which are also solutions to
eq. (6.2) for A = B. The GSD on the cylinder is identical to the number of quasiparticle
species on the boundaries.

There are three kinds of important operators to characterize quasiparticles. One is a
set of orthonormal projection operators as measuring operators to identify quasiparticles.
Another is the set of creation operators to create quasiparticle pairs (quasiparticles can not
be singly created). The third is a set of hopping operators that can hop a quasiparticle
along a boundary. We will construct these three kinds of operators in the following three
subsections. Then we discuss the topological feature of quasiparticles in terms of hopping
operators. We also discuss fluxons as a special subset of quasiparticles.

7.1 Measure quasiparticles

In this subsection we construct a set of orthonormal projection operators as measuring
operators to identify quasiparticles.
Given a bimodule M, define the corresponding measuring operator IIy; by

_ dM Z ua’1 ua’27.
dk Ugq Ugy

a’al

Using the orthonormal condition (6.4) and completeness condition (6.5), we verify that
the set {II5z;} is orthonormal

Iy = dar, v, (7.1)

> Ty =1. (7.2)
M

A boundary elementary excitation is a +1 eigenstate of certain [ [,,. In particular, however,
when M is the trivial module My = A,

BpBy = lu,; (7.3)
hence, the eigenstate of [] M, = 1isin fact a state without any quasiparticles in the

boundary region it acts on. This verifies that II); commutes with B,, and hence indeed
identifies the good quantum numbers of elementary excitations.
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7.2 Creation operators

The elementary boundary excitations are characterized by topological quasiparticles. On
an A-boundary component, quasiparticle species are identified with the A-A-bimodules
M. Consequently, a boundary elementary excitation with quasiparticles carrying an A-A-
bimodule M would be a +1 eigenstate of the measuring operator [[,,. We construct a
creation operator Wy, to create a pair of quasiparticles carrying the bimodule M. Below
shows how such an operator acts on a boundary section.

Wt

for M € Mody 4. In this example, the operator Wy, creates an M-type and M*-type
quasiparticles on both neighboring open edges j and k of the middle open edge, which
becomes aj. We use wavy lines to indicate the quasiparticles. If j = k = 0, the quasiparti-
cles become fluxons (to be defined in section 7.4) residing in the corresponding plaquettes.
By acting creation operators on ground states, we get an elementary boundary excitation
basis Wiy | ).

One can verify that Wy, |®) is an eigenvector of IIj; = 1, as shown in appendix A.7.

7.3 Hopping operators

Quasiparticles can move along the boundary under the hopping operator H,; defined by

a i \/5 ua/uj/
HM‘ > — HZ uauj T

]' j/(l/

(7.5)

that hops an M-type quasiparticle initially at the bottom open edge upward across the edge.
The topological feature of elementary excitations can be described using hopping of
quasiparticles.

7.4 Fluxons

We consider a subclass of quasiparticles called fluxons. Thus, we can restrict to the Hilbert
subspace of [[, @, = 1. We find that the local operators E; form an algebra

—r—==S VrVg —t
B,B, = Zt: mfr*s*tft*ser- (7.6)

The quasiparticles occupied at plaquette p are then identified by the orthonormal
projection operators

— i Bt
nr =Y Y7 B, (7.7)

t
Ty = 02,47, (7.8)
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where Y;” satisfies the following conditions, as can be derived from eq. (7.6):

1 ViV
a Z 4:,tsfr*s*tft*sri/rxyvsm =Y (7.9)

rs

Particularly, n=" = B, with ;" =1 for all t € Ly4.

For an excitation ¢ with n; = 1 we say 1 supports an z-type fluxon at position
p. Fluxons are a subclass of the full set of topological quasiparticles identified by the
bimodules. Indeed, let Y;* = [Py]ty, then eq. (7.9) is identified with (6.4). Hence, fluxon
is a special type of quasiparticle identified by those modules (M, Pys) in which M contains 0.

8 Examples

8.1 Charge boundary

For any input fusion category, there is always a trivial Frobenius algebra Ay = 0, such that

B, is trivial and hence the boundary Hamiltonian reduces to

H = _Z@m (8.1)

J2 J2
jl an — 51111,0 j]_ an . (82)

The Ag-modules (and Ag-Ap-bimodules) are the entire label set L, with [Pj]?j =1
([pj]%?j = 1), j € L. Boundary quasiparticles are then characterized by labels j € L.

Qn

8.2 LW Zs model

The input fusion category is Zg; hence the label set is L = {0,1}, with dg = d; = 1,
and 0* = 0,1* = 1. Fusion rules are the Zs group multiplication rule dp11 = 1, and the
67-symbols are

G = 0ijmOkim=Ojkn*Oini- (8.3)

There are two Frobenius algebras, one is the trivial one Ay = 0, which defines a charge
boundary condition. Quasiparticles on the charge boundary are identified with 1 and e,
with e a Zy charge.

The nontrivial Frobenius algebra is A; = 0@ 1, with Ly = {0,1} = L. This is a
flux boundary. The boundary quasiparticles are identified with 1, m with m a Zs-flux.
The charge-boundary is referred to z-boundary or smooth boundary (respectively, the
flux-boundary to z-boundary or rough boundary) in some literature (e.g., see ref. [36]).

Cylindrical model has GSD = 2 with the charge-charge or flux-flux boundary condi-
tions, and GSD = 1 with the charge-flux boundary condition. We shall explain the flux-flux
boundary case in detail below.

Consider the model with the flux boundary condition (with the algebra A;) on a disk
illustrated in figure 5. The total Hamiltonian is

H = Hp + EHbdryv (8.4)
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Figure 5. A trivalent graph on disk.

Figure 6. Z, effective boundary theory.

where € is a positive constant, and
Hyux=—Y Ay— Y By, Hpary=—» By. (8.5)
v P p’

Seen in figure 5, examples of these operators are
z__Z __Z xr xr T T __T __T
A, = oi0307, By = 0{030304050%, (8.6)

and
By = o§ogoiyot;. (8.7)
If we consider states without quasiparticles in the bulk, we can simplify the problem
with the effective theory on the disk as defined on a chain, see figure 6. The Hilbert space
is spanned by N + 1 spins: on N external edges and one internal edge denoted by 0 (the
spins on all other internal edges are determined by the fusion rules). We require a global

constraint
N

[[ei=1 (8.8)
n=1
Violating this constraint results in a nontrivial charge in the bulk. The bulk Hamiltonian
is reduced to

N
Hyu = —0( — H o (8.9)
n=1
The boundary Hamiltonian is
N-1
Hyary = — Z OpOpi1 — OONOT . (8.10)
n=1

The extra oj in last term is due to the nontrivial action of Ep/ on the spin at edge 0.
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Figure 7. Z, effective boundary theory.

Similarly, we have an effective theory for the cylinder as defined on a chain with
the flux-flux boundary condition (figure 7). Suppose we have N external edges on both
boundaries of the cylinder. Then the Hilbert space is spanned by the 2N + 1 spins, with
the global constraint

N N
el =1 (8.11)
n n’

Here we denote external edges on one boundary by n = 1,... N and on the other boundary
by n’ =1’,... N’. Violating this constraint results in a nontrivial charge in the bulk.

The plaquettes in the bulk region are completely removed by the Pachner moves. The
effective cylindrical Hamiltonian consists of a bulk term, which accounts for the global
constraint (8.11), and two flux-boundary Hamiltonians on either side:

N—-1
cyhn = H HU Z Ugafwrl - 0_600.}’6\[0,%“
n=1
N1 (8.12)
- Z O O(ns1)y — O0ONO1-
n'/=1
One verifies that the GSD = 2, as expected. The two ground states are
log = 1,00 =1,00 =1)+ |og = 1,00 = —1,00 = —1), (8.13)
and
log =1,00 =1,00 =—1)+|og =1,0, =—1,00 =1). (8.14)

Here o}, = +1 denotes the simultaneous eigenvalues of oy, = %1 for all n.

8.3 LW Fibonacci model

The input fusion category is the Fibonacci category with string types L = {0,2}, also
denoted by {1,7}. Let ¢ = % be the golden ratio. The quantum dimensions of 0 and
2 are dg = 1 and dy = ¢. The fusion rules are

do00 = do22 = 222 = 1, 0002 = 0, (8.15)
and the nonzero independent 6j-symbols G are given by
Gooo = G = G933 = 1/9,

G99 = 1/f G333 = —1/¢% (8.16)
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The Fibonacci category has two Frobenius algebras: the trivial one Ag = 0 and the
nontrivial one A; = 0 ® 2. The Ap-modules are Ny = 0 and Ny = 2, with action tensor
[pj]?j = 1. This defines a charge boundary condition.

For A} =0 2, set Ly, = {0,2}. The only nontrivial multiplication reads

faze = ¢4, (8.17)

Ajhas two modules: (1) My = 0 & 2, ie., A itself, with action morphism being the
multiplication pf, = fak~;; (2). M; = 2, with action morphism given by

[p1]30 = —¢~ /%, (8.18)

The two algebras Ag and A; are Morita equivalent, hence giving rise to the same
boundary condition.

8.4 LW Ising model

The input fusion category is the Ising category, with L = {0, 1,2}, also denoted by {1, 0, }.
The quantum dimensions are dg = 1, d; = v/2, and dy = 1. The fusion rules are

0000 = 1,0011 = 1, 60022 = 1,0112 = 1, (8.19)

and the nonzero 6j-symbols G are

G=1 att= o a=1 G-

1= o1 = T
1 1 1
MW= M= =1 al=--
There are two Frobenius algebras: the trivial one Ag = 0, giving rise to the charge boundary
condition, and A1 =0 2.
The Frobenius algebra Ay = 0 has three modules Ny = 0, N7y = 1, and Ny = 2, which
are labels in L.
The Frobenius algebra A; = 0 & 2 has three modules: (1) My = 0 & 2, with
[ool3o = [pol2, = 1. (2). My =1, with [p1)2, = 1. (3). My = 1, with [pa]2, = —1.

\)

(8.20)

9 Equivalent boundary conditions

The boundary conditions are classified by A-A-bimodules, in the sense that boundary ele-
mentary excitations with good quantum numbers are identified with equivalent bimodules.

In this section, however, we discuss a situation where two different Frobenius algebras
in a unitary fusion category give rise to equivalent boundary conditions. Two Frobenius
algebras A and B are Morita equivalent if category Mod of A-modules is equivalent to
Modpg. [43] By the previous analysis, the local ground state basis is characterized by mod-
ules. Hence, Morita equivalent Frobenius algebras define equivalent boundary conditions.

For any A-module M, k® M is also a right module. But k® M is reducible; hence, we
can decompose k® M into a direct sum of irreducible modules. To do so, we need to study
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the equivalence between k ® M and some other irreducible module N. Define a morphism
n:k®M — N as a tensor 7 satisfying

We denote the number of independent solutions of np by N ﬁm called the fusion rule in Mod 4.
In the following, we give a practical check of the Morita equivalence between Mod 4
and Modg. Frobenius algebra A is equivalent to B if the following two conditions
hold. (1) All irreducible A-modules My, M1, ..., M, are mapped to irreducible B-modules
Mj, M{, ..., M. (2) The fusion rule is preserved by the mapping.
For example, in Fibonacci case, the two Frobenius algebras are Morita equivalent. One
can easily verify that the fusion rules

2 My= My® M,2® M; = My (92)

are equivalent to
2® Ng=Ni,2® N = Ny & Ny, (93)

by mapping My — N; and M; — Ngy. Hence, the two Frobenius algebras are Morita
equivalent and give rise to the same boundary conditions.

In the Ising case, the two Frobenius algebras are also Morita equivalent by mapping
My — Ny, My — N7 and Mg — N3. One verifies the fusion rules

1My =My®d M;, 1@ My,=M;, 1® M= M,
2® My = My, 20 My = Ms, 2® Ms= My, (9.4)

are preserved under the mapping. Hence, the two Frobenius algebras are Morita equivalent
and give rise to the same boundary conditions.

10 Relation to the Kitaev-Kong formulation

We used a Frobenius algebra to define the Boundary theory in this paper. This formulation
is closely related to Kitaev and Kong’s work [17] that formulates boundary theories using
module categories over C. In this section we will discuss the relation between our approach
and the Kitaev-Kong (KK) formulation.

In our approach, we take boundary degrees of freedom from the labels of the input
UFC — the same degrees of freedom as in the bulk, and we start with local boundary
Hamiltonians. To write down a “good” boundary Hamiltonian we examine the (unitary
representation of) 1+1D boundary Pachner moves. The desired form of the Hamiltonian
will be one such that the ground-state Hilbert space is invariant under all bulk and bound-
ary Pachner moves. This invariance leads to a Frobenius algebra structure appearing in
the boundary Hamiltonian operators.
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With Hilbert space spanned by labels of the input UFC, all operators are explic-
itly expressed using these labels. Our approach is convenient for computational purposes
yet rigorous in characterizing the topological properties. The reader can compute the
ground states and excitations by solving the Hamiltonian eigen-problems without knowl-
edge of categories.

Given the bulk Levin-Wen model with input fusion category C, in the KK formulation,
the input data to specify the boundary degrees of freedom and boundary operators is a
module category M over C. The topological feature of the boundary ground states comes
from the compatibility conditions between the bulk degrees of freedom in C on the left side
and boundary degrees of freedom in M. Here and after we assume the bulk is on the left
of a boundary. This is always possible if one tracks along the boundary clockwise.

In the following we will build up the correspondence between the Hilbert space struc-
tures in KK formulation and our formulation, by studying the eigen-problem of B, = 1,
where p label the boundary plaquettes.

Given a boundary I', the local basis of boundary ground states (i.e., the Hp B,=1
eigenstates) has been discussed in previous sections and has the form

(10.1)

for some M € Mod,. This basis is defined for simple boundary plaquettes but can be
generalized to cover the cases with generic boundary plaquettes, where bulk edges must
also be taken into account. We write the generic form of potential basis vectors as

(10.2)

where we assume two potentially different modules M and N and a tensor 1 connected to
bulk edge k, to be determined by the condition B, = 1.
Acting B, on such states yields

(10.3)
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(a) (b)

Figure 8. (a) The Hilbert space structure in the KK formulation. The boundary degrees of
freedom live in a module category. (b) The Hilbert space structure in our formulation. With
Moda treated as the module category, the local basis of boundary ground states recovers the KK
Hilbert space structure.

The above is a B, = 1 eigenvector if and only if

(10.4)

This condition is equivalent to the defining property (9.1) of the morphisms in
Hom(k ® M, N) of the category Mody.

Therefore, on a generic boundary graph, the local basis of boundary ground states is
characterized by modules M’s in Mod, and morphisms 7 in Mod4. It is known that Moda
is equivalent to a module category. We can use such module category data M and n as
input degrees of freedom to describe the ground states. See figure 8. Hence, we build up
the mapping between the Hilbert space in our formulation and that in the KK formulation
on the level of ground states.

This mapping is two-way, which follows from a mathematical theorem: the category
of right modules over an algebra A in C is equivalent to the right module category over
(unitary fusion) C [43]. The mapping is many to one. Namely, two Frobenius algebras A
and B are Morita equivalent if Mod4 is equivalent to Modg, and they specify the same
boundary condition.

In the KK formulation, the boundary excitations are constructed using module func-
tors Fun(M, M) of the input module category M. In our formulation, however, the
elementary excitations are identified with the bimodules Mod4 4. In this paper, we are
not going to directly prove the equivalence of elementary excitations in the two formula-
tions. Nevertheless, it is known that [43] if M is taken to be Mod4 then the category
Fun(M, M) is equivalent to Mod 4la- Therefore, we expect our formulation also agrees
with the KK formulation on boundary elementary excitations.

By above analysis, we show that our approach with an Frobenius algebra A is equivalent
to the KK formulation with input module category M = Mod 4.
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Figure 9. Two ways of composing T5_,o moves to transform from the left most graph to the right
most graph.
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A Some proofs and details

A.1 Topological feature of the graph

In the Hilbert space H?="! of simultaneous eigenvectors of Q = 1 at all vertices, all states
are invariant under any transformation composed of T5_,o.

For example, consider composition of T5_,o illustrated in figure 9 involving 5 external
edges. There are two ways to compose T5_,5 moves to transform from the left most graph
to the right most graph. Explicitly, they are

T<12)§%_>122;%1_>f§>

J2

Js

i Jejajs _ .
ja >H E :ij;jgk:,»vﬁ"ks
ks

i
= Z Gajekr Vie Vi
k1

355198 _ . Jokrg7
= Z G itk Vie Vi Z G ko Vir Vhe
k‘1 k2
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Figure 10. (a) Initial and final graphs with marked plaquettes. (b) A possible sequence of Pachner
moves taking the initial graph to the final.

and
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By the pentagon identity (2.6), eq. (A.1) is identified with eq. (A.2). We can simply
write both transformations as 7T. In fact, any transformation composed by 75,5 moves
only depends on the initial and final graphs (with the same topology) and can be written
as T', without specifying the choice of the sequence of T5_,2 moves.

Transformations involving T»_,9, T7 .3 and T3_,1 moves from one graph to another are
not unique. So we introduce the cross-dot notation as in section 2.1, see figure 10 for an
example. In figure 10(a), the initial graph has two plaquettes marked by x, while the final
graph has one plaquette marked by -. In this case, all possible sequences of Ts 0,71 3,
and T3_,1 moves result in the same transformation between the Hilbert spaces associated
with the initial and final graphs. one such sequence is shown in figure 10(b).

A.2 Frobenius algebra

Property. The unit and cyclic conditions are consequences of the association condition,
via appropriate choice of normalization.
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Proof. We present a choice of normalization of f. The f,. is determined up to a contin-
uous transformation. If f,. is a solution, then for any nonzero complex function &,

gc*

£ (A.3)

f(llbc = fabc

is also a solution.

Since fpp+o # 0 for all b € L. For each dual pair a = b*, set £, = & = v/ fapo (the
order of a,b and the sign of the square root are randomly chosen but fixed once for all).
We have

Particularly, we have

Jooo = 1. (A.5)

Now we prove the property with this normalization choice.

Let a =0 in eq. (3.1). Using G?lgi*gvcvg = 0p.c0¢,g, the equation implies

fovbs = fogg* (A.6)

since fooo = 1 we get

Jover = 1. (A7)

Similarly, setting ¢ = 0 in eq. (3.7) results in

faOa* =1 (AS)

By setting e = 0 in eq. (3.7), together with that G%‘;vcvg = 0a,g*0d,c*, We obtain the
cyclic symmetry condition

fabc* = fbc*a- (Ag)
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A.3 Derivation of equation (3.19)
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(A.10)

A.4 Property of boundary terms

We state that the Boundary terms Q,, and Ep commute with bulk terms @Q, and B,. The
proof is straightforward though somewhat tedious. Here we offer only a sketch of the
proof below.

Sketchy proof. We first consider the nontrivial case of By, and B,y for neighboring plaque-
ttes p and p’. See figure 11. Since both B, and Ep/ can be expressed as a composition of T
moves, the composition of B), and Ep/ does not depend on the order of the 1" moves involved:

BBy =T

= By B,. (A.11)
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Figure 11. A bulk plaquette p and a boundary plaquette p’ neighboring to each other.

Alternatively, We can compare Ep/ with B, and use the known properties of B, to
argue for the their commutativity. Observe that the matrix element of E; can be divided
into two parts: f and u factors acting only on open edge labels a’s, while G and v factors
on labels j’s and a’s. The part involving G and v factors is exactly the same as those of Bf,
acting on j labels. Loosely speaking, EZ is a combination of half of Blt) operator acting on
half plaquette involving bulk labels, and the action on the tails determined by f. Since By
commutes with B;, for any neighboring plaquette p, p’, E; should commute with all Bj.

Two boundary plaquette operators B, and B,y on two different boundary plaquettes p
and p’ also commute, i.e., BB,y = By Bp. This commutativity obviously holds if p and p’
are far away, since B, is defined locally. If p and p’ are neighboring to each other, we have

Epgpl = T( g:%g —_

-8B
8RB

where the second equality follows from the association condition.
We also state that boundary plaquette operators Ep are mutual commuting projections:

B,B, =B, (A.13)

which is verified by directly computation:

where in the second equality uses the association condition, and third the strong condition.
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A.5 Ground state on a disk

We first prove (4.8) and then state the proof for orthonormality and completeness for pys’s.

J2

J1

= Z u“ﬁu / (A15)
a’y,al
Orthonormality and completeness.
Z a* VaVk . % (A 16)
dy
Z kP lpmlf; = da0da - (A.17)
M J
Orthonormality condition (A.16) is expressed graphically as
(A.18)

~ 34—



Sketch proof. Given a minimal set of modules {pys}, we have

(A.19)
(A.20)

Using eq. (4.7), the last equality is evaluated explicitly as
dpda/VD = Bdy; . (A.21)

Hence we proved eq. (A.16).
We now prove completeness condition. using eq. (A.16) and (4.4), we have

> . (A.22)

(A.23)

Compare eq. (A.23) and eq. (A.22), we arrive at eq. (A.17).
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A.6 Proof of equation (6.7)

In this part we sketch the graphical proof of (6.7).

= D gy,
;v

B,By g Ug, Ugy Up, Up,

aiazbibs

>. (A.24)

We now verify that Wy, |®) is an eigenvector of IIp; = 1 in the following. It suffices to

A.7 Wy |®) is an eigenvector of IIj; = 1

verify that

HNT< E uaéujukuw

abjkas

(A.25)

where the last equality is due to the completeness condition (6.5). Hence Wy, |®) is a
IIy; = 1 eigenvector.
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A.8 Bimodules with multiplicity

In general, the action tensor of modules p and bimodules P carries extra indices, say, «
and B. The action tensor of a bimodule Pj; is now expressed by

(A.26)

In defining property (6.2), for a thick line on the Lh.s. we should also sum over appropriate
« indices of the two action tensors. Similarly, in general we need to put extra indices to
a module tensor action and follow the same convention. Nevertheless, the discussion and
derivation throughout the paper remains true when we add the extra indices to tensor
actions and add the corresponding summation rule to the thick line convention. Therefore,
in the rest of paper, we suppress the « indices for simplicity.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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