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Abstract
A first-order phase transition from a high-density liquid to a low-density liquid has been proposed to explain the various thermodynamic anomies of water. It also has been proposed that such liquid-liquid phase transition would exist in supercooled silicon. Computer simulation studies show that across the transition, the diffusivity drops roughly two orders of magnitude, and the structures exhibit considerable tetrahedral ordering. The resulting phase is a highly viscous, low-density liquid silicon. Investigations on the atomic diffusion of such a novel form of liquid silicon are of highly interest. Here we report such diffusion results from molecular dynamics simulations using the classical Stillinger–Weber (SW) potential of silicon. We show that the atomic diffusion of the low-density liquid is highly correlated with local tetrahedral geometries. We also show that atoms diffuse through hopping processes within short ranges, which gradually accumulate to an overall random motion for long ranges as in normal liquids. There’s a close relationship between dynamical heterogeneity and hopping process. We point out that the above diffusion mechanism is closely related to the strong directional bonding nature of the distorted tetrahedral network. Our work offers new insights into the complex behavior of the highly viscous low density liquid silicon, suggesting similar diffusion behaviors in other tetrahedral coordinated liquids that exhibit liquid-liquid phase transition such as carbon and germanium.

PACS numbers: 64.70.Ja，61.20.Ja, 61.20.-p, 31.15.bu


1. Introduction
Recent studies have revealed rich thermodynamic behaviors that point to the possible existence of multiple liquid phases distinguished by density, not chemical composition for H2O1-3, SiO24-5, Si6-8, Ge9, C10, phosphorus11, Cerium12 etc., substances that form a significant component of our natural world and of importance for technology. Most of the substances (liquid or solid) mentioned above favor a tetrahedral open structure with directional bonding geometry at low pressures (P) and low temperatures (T), but a denser structure at high P and high T. The proposed liquid phases are thus termed low-density liquid (LDL) and high-density liquid (HDL), while their amorphous counterparts are termed low-density amorphous (LDA) and high-density amorphous (HDA). The coexistence of HDL and LDL is called “liquid polymorphism”, while the amorphous analog is called “polyamorphism”. Recognition and study of such polymorphic phase transitions13 in liquids and glasses not only have broad implications in many biomolecular systems14, but also will enrich and illuminate several important and unsolved problems in condensed matter physics, including the complex behavior of viscous liquids and the nature of the glass transition15, as well as the basis for the anomalies of water16 and other tetrahedral coordinated systems.
Silicon has great potential to exhibit polymorphic transitions, since an open structure has been considered a key factor of such phenomena. Based on the experimental observation that the extrapolated estimates of Gibbs free energies of LDA and HDL phases of silicon do not merge smoothly, it had long been a common belief that the amorphous-liquid transition is a first-order melting transition17-20, while the nature of this transition has never been fully clarified. Recently, the polyamorphism of silicon6, 21-23 was revealed. As a natural analog, newly reported experiments22-27 and simulations6, 8, 28-32 reinterpreted the amorphous-liquid transition as a former first-order liquid-liquid phase transition(LLPT) 8, 27-32 from HDL to LDL, along with a latter continuous glass transition24, 33 from LDL to LDA upon cooling.
Up to now, a vast amount of knowledge about LLPT of silicon comes from computer simulations7-8, 28-29, 32, 34-36 using either classical Stillinger–Weber (SW) model potential37, or first-principle calculations. It has been reported that the LDL phase is a highly viscous liquid with finite diffusivity and nearly tetrahedral coordination8. It has also been suggested that there is a strong relationship between local geometry and diffusivity28. However, a comprehensive investigation on the atomic diffusion mechanism in LDL is still lacking. The main challenge here is the proper equilibration of the deeply supercooled LDL phase, which is a highly viscous liquid hidden deeply in the supercooled region of silicon, easily crystallizing into diamond crystal. No direct experimental probe of the LDL phase has been accomplished, since the rapid crystallization in silicon makes experimental measurement of LDL very difficult. . To observe the details of the dynamics, the LDL phase must survive in its metastable supercooled state long enough to equilibrate, and the experimental observation time needs to be smaller than the spontaneous nucleation time. Fortunately, these conditions are in principle easier to meet in molecular dynamics simulation studies, in which heterogeneous nucleation is absent by construction and homogeneous nucleation is slowed down by the small size of the investigated samples. 
In this work, we perform molecular dynamics (MD) simulations using the SW potential for silicon to investigate the nanoscale dynamics of LDL. To observe the details of the  equilibrium dynamics of the highly viscous LDL, a MD time interval up to thousands of nanoseconds for isothermal annealing is employed, in which crystalline atoms are kept in a low amount. Our results confirm the low-density phase of silicon is a liquid, while the dynamics is highly arrested and viscous. We show the existence of excess hopping processes and severe dynamical heterogeneities in the liquid. We find that the strong directional bonding nature of the distorted tetrahedral network plays a key role on the atomic diffusion process. 


2. Methods
Molecule dynamics (MD) simulations using the classical SW Si potential were carried out under the constant number of particles, constant-pressure, and constant-temperature (NPT) ensemble by the open source code LAMMPS38. under The simulations are performed using a cubic cell containing 512 atoms subject to standard periodic boundary conditions and an integration time step of 1 or 5 fs. 
All LDL samples are obtained from first-order liquid-liquid phase transitions, using the following protocol: (1) The liquid-liquid phase transition is simulated by firstly cool the high temperature liquid silicon in equilibrium down from 2000 to 300 K, and then reheats up to 1500 K, with a constant cooling/heating rate of 0.2 K/ps. Note that faster cooling/heating rates are necessary to avoid crystallization during phase transitions under the SW potential. (2) The LDL samples obtained from these cooling/heating processes are annealed at T=1050 K for equilibration. Note that the crystallization rate is very high in LDL for the SW silicon. In fact, rapid nucleation and crystallization is a common and longstanding phenomenon in both experiments27 and computations8, 28 for a variety of pure substances (such as water39) exhibiting liquid-liquid transitions. A detailed discussion on this interesting issue could be found, for example, in Ref. 40, which is out of the scope of the present paper. In the present work, we perform 100 initial runs, and select 9 samples with the majority of atoms uncrystallized up to 4000 ns when for detail analusis. Crystallization is probed using pair-correlation function, energy evolution and bond order parameter b3. Since structural relaxations and crystallizations are significant during the initial hundreds of nanoseconds, we excluded these initial annealing processes in the subsequent dynamical calculations in this work.  
The diamond crystalline atoms and nuclei are identified using the bond order parameter  of neighboring atoms i and j,

               (1)




where  are deﬁned in terms of spherical harmonics Ylm and  are the angles corresponding to the position of a neighbor atom  (here we include the nearest 4 atoms) with respect to . For perfect diamond crystal  for all bonds. We define two neighboring atoms i and j to be “connected” (through a crystalline bond) if  is smaller than -0.7. By this definition we can effectively identify all atoms in a crystal to be connected. However, there are also many “connected” atoms in the LDL. The reason is that LDL silicon possesses a strong tetrahedral network. Typically, for SW silicon, all diamond crystal atoms have 4 connections, most HDL atoms have 0 connection, while most LDL atoms have 2-3 connections. Therefore, we define two atoms as crystalline atoms belong to the same crystal nucleus only if their distance is smaller than 3.1 Å and both of them have 4 connections.. In order to exclude the influence of structural fluctuation, only those atoms spend most (80%) of the simulation time in crystal nuclei are finally classified as crystalline atoms.
Pair-correlation function (PCF) describes the probability to ﬁnd a neighbor atom in the spherical shell of a central atom i relative to the probability expected for a completely random distribution at the same average density. For a monatomic system, the PCF can be deﬁned as

                           (2)
where  is the volume of simulation system,  is the number of atoms, and n(r,r) is the number of atoms around a central atom within the interval between r and r. The radius of the first minimum of PCF is further used to calculate the coordination number (CN).
The dynamical properties of a system is quantiﬁed using the mean-square displacement (MSD) as a function of time

                    (3)
where N is the number of atoms, Ri is the coordinates of atom i, and τ is the arbitrary origin of time. The self-diffusion coefﬁcient D is readily obtained from the slope of the MSD

                            (4)
The incoherent intermediate scattering function  is defined as

                        (5)
where q is a vector in reciprocal space associated with the length scale of interest, ri(t) is the position of atom i at time t, and the summation runs over the N atoms in the system. The brackets denote an average over different initial conditions ri(0) of atoms.
The self part of the time-dependent van Hove correlation function is defined as

                   (6) 


Here, 4r2dr is the probability of finding at time t an atom in the vicinity  of points at the distance  given that initially the atom was located at the origin. For typical liquids  has a Gaussian form given by

                    (7)
Where <r2(t)> is the MSD of atoms. Deviations from Gaussian behavior can be characterized by the non-Gaussian parameter defined as 

                               (8)

3. Results and Discussion
Evolution of energy (E) per atom and coordination number (CN) during the isothermal annealing of an equilibrated LDL sample using the NPT simulations for times up to 3000 ns at T=1050 K and P=0 bar is shown in Fig. 1(a). It’s clearly seen that the energy and CN stays at their converged values with microscopic fluctuations throughout the whole 3000 ns, which means that the LDL sample studied here has reached its equilibrated state. The average CN for the LDL sample is about 4.14, consistent with Ref. 8. For the perfect diamond crystal this value would be 4. A CN value about 0.1~0.3 higher than 4 indicates a strong but long-range disordered tetrahedral network, typical for amorphous or LDL silicon in the SW potential. The pair correlation function(PCF) of our LDL sample is compared to that of a typical LDL previously reported in Ref. 8, as seen in Fig. 1(b). It’s clear that the difference is very small, and well within acceptable tolerance. It’s also seen that for our LDL sample, the PCF curve at the starting state (0-50 ns) perfectly overlaps with that of the ending state (2950-3000 ns), suggesting an overall unchanged and highly equilibrated structure during the whole isothermal annealing process. Such a highly equilibrium state is key to effectively characterize the dynamics of LDL.


Fig. 1 Time evolution of energy and structures of the LDL sample during isothermal annealing at 1050 K with zero external pressure. (a) Energy per atom and CN as a function of time. (b) Comparison of PCFs between the LDL sample studied here with a typical LDL phase reported in Ref. 8. 

[bookmark: OLE_LINK21][bookmark: OLE_LINK22][bookmark: OLE_LINK23]Whether the equilibrated low-density phase is a liquid or amorphous solid is an essential issue concerning the existence of the first-order liquid-liquid phase transition. This issuecan be resolved by the calculation of mean-square displacement (MSD). Fig. 2(a) shows the MSD for the equilibrated LDL sample during isothermal annealing at 1050 K with a time interval as long as 3000 ns. It’s seen that the calculated MSD increase almost linearly with increasing time, which is typical for a liquid rather than a solid. The corresponding diffusivity is calculated as 𝐷=1.562×10−9cm2/s Such a low but finite value suggests the LDL sample is a highly viscous liquid. This diffusivity D is about one order of magnitude smaller than that reported by Sastry et al.8 for LDL silicon at 1055 K, which is 64.29×10−9cm2/s. The difference of D is mainly caused by the difference of temperature. It has been reported that the diffusivities show a strongly non-Arrhenius temperature dependence across LLPT, with a divergence temperature of 1027 K8. 


Fig. 2 The mean-square displacement (a) and incoherent intermediate scattering function (b) of the equilibrated LDL sample at T=1050 K and for time interval of 3000 ns.

Fig. 2(b) shows the incoherent intermediate scattering function Fs(q,t) of the equilibrated LDL sample for T=1050 K and zero external pressure. The occurrence of a dip around the time t110-4ns in Fs(q,t) indicates that the LDL is a strong liquid with a boson peak, consistent with Ref. 8. In fact, ‘strong’ behaviors commonly exist in tetrahedral coordinated liquids, such as SiO215. The plateau after the dip in Fs(q,t) describes the intermediate atomic motion in the cage around the initial position. The time interval that the plateau spans over is termed  relaxation time, which is estimated to be several nanoseconds for our LDL sample as shown in Fig. 2(b). Such long caging plateau is a hallmark signature of severe cage effect, which means that extremely high activation energies are needed for atoms to break through their local potential wells before moving farther. On the other hand, the timescale for long-range motions beyond cages is termed  relaxation time, which is defined as the time it takes for the Fs(q,t) to decay to e-1 of its initial value. As shown in Fig. 2(b), the  relaxation time for the equilibrated LDL is about several hundreds of nanoseconds. The result further confirms that the simulation time employed here, which is more than 3 μs, is sufficient for an ergodic statistical sampling. The  relaxation time of LDL is much shorter than the typical relaxation times for supercooled liquids during their glass transitions, which are in range of (0.1, 1000 s)41. Therefore the low-density phase from our simulations is unambiguously a liquid rather than a glassy or amorphous solid.
To better understand the dynamical behavior of LDL, we further computed the time-dependent van Hove self-correlation function, Gs(r,t)42 for the isothermal annealing at 1050 K with zero external pressure. Fig. 3 shows the calculated Gs(r,t) for time intervals from 1 to 1000 ns. It’s seen that the atoms are able to move for significant long distances as indicated by the high and long tails of Gs(r,t). However, the extreme height of the first peak indicates that the liquid is a highly viscous one. Particularly interesting is the appearance of multiple peaks in the van Hove self-correlation functions, which are indicative of hopping processes43 correlated with severe cage effects44. All the atoms initially vibrate within cages around their original positions before hop out to a neighboring cage position. The critical timescale for the onset of noticeable hopping processes is several nanoseconds as indicated by the initial appearance of the second peak between 1 and 10 ns as shown in Gs(r,t), consistent with the  relaxation time estimated from Fig. 2(b). The positions of the 2nd, 3rd (4th, 5th if exist) peaks are in good agreement with the 1st, 2nd (3rd, 4th if exist) peaks of PCF. The corresponding geometric structure for these peaks, which is an ideal diamond cluster, is illustrated in the inset of Fig. 3. This result means that the cage positions of the hopping process are typically defined by the local tetrahedral network. The peaks disappear at larger distance, which implies that the hopping process is only noticeable within 1~2 atomic shells. This is consistent with the fact that the tetrahedral network in LDL silicon is lack of long-range structural orders. As a result, the short-ranged hopping motions gradually accumulate to an overall random long-range motion at larger timescales during the  relaxation process. The strong directional bonding between tetrahedrally coordinated silicon atoms should be responsible for the cage effect and hopping process, which forms strong potential wells that hinder atoms from moving randomly and smoothly beyond their cages during  relaxation processes. It’s naturally inferred that a more perfect tetrahedral network with lower coordination (keeps higher than 4) would result in more severe cage effects and slower diffusions. These results provide the physical explanation for the observations by Ref. 28, which points out that the diffusivity of LDL decreases with decreasing coordination number complying with the Vogel-Fulcher-Tammann fit.
[image: ]
Fig. 3. The van Hove self-correlation function Gs(r,t) computed for the equilibrated LDL at different time intervals (1-1000ns) during isothermal annealing at 1050 K. Details of the first peak are shown in the inset. The geometric structure for the 2nd and 3rd peaks of  Gs(r,t) corresponding to the 1st and 2nd peaks of PCF for an ideal tetrahedral network is illustrated in the inset. This peak-peak correspondence provides clear evidence for the existence of structure-dynamics correlation in LDL.


The dynamical heterogeneities were examined within the equilibrated LDL by comparing its van Hove self-correlation function 4r2Gs(r,t) with that of typical liquids which has a Gaussian form 4r2. Deviations from Gaussian behavior can be characterized by the non-Gaussian parameter 2(t) 45 and are thought to reflect the presence of dynamical heterogeneities46. Fig. 4(a) shows 2(t) as a function of time for LDL during isothermal annealing at 1050 K within time interval 3000 ns. It’s seen that 2(t) reaches its minimum, maximum and another minimum at 0.005, 3 and 1500 ns, respectively, which means that the extend of dynamical heterogeneity within LDL is time-dependent, namely is weak at microscopic (near or less than 0.005 ns) and macroscopic (near or larger than 1500 ns) timescales, while is severe at intermediate ( near 3 ns) timescales. In order to reveal the physical origin of the dynamical heterogeneity, we compare the van Hove self-correlation functions to that of Gaussian liquid at these typical times as shown in Fig. 4(b), (c) and (d), respectively. The difference between the van Hove self-correlation functions of the Gaussian liquid and LDL indicates that some atoms move much faster than would do by Gaussian atoms at that time. The result in Fig. 4(c) reveals that the severe dynamical heterogeneity at t=3 ns is mainly caused by the long tail of difference in the van Hove self-correlation functions, which is featured by multiple peaks that is the indicator of hopping processes. Interestingly, the time t=3 ns is in good agreement with the time range (1, 10 ns) for the onset of noticeable hopping processes as discussed in Fig. 3. Therefore, the severe dynamical heterogeneity in the LDL silicon is highly correlated with the excess hopping process. The occurrence of a hopping process leads to a noticeable special separation between atoms staying within cages and those jumping out to neighboring cages. The underlying physical scenario can be depicted as follows: (i) on the microscopic timescale (0.005 ns) at which the motion of the particles is ballistic without hopping processes, the dynamical heterogeneity is at the short time minimum, as seen in Fig. 4(b); (ii) upon entering the intermediate timescale of several nanoseconds (~3 ns) around which begins the onset of noticeable hopping processes, the dynamical heterogeneity reaches its maximum, as seen in Fig. 4(c); and (iii) on the long timescale (1500 ns) at which the short-ranged hoping motions gradually accumulate to an overall random long-range motion, the dynamical heterogeneity decreases to its long time minimum, as seen in Fig. 4(d). 


Fig. 4. (a) Non-Gaussian parameter 2(t) vs. time for the equilibrated LDL during isothermal annealing at 1050 K. The corresponding comparisons between the van Hove self-correlation function and the Gaussian behavior at t=0.005 ns (b), 3 ns (c) and 1500 ns (d), respectively. 

Finally, we address the connection between structure and atomic diffusion of LDL silicon. The “mobile atoms” are defined as those top 5% atoms with the highest diffusion coefficient calculated within a time window t1 = 3 ns. Here 3 ns is selected as the time when the dynamical heterogeneity reaches the maximum, as discussed above. Using a cutoff radius of 2.93 Angstrom, the average coordination number for these mobile atoms is calculated ~ 4.5, which is about 0.35 higher than the one for the whole system. A coordination number for an atom between 4 and 5 means that the atom is 4-coordinated at most of the time, while 5- or 6-coordinated (even higher if exists) at other times. The above result indicates that those 5 to 6-coordinated atoms move faster than those 4-coordinated atoms. Or that atoms are more likely 5 to 6-coordinated during movements, while more likely 4-coordinated before and after movements. This is consistent with the Vogel-Fulcher-Tammann fit between diffusion coefficient and coordination number, as previously mentioned. In fact, the presence of extra atoms in the first shell introduces structural distortion of the local tetrahedral network, which acts as a bridge that helps lowering the energy barrier for the atom to move between neighboring nodes. There’s similar report in the case of water correlating local mobility with the presence of bifurcated bonds47. Here, we discuss the detailed  structure-dynamics correlation in aspect of hopping process. The “hopping atoms” are defined as those atoms move further than 1.5 Angstrom within a time window t2 = 3 ps. Here 1.5 Angstrom and 3 ps are selected as they are on the lengthscale and timescale of the occurrence of a hopping process, respectively. We find that the majority of hopping atoms are close to each other, or “connected” in space. A snapshot is depicted in Fig. 5(a). What’s more, we further find that neighboring atoms typically hop collectively in time. As an example, we plot in Fig. 5(b) the displacement as a function of time for two “connected” atoms during their collective hopping process. It’s seen that they jump simultaneously around time ~ 2.5 ps. The positions of these two atoms relative to their neighboring atoms before (at time = 0.74 ps) and after (at time = 3.0 ps) the hopping process are illustrated in Fig. 5(c) and (d), respectively. It’s seen that atom 1 jump to the position which was previously occupied by atom 2. During the occurrence of hopping process, atoms typically hop to a site that is previously occupied by a different atom, thus a chain of hopping process occurs, where each atom hops into a space left by another “connected” atom. It is worthwhile to mention a similar mechanism found in water48-49, where large-amplitude angular jumps occur during molecular reorientation as a result of collective fluctuations under a specific local environment that support for a low energy pathway to break and make hydrogen bonds with neighbors. This similarity suggests that the jump-style diffusion mechanism is not specific to silicon and translational diffusion, but rather a common feature for substances that exhibit liquid-liquid phase transitions. Typically a strong tetrahedral geometry is favored in the first shell, while the collapse of the second shell into the first shell induces structural distortions and provides low-energy pathways for occurrence of collective jump-style diffusion processes with quick and simultaneous bond switches.

[image: ]
Fig. 5 (a) A snapshot of special correlations of hopping atoms (colored red). Two hopping atoms are connected by a red bond if they are less than 3.5 Angstrom. (b) The distance from original position as a function of time for atom 1 and 2 across their collective hopping processes. Their positions (colored red and green, respectively) at two typical times t = 0.74 and 3.00 ps are plotted in figures (c) and (d), respectively.

4. Conclusions
In summary, we have carried out extensive studies on the nanoscale dynamics of LDL in the SW model for silicon using classical MD simulations. The results show that there are strong correlations between dynamical behaviors and the local tetrahedral structure. The calculated diffusivity and relaxation time (which is about hundreds of nanoseconds) confirm that the low-density phase is a liquid rather than a glassy or amorphous solid. A major diffusion mechanism in the LDL is the appearance of hopping processes that corresponds to severe cage effects during atomic diffusions. The excess hopping processes lead to severe time-dependent dynamical heterogeneity in LDL. The strong bonding nature of the tetrahedral network is the structural origin for the hopping diffusion mechanism, making LDL viscous. Our results clearly prove the significant impact of the tetrahedral coordinated structure on the dynamics of LDL silicon, implying the possible existence of similar diffusion mechanism in other tetrahedral liquids, such as carbon and germanium.
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