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Abstract.  In warm target direct-drive ICF implosion experiments performed at the OMEGA laser facility, plastic micro-
balloons doped with a titanium tracer layer in the shell and filled with deuterium gas were imploded using a low-adiabat 
shaped laser pulse. Continuum radiation emitted in the core is transmitted through the tracer layer and the resulting 
spectrum recorded with a gated multi-monochromatic x-ray imager (MMI) . Titanium K-shell line absorption spectra 
observed in the data are due to transitions in L-shell titanium ions driven by the backlighting continuum. The MMI data 
consist of an array of spectrally resolved images of the implosion. These 2-D space-resolved titanium spectral features 
constrain the plasma conditions and areal density of the titanium doped region of the shell. The MMI data were processed 
to obtain narrow-band images and space resolved spectra of titanium spectral features. Shell areal density maps, ! L(x,y), 
extracted using a new method using both narrow-band images and space resolved spectra are confirmed to be consistent 
within uncertainties. We report plasma conditions in the titanium-doped region of electron temperature (Te) = 400+28eV, 
electron number density (Ne)  = 8.5x1024+2.5x1024 cm-3, and average areal density <!R> = 86+7mg/cm2. Fourier analysis 
of areal density maps reveals shell modulations caused by hydrodynamic instability growth near the fuel-shell interface in 
the deceleration phase. We observe significant structure in modes l = 2-9, dominated by l = 2. We extract a target breakup 
fraction of 7.1+1.5% from our Fourier analysis. A new method for estimating mix width is evaluated against existing 
literature and our target breakup fraction. We estimate a mix width of 10.5+1µm. 
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INTRODUCTION  

Growth of hydrodynamic instabilities during the 
deceleration phase of direct-drive inertial 
confinement fusion (ICF) implosions can reduce shell 
stability1, 2 and cause shell-fuel mixing1, 3-4, which 
limit the lifetime and performance of the burning 
phase of the implosion. Compressed shell areal 
density affects shell stability2, mixing4, and Rayleigh-
Taylor growth rates1,5-8. Determining shell areal 
density is therefore an important diagnostic tool for 
understanding hydrodynamic stability of the shell of 
current and future ICF experiments.  

Shell areal density, !R, is the integral of the mass 
density of the compressed shell along the radial 
coordinate. Experimentally, transmission is related to 
the mass density integrated along the chord from the 
surface to the interface with the fuel, defined by line 
of sight2. This is defined as !L if the plastic mass 
density is used, or NTiL if the titanium ion number 
density is used. The !L value at the diameter of the 
shell is the average areal density <!R>9. 
Reconstructing !R from !L requires an Abel 
inversion.  

Shell areal density can be extracted using x-ray 
radiography10, charged particle spectroscopy11-12, or 
the method used in this work, x-ray absorption 
spectroscopy2,13,14. Our approach requires 
experimental optical depth2, 15 and electron 
temperature (Te) and density (Ne)

13. Alternative 
approaches have independently characterized the 
ionization balance of the dopant element of well-
resolved spectra16, or utilized x-ray mass absorption 
fractions of the dopant element17. 

Absorption spectra are produced when a doped 
layer embedded in the shell is warmed up by a heat 
wave propagating outwards from the plasma interior, 
and backlit by x-ray Bremsstrahlung continuum 
emission from hot fuel and adjacent hot shell 
material13, 15. In the presence of hydrodynamic 
instabilities, local perturbations result in spatial !L 
modulations within the doped layer. We can use these 
modulations to examine the stability of the shell in 
that region as long as spatial modulations in !L are 
driven by hydrodynamics rather than non-uniform 
heating of the shell. This question can be addressed 
by evaluating shell plasma conditions, Te and Ne.   

While the earliest experimental determination of 
areal density obtained only average values14, 
temporally and spatially resolved imaging techniques 
have since been developed. Titanium x-ray mass 
absorption fractions have been used to obtain !R 
from the titanium K-shell edge17, 18, 5. Later, this 
method was utilized with temporally integrated but 
spatially resolved images of titanium K-shell line 

absorption3, 14, 19, 20. However, titanium mass 
absorption fractions had to be obtained separately 
from laser-driven foils3, 14, 18 rather than the 
compressed shell plasma itself. This method therefore 
does not constrain shell plasma Te, Ne conditions in 
the titanium-doped region.  

We extend this body of work by introducing a 
new method to extract shell areal density by 
comparing calculated optical depths from a titanium 
K-shell spectroscopic model15 to experimental optical 
depths from data uniquely available from the x-ray 
multi-monochromatic imager (MMI)21-26. Because we 
must model the data in order to determine the correct 
calculated opacity to use, we are also able to 
constrain the spatial variation of Te, Ne, and the 
ionization balance Zbar within the doped region of the 
compressed shell. This has not been possible with 
previous methods of extracting areal density from 
images of x-ray absorption spectra.  

The MMI diagnostic provides spatial, temporal, 
and spectral resolution. MMI data can be processed 
to obtain both narrow-band images and sets of space-
resolved spectra, thus far obtainable only from MMI. 
Other studies have utilized MMIÕs unique data to 
obtain spatially resolved Te and Ne information in Ar-
doped implosion cores24- 28.  For this work, we obtain 
experimental optical depth utilizing two approaches. 
The first involves subtractions of narrow-band 
images26 of Ti K-shell absorption from nearby un-
attenuated x-ray continuum emission. The second 
integrates sets of space-resolved spectra27. Each 
approach extracts a spatial map of titanium areal 
density in the compressed shell, NTiL(x, y). The two 
maps extracted from data taken by the same 
instrument should therefore be self-consistent. We 
can verify this quantitatively and then average the 
maps to benefit from reduced uncertainty.  

Spatially resolved areal density has previously 
been used to study shell stability by using Fourier 
analysis28-31 to determine the spatial frequency 
spectrum of areal density modulations in order to 
determine the Ôtarget breakup fractionÕ, developed by 
a team at OMEGA6, 17, 18, 33. This quantity describes 
the percentage of the shell that is disturbed by 
modulations, such that Ô0Õ would mean no 
modulations, and Ô100Õ would imply holes in the 
shell. We obtain this quantity by converting our 
NTiL(x, y) to !L (x,y) of the compressed plastic in the 
doped region, and then utilize Fourier analysis to 
determine the target breakup fraction. We 
additionally introduce a new method to estimate mix 
widths from the amplitude of modulations in the 
doped region, utilizing Fourier analysis and the 
compressed plastic mass density determined from 1-
D LILAC 34 hydrodynamic simulations. The mix 



width is the depth into the fuel shell material has 
penetrated. 

Determining the shell integrity and level of mix of 
current implosions is a vital step in improving the 
lifetime and performance of future implosions. While 
this is the focus of our current research, our methods 
for determining compressed shell areal density are 
general for ICF implosions. We therefore display 
both NTiL (x, y) and !L(x,y) for the convenience of a 
broader readership. Likewise, the determination of 
ranges of Te, Ne variation within the compressed shell 
is required for our areal density extraction method, 
but also independently useful.  

In the following sections, we describe our 
experiment at OMEGA and our extraction of areal 
density from optical depth. We develop the image 
ratio method and the space-resolved spectra method. 
We discuss model limitations and uncertainty 
determination relative to each method, and 
quantitatively compare the two areal density maps. 
Then, we conduct Fourier analysis to extract the 
power spectrum of areal density modulations. The 
target breakup fraction and mix width estimates for 
both methods are compared to each other and to the 
literature to provide proof of concept.  

EXPERIMENT AT OMEGA  

 
FIGURE 1. A pie-slice diagram of the spherical target 
used in OMEGA shot 58562. Note that the titanium-doped 
layer (red) is initially embedded in the CH shell (blue).  
This figure is not to scale. [COLOR ONLINE] 
 
In a series of direct-drive ICF experiments at the 
Laboratory for Laser Energetics (LLE), all 60 beams 
of the OMEGA laser system35 were used to drive the 
target in Fig. 1. An "=3 low-adiabat pulse shape 
delivered 21 kJ of UV energy to the target. The " is 
defined as the minimum local value of the ratio of the 
total plasma pressure to the Fermi pressure of a 
degenerate electron gas36. Laser pulses shaped to 
reduce the inner shell adiabat are expected to increase 
the maximum achievable !R36, 37. The drive pulse 

was smoothed by distributed phase plates (DPP)38, 2-
D spectral dispersion (SSD)39 , and polarization 
rotation via birefringent wedges (DPR)40.  

The x-ray multi-monochromatic imager (MMI)21-

26 used to record the Ti absorption spectra was 
connected to an x-ray framing camera and fielded 
using ten-inch manipulator five (TIM5). The four 
micro channel plates (MCP)41 inside the x-ray 
framing camera are triggered in sequence, 100ps 
apart. Data processing for the MMI diagnostic is 
described in the literature25-27, 41. We note the MMI 
has spatial resolution of 10µm, mainly limi ted by the 
pinhole size, spectral resolving power of E/#E ~ 150, 
and 8.5 magnification25.  

We use data from shot 58562 as an illustrative 
case in this paper. The data from the 2nd MCP strip 
occurs at 2.41+0.05ns relative to the leading edge of 
the laser pulse, and 0.180ns after bang time. 
Maximum compression for targets with 20 atm D2 fill 
inside a 27µm plastic shell, driven by an "3 laser 
pulse occurs around 200ps after bang time based on 
analysis of the compression continuum emission 
observed with SSCA.  

EXTRACTING AREAL DEN SITY 
FROM OPTICAL DEPTH A ND 

CONSTRAINING PLASMA 
CONDITIONS  

The optical depth is determined from the titanium 
absorption feature using Equation (1a) for the 
transmission T$ and (1b) for the optical depth %$

13. In 
these equations, I$ is the titanium absorption 
spectrum and Io is the zero level of absorption 
determined from un-attenuated continuum adjacent to 
the absorption feature:  
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                        (1b) 

 
To calculate optical depth, as in Eqn. (2), we need 

absorption oscillator strengths fi,j, area normalized 
line profiles ! ! of the line transitions, fractional 
population Fi of the initial level of the transition, and 
titanium areal density NTiL. The sum in Equation (2) 
is over all n = 1-2 line transitions in F-like through 
He-like titanium ions (Ti+13 to Ti+20) contributing to 
the formation of the absorption spectral feature 
observed in the data: 
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We can equate the optical depth formulas from 
Equations (1b) and (2) and solve for NTiL after 
integrating over photon energy2, in Equation (3). This 
removes the photon energy dependence introduced 
by the line profiles, since they are area normalized.  
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The denominator in Equation (3) is dependent on 

Te and Ne through the fractional population Fi. This 
can be treated as a constant with respect to spatial 
coordinate if the plasma conditions are uniform 
across the image. If, however, the level of target 
instability is sufficient that the heat wave propagating 
through the shell is itself non-uniform, this would 
produce spatial structure in Te and Ne which would 
also be observed in NTiL modulations. Since NTiL 
controls the depth of the absorption feature, we 
expect the amount of attenuation to change 
significantly across an interface containing 
hydrodynamic modulations. Modulations in Te and 
Ne would additionally result in spatial variation of the 
ionization balance of the absorption features15 across 
the image of the implosion. So long as the ionization 
balance of the absorption features contains minimal 
spatial variation, it is a good approximation to 
assume the doped layer was heated uniformly. We 
can investigate this utilizing a titanium K-shell 
spectroscopic model15 to obtain Te and Ne for 
individual space-resolved spectra. If we choose to 
model two spectra that are most different in apparent 
ionization balance as defined by the position in 
photon energy of the most attenuated portion of the 
absorption feature, we can constrain the spatial 
variation in Te and Ne. This is based on previous 
work in which time histories of Te and Ne in the 
compressed shell were determined from space-
integrated titanium K-shell absorption spectra15. We 
apply this model to space-resolved spectra #16 and 
#26, which have the widest separation between their 
respective centers of absorption of all members of the 
set of space-resolved spectra obtained from this MMI 
data. The results of the model are shown in Fig. 2. 
The distribution of space-resolved spectra is shown in 
Fig. 5b). The spectra are numbered from #1 in the 
lower left of the image mask in Fig. 5b) to #28 in the 
upper right. Spectrum #26 is on the left of the top 
row, while spectrum #16 is the second inward from 
the left, two rows down from the top in Fig. 5b).  

For spectrum #16 in Fig.2a) we obtain Te = 
420+40eV and Ne = 9.5x1024+3.2&1024cm-3. For 
spectrum #26 in Fig.2b) we obtain Te = 380+40eV 
and Ne = 7.4&1024+3.1&1024cm-3. Because we have 
chosen the two most different in ionization balance 

from a large set to model, these results constrain the 
range of potential spatial variation. We obtain Te, Ne, 
Zbar, and the value of the denominator for each 
spectrum. For each of these, we obtain a single 
representative value for the titanium-doped layer 
within the compressed shell from an uncertainty-
weighted average of the conditions of the two 
spectra. We determine the uncertainty for Te, Ne, Zbar, 
and the denominator of Equation (3) by adding the 
uncertainties we obtain for space-resolved spectra 
#16 and #26 in quadrature43, 44. The final conditions 
obtained are Te = 400+28eV and Ne = 
8.5&1024+2.5&1024cm-3. The average ionization stage 
Zbar = 13.95+0.02, and the denominator value is 
7.35&1017+0.55&1017 1/eVcm2.  

 

Figure 2: a) Space resolved spectrum #16 and uncertainties 
are shown in black. The fit to the continuum is in red. The 
model solutions constraining the uncertainty are in blue and 
cyan for the lower and higher temperature limits, 
respectively. The portion of continuum the spectroscopic 
model uses is highlighted with green dashes. b) Space-
resolved spectrum #26 utilizes the same color scheme as a). 
[COLOR ONLINE] 

 
However, if the variation in Zbar were not small, 

we would need to use a different value of the 
denominator for each sub-region in the image. We 
will discuss space-resolved spectra further in the 
fourth section, where Fig. 5b) resides. The image 

#16 

#26 

a) 

b) 



subtraction and space-resolved spectra methods both 
utilize Equation (3) to extract areal density from 
experimental optical depth, but use different 
techniques for evaluating the numerator.  

THE IMAGE SUBTRACTION  
METHOD  

The image subtraction method requires three 
narrow-band images26 to be constructed from one 
frame of MMI data: one for the absorption feature, 
and two more for continuum adjacent to the 
absorption. Narrow-band images are extracted from 
MMI data by summing columns of pixels that occupy 
the same spatial location in their parent image as the 
location being constructed in the narrow-band 
image26. The pattern of the pinhole array means that a 
single pixel column samples several spatial regions, 
as is shown in the boxed areas in Fig. 3b). The 
narrow-band image created should span the photon 
energy range of the spectral feature of interest25, 26.  

The absorption feature falls in the 4500-4680eV 
photon energy range highlighted in the blue box in 
Fig. 3b). The narrow-band images of the continuum 
to the left and right of the absorption image, Fig. 3c, 
d), are of the same width and are taken from the 
regions in the dark red boxes in Fig. 3b). Because we 
must integrate the natural log of the inverse 
transmission according to Equation (3), we must take 
the natural log of the frame of MMI data in Fig. 3b) 
before any narrow-band images are constructed. We 
represent a narrow-band image formed from the 
natural log of the frame as !!

!
! !!  for continuum and 

!!
!

! !!  for the absorption feature, where the 
superscript ÔLÕ represents that the concept that the ln 
of the frame was taken first.  

We approximate the continuum backlighting the 
absorption as the average of the continua to the left 
and right of the feature.  It is reasonable to treat the 
resulting image, Fig. 3e), as the zero level of 
absorption as long as the un-attenuated continuum is 
a slowly varying function of photon energy. This 
assumption can be violated if the narrow-band 
continuum images are too dissimilar in size or 
intensity.  

An image may also be unsuitable if the available 
photon energy range is too short due to the presence 
of other spectral features or the edge of the detection 
window. Should either event render one image 
unsuitable for use, the other, i.e. Fig. 3c) or 3d), may 
be used instead of the average, Fig. 3e). 

 

 
FIGURE 3. The space-integrated spectrum recorded with 
MMI  at 2.41+0.05ns in 58562 is a). The natural log of the 
array of spectrally resolved images containing the 
absorption feature is b). The feature itself, between 4500-
4680eV, is highlighted with a blue box. Red boxes to either 
side show the regions selected for the left continuum, 4230-
4410eV, and right continuum, 4730-4910eV. The narrow-
band images c) and d) are the left and right continua, 
respectively. The average of c) and d) is e). The narrow-
band image of the absorption feature is f). [COLOR 
ONLINE] 
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We avoid including continuum in the absorption 
image, Fig. 3f), by selecting the width of the 
absorption feature near the minimum of continuum 
intensity fluctuations in Fig. 3a). The narrow-band 
images Fig. 3c-f) are roughly circular in shape, with 
the strongest continuum emission near the center. 
The absorption image Fig. 3f) shows strong 
attenuation, but the intensity is still centrally peaked. 

Because we have taken the natural log of the 
frame prior to constructing narrow-band images, we 
can obtain the integral of the optical depth based on a 
subtraction of the two narrow-band images as in 
Equation (4). It is important to multiply by the width 
of the absorbing region because the narrow-band 
imagesÕ intensity distributions ! !

! !!  are weighted 
by the number of pixels per column during 
construction26.  
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Transmission alone can be calculated by taking the 
ratio of narrow-band images like Fig. 3e) and Fig. 
3f), but made without taking the logarithm first. The 
transmission map Fig. 4a) evinces strong attenuation, 
moving from a maximum above 1.0 (due to noise) 
outside the image to a central minimum of 0.3. This 
corresponds to the maximum optical depth of 1.3 in 
Fig. 4b), obtained using Equation (4). Since the 
backlighting x-ray continuum is produced in the core 
and adjacent hot plastic, this means the titanium K-
shell spectrum is formed by attenuation on the 
observed side of the compressed shell. We note this 
optical depth is an underestimate due to the fact that 
the peak value will reside in the absorption lines, 
which the MMI diagnostic does not resolve. We will 
address this and other impacts of the MMI 
instrumental broadening in the section on uncertainty 
and limitations.  

To convert from the optical depth in Fig. 4b) to 
the areal density NTiL(x, y) in Fig. 4c) we divide the 
result of Equation (4) by the denominator from 
Equation (3). We observe in Fig. 4c) that NTiL(x, y) 
is centrally peaked. However, in addition to noise in 
the image we observe structure in the form of larger 
bumps at the peak and wrinkles on the front right and 
rear left slopes.  

 
FIGURE 4. Spatially resolved maps of transmission, a), 
optical depth, b), and titanium areal density NTiL(x, y), c) 
derived from the narrow-band images in Fig. 3. [COLOR 
ONLINE] 
 

THE SPACE-RESOLVED SPECTRA 
METHOD  

The space-integrated spectrum from MMI data is 
obtained by adding up along the vertical direction 
(i.e. constant photon energy) intensity contributions 
from all pixels in the image26.  
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FIGURE 5. Space resolved spectra from sub-regions #2, 
#18, and #22 are displayed in a) along with continuum fits 
to represent the zero level of absorption. The NTiL(x, y) 
map assembled from integration of the set of space-
resolved spectra is c). The location of the sub-grids and a 
legend appear in b). [COLOR ONLINE] 
 

To compute a space-resolved spectrum instead we 
divide up the image into a grid of boxes, which we 
define as sub-regions, and compute the vertical 
integral from only one sub-region at a time27, 42. To 
this end, the first step is to isolate the images from 
the background of the pinhole array. We do this 
utilizing a threshold value, in this case 15%, such that 
pixels below that intensity are excluded from images. 
The outer boundary of each image, as shown in Fig. 
5b), is the largest continuous contour around the 
image such that all pixels contained exceed the mask 
percentage. The same percentage is used for every 
image in the frame. For this data, it was possible to 
divide the image into 28 sub-regions.  Three 
examples of space-resolved spectra (solid) are 
displayed in Fig. 5a) with polynomial fits to 
continuum regions (dash). These fits define the un-
attenuated backlighter for extracting transmission 

spectra with Equation (1). We note sub-region #22 is 
not the tall region in front of the red arrow but the 
short region behind it. The integral in Equation (3) is 
evaluated directly for each spectrum, and the value is 
placed into the corresponding location in the grid in 
Fig. 5b) to construct a map of the titanium areal 
density NTiL(x, y), Fig. 5c). To demonstrate, color-
coded arrows are drawn from sub-regions #2, #18, 
and #22 in Fig. 5b) to the corresponding locations in 
Fig. 5c) 

It should be noted that the assumption that the 
continuum is a slowly varying function of photon 
energy applies as much to the space-resolved 
spectrum method as it did to the image subtraction 
method. That assumption can break down if there is 
too great a difference between the average intensity 
level of the continuum to the left and right of the 
absorption feature.  

While the range of integration of the space-
integrated spectrum in Fig. 3a) will be representative 
of the total range of integration of all space-resolved 
spectra, there are some variations in the photon 
energy ranges of absorption features in space-
resolved spectra. Individual absorption features may 
be narrower than the range of the space-integrated 
spectrum. In Fig. 5a), we observe the deepest 
absorption occurs for the same photon energy in all 
three spectra, as expected, but the three spectra are 
not all the same width. Sub-region #2 spans 170eV, 
while sub-region #18 spans 160eV. Care was taken to 
ensure the range of integration did not exceed the 
range of the absorption feature.   

UNCERTAINTIES AND LIMITATIONS  

To accurately determine the uncertainties present 
in the areal density maps extracted using each 
method, we must account for each source of 
uncertainty and propagate it through the analysis. We 
must also assess the impact of limitations to the 
current method. The largest limitation of this method 
is the instrumental resolution of the MMI instrument. 
Because the individual titanium K-shell absorption 
lines are not resolved, we are only able to constrain 
the Te and Ne in the compressed shell. Likewise, we 
need to assess the potential impact of the titanium 
self-emission on our analysis. We also know that the 
maximum level of optical depth will reside in the 
peaks, which are unresolved. We will therefore deal 
with these limitations before addressing uncertainties.  

If we consider first the issue of the potential 
impact of the instrumental broadening on optical 
depth, we can see in Fig. 6) two theoretical optical 
depth functions before and after the instrumental 
broadening of MMI is included. This is done by 
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convolving the optical depth with a Gaussian with 
FWHM of 30eV.  

 

 
FIGURE 6. Two optical depth functions from the 
spectroscopic model as applied to space-resolved spectrum 
#26. The optical depth at Te = 380eV and Ne = 6.8x1024cm-

3 (orange) is also shown after instrumental broadening is 
included (magenta). The optical depth at Te = 420eV and 
Ne = 9.5x1024cm-3 (blue) is also shown after instrumental 
broadening is included (cyan). The ionization stage of the 
titanium (Ti) is also labeled for each spectral feature. 
[COLOR ONLINE] 
 

If we examine Fig. 6 we see that for the orange 
curve the peak optical depth is 2.5, but for the 
matching magenta curve we observe a peak of 1.5, so 
as expected we do not observe the peak optical depth 
in MMI data. The optical depth with instrumental 
broadening applied underestimates the actual peak 
optical depth by 40% at the conditions of the orange 
curve, and 20% for the blue curve. However, we 
calculate the areal density from the integral of the 
optical depth. If we compare the value for the 
integrals before and after instrumental broadening is 
included, they differ by only 0.02%. We can explain 
this with a closer examination of Fig. 6. We observe 
the areas of the peak (orange or blue) that are above 
the broadened curve (magenta or cyan) are actually 
balanced by area between the peaks below the 
broadened curve. We have examined many optical 
depth curves from the spectroscopic model and find 
this effect to be persistent.  

The fact that both of the optical depth functions 
shown in Fig. 6 contribute to good quality fits to the 
experimental spectrum is a consequence of the fact 
that the self-emission of the titanium is included in 
the spectroscopic model15. It was determined in 
previous work that the impact of self-emission in 
these absorption spectra is non-negligible15, and our 
assessment of the shell plasma conditions includes it. 
However, because of the instrumental broadening, we 
cannot obtain a definitive assessment of the amount 
of self-emission that is actually present in the 

experiment. This means that we are including the 
impact of self-emission in the denominator of 
Equation (3) through the plasma conditions, but not 
in the numerator. This implies the amount of areal 
density of the compressed shell is underestimated. 

We can evaluate the impact of this limitation with 
the assistance of the spectroscopic model. If we 
obtain the areal density from the inverse transmission 
as in Equation (3) utilizing the actual emergent 
intensity (which includes self-emission15) or utilizing 
absorption alone, the difference between the two 
results constrains the impact of the self-emission. For 
the conditions of the blue curve in Fig. 6 the 
difference was only 7%. For the orange curve the 
difference was 41%. If we extend this analysis to all 
the conditions within the uncertainties for both space-
resolved spectra #16 and #26, the mean 
underestimate is 29%, which spans a minimum of 7% 
and a maximum of 44%.  

We now turn our attention to quantifying 
uncertainties. We have already obtained the 
uncertainty for the denominator of the areal density 
formula, which encapsulates the Te and Ne variation. 
To obtain an areal density uncertainty from this, 
which we will call ' 2

Te,Ne, we execute a separate areal 
density calculation for each method using the sum of 
the denominator and its uncertainty, and subtract this 
result from the already determined NTiL(x, y) value 
for each method. A second source of uncertainty is 
random noise introduced by the instrument. We have 
shown error bars on spectra in Figs. 2, 3, and 7 and 
will explain their origin here. 

We extract the noise by subtracting a smoothed 
result from the data. The fluctuations in the original 
data around the smoothed version represent the noise. 
Because the distribution of the noise is well 
approximated by Gaussian statistics, we treat the 
standard deviation of the noise as the uncertainty.32, 

29-30, 43. We apply this to both the image ratio method 
and the space-resolved spectra method, and display 
the results in Fig. 7.  

For the narrow-band images, we use Gaussian 
smoothing9, 32 with a width half the size of the spatial 
resolution, 2.5 pixels or ~5µm. By subtracting the 
smoothed image from the original, we create a map 
of the noise. The uncertainty is the standard deviation 
of the noise within a square the size of the spatial 
resolution, a 5x5 pixel block32, 43. We demonstrate 
this for the image of the absorption feature in Fig. 
7a)-c), but repeat the approach for the left and right 
continuum images as well. To obtain an areal density 
uncertainty due to noise, '2

Noise, we repeat the areal 
density calculation using these noise images.  

 



 
FIGURE 7. A demonstration of obtaining uncertainty from 
noise is given in a)-c) for the image ratio method and d) for 
the space-resolved spectrum method. The narrow-band 
image of absorption is unsmoothed in a) and smoothed in 
b). The difference, grouped into squares the size of the 
spatial resolution, is c). The three images are independently 
scaled to more clearly show fluctuations. Values increase 
from dark to light blue, yellow, orange, and peak in red. In 
d) space-resolved spectrum #17 is black, with uncertainty 
from noise in green, and the fit to the continuum in red. 
[COLOR ONLINE] 
 

In the space-resolved spectra method, we 
calculate the uncertainty of continuum regions and 
spectral features independently by smoothing each 
with a Butterworth filter32. The smoothed spectrum is 
subtracted from the original to yield the noise, and 
the standard deviation for each region is calculated. 
This is the source of error bars on space-resolved 
spectra like those in Fig. 7d). The resulting standard 
deviations are propagated through the integration, 
resulting in an NTiL uncertainty, again '2Noise, for 
each sub-region. The uncertainties can be assembled 
into a map the same way as the titanium areal 
density.  

In Fig. 7c), a ring of larger '2Noise values exists in 
the background around the images. When the areal 
density maps from the two methods are compared, 
the mask from the space-resolved spectrum method 
will be applied to the NTiL map from the image 
subtraction method and its uncertainty map. If the 
amount of masking is insufficient, the uncertainty 
maps for both methods will contain this ring of large 
values. This represents a consistency check on the 
masking percentage.  

 

FIGURE 8. Narrow-band images of the edge of the 
absorption feature are in b) and c). Images of adjacent 
continuum are in a) and d). Low intensity is in blue, 
increasing through green, yellow, orange, and red. We 
show corresponding ranges of integration for the space-
resolved spectra in orange and purple in e), where the 
dashed line divides the absorption and continuum ranges 
for a),b) and c),d). [COLOR ONLINE] 

 
The third and final source of uncertainty is the 

instrumental broadening. Within the photon energy 
range of titanium absorption, this is 30eV. The width 
of the absorption feature, which provides our range of 
integration, may thus be up to 30eV wider than it 
would be naturally. We obtain the uncertainty due to 
the instrumental broadening by calculating the areal 
density centered at the end-points and averaging 
them. We demonstrate this in Fig. 8. 

For the image subtraction method, we take the 
absorption image of the endpoint to 30eV inward. We 
must then add sufficient points outward to complete 
the image. In this case, the final image comprises 
45eV. We obtain a narrow-band image of the 
adjacent continuum of the same size. We repeat this 
process for both endpoints, conserving the width of 
the images. In Fig. 8, the photon energy range for a) 
is 4440-4485, b) is 4485-4530, c) is 4650-4695, and 
d) is 4695-4740. Because we must also include some 
photon energy points outside our original choice of 
the range of integration to complete the narrow band 
images, this also accounts for some potential 
variation introduced by the userÕs choice in range of 
integration. 

To repeat this process in the space-resolved 
spectrum, we do an integral over the 45eV between 
the dashed orange line and the solid orange line to the 
right (inside the absorption feature). We also 
integrate across the 45eV between the dashed purple 

a) b) c) 

d) 

a) b) c) d) 

e) 
















