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Tracking vortices in superconductors: Extracting singularities from a discretized complex
scalar field evolving in time
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In type-II superconductors, the dynamics of magnetic flux vortices determine their transport properties. In
the Ginzburg-Landau theory, vortices correspond to topological defects in the complex order parameter field.
Earlier, in Phillips et al. [Phys. Rev. E 91, 023311 (2015)], we introduced a method for extracting vortices from
the discretized complex order parameter field generated by a large-scale simulation of vortex matter. With this
method, at a fixed time step, each vortex [simplistically, a one-dimensional (1D) curve in 3D space] can be
represented as a connected graph extracted from the discretized field. Here we extend this method as a function
of time as well. A vortex now corresponds to a 2D space-time sheet embedded in 4D space time that can be
represented as a connected graph extracted from the discretized field over both space and time. Vortices that
interact by merging or splitting correspond to disappearance and appearance of holes in the connected graph in
the time direction. This method of tracking vortices, which makes no assumptions about the scale or behavior
of the vortices, can track the vortices with a resolution as good as the discretization of the temporally evolving
complex scalar field. Additionally, even details of the trajectory between time steps can be reconstructed from the
connected graph. With this form of vortex tracking, the details of vortex dynamics in a model of a superconducting
materials can be understood in greater detail than previously possible.
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I. INTRODUCTION23

Many phenomena in nature can be described by the24

behavior of complex scalar functions or vector fields, ranging25

from electromagnetic fields to director fields in liquid crystals,26

spins in magnets, and complex order parameters in superfluids1 27

and superconductors. Topological defects in those functions or28

fields represent important features of the underlying physical29

system: Examples are (zero-dimensional) point defects or30

monopoles, [one-dimensional (1D)] defect lines or strings,31

and (two-dimensional) domain walls. Here we concentrate on32

defect lines, which in the case of a complex scalar field are33

defined by one-dimensional manifolds, where the phase of the34

complex function is undefined. These topological singularities35

or defects are typically associated with circulations in the phase36

gradient and are referred to simply as vortices. Substantial37

work has been invested in studying the dynamics of vortices38

in different contexts, such as crossing and reconnection and39

the formation of knots in superfluid vortices [1,2], in light40

waves [3], and in fluid flows [4], as well as their evolution in41

more mathematically generalized contexts [5].42

In type-II superconductors, an externally applied magnetic43

field penetrates the system above the first critical field in the44

form of flux tubes (vortices), which carry integer numbers of45

flux quanta (typically one flux quantum). The magnetic flux46

in the vortex core is screened by a circular superconducting47

current around it. The behavior of vortices carrying magnetic48

flux determines the material’s ability to sustain the dissipa-49

tionless or superconducting state. When vortices move, the50

system becomes dissipative, and a finite voltage drop across51

the system is observed. In the Ginzburg-Landau theory of52

superconductivity, the local superconducting properties of the53

*Corresponding author: cphillips@anl.gov

material are described by a spatially dependent complex order 54

parameter ψ , and vortices correspond to topological phase 55

singularities of ψ accompanied by a suppression of its mag- 56

nitude. Using the time-dependent Ginzburg-Landau (TDGL) 57

equations, coupled partial differential equations evolving the 58

scalar ψ field in time, one can find steady-state solutions of 59

the superconductor in the presence of external magnetic fields 60

and applied currents. 61

In the dissipative regions of a superconductor, vortices 62

are dynamic objects that can nucleate and annihilate; they 63

can also cut each other and reconnect (Fig. 1). In static 64

situations, vortices can be pinned by material defects inside 65

the superconductor. Recently, to study the collective dynamics 66

of many vortices, researchers have begun conducting large, 67

computationally intensive 3D simulations where macroscale 68

phenomena can be observed [6,7]. These simulation have 69

been used to examine the dynamics of flux cutting, where 70

two vortices move through each other [8–10], to study the 71

impact of distributions of defects and to optimize the pinning 72

of vortices by spherical nanoparticles [11]. 73

As the scale of simulations increases, visualizing and 74

quantifying the behavior of a large collection of vortices 75

requires the codesign of analysis techniques that can scale with 76

the application and even improve the resolution with which 77

dynamics are observed. In Ref. [12], a method for extracting 78

the topological defect lines from a large data set of complex 79

scalars defined over a mesh at a single time step was introduced 80

that permits details of vortex interactions to be understood in 81

fine detail. In order to understand the relationship between 82

dissipation and the dynamics of the vortices, however, the 83

details of vortex interactions need to be understood over time as 84

well as space. Specifically, in order to describe an event, such as 85

two vortices recombining, the individual vortices participating 86

in the event and isolated at an initial time step must be tracked 87

over subsequent time steps. 88
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FIG. 1. Two time-step images of three vortices interacting with
two pinning sites. The upper left vortex experiences no events across
the time interval. The bottom two vortices cut and reconnect or merge
and split into two new vortices.

Here we show how the method for numerically extracting a89

vortex from a complex order parameter field can be extended90

to work over time as well as space. This analysis is parameter-91

less and makes no assumptions about the shape, velocity, or92

behavior of a vortex. It assumes only that the simulation data93

changes smoothly as a function of time. As such, this method94

represents the highest resolution interpretation of the identity95

and dynamics of a vortex over time that is possible given the96

resolution of the simulation data set.97

This analysis has applications to data sets of discretized98

complex fields containing topological defects as long as the99

field evolves smoothly in time. Examples of complex fields100

containing topological defects include optical vortices in101

electromagnetic fields as well as other problems described102

by the complex Ginzburg-Landau equations such as screw103

dislocations [13], cosmic strings [14], superfluidity, and Bose-104

Einstein condensation; strings in field theory [15]; topological105

defects in liquid crystals [16]; and models of fluid dynamics106

with complicated nonlinear dynamics [17].107

In Sec. II we provide background information on vortex108

extraction and tracking. In Sec. III we first review how109

topological defects are extracted as a graph structure from110

a field discretized over space, and we then extend this method111

to a space-time field. In Sec. IV we discuss how events can be112

interpreted from the behavior of this graph structure. In Sec. V113

we show how this graph extraction can be implemented in an114

algorithm that is a simple extension of the algorithm presented115

for extracting a vortex from a spatial mesh, and we consider116

the scaling of the algorithm. In Sec. VI we present examples117

of this algorithm applied to simulation data. In Sec. VII, we118

provide concluding remarks about the current and potential119

benefits of the method.120

II. BACKGROUND121

Feature tracking is widely studied in various computer122

science research directions, such as computer vision, image123

processing, and visualization, and is often applied to scientific124

data sets. In general, the definition of a feature depends on125

the nature of the data. Most tracking methods are based on a126

correspondence analysis that determines what feature in one127

time frame corresponds to what feature in the next frame [18].128

For example, feature correspondence can be determined by129

the overlap of feature volumes or by attribute similarities in130

adjacent frames. In some data sets, features can also appear,131

disappear, or interact with each other over time.132

For type-II superconductors, the feature of interest are the 133

magnetic flux vortices. In numerical studies of type-II super- 134

conductors, many different model types have been proposed to 135

capture vortex interactions. By treating the vortices as interact- 136

ing elastic strings [19,20], it is possible to study the equilibrium 137

states [21–23] and dynamics [24,25] of many vortices. Track- 138

ing vortices modeled as elastic strings is trivial, as the set of 139

vortices are explicit objects being evolved by the simulation. 140

However, such systems treat interactions between vortices and 141

interactions between vortices and pinning sites only approx- 142

imately and cannot capture vortex cutting and reconnection, 143

and therefore are only suitable for small magnetic fields. 144

By instead modeling the dynamics of a superconducting 145

order parameter ψ , where vortices appear spontaneously as 146

singularities of the order parameter, more realistic descriptions 147

of vortex matter can be constructed [26–34]. Now defined 148

as topological defect lines in the field, vortices are implicit 149

features in the data that need to be extracted. Vortices can be 150

identified by examining the contour plots of |ψ | in 2D [35–37] 151

(or the isosurfaces of |ψ | in 3D [38]). Alternately, vortices 152

can be extracted by using discretized contour integrals to find 153

defect points in the phase field of the order parameter. For 154

3D data sets, the points can be linked together to form vortex 155

lines [12,29–32]. As the scale of simulations increase [6], 156

the details of the implementation of the vortex extraction 157

algorithm and the final representation of a set of vortices 158

become important considerations for vortex extraction to keep 159

pace with vortex simulation [12]. From here forward in this 160

paper, all references to vortices in a superconductor will 161

assume they are singularities of an order parameter defined 162

over a field, not elastic strings. 163

Tracking vortices is only meaningful for simulations that 164

reproduce dynamics. It is not relevant, for example, to 165

simulations that use a Monte Carlo method for relaxing the 166

order parameter [28–32] that generate data sets of statistically 167

independent 3D snapshots that can be arranged in any order. 168

In contrast, the data sets generated by TDGL simulations are 169

proper 4D data sets describing vortex matter evolving over 170

time. To investigate vortex dynamics in such a data set, vortices 171

need to be extracted from 3D slices and then also tracked over 172

the time dimension of the data set. Using a correspondence 173

analysis based on attribute similarity is not applicable to these 174

simulations as vortices have no attributes, (e.g., shape, length) 175

that are guaranteed to be stable over time (except chirality). In 176

fact, a vortex only has a conserved identity between its birth, 177

death, and interactions with other vortices. 178

Vortex tracking in a superconductor is closely related to 179

vortex tracking in fluid flows, which is an established topic in 180

scientific visualization [39]. Whereas magnetic flux vortices 181

have a single mathematical definition, fluid vortices can be 182

characterized by multiple criterion, such as vorticity magni- 183

tude and λ2 [40]. For different applications and definitions, 184

vortices in fluids are extracted and tracked as vortex regions or 185

vortex core lines. Vortex regions can be located by applying a 186

criteria with a threshold to a data set, and vortex core lines can 187

be extracted and tracked with techniques such as the parallel 188

vector operators [41] and feature flow fields [42] frameworks, 189

respectively. 190

In this paper, we propose a graph-based algorithm for 191

tracking vortices in a superconductor at the same resolution as 192
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the data discretization. Compared with the methods used for193

fluid flows, this method provides a more straightforward and194

efficient way to track vortices in a superconductor by taking195

advantage of the structure and easily extracted local properties196

of the data. Earlier [12], we demonstrated how, by exploiting197

the mathematical definition of topological singularity, a vortex198

can be traced in space. Here we show that by extending199

our definition of a vortex as a topological singularity in a200

field that is continuous over space and time, a vortex can201

be extracted from the field as a quantized object defined in202

space and time. Thus a vortex can be traced over time as well.203

This method represents the most information about the vortex204

structure that can be extracted directly from the simulation205

data, against which any computationally cheaper method using206

approximations must be compared.207

III. TOPOLOGICAL SINGULARITIES EVOLVING208

OVER TIME209

In this section, we first review how topological singularities210

are extracted as a graph structure from a spatial mesh. We then211

extend the method to a space-time mesh.212

A. Topological singularities in a spatial mesh213

The spatially and temporally discretized field that we214

consider here results from TDGL equations solved over a215

structured or unstructured mesh, as introduced in Ref. [6].216

The TDGL equations solve for the complex-valued order pa-217

rameter ψ = |ψ |eıθ and vortices are equivalent to topological218

singularities in the phase field of θ . Given a set of complex219

values ψ that have been calculated at each point of a mesh,220

vortex lines can be localized by calculating the integral221

n = − 1

2π

∮
C
∇θ · dl (1)

around the closed contour C. Assuming that the closed path is222

sufficiently small so as not to enclose multiple vortices, then223

when the vorticity n is a nonzero integer (usually ±1), the path224

encircles a vortex line, and the sign of n indicates the chirality225

of the vortex with respect to the direction of integration. In226

general, we will construct these closed paths around mesh227

element faces.228

For this analysis, a convenient way to represent the mesh229

is as its dual graph. In the dual graph, mesh elements are230

nodes, and an edge connects two nodes if the corresponding231

mesh elements share a face. For illustration, the nodes of232

this dual graph can be located in the center of each mesh233

element. In a structured mesh of hexahedral elements, which234

for simplicity we will refer to as cubes, each node has six235

undirected edges, one to each of six neighboring nodes. A236

vortex, then, embedded in the field described over a mesh237

corresponds to a set of punctured mesh element faces, that is,238

faces whose contour integral per Eq. (1) has a nonzero value.239

Equivalently, a vortex can be described as a set of nodes and240

directed edges that constitute a connected subgraph of the dual241

graph of the mesh. The direction of an edge in this subgraph is242

determined by and corresponds to the chirality of the vortex.243

Since most—indeed, nearly all—of the nodes of the subgraph244

have connectivity two, the one-dimensional curve describing a245

given vortex can be constructed by beginning at one node and 246

tracing through the graph, generating an ordered set of spatial 247

points. Rare nodes can have connectivity greater than two; 248

these nodes correspond to locations in the mesh where multiple 249

vortices puncture the same mesh element. By using chirality 250

information, vortices can be disentangled in a nonunique 251

way to support subsequent statistical analyses. We have 252

found that by dividing a hexahedral element into tetrahedral 253

subelements, these vortices can be uniquely disentangled. For 254

computational convenience, however, such vortices may be 255

left in an unresolved connected state. 256

In Ref. [12], a vortex object was defined as a reduced 257

mathematical representation of a set of one-dimensional curves 258

that usually corresponds to individual vortices, and less 259

commonly two or more entangled vortices, in a discretized 260

complex scalar field. Constructing a vortex object requires 261

only one constraint on the data: at most only one vortex can 262

puncture a given mesh element face. In general, the length 263

scales of the mesh in a well-behaved simulation have already 264

been selected so this constraint should hold. However, if a 265

coarser description of the mesh than the simulation mesh 266

is used to trace the vortices—for example, a closed path is 267

constructed around multiple mesh faces—then this can be a 268

problem. 269

This graph representation of a vortex (or multiple entan- 270

gled vortices) works equally well for both structured and 271

unstructured meshes. However, for reasons of algorithmic 272

efficiency related to how unstructured mesh libraries store 273

mesh data, sometimes it is more convenient to transform 274

the directed subgraph even further into its corresponding line 275

digraph, or a edge-to-vertex dual, as discussed in Ref. [43], 276

and perform all analysis in this paradigm instead. In this new 277

graph interpretation, edges of the directed subgraph, which 278

were punctured faces of the mesh, are reinterpreted as nodes, 279

and nodes of the directed subgraph, which were punctured 280

mesh elements, are split into a set of directed edges, one for 281

each path through the mesh element. For the purpose of this 282

paper, we stay in the directed subgraph paradigm and not the 283

edge-to-vertex dual paradigm. 284

B. Topological singularities in a space-time mesh 285

In the TDGL equations, ψ is evolved over time and is 286

therefore both a spatially and temporally dependent field, 287

discretized spatially over the mesh and temporally over time 288

steps. A smooth evolution of ψ over time leads to the 289

generation of a topological defects in planes oriented in time 290

as well as in space, which is discussed in more depth in the 291

appendix of Ref. [43]. In the model for a superconducting 292

material described in Ref. [6], the magnetic field and applied 293

superconducting current can also be varied over time. For 294

a small reformulation of Eq. (1) to account for the varying 295

fields, topological defects can be detected in closed paths 296

around planes oriented in time as well. Details are provided in 297

Appendix B. 298

To trace a vortex in time, we now consider a structured mesh 299

defined over time as well as space. The discretized temporal 300

evolution of a spatially discretized field defined over a 2D or 301

3D structured mesh corresponds to a 3D or 4D space-time 302

structured mesh, respectively. We start by describing the 2D 303
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structured mesh in space corresponding to 3D structured space-304

time mesh initially, where the properties of the mesh and the305

graph derived from the mesh are easier to visualize.306

1. 2D structured spatial mesh, 3D structured space-time mesh307

For a 2D structured spatial mesh, the space-time mesh is308

composed of three-dimensional cubic mesh elements. Each309

cube corresponds to a face in the 2D spatial mesh extended310

over a time interval between two time steps. Each cube has311

six neighboring cubes. It shares a face with each neighbor.312

These faces can be space faces, that is, a face defined by313

four spatial coordinates at a fixed time, or time faces, that is,314

a face that corresponds to a one edge in the 2D spatial mesh315

extended over the time interval. A 3D space-time mesh element316

is connected to a space-time mesh element over the previous317

time interval but at the same location in space by a space face.318

A 3D space-time mesh element is connected to a space-time319

mesh element over the same time interval but neighboring in320

space by a time face.321

We can speak of a 3D space-time mesh element as being322

punctured by a topological defect, which is now a one-323

dimensional space-time curve. A 3D structured space-time324

mesh element punctured by an isolated topological defect, that325

is, one not entangled with another topological defect inside the326

mesh element, has two punctured faces.327

In the dual graph of this 3D space-time mesh, nodes328

correspond to space-time mesh elements. For illustration, we329

place the nodes of this dual graph in the center of the 3D330

space-time mesh element. Each node in the dual graph has331

six edges, corresponding to six faces connecting it to its six332

neighboring 3D mesh elements. A vortex evolving over time333

is a subgraph of this dual graph. A vortex is a connected set334

of nodes and edges, where nodes correspond to punctured335

mesh elements and edges correspond to punctured faces. The336

connected set of nodes and edges is constructed by testing337

space and time faces to see whether they are punctured. Each338

punctured face will “activate” a single edge of this vortex339

subgraph. Only nodes with connectivity >0 are part of the340

subgraph.341

Unlike the subgraph described in Sec. III A for a 3D spatial342

mesh, the edges in this graph are treated as undirected. The343

direction of an edge for the subgraph of a 3D spatial mesh344

comes from the chirality of the puncture point, as determined345

by whether n = ±1 relative to the direction of the contour346

integral. For these subgraphs, chirality information can be used347

to disambiguate the vortex structures inside the rare punctured348

cube with more than two punctured faces. While the chirality349

of the puncture point for a time face is still well defined, the350

chirality information provides marginal extra information. For351

the tracking method described here, this chirality information352

is not used in constructing the connected set of nodes and353

edges or in any subsequent analysis.354

Figures 2 and 3 illustrate how a time evolution of a point355

vortex in a 2D mesh corresponds to a space-time curve356

embedded in a 3D space-time mesh, which can be represented357

as a subgraph of the dual graph of the 3D space-time mesh. We358

use the following notation to label nodes in the graph. If a node359

corresponds to the 3D mesh element that spans the interval360

(nx,nx + 1), (ny,ny + 1), and (nt ,nt + 1), where nx,ny,nt are361

FIG. 2. (a) Single mesh element of a 2D mesh punctured at t = 0
and t = 1. (b) Trajectory of the (point) vortex shown as a curve inside
the single 3D space-time mesh element. (c) Dual graph of the mesh
element. (d) Subgraph generated by puncture points A and B. Only
space faces were punctured.

the discretized position and time coordinates of a mesh point, 362

then the corresponding node of the dual graph has the label 363

[nx,ny,nt ]. 364

In Fig. 2(a) a point vortex stays inside a mesh face from 365

t = 0 to t = 1. Its trajectory through the 3D space-time mesh 366

element is shown in Fig. 2(b). Two space faces, the top and 367

bottom of the mesh element, are punctured. In Fig. 2(c) a 368

dual graph is shown for the mesh element. The node [0,0,0] 369

FIG. 3. (a) Two mesh elements of a 2D mesh. The left element
is punctured at t = 0, and the right element is punctured at t = 1.
(b) Trajectory of the (point) vortex shown as a curve inside the two
3D space-time mesh element. A time face is punctured. (c) Subgraph
generated by puncture points A, B, and T.

003300-4
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is connected by edges to its six neighbors. In Fig. 2(d), the370

subgraph of the dual graph is shown. Only edges corresponding371

to punctured faces and nodes that have at least connectivity one372

are contained in the dual graph. Edges are labeled by the label373

of their corresponding punctured faces.374

In Fig. 3(a) a point vortex exits the mesh face at some375

time between t = 0 and t = 1 and enters a neighboring face.376

Its trajectory through the 3D space-time mesh elements is377

shown in Fig. 3(b). Now two space faces and one time face378

are punctured. Figure 3(c) shows the resultant subgraph of379

the dual graph (not shown). The three edges of the subgraph380

correspond to the three punctured faces of the 3D space-time381

mesh elements.382

2. 3D structured spatial mesh, 4D structured space-time mesh383

For a 3D structured spatial mesh, the space-time mesh384

is composed of four-dimensional hypercubic mesh elements.385

Each hypercube corresponds to a cube in the 3D spatial386

mesh extended over a time interval between two time steps.387

Each hypercube has eight neighboring hypercubes. It shares388

a volume, or cube, with each neighbor. The faces of these389

cubes can be space faces or time faces. A space-time mesh390

element is connected to the space-time mesh element at the391

same location in space but spanning the prior time interval by392

a cube with six space faces. This cube is defined at the time393

step they share and therefore corresponds to a mesh element of394

a 3D structured mesh at a single time step. A space-time mesh395

element is connected to a space-time mesh element over the396

same time interval but neighboring in space by a space-time397

cube. This cube has two space faces, which is the same face at398

two bounding time steps, and four time faces, corresponding399

to the four edges of the space face extended over the time400

interval.401

Every face is shared by four cubes. A space face is shared402

by two space cubes, a space-time cube spanning the previous403

time interval and a space-time cube spanning the subsequent404

time interval. A time face is shared by four space-time cubes405

spanning the same time interval, corresponding to the four406

mesh elements of the spatial mesh that share the spatial edge.407

We note that if two 4D mesh elements share only a single408

face and not a cube, they are not neighbors, according to our409

definition, just as two diagonal 3D mesh elements that share410

an edge but not a face are not neighbors.411

As before, we can speak of a 4D space-time mesh element412

as being punctured by a topological defect, which is now413

a two-dimensional space-time sheet. A 3D structured mesh414

element punctured by an isolated topological defect, that415

is, one not entangled with another topological defect inside416

the mesh element, has two punctured faces. Likewise, a 4D417

mesh element punctured by an isolated topological defect has418

four punctured cubes. Again, each punctured cube has two419

punctured faces; that is, the vortex enters and exits each cube.420

Each punctured face is shared by two of the cubes.421

In the dual graph of this 4D mesh, nodes correspond to422

space-time mesh elements. If a node corresponds to the 4D423

mesh element that spans the interval (nx,nx + 1), (ny,ny +424

1), (nz,nz + 1), and (nt ,nt + 1), where nx,ny,nz,nt are the425

discretized position and time coordinates of a mesh point,426

then the corresponding node of the dual graph has the label427

FIG. 4. A node in the dual graph of the 4D space-time mesh
connected to eight neighbors. The indices of the node indicate its
position in discretized space and time and the indices of its spatial
and temporal neighbors. Each edge corresponds to a connecting cube
that corresponds to a bundle of faces. In the vortex subgraph, two of
the faces are punctured. The two punctured faces create a punctured
cube, which creates a single undirected edge connecting the two
nodes.

[nx,ny,nz,nt ]. Each node in the dual graph has eight edges, 428

corresponding to eight cubic volumes connecting it to its eight 429

neighboring 4D mesh elements. It will be useful to think of 430

each edge of this dual graph as corresponding to the bundle of 431

six faces corresponding to the connecting cube, as illustrated 432

in Fig. 4. 433

Again, a vortex evolving over time corresponds to a 434

subgraph of this dual graph. A vortex is a connected set of 435

nodes and edges, where nodes correspond to punctured 4D 436

mesh elements and edges correspond to punctured cubes. As 437

before, the connected set of nodes and edges is constructed by 438

testing space and time faces to see whether they are punctured. 439

However, now each punctured face indicates four punctured 440

cubes and thus will “activate” four separate edges of the vortex 441

subgraph. 442

In general, the nodes of a subgraph that correspond to 443

a vortex have connectivity greater than or equal to 2. For 444

example, a spatial vortex can have end points only at the 445

nonperiodic boundaries of the system. A point vortex in a 446

2D space evolving over time can have an end point only when 447

it is born or dies. In a 4D mesh, almost all punctured cubes 448

contain two punctured faces, one corresponding to in and a 449

second corresponding to out. However, the analysis described 450

here works equally well for data where the topological defect 451

described has end points (e.g., birth and death or spatial end 452

points not at boundaries). 453

Analogously to the spatially defined mesh, tracing a vortex 454

object over time requires only one constraint on the data: At 455

most only one vortex can puncture a given mesh element time 456

face or space face. In general, both the discretization of the 457

length scale and the time scale of data from a well-behaved 458

simulation should be such that this constraint should hold. 459

However, if a coarser length scale or time step than the 460

simulation length scale or time step is used when analyzing 461

the data, then this can be a problem. Also, if a single space-time 462

mesh element is punctured by more than one vortex space-time 463

sheet, we do not disentangle them. The two vortex sheets are 464

considered connected within our ability to resolve them. 465

Figures 5 and 6 illustrate how a time evolution of a 466

line vortex in a 3D mesh corresponds to a space-time sheet 467

embedded in a 4D space time mesh, which can be represented 468
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FIG. 5. (a) Top part of a vortex moving over one face from t = 0
to t = 1. The punctured faces are labeled A, B, C, D, E, and T.
(b) Resultant vortex graph structure. Nodes in each highlighted region
correspond to the same time interval. Each edge corresponds to a
punctured cube and is labeled by the puncture faces of the cube.
The graph structure at t ∈ [0,1] is connected to the graph structure
at t ∈ [−1,0] and to the graph structure at t ∈ [1,2] by the vertical
edges.

as a subgraph of the dual graph of the 4D space-time mesh. 469

In Fig. 5, a section of a line vortex is initially in a single 3D 470

spatial mesh element. From t = 0 to t = 1, the top half of the 471

vortex slides over to a neighboring 3D spatial mesh element. 472

As a result, five space faces (A, B, C, D, and E) and one time 473

face (T) are punctured. Dashed lines assist visualization of the 474

time faces. At the bottom of Figure 5, the activated nodes and 475

edges of the dual graph are shown. Each edge is labeled by the 476

punctured face or faces that activated it. Parts of the graph that 477

correspond to the time interval t ∈ [−1,0], [0,1], and [1,2] are 478

highlighted. 479

In Fig. 6, we show how the constructed graph can identify 480

that a vortex at t = 0 is the same as the vortex at t = 1, 481

despite the two vortices sharing no common punctured face 482

in the two 3D meshes. In Fig. 6(a), a section of a line vortex 483

moves through multiple 3D spatial mesh elements from t = 0 484

to t = 1. The punctured time faces due to its movement are 485

shown in Fig. 6(b). As a result of the movement, four space 486

faces (A, B, C, and D) and four time faces (T1, T2, T3, and 487

T4) are punctured. Nodes and edges are labeled the same as 488

in Fig. 5; again, parts of the graph that correspond to common 489

time intervals are highlighted. The nodes and edges activated 490

by the T1, T2, T3, and T4 punctured faces connect the nodes 491

and edges activated by the space faces. Thus the vortices 492

embedded in the 3D mesh t = 0 and t = 1 correspond to a 493

single connected subgraph of the dual graph of the 4D mesh 494

and therefore are the same vortex. 495

Our analysis relies on two assumptions. First, the con- 496

tour integral performed over mesh faces correctly identifies 497

punctured faces; that is, edges are correctly identified. For 498

example, the contour integral calculation can produce an 499

incorrect result if two vortices puncture the same face or if 500

the phase changes by more than π along an edge of mesh. 501

Second, the analysis assumes that two distinct vortices do 502

FIG. 6. (a) Vortex moving multiple cells from right to left between t = 0 and t = 1. (b) Four punctured time faces (T1, T2, T3, and T4)
resulting from the movement. (c) Connected graph structure at t ∈ [0,1], which is connected to the graph structure at t ∈ [−1,0] and t ∈ [1,2]
by vertical edges. Each edge corresponds to a punctured cube and is labeled by the punctured faces of the cube.

003300-6



EL11423 PRE February 12, 2016 5:54

TRACKING VORTICES IN SUPERCONDUCTORS: . . . PHYSICAL REVIEW E 00, 003300 (2016)

not cross through the same region over the elapsed time503

interval. Both these assumptions typically hold if the analysis504

is based on the smallest space and time intervals available505

from the discretization of the simulation data. However, these506

assumptions can also hold for significant coarsening of the507

data if the vortices are dilute and move slowly.508

In Appendix A, we show how the dual graph paradigm can509

be converted to the line digraph paradigm, using the graphs of510

Figs. 5 and 6 as examples.511

IV. INTERPRETING EVENTS FROM ANALYSIS OF THE512

SPACE-TIME VORTEX GRAPH513

Interpreting events does not require storing and then514

analyzing the entire space-time graph generated over an entire515

simulation. Rather it involves interpreting how the structure of516

the graph evolves from time step to time step.517

Given that individual vortices correspond to connected518

graphs in the subgraph, we now can define the following519

events:520

Continuity (a nonevent): A single vortex at one time step521

is mapped to a single vortex in another. This corresponds to522

a connected graph at one time interval that is connected to a523

single connected graph at a subsequent time interval.524

Birth: A vortex in a time step was not present in the previous525

time step. It has spontaneously appeared, for example, emitted526

from a boundary. This corresponds to a connected graph at one527

time interval that is not connected to any connected graph in528

the prior time interval.529

Death: A vortex in a time step is not present in the530

subsequent time step. It has, for example, been absorbed into531

a boundary. This corresponds to a connected graph at a time532

interval that is not connected to any connected graph in the533

subsequent time interval.534

Merge: Two or more vortices join into a single structure.535

This corresponds to two (or more) connected graphs at one536

time interval that are connected to a single connected graph in537

the subsequent time interval.538

Split: A vortex breaks into two or more vortices. This539

corresponds to a connected graph at one time interval that is540

connected to two (or more) connected graphs at a subsequent541

time interval.542

More complex events can occur by combining the events543

above.544

Birth-Split (Pair Production): Two vortices of opposite chi-545

rality spontaneously appear. This corresponds to a connected546

subgraph at a time interval that is connected to no subgraph547

in the prior time interval and two subgraphs in the subsequent548

time interval.549

Merge-Death (Annihilation): Two vortices of opposite550

chirality can annihilate each other in a simulation. This will551

appear as a merge followed by a death. An annihilation is552

equivalent to a pair production reversed in time.553

Merge-Split (Vortex Cutting or Recombination): Two vor-554

tices can approach each other, touch at a point, and then555

separate. This may be an event where one vortex can be556

interpreted as moving through the other (cutting, crossing,557

and then reconnecting) or an event where the two vortices558

swap parts when they touch (recombination, as observed in559

Refs. [8–10]). Both events will appear as a merge followed by 560

a split. 561

With respect to a merge-split, graph analysis by itself cannot 562

distinguish a cut and reconnect from a recombination. To tell 563

one event from the other, one must analyze the most likely 564

path individual points along each vortices have traced through. 565

This analysis requires choosing a mapping function to map 566

individual points on a vortex in one time step to the points 567

on the same vortex in the subsequent time step and then 568

assessing whether the points associated with a given vortex 569

before the merge and split have mapped onto a single vortex 570

after the merge and split or have distributed across two vortices. 571

While such a mapping function could be built on an analysis 572

of the connected graph structures (e.g., shortest graph path 573

connecting a space face puncture point in one time step to 574

a space face puncture point in the subsequent time step), 575

other mapping functions based on, for example, connecting 576

points with the shortest displacements or using normals to the 577

curve are equally legitimate and yet may map points to slightly 578

different subsequent points. 579

In simulations with periodic boundary conditions, the 580

interpretation of events can depend on how one divides a 581

vortex with respect to the boundary conditions. The periodic 582

boundary condition allows a single vortex to wrap through 583

the simulation box multiple times, and each wrapping is com- 584

monly interpreted as an independent vortex. The interpretation 585

of an event can depend on how the wrapped vortex is divided 586

into pieces. For example, if one wrapping of a vortex merges 587

with another wrapping, this will be interpreted as continuity, 588

not a merge, unless different wrappings of the vortex are treated 589

as independent vortices. 590

Here we are interested only in events that correspond to 591

changes in the connected components of the space-time graph. 592

That is, the method described here does not detect events such 593

as the pinning of a vortex on an inclusion or the change 594

in internal topology of a vortex such as the splintering of a 595

giant vortex into multiple vortices [44]). Detecting these types 596

of events requires additional analysis of individually tracked 597

vortices. 598

V. ALGORITHM 599

In this section we describe an algorithm for constructing, 600

traversing, and interpreting the graph of Sec. IV that can be 601

easily integrated with the algorithm described in Ref. [12] for 602

extracting the vortex objects from a single time step. 603

Interpreting the events that occur across a time interval does 604

not require constructing a full time-interval subgraph based on 605

a 4D mesh; it can be achieved by constructing and performing 606

operations on three subgraphs: (1) the subgraph for the 3D 607

spatial mesh at time step, (2) the subgraph for the 3D spatial 608

mesh at the next spatial time step, and (3) the subgraph for the 609

time interval mesh connecting the two time steps. Since the 610

last mesh contains only one time interval, it can be projected 611

into a 3D mesh. Thus, only minimal extensions to the data 612

structures and algorithms introduced in Ref. [12] are required. 613

We subsequently refer to the subgraph constructed in 614

Ref. [12] as a time step graph or TS graph. The output of 615

analyzing this graph is the set of connected components 616

corresponding to a set of vortices, which can be described by an 617
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ordered set of points or splines. We refer to the TS graph from618

the beginning and end of the time interval as the current TS619

graph, TScurrent, and next TS graph, TSnext, respectively. The620

current and next TS graphs are connected by a time interval621

graph or TI graph. A TI graph is the graph structure spanning622

a single time interval between two time steps or only the623

nodes and edges fully inside one of the highlighted regions of624

Figs. 5 and 6.625

A TI graph has edges activated by both punctured time626

faces and space faces. Thus, an important step in constructing627

the TI graph is lifting the current TS graph into the TI graph.628

We observe that each node in a TS graph corresponds to an629

edge in the full dual graph to the 4D mesh, namely the vertical630

edges spanning the highlighted regions in Figs. 5 and 6. Thus631

each node in the TS graph directly “activates” a single node in632

the following (or preceding) TI graph. Similarly, each edge of633

the TS graph corresponds to one bundle in the TI graph and so634

“activates” a single edge in the TI graph. Although the meaning635

of the nodes and edges changes slightly when the TS graph is636

lifted to a TI graph, the graph structure is the same except for637

direction of the edges. Thus, the first step in constructing the638

TI graph is simply to make a copy of the current TS graph,639

while making each edge unidirectional. The rest of the nodes640

and edges of the TI graph are added by finding punctured time641

faces. Connected components are found in the TI graph by642

a queue-based flood-fill algorithm that also tracks when the643

flooding operation finds a differently labeled node. As a final644

step, the TI graph is compared with the lifted next TS graph.645

Below we provide the algorithmic steps in detail for646

constructing the two TS graphs and their TI graph and647

interpreting events. The variables used below are defined in648

Table I.649

(1) TScurrent and TSnext are constructed by performing650

contour integrals over all faces of the 3D meshes for ψcurrent651

and ψnext. A connected component analysis is used to find652

the set of connected components Ccurrent and Cnext. Each653

connected component in Ccurrent and Cnext is given a unique654

label, lcurrent ∈ Lcurrent and lnext ∈ Lnext.655

(2) An empty TI graph is created and initialized by lifting656

the nodes and edges of T Scurrent and labeling each lifted node657

lcurrent, where lcurrent ∈ Lcurrent is the label of its connected658

component in Ccurrent.659

TABLE I. Variables Used in Tracking Algorithm,

ψcurrent Order parameter mesh data of current time step
ψnext Order parameter mesh data of next time step
Ccurrent Connected components of the current TS graph
Cnext Connected components of the next TS graph
Lcurrent Set of labels {lcurrent} assigned to each connected

component of TScurrent

Lnext Set of labels {lnext} assigned to each connected
component of TSnext

Lnew Set of new labels {lnew}
B Binary association matrix ncurrent × ncurrent,

where ncurrent is the size of Lcurrent

F : lnext →
{l1,l2, . . . }

Mapping of each label lnext ∈ Lnext to labels
li ∈ Lcurrent ∪ Lnew

(3) By using ψcurrent and ψnext, contour integrals are 660

performed around all time faces, one for each edge of the 661

spatial mesh. For each punctured time face, corresponding 662

edges and (unlabeled) nodes are added to TI graph. 663

(4) A connected-component analysis of the TI graph is per- 664

formed by using a flood-fill algorithm from the labeled nodes. 665

If the graph traversal reaches a labeled node with a different 666

label, then the binary association matrix is updated. That is, if 667

i,j are the labels of the two components, i,j ∈ Lcurrent, then 668

set B(i,j ) = B(j,i) = 1. Then the binary association matrix 669

B is updated so it is fully associative. That is, if B(i,j ) = 1 670

and B(j,k) = 1, then B(i,k) = 1. 671

(5) Unlabeled connected components in the TI graph are 672

births [type I in Fig. 7(b)]. They are assigned a new label 673

lnew ∈ Lnew, and their nodes are labeled accordingly. 674

(6) The mapping function F is now constructed by iterating 675

over all nodes of the lifted T Snext, for a node labeled lnext. 676

(1) If the TI graph has an equivalent node with label l, 677

then add l to the list to which lnext maps. F : lnext → {. . . ,l}. 678

If, for any l′ �= l, B(l′,l) = 1, then also add l′ to the list to 679

which lnext maps. F : lnext → {. . . ,l′}. 680

FIG. 7. Events that can be detected in simulation, shown for a 2D
mesh. The lifted current and next TS graphs (in 2D, a single nodes)
are shown as a ◦ and �, respectively. The TI graph is shown as a
set of nodes (filled circles) and edges (red lines). Only the activated
nodes and edges of the dual graph are shown.
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(2) Rarely (in 2D cases), the TI graph may not have an681

equivalent node. This is also a birth [type II in Fig. 7(b)]682

and should be handled analogously to (5), that is, assigned a683

new label lnew ∈ Lnew and added to the mapping F : lnext →684

{. . . ,lnew}.685

The data structures F and B now contain all the information686

necessary to determine what events occurred from the current687

to the next time step.688

(1) Continuity: If, per F , for a given lnext ∈ Lnext, F :689

lnext → {lcurrent}, where lcurrent ∈ Lcurrent and no other l ∈ Lnext690

also maps to lcurrent, then lnext corresponds to a vortex that has691

continued.692

(2) Births: If, per F , for a given lnext ∈ Lnext, F : lnext →693

{. . . ,lnew . . . ,}, where lnew ∈ Lnew, then lnext is a birth.694

(3) Splits: If, per F , more than one lnext maps to l ∈695

Lcurrent ∪ Lnew, then l has split.696

(4) Merges: If, per F , lnext maps to more than one l ∈697

Lcurrent ∪ Lnew, then lnext is a merge.698

(5) Deaths: If, per F , no lnext ∈ Lnext maps to lcurrent ∈699

Lcurrent, then vortex lcurrent has died. If there is a l′ �= lcurrent700

such that B(lcurrent,l
′) = 1 and l′ also died, then a Merge-Death701

(Annihilation) has occurred.702

This algorithm can be easily adapted so it can be repeated703

over subsequent time steps by mapping each local label to a704

globally unique label and assigning new globally unique labels705

to vortices that are the result of births, merges, or splits.706

In Fig. 7, we illustrate the events of continuity [Fig. 7(a)],707

birth (type I and II) [Fig. 7(b)], death [Fig. 7(b)], birth-split708

[Fig. 7(c)], split [Fig. 7(c)], merge [Fig. 7(d)], merge-death709

[Fig. 7(e)], and merge-split [Fig. 7(f)], as they would appear710

using the two lifted TS graphs and the TI graph. We note that,711

in general, merges, merge-splits, and splits do not occur in712

2D meshes with point vortices but do occur for 3D with line713

vortices where each vortex in a TS graph is composed of many714

nodes and edges.715

A. Scaling and timing716

In Ref. [12], the scaling of the vortex extraction algorithm717

was characterized extensively with respect to increasing the718

mesh size and increasing the number of vortices present in719

the system. When extracting vortices from a single time step,720

the following conclusions were drawn. In a dilute vortex state,721

with a small, fixed number of vortices to find, the bulk of the722

algorithm time is performing contour integrals around space723

faces. In a dense vortex state, the bulk of the algorithm time724

is spent tracing the vortices in the graph, interpolating the725

points of the vortices on each face, and fitting curves to the726

vortices. Tracking of vortices between two time steps adds727

three significant computational steps, each directly analogous728

to calculations performed for vortex extraction. The first is729

the calculation of the contour integral around all time faces.730

Just as in Ref. [12], the number of calculations performed731

is proportional to the number of points in the mesh and will732

dominate the computation for a dilute vortex state where the733

vortices do not move much. The second and third additional734

computations are the construction of the TI graph and the735

flood-fill of the TI graph. Here the number of calculations736

performed is proportional to the number of punctured time737

faces or the total number of nodes in TI graph. In a dense738

FIG. 8. Scaling of the tracking algorithm shown with respect to
increasing the size of the TI graph. A larger TI graph corresponds to
faster moving or larger vortices.

vortex state, or when the vortices have moved a large amount 739

between the two time steps, this calculation will dominate the 740

algorithm time. In comparison, detecting and recording events, 741

which are performed on a much smaller data structure than the 742

mesh and graph, are computationally negligible. 743

In Fig. 8, we show the computation time for the three major 744

computational steps of tracking as a function of the number 745

of nodes in the TI graph. These data were generated for a 746

structured mesh of size 256 × 128 × 32. By choosing time 747

steps progressively farther apart, the vortices present in the 748

system moved farther and thus generate a progressively larger 749

TI graph. Note that the minimum number of nodes of the TI 750

graph is always greater than zero, since the graph consists of 751

at least the same number of nodes as the first TS graph. Since 752

the size of the mesh is fixed, the time required to calculate the 753

contour integrals is also fixed. Similarly, the time to extract 754

the vortices from the first and second time steps is fixed and 755

is shown as a line. As the number of nodes of the TI graph 756

increases, the time to construct the TI graph and time to flood- 757

fill the TI graph increase linearly and eventually will dominate 758

the calculation. 759

We note that if the vortices have moved a small amount 760

between the two time steps, the computational cost of tracking 761

a vortex between two time steps adds only a small amount 762

of overhead. However, if the time interval between the two 763

time steps is large enough that the vortices have moved a 764

significant amount, then constructing and flood-filling the 765

TI graph dominate the calculation. In general, using a large 766

time interval can compromise the accuracy of the tracking 767

because, when different vortices have moved through the same 768

regions over a time interval and therefore punctured the same 769

faces of the space-time mesh elements, tracking results may 770

indicate merges and splits rather than continuity. In a system 771

where vortices move at a roughly steady-state velocity, one 772

can optimize the rate of tracking so as to continuously track 773

vortices for the least computational effort. 774

We conclude that the primary cost of tracking vortices 775

in simulation data is not the cost of tracking in addition to 776

extracting the vortex but, rather, the frequency with which 777

tracking calculations need to occur so as not to have too 778

many events combine over an elapsed time-interval such 779
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FIG. 9. Two time steps of a set of 64 vortices in a two-dimensional
simulation flowing downwards. The vortices in the first and second
time step are circles and squares, respectively. Also shown are the
black nodes of the TI graph that connects the vortices from the two
time steps.

that sequence of events and identity of each vortex becomes780

unclear. Optimizing the frequency of performing the tracking781

analysis is a problem-dependent assessment.782

VI. EXAMPLES OF VORTEX TRACKING783

Using data from a 2D simulation of point vortices and a784

3D simulation of line vortices, we will demonstrate how the785

tracking algorithm can detect continuity and a merge-split.786

A. Tracking vortices in 2D simulation787

Figure 9 shows the tracking of a two-dimensional simula-788

tion of vortices. All data were generated by using the TDGL789

code described in Ref. [6]. Here vortices are point defects in the790

ψ phase field. An x-directed superconducting current applies a791

Lorentz force on the vortices, causing them to flow downwards.792

The simulation has periodic boundaries, so vortices that exit793

the bottom of the simulation box appear at the top. No events794

other than continuity occur over the simulation, so the identity795

of each vortex is conserved. The 2D mesh is of size 128 × 128.796

Each mesh element is 0.5 coherence lengths (the unit of length797

in a TDGL simulation) on a side, and the two time steps are798

separated by 9.9 dimensionless time units, defined in Ref. [6].799

This represents a coarsening of the time discretization, since800

in the simulation the TDGL equations were solved over 99801

time steps spanning this time interval. The lifted vortices from802

the first time step and second time step are open circles and803

squares, respectively. The nodes of the TI graph are shown804

connected by red edges. Because the vortices in the simulation805

are single points, they trace a one-dimensional path in time806

and correspond to a connected component where each node807

has connectivity one or two. The point vortices have traveled 808

sufficiently far over the time interval that, if given only their 809

positions at the two time steps, it is difficult to determine which 810

vortex maps to which vortex without employing assumptions 811

about how the vortices were moving. In comparison, using 812

the algorithm presented above, no assumptions about how the 813

vortices moved are needed in order to map vortices from one 814

time step to the next. 815

Additionally, we note that by indicating which edges, 816

corresponding to punctured time faces, of the 2D spatial mesh 817

were crossed, the connected graph associated with each vortex 818

contains details about the trajectory of the vortex between 819

the two time steps. Some vortices in Fig. 9, for example, did 820

not travel in straight lines between the two time steps. By 821

interpolating within a time face, as was done for space faces 822

in Ref. [12], a trajectory can be reconstructed as a sequence of 823

(xi,yi,ti), where each ti corresponds to the approximate time 824

the vortex crossed an edge of the 2D mesh. This method was 825

used to construct the smooth trajectories shown in Fig. 12 of 826

Ref. [43]. 827

B. Tracking vortices in 3D simulation 828

Figure 10 shows two vortices in a 3D TDGL simulation 829

that recombine to form two new vortices by a merge-split. All 830

data were generated by using the TDGL code described in 831

Ref. [6]. Here vortices are 1D curves. In Fig. 11, we show how 832

the TI graph constructed for this time interval indicates this is 833

a merge-split event. The 3D mesh is of size 256 × 128 × 32, 834

although only a small portion of it is shown. Mesh elements 835

are 0.5 coherence lengths on each side, and the two time steps 836

are separated by 9.0 dimensionless time units or 90 time steps 837

of the TDGL simulation spanning this time interval. The lifted 838

vortices from the first time step and second time step are open 839

circles and squares, respectively. The nodes of the TI graph are 840

shown connected by edges. The vortices sweep out a connected 841

fabric of nodes over the time interval. From the top image of 842

Fig. 11, one can infer that Vortex 3 is composed of the right and 843

left parts of Vortex 1 and Vortex 2, respectively, and Vortex 4 is 844

composed of the left and right parts of Vortex 1 and Vortex 2, 845

FIG. 10. Top: Merge-split that occurs between two vortices in a
3D mesh, viewed along the z axis. Vortex 1 and 2 in the first time
step become Vortex 3 and 4, in the second time step by cutting and
recombining.

003300-10



EL11423 PRE February 12, 2016 5:54

TRACKING VORTICES IN SUPERCONDUCTORS: . . . PHYSICAL REVIEW E 00, 003300 (2016)

FIG. 11. Top: The merge-split of Figure 10 shown as a TI graph. Vortex 1 and Vortex 2 in the first time step are shown as solid green and
sold blue lines, respectively. Vortex 3 and Vortex 4, in the second time step are shown as dashed green and dashed blue, respectively. The lifted
nodes are shown as circles and squares for the first and second time steps, respectively. Also shown are the black nodes and red edges of the TI
graph that connects the vortices from the two time steps. The 3D mesh is not shown. Bottom: Only Vortex 3 and Vortex 4, the TI graph, and
the lifted second time step nodes are shown, viewed along the y axis. Vortex 3 and Vortex 4 are distinct because there is a gap between them
along the z axis.

respectively. In other words, in this merge-split event, the two846

vortices swapped parts, rather than one vortex cutting, crossing847

the other vortex, and reforming. In the bottom of Fig. 11, the848

TI graph is shown from a side (and Vortex 1 and Vortex 2849

are not shown) so the connected TI graph can be seen more850

clearly and it is apparent that Vortex 3 and Vortex 4 do not851

intersect.852

VII. CONCLUSION853

In this paper we have presented a method that can track854

topological defect lines from a data set of complex scalars855

defined over a 4D space-time mesh at the scale of the856

discretization. In our application, the topological defects857

correspond to vortices in a TDGL simulation of a type858

II superconductor. Vortices are tracked by interpreting the859

set of topological defects as a connected subgraph of the860

dual graph of the 4D space-time mesh. Nodes and edges of861

this subgraph are constructed by performing integrals along862

closed paths on faces of the mesh. By analyzing how the863

graph structure changes from one time step to the next,864

events such as birth, death, continuity, merging, splitting,865

birth-splits, merge-deaths, and merge-splits can be detected.866

These events correspond to vortices spontaneously appearing867

or disappearing in a type-II superconductor and interacting868

with other vortices. While the implementation described here is869

for a regular structured mesh that is aligned along the Cartesian870

axes, we have also generalized this method to an unstructured871

mesh, where the edge-to-vertex dual of the subgraph is used872

instead [43].873

Because vortices lack fixed features, length scale, move- 874

ment patterns, or even conserved identities, standard meth- 875

ods of tracking objects can quickly fail under common 876

circumstances. The tracking analysis presented here fails 877

to track vortices and correctly detect events only if the 878

time interval between time steps is too large. This tracking 879

analysis permits vortex interactions to be understood at a finer 880

detail than was previously possible and allows vortices to be 881

tracked unambiguously over time. This analysis also supports 882

creating a reduced representation of the narrative of the vortex 883

dynamics. As TDGL simulations increase in size, in order 884

to model experimentally relevant mesoscale superconducting 885

phenomena, it will be important to be able to extract on the 886

fly and visualize the dynamical narrative of how the vortices 887

behave; otherwise the volume of simulation data will quickly 888

overwhelm storage resources. 889
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FIG. 12. Edge-to-vertex dual of the graph of Fig. 5 (top) and
Fig. 6 (bottom).

APPENDIX A: CONVERTING TO EDGE-TO-VERTEX902

DUAL903

Because of the available data structures used in some mesh904

libraries, using the edge-to-vertex dual of the graph can be905

more computationally efficient for tracking vortices. This is906

the data structure used in Ref. [43]. With a simple procedure, a907

dual graph for a 4D mesh can be converted to its edge-to-vertex908

dual.909

Concisely, in the dual graph described above, edges corre-910

sponds to a bundle of punctured faces. In the edge-to-vertex911

dual of this graph, each punctured face is a node; and if two912

punctured faces are shared in a bundle, then an edge connects913

their associated nodes. In Fig. 12, the edge-to-vertex dual of914

the graphs in Fig. 5 and Fig. 6 are generated.915

In the edge-to-vertex dual graph, edges between nodes that916

belong the same time step can be treated as directed edges,917

where the direction of the edge indicates the chirality of the918

vortex puncturing the two face. The direction of the edge is919

determined from the chirality of the punctured face (i.e., n =920

±1) relative to the direction of the contour integral. We omit921

indicating the direction of the edges in Fig. 12 since edge922

directions are not used when tracking vortices.923

APPENDIX B: GAUGE-INVARIANT VORTEX DETECTION924

AROUND SPACE AND TIME CONTOURS WITH A925

VARYING MAGNETIC FIELD AND CURRENT926

For a superconductor described by the order parameter ψ =927

|ψ |eıθ , the local vorticity is defined as928

n ≡ − 1

2π

∮
C

dl · ∇θ, (B1)

along a closed contour C with C = ∂A (A being the area929

enclosed by contour C ).930

Whereas the magnitude of ψ is gauge invariant, however, 931

the phase of ψ is not. In Ref. [12], the above line integral was 932

reformulated in a gauge-invariant manner as 933

n = − 1

2π

{∮
C

dl · [∇θ + K(t)x̂ − A] +
∫

A
B · da

}
, (B2)

where A is the magnetic vector potential, K(t) is the time- 934

varying time integral of the electric field in the x direction, 935

and B is the magnetic field. 936

The contour integral in Eq. (B2) can be exactly calculated 937

over a set of connected segments {li} forming a closed path, 938

where θ is θi−1 and θi at the end points of segment li , as long 939

as θ̃ does not change by more than π along any one segment. 940

That is, 941

n ≡ − 1

2π

(
m∑
1

�θ̃i,i−1 +
∫

A
B · da

)
, (B3)

where 942

�θ̃i,i−1 = mod(θi − θi−1, (B4)

+ [K(t)x̂ − (Ai − Ai+1)] · li + Qi,i−1, (B5)

+π,2π ) − π. (B6)

In the expression (B5), Ai and Ai−1 are the magnetic 943

vector potential at the end points of li . For completeness, we 944

also explicitly include the phase jump correction, Qi,i−1, for 945

contour segments that cross a quasiperiodic boundary; that 946

is, Qi,i−1 = 0 unless li crosses a quasiperiodic boundary. We 947

group the correction terms together as follows: 948

�θ̃i,i−1 = mod[θi − θi−1 + Cl(x,y,z,li ,t) + π,2π ] − π.

(B7)

Since there is no gauge transformation or quasiperiodic 949

boundary conditions on time edges, Cl = 0 on time edges, 950

l = �t t̂ , of the mesh. We note, however, that for a given spatial 951

edge, Cl changes as a function of time if the magnetic field B or 952

K(t) changes. When calculating Eq. (B3) around a rectangular 953

time face, that is, for a single spatial edge extended over a time 954

interval, instead of calculating a magnetic flux through a face, 955

a correction term is added to the summation that accounts for 956

the change in Cl for the spatial segment l over the time interval: 957

n ≡ 1

2π

(
−

m∑
1

�θ̃i,i−1 − �Ct+1,t

)
, (B8)

where 958

�Ct+1,t = mod[Cl(x,y,z,l,t + 1)

−Cl(x,y,z,l,t) + π,2π ] − π. (B9)

Again, if the magnetic field or K has not changed over the 959

time interval, then �Ct+1,t = 0. 960

In the large λ-limit Ginzburg-Landau solver described in 961

Ref. [6], the vector potential A was defined as a linear function 962

in either the x direction or in the y direction. Using the 963

formulation from Refs. [6] and [12], we can now explicitly 964

write the correction term Cl(x,y,z,l,t) of Eq. (B7) for contour 965

integrals with segments on a Cartesian mesh for different 966

magnetic field configurations. For simplicity of notation we 967

will express Cl(x,y,z,l,t) as Cl(i,j,k,l,t), where x = hxi, 968
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y = hyj , and z = hzk, where hx,hy, and hz are the lengths969

of the sides of a mesh element.970

For an xz magnetic field, B = [Bx,0,Bz]971

l = hxx̂ :

Cl(i,j,k,l,t) = Bz(t)ȳ(j )hx + K(t)hx

l = hyŷ :

Cl(i,j,k,l,t) = Q(i,j,k,l,t)

l = hzẑ :

Cl(i,j,k,l,t) = −Bx(t)ȳ(j )hz, (B10)

where972

Q(i,j,k,l = hyŷ,t)

= (−LyBz(t)hxi + LyBx(t)hzk)�((j + 1)hy − Ly)

(B11)

and ȳ(j ) = hy(j − ny

2 ). The Heaviside function �(x) is 1 if 973

x � 0, and 0 otherwise. The purpose of � is to apply the 974

quasiperiodic phase jump correction only if the path segment 975

l crosses a quasiperiodic boundary. 976

Similarly, for an yz magnetic field, B = [0,By,Bz], 977

l = hxx̂ :

Cl(i,j,k,l,t) = K(t)hx + Q(i,j,k,l,t)

l = hyŷ :

Cl(i,j,k,l,t) = −Bz(t)x̄(i)hy

l = hzẑ :

Cl(i,j,k,l,t) = By(t)x̄(i)hz, (B12)

where 978

Q(i,j,k,l = hyŷ,t)

= (LxBz(t)hyj − LxBy(t)hzk)�((i + 1)hx − Lx)

(B13)

and x̄(i) = hx(i − nx

2 ). 979
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