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Abstract

Article tagline: In granular crystals, contact nonlinearities in particle
interactions allow explorations of fundamental nonlinear wave structures
and their properties. Because of their tunability, granular crystals also
make it possible to create a wealth of metamaterials with unprecedented
global properties.
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Sidebar: Hertzian Interactions

In 1881, Heinrich Hertz published a paper that describes the contact interac-
tion between two elastic bodies.® He considered two particles (e.g., spheres) that
have a point contact with each other and which are then compressed against each
other. He described mathematically how, as a result of such compression, the
particles deform slightly and exert repelling forces that push them apart. Such
forces govern the highly nonlinear interactions between each pair of particles in
a granular crystal.

Consider, as in Fig. la, two identical spheres that are being pressed against
each other. Suppose that they squish each other by an “overlap” length of §.
The force F' between the two particles is given by Hertz’s law:

F = A§?, A:Ei\/ﬁ7 (1)
3(1—v?)

where the elastic (Young’s) modulus F indicates the material stiffness (anal-

ogous to the spring constant in an ordinary linear spring), the Poisson ratio

v measures the tendency of a material to expand in other directions when it

is compressed, and the geometry enters through the sphere’s radius R. It is

straightforward to generalize (1) for the case of two non-identical spheres.

For periodic arrangements of grains composed of very stiff materials, one
typically ignores dissipative effects in the model equations. A convenient type
of particle to use in experiments is stainless steel spheres, such as ones of radius
about 5-10 mm that are commonly used in ball bearings. (Aluminum, bronze,
glass, teflon, and many other materials have also been used.) The elastic mod-
ulus of steel is about 193 GPa, and its Poisson ratio is about 0.3. Remarkably,
granular crystals assembled with such spheres have a dramatically low bulk wave
speed. Although the sound speed in bulk stainless steel is roughly 6000 m/s,
the wave speed in a chain of steel spheres can be below 100 m/s.

Particles with different geometries can yield interaction exponents that are
different from 3/2. For example, o-rings interact via a double-power law, cylin-
drical particles have a variable interaction potential that depends on axis ori-
entation, and hollow spheres have interaction laws that vary as a function of
particle thickness.

Note: Main Article Text Starts Here

Granular crystals are tightly-packed arrays of solid particles that deform
when they contact each other (see Fig. 1). In analogy with atomic crystals, one
can envision the particles in granular crystals as macroscopic atoms. The way
in which macroscopic particles exchange forces and momenta through their ge-
ometric contact interactions is analogous to the way that atoms exchange forces



and momenta through chemical bonds. Like atoms, macroscopic particles can be
arranged in 1D, 2D, and 3D lattices; and they can be assembled from particles
made of different materials (metals, polymers, ceramics, etc.) and from particles
of different shapes. The choices of material and shape affect their macroscopic
contact interactions and, ultimately, the global response of a granular crystal.
The presence of defects in the crystalline lattices of granular crystals, like point
defects (intruder particles or vacancies) and dislocations reminiscent of the ones
in atomic crystals, also affect the bulk material response. However, in granu-
lar crystals, the practical accessibility of “defects” allows one to place selected
defects in specific locations. In contrast to the “random” defects in atomic crys-
tals, this makes it feasible to control the effects that defects have on a material’s
bulk response. When a granular crystal is embedded in a matrix or confined in
a support, it can be construed as a composite “material”, with its constituent
particles functioning as carefully placed reinforcing elements. The characteris-
tic discreteness of granular crystals and the broad scalability of the grain sizes
make granular crystals an exciting platform to study physical phenomena anal-
ogous to ones that occur at the atomic scale and in the more mature fields of
photonic crystals and metamaterials. Moreover, it is possible to exploit some
of these behaviors in the design of macroscopic materials with unprecedented
properties.

A remarkable feature of granular crystals is that it is possible to tune the
nonlinearity arising at their contacts in a very controllable fashion between
weakly and strongly nonlinear regimes.!! There even exists a regime (the so-
called “sonic vacuum”) in which no linear limit whatsoever exists.!® On the
other hand, in a 1D crystal (i.e., a so-called “granular chain”), by arranging
that the displacement associated with such compression is much larger than
the particle centers’ relative displacements, one can explore weakly nonlinear
and linear regimes (which lie at the opposite extreme from the sonic vacuum).
This suggests that, by controlling the interplay between intrinsic and extrinsic
strains (i.e., relative displacements), a granular crystal can be tuned at will
from a weakly to a strongly nonlinear regime. The use of increasingly complex
particle geometries (e.g., coated or hollow particles, nested particles, or particles
embedded in a matrix) allows one to explore the effects of internal degrees of
freedom (e.g., local resonances) and the engineering of local potentials (e.g.,
strong interactions of the particles with a matrix) can be leveraged to study more
complicated nonlinear dynamical regimes or to design materials with desired
mechanical responses.

The nature of the mathematical model for their governing equations of mo-
tion is strongly reminiscent of a Fermi-Pasta-Ulam (FPU) oscillator chain (see
T. Dauxois, Phys. Today, 6(1), 55, 2008),'6 and the nonlinearity in a granular
crystal has a twofold origin: it stems both from the compressive force propor-
tional to the displacement raised to the 3/2 power and from the tensionless
nature of the system (i.e., there is no interaction when the constituent particles

INote that amorphous granular materials are also very tunable (and also exhibit exciting
nonlinear wave phenomena), but their physics is very different from that of granular crystals
and they are beyond the scope of this article (see, e.g.,! and references therein).



are not in contact). Furthermore, the configurational and parametric freedom
in constructing such granular crystals is, essentily, limitless. In addition to the
standard homogeneous setting of Fig. 1, granular crystal configurations can in-
clude interfaces (e.g., between two types of particles); defects such as particles
with a different mass, different shape, or with a local resonance; heterogeneities
such as sequences of diatomic or triatomic arrangements, tapered chains, and
disordered arrangements.

The nonlinear dynamic response of granular crystals has inspired numerous
studies of the interplay between nonlinearity and discreteness. This theme builds
on ideas from subjects such as materials science, condensed-matter physics, and
nonlinear dynamics. The couple decades of work on granular crystals includes
numerous exciting advancements in experiment, computation, and theory. Re-
views from 2008'7 and 2001'® capture a large number of these developments,
although we will focus primarily on more recent developments. The last few
years have witnessed a series of major advances toward potential engineering
applications, and numerous new labs devoted to the investigation of granu-
lar crystals are sprouting up all over the world. The investigated applications
include (but are not limited to) the creation of shock and energy absorbing ma-
terials, sound focusing devices and delay lines, actuators, vibration absorption
layers, sound scramblers, acoustic switches, and logic elements.

In this article, we introduce the fundamental physics of granular crystals,
and we also touch upon some of the novel engineering applications proposed
for them. Because of their tunable nonlinearity and material properties, gran-
ular crystals have led to the observation of new physical phenomena in lattice
systems. Their nonlinearities have also played a crucial role in engineering
metamaterials and in emerging applications (such as material design).

Modeling Granular Crystals
One describes a 1D granular crystal of N spherical particles as a chain of non-

linear coupled oscillators with Hertzian interactions (see the sidebar) between
each pair of particles.'® 7 In this 1D setting, the equations of motion are

A7l
[An + Up—1 — un]

n n

A,
2 TN —u) Y (2)

Uy, =
where u,, is the displacement of the nth particle (n € {1,2,..., N}) measured
from its equilibrium position in the initially compressed chain, m,, is the mass
of the nth particle, and A, = (Fy/A,)%*? is a static displacement for each
particle that arises from the static load Fy = const. The parameter A,, depends
on the elastic modulus, the Poisson ratio, and the radius of the nth particle.
A Hertzian interaction between a pair of particles occurs only when they are
in contact (see Fig. 1), so each particle is affected directly only by its nearest
neighbors and experiences a force from a neighbor only when it overlaps with
it. This yields the bracket

xz, if >0
e={ 5 % 220 0



in Eq. (2), revealing the tensionless (and hence double, together with the one
induced by the 3/2 exponent) nature of the nonlinearity in this system. The
resulting asymmetric interaction potential, which we illustrate in Fig. 1la, rep-
resents a nontrivial departure from classical FPU chains. The initial conditions
and boundary conditions of Eq. (2) vary for different experimental setups, and
herein lies a significant source of flexibility in granular crystals. It is possible to
externally impose essentially arbitrary stimuli at the edges of a granular chain,
and one can thereby drive the external “wall” that confines a chain. On the
flip side, it is not straightforward to achieve a distributed initialization in the
“standard” granular realization of the system of Fig. la-b. However, in recent
variants of granular chains (e.g., involving magnets), one can not only bypass
this obstacle, enabling a distributed drive and perhaps even initialization, but
it may also be possible examine interactions beyond nearest neighbors.

Waves in Granular Chains

Three basic types of coherent structures can arise in granular chains: traveling
waves, dispersive shock waves, and intrinsic localized modes (i.e., discrete, tem-
porally periodic “breathers” that are strongly localized in space (see the survey
by D. K. Campbell et al. in Phys. Today, 57(1), p. 43, 2004). In Fig. 2, we
show examples of each type of solution.? 141517

A granular chain’s traveling wave represents a front for the displacements
uy but a pulse with respect to strains or forces. In their simplest guises, the
traveling pulses resemble solitary waves,'® but their tails can decay at a much
faster rate (e.g., doubly exponentially) than for a typical solitary wave in the
absence of precompression.® When precompression is present, the waves decay
exponentially and can be well-approximated (at least for small amplitudes) by
waves of the famous Korteweg-de Vries equation.!® A straightforward way to
obtain such waves, which we depict in Fig. 2a, is to hit one end of a chain with
a striker particle. Taking a continuum limit (via a long-wavelength approxima-
tion) of Eq. (2) in the absence of precompression yields a well-studied nonlinear
partial differential equation, sometimes called the Nesterenko equation, whose
only dispersion term is nonlinear. The Nesterenko equation admits traveling
“compacton” solutions (i.e., with compact support) that match well with ex-
perimental observations.!® 17 An alternative approach that yields similar results
is to take the continuum limit in terms of the strains. The compactons give the
best possible approximation that a continuum model can provide for these lat-
tice solutions, although a more accurate analysis reveals the doubly-exponential
decay of the latter.® Intriguing generalizations of such traveling waves have been
examined in heterogeneous chains of dimer (e.g., alternating steel and aluminum
spheres) and trimer units. The work of? has revealed a generic non-persistence
of traveling waves, with isolated exceptional values (of, e.g., the mass ratio
between adjacent spheres in a dimer), so-called “anti-resonances”, for which
traveling waves can persist.

From an engineering perspective, the ability to support the propagation
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Figure 1: (a) Schematic of Hertzian interaction between adjacent particles [see
the sidebar and Egs. (2)—(3)] and of wave propagation along a granular chain.
There is a compressive force when particles squish against each other, but there
is no force when the particles are not in contact. The force between particles
scales as 6%/2, where § is how much the particles overlap in the direction of
compression. We also show a schematic of the chain along with the traveling
waves that arise in such chains between the ends that confine the particles, and
we note that larger-amplitudes waves travel faster. The left boundary is excited
by a piezo actuator, and the right boundary has a static force sensor. The red
beam underneath represents a laser Doppler vibrometer, which is used to mea-
sure the displacements and velocity of selected particles.* (b) An experimental
granular chain corresponding to the schematic in panel (a). The spheres are
about 2 cm in diameter. (c) A 2D granular crystal, consisting of a face-centered
square packing of spheres (with a diameter of about 1 ¢cm) and cylindrical par-
ticles. (d) A 3D “granular metamaterial” that consists of an array of particle
chains embedded in a polymeric matrix. [The images in panels (a,b) are due to
J. Lydon, and the image in panel (c¢) is from A. Leonard. The image in panel
(d) is reproduced from C. Daraio et al., APS - Shock Compression of Condensed
Matter, American Institute of Physics, Conference Proceedings, Portland, OR,
2003.]



of stresses in the form of solitary waves makes granular crystals attractive to
create materials that can focus and guide waves more effectively than in “linear”
materials. One can also tune the effective “sound” speed in granular crystals
to arbitrary values, which in turn allows one to create materials with ultra-
slow elastic wave speeds or materials that have an “engineered” wave speed in
different sections of their bulk.

A dispersive shock wave consists (in its spatial profile) of a leading pattern
in the form of a solitary traveling wave and a trailing pattern that consists
of a wave train with a suitably (slowly) modulated amplitude that eventually
asymptotes to a stationary state. In granular crystals, dispersive shock waves
have been studied both theoretically and experimentally (see, e.g., * and ref-
erences therein) in both monomer (i.e., homogeneous) and dimer chains. Using
the governing equation for the strains 7, = u,_1 — u,, there is a straightfor-
ward way to appreciate the potential formation of such waves, which tend to
occur under somewhat nonstandard excitation conditions (such as a constant-
velocity boundary drive, which have been realized experimentally using a very
long projectile!*). The equation for the strains is a nonlinear variant of the wave
equation in which the speed of wave propagation depends on the excitation am-
plitude. As a result, for an initial pulse-like profile in the strains that is induced
by the above excitation, larger-amplitude waves travel faster than the smaller-
amplitude ones (see Fig. 1a), shearing the waveform and eventually causing a
shock. However, in sharp contrast to the discontinuous form of viscous shocks,
at a sufficiently fine spatial scale, the dispersive nature of a granular lattice
takes over and leads to the observed oscillatory structure of the tail in Fig. 2b.

The presence of dispersive shocks in granular crystals and the understanding
of their fundamental propagative response suggests the potential use of granular
crystals as new materials for shock protection and impact mitigation. Several
studies are now being pursued in different research groups to understand the
response of these systems to external threats (e.g., high-amplitude shocks and
blasts) that can induce plasticity at the contact.

The final example of a prototypical excitation in a granular chain is a discrete
breather, which is a generic (in the context of nonlinear dynamical lattices)
excitation in a spatially extended, discrete, periodic (or quasiperiodic) system.”
In the context of granular chains, discrete breathers were proposed theoretically
and illustrated experimentally in® using precompressed dimer chains that consist
of alternating steel and aluminum spheres. The compression is crucial for the
emergence of breather waveforms, because it creates a linear band structure,
which for a chain of dimers consists of an acoustic band, an optical band, and
a band gap between them. At the edge of the optical band, excitations become
nonlinearly unstable to modulations, which results in the spontaneous formation
of granular breathers. The signature of a discrete breather is the emergence
of sustained oscillations at a frequency that is different from the excitation
frequency (supposing, e.g., that one uses a time-periodic driving) inside of the
gap of the corresponding linear spectrum. The temporal periodicity of such
waveforms, along with the exponential localization ensured by the frequency
inside of the linear gap, confirms the breather nature of such excitations. Such
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Figure 2: One-dimensional granular crystals possess three basic types of solu-
tions: (a) traveling waves, which are fronts in the displacement variables wu,,
but are pulses in the force variables shown here for selected particles from ex-
periments; (b) dispersive shock waves, which we show from a constant-speed
drive in numerical simulations; and (c) discrete breathers, a localized waveform
that oscillates at a frequency within the bandgap and which can emerge spon-
taneously via a nonlinear instability by driving the edge of a chain of dimers at
the optical band-edge frequency. [The figure in panel (a) comes from C. Daraio
et al., Phys. Rev. E., 73, 026610, 2006; the figure in panel (b) comes from;'4
and the figure in panel (c¢) comes from G. Theocharis et al., Phys. Rev. E, 82,
056604, 2010.]

“bright breathers” (see Fig. 2c-d) do not occur in homogeneous chains. Instead,
in the presence of precompression, the acoustic band in a homogeneous chain
allows the creation of (so-called “dark”) breathers on top of a finite background.*

Breathers in granular crystals have earned the attention of the materials
engineering community because of their potential use for focusing and harvesting
of mechanical vibrational energy. Nonlinear localized modes in granular crystals
are now being pursued to create devices to power small electronic systems.

From Nonlinear Dynamics to Practical Applica-
tions

Macro-scale granular crystals provide a highly tunable medium for the explo-
ration of a wealth of fundamental phenomena from areas such as nonlinear

science, wave physics, mechanics, and condensed-matter physics. Equally im-
portantly, several exciting recent developments are now paving the way for how
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to leverage the remarkable level of control of granular crystals to create proto-
types for numerous engineering applications. We expect that the prominence of
this emerging field in nonlinear acoustics will continue to grow rapidly, and it
will have a large impact on related areas, such as the development of (acoustic
and mechanical) metamaterials in materials science.

The acoustic response of macro-scale granular crystals (i.e., crystals assem-
bled with particle sizes in the centimeter range) lies in the “sonic” frequency
range of 1-20000 Hz, which is relevant for materials in engineering applications
such as sound barriers, shock protection layers, and underwater imaging de-
vices (e.g., sonars). However, to use acoustic waves in most other engineering
applications—including the nondestructive evaluation of materials, ultrasonic
medical imaging and surgery, and more—it is necessary to use higher frequencies
(on the order of MHz). The ability to use granular crystals in such engineering
domains depends on the ability to reduce the particle sizes to the micrometer
scale without affecting the dominant dynamic response. Preliminary studies of
micro-scale granular crystals are now emerging, revealing that, at smaller scales,
the particle contact dynamics become increasingly complicated to control and
increasingly sensitive to environmental conditions and imperfections.

We now present a few examples of interesting engineering applications of
granular crystals. Recent studies demonstrated the possibility of employing
the nonlinearity of 1D granular crystals to create nonlinear acoustic devices
analogous to electronic systems. The diode configuration of Fig. 3a-b illustrates
acoustic rectification. The work of? demonstrated this principle on the basis of
a configuration that, at the second particle from the left boundary, contains a
“defect” that consists of a particle of lighter mass than the other particles of
an otherwise homogeneous chain. This yields a “defect mode” that is localized
exponentially around the light-mass defect. Subsequently driving from the right
end (see Fig. 3a) with a frequency fq, in the gap above the acoustic pass band
failed to transmit towards the left. By contrast, when driving from the left
end, the linear combinations of the drive mode with frequency fg- and the
defect mode with frequency f4 (both in the gap) yielded frequencies of the form
nfq + mfg-. Some of these frequencies lie in the pass band, which enables a
signal to be transmitted through the chain. This resulted in rectification ratios
larger than 10%.2

In a similar spirit, the work of** proposed a switch based on two-frequency
signals. The idea is reminiscent of the one for the acoustic diode, but instead of
the second frequency induced by a defect mode, it was provided as an external
control frequency. One can also leverage multiple-frequency signals to construct
acoustic logic elements (see, e.g., Fig. 3c).1? Acoustic analogs of AND and OR
gates have already been developed, and operations such as the NOT gate (via
anti-phase signals), a NAND gate, and a NOR gate are also feasible.

Although the vast majority of research on applications of granular crystals
has used 1D configurations, applications of higher-dimensional crystals are also
beginning to emerge, and the more elaborate configurations that they allow will
become increasingly important in the coming decade. For example, quasi-1D
systems that consist of interconnected chains of particles can serve as efficient

f12
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Figure 3: A few recent applications of granular crystals. Panels (a) and (b) il-
lustrate the working principle of an acoustic diode? that is is based on a granular
chain that has a “defect” close to its left edge. This defect, which consists of a
particle whose mass is lighter than the surrounding particles, leads to the emer-
gence of a localized “defect mode” of frequency fy. (a) No propagation arises
when the chain is driven from the right end by a frequency fg4- in the band gap.
(b) However, a drive from the left end with the same frequency allows signal
transmission via the nonlinearity frequencies n f; + mf4. because some of them
are in the acoustic pass band. Panel (¢) demonstrates an acoustic logic ele-
ment.'? For example, an acoustic AND gate has been constructed using a pair
of signals with different frequencies and by subsequently probing at a higher fre-
quency. One obtains a transmitted signal only if both inputs are present. If, by
contrast, one selects a weak excitation beyond the acoustic pass-band edge, then
the presence of one or both of the above signals will permit such an excitation
to propagate, although it will not propagate if neither signal is present. This
results in an acoustic OR, gate. Panel (d) shows a digital image (rotated by 90
degrees) of an impact-disintegrating granular network that consists of cascading
1D chains of particles in a polymeric matrix.'’ In this configuration, the 1D
chains on each branch support the formation and propagation of solitary waves,
which split and get reflected at each geometric branching point. The sequential
ramification of the structure leads to an exponential decay of the wave ampli-
tude in both the lateral and longitudinal directions. [The image in panel (d) is
due to A. Leonard.]
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load-bearing materials that mitigate both vibrations and impact. For example,
hexapods containing chains of particles have been proposed to protect payload
from launch and landing vibrations in space applications. Multi-scale granular
networks (see Fig. 3d) that consist of 1D chains of spheres that branch into
a tree-like geometry can redirect and mitigate stresses very effectively. These
configurations rely on the fragmentation of external excitations in space and
time: an incoming shock is first “broken” into a train of solitary waves and then
redirected at bifurcation nodes, leading to its exponential decay.'!

Naturally, 2D granular crystals yield many new and exciting features. Al-
though “standard” homogeneous rectangular lattices are arguably somewhat
mundane, as particle excitations are likely to decompose along the rows or
columns associated with the excited particle(s), other configurations, such as
ones with “intruders” or ”defects” (see Fig. 1c) or hexagonal packings (see
Fig. 4a), are extremely interesting. Additionally, granular crystals that con-
sist of parallel, coupled, granular chains can exhibit a form of equipartition.
In such crystals, although one might insert energy into just one chain among
multiple chains of particles, it is possible to redistribute energy so that it is
spreads equally among coupled rows via the interaction with smaller “intruder”
particles. Similar results can also arise in granular chains that are coupled to
each other via a solid matrix. Additionally, the positioning of isolated defects
(in contrast to the aforementioned distributed intruders) can enable controllable
redirection of wavepackets (and thus of portions of the energy).

Recent interest has also focused on the propagation of excitations with or
without precompression forces in crystals composed of hexagonal packings (see,
e.g., Fig. 4a and ). There, one can investigate remarkable features of the un-
derlying linear spectrum, such as the existence of linear (rather than quadratic)
dispersion relations near so-called “Dirac points”, as well as the conical diffrac-
tion associated with these types of dispersion relations. This is an intriguing
phenomenon that has already attracted considerable attention in optical and
atomic physics. Hexagonal crystals have been also used to control energy local-
ization near a defect particle,'® tunably switching between a state of extreme
localization to one of delocalization via a controlled external force (see Fig. 4a).

In addition to the exploration of fundamental ideas in physics and nonlin-
ear dynamics, granular crystals with 2D packings allow even more flexibility in
the design of metamaterials for engineering applications. A particularly exciting
application is the construction of acoustic lenses, which can be used for underwa-
ter imaging, improved ultrasonic imaging devices (see the stylized schematic in
Fig. 4b), and non-destructive evaluation of materials (e.g., for the non-invasive
detection of defects). Recent demonstrations of the underwater use of such
lenses for focusing and imaging objects has moved the technology a step closer
to practical applications (see® and references therein).

14



Figure 4: Two applications of 2D granular crystals. (a) Hexagonal granular
crystals with a single, small mass defect (red dot). The schematics show how one
can tune oscillations that are localized near the defect particle from being highly
localized to delocalized by varying the static precompression at the boundary of
the crystals.!® Systems like these could be use to actively control transmission
or trapping of vibrations. (b) Acoustic lenses can produce a “sound bullet”,
a highly localized acoustic pulse, that has the potential for exciting medical
applications, such as in improved acoustic imaging and surgery. The stylized
image depicts a sound bullet superimposed onto a brain MR image provided by
Mike Tyszka of the Caltech Brain Imaging Center. [The image in panel (a) is
from J. Lydon, and the image in panel (b) is from A. Spadoni.]
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Conclusions and Current Frontiers

In this article, we have attempted to convey the rapidly developing research
in the fundamental physics and the emerging engineering applications of gran-
ular crystals. These exciting advances are possible because of the significant
tunability of (1) materials and heterogeneities in granular crystals and (2) the
strength of the nonlinearity, which can range from very weak to very strong. On
one hand, the existence of a well-established physical model based on Hertzian
contacts enables the investigation of fundamental phenomena of linear and of
nonlinear physics in homogeneous, periodic, and disordered media. On the other
hand, the significant controllability of granular crystals renders them a natural
system for implementing, in an acoustic medium, many of the prototypical con-
cepts that have now become mature in areas such as photonics and electronics.
Granular crystals provide an important demonstration of engineered, nonlinear
metamaterials based on variations and exploitation of lattice properties. This
rapid progress towards “engineering nonlinearity” in granular crystals has been
driven by closely intertwined experimental, computational, and theoretical ef-
forts. Recent successes include acoustic rectifiers, controllable sound bullets,
materials with arbitrary tunable stiffness, and acoustic logic gates.

Many other exciting developments are in progress. On the theoretical end,
disordered configurations allow one to study strongly nonlinear generalizations
of phenomena like Anderson localization. Another major challenge still in its
infancy lies in the study of metamaterial lattices which one can construct, e.g.,
using particles that include either internal (so-called “mass-in-mass”) or external
(so-called “mass-with-mass”) resonators that can drastically alter properties
(e.g., the pass-band structure) of the medium. In these media, it is possible
to observe and control more exotic patterns, such as weakly nonlocal solitary
waves (known as “nanoptera”’). Another key direction is nanomechanics and
miniaturization. In our article, we have discussed chains of particles with sizes
at the mm scale, but settings at the micrometer scale are gradually becoming
experimentally accessible. At these smaller scales lie significant challenges, such
as the modeling of adhesion forces and the role of asperities. Furthermore,
an increasing amount of research on granular crystals is moving beyond 1D
configurations, and this yields a much richer set of phenomena (e.g., acoustic
vortices, disordered 2D configurations, and much more). On the practical side,
current efforts continue to yield substantial progress on developing novel and
tunable/programmable nonlinear acoustic metamaterials, or on on fabricating
portable devices for the investigation of biological material properties and for
the quality control of materials in industrial production lines, among others.
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