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spherical and cylindrical shells

A. L. Velikovich' and P. F. Schmit®
'Plasma Physics Division, Naval Research Laboratory, Washington, DC 20375, USA
Sandia National Laboratories, Albuquerque, NM 87185, USA

Bell-Plesset effects accounting for the time dependence of the radius, velocity and acceleration
of the Rayleigh-Taylor-unstable surface are ubiquitous in the instability of spherical laser targets
and magnetically-driven cylindrical liners. An analytical model is presented that, for an ideal
incompressible fluid and small perturbation amplitudes, exactly evaluates the Bell-Plesset effects
in finite-thickness shells through acceleration and deceleration phases. The time-dependent
dispersion equations determining the “instantaneous growth rate” are derived. It is demonstrated
that by integrating this approximate growth rate over time one can accurately evaluate the
number of perturbation e-foldings during the inward acceleration phase of the implosion. In the
limit of small shell thickness, exact thin-shell perturbation equations and approximate thin-shell
dispersion relations are obtained, generalizing the earlier results [Harris, Phys. Fluids §, 1057

(1962); Ott, Phys. Rev. Lett. 29, 1429 (1972); Bud’ko et al., Phys. Fluids B 2, 1159 (1990)].



I. INTRODUCTION

Rayleigh-Taylor instability (RTI)'? is omnipresent in nature, its manifestations ranging
from a boiling tea kettle in the kitchen to the Gulf Stream in the ocean to exploding supernovae.’
The RTI has a major effect, mostly detrimental, on the performance of laser-driven spherical

inertial confinement fusion (ICF) targets’” and magnetically-driven cylindrical Z-pinch loads.®”

In the small-amplitude, linear approximation, the RTI causes an exponential perturbation growth.
Its constant growth rate is I' =,/ Agk , where g is the time-independent gravity acceleration at
the material interface separating two ideal fluids of different densities, p, and p,, the Atwood
number is defined as A= ( P> =P ) / ( P, + ,01) ,and k is the perturbation wavenumber.'” In the

ICF and high-energy-density plasma (HEDP) conditions, the formula for the constant growth
rate could be modified due to mass ablation in laser fusion or to bending of magnetic force lines
in magnetically-driven implosions, etc., see Refs. 4-9 and references therein, but the stability
problem is still essentially the same. It is well-posed if all the background parameters are time-
independent.

Under the conditions of the ICF/HEDP implosions the RTI development occurs on top of
a non-stationary, evolving background. Then the above picture of the instability development
itself requires corrections. It had been first pointed out by Bell'® and Plesset,'’ who studied the
RTI development at a single spherical interface, which separates two incompressible fluids of

different densities, and whose radius R(#) is time-dependent. Then the perturbation growth is not
uniquely determined by the effective gravity acceleration, now time-dependent, g (t) = —R(t) ,
but it also depends on the interface velocity, v(t) = R(t) , where the dot denotes differentiation

with respect to time. Below we apply the term Bell-Plesset (BP) effects to all situations where



the essential time dependence of the background flow parameters requires modification of the
elementary approach to the RTI development. The results of Bell and Plesset have been later
generalized to account for the compressibility of the fluids separated by the interface'® and for
the density gradients in the fluids contiguous to the interface."

The BP analysis'®"? typically focuses on a single accelerated surface or an embedded
material interface, which is an unstable element of a larger flow. In some cases, the whole
accelerated fluid is concentrated in the vicinity of such surface/interface, which corresponds to
the so-called thin-shell limit. A spherical laser target with a high in-flight aspect ratio (defined as
the ratio of the outer shell radius to its thickness), like those used in the RT experiments on
NIF," could be roughly approximated as a thin shell. Magnetically-driven hollow cylindrical
liners in the experiments'> performed for the Magnetized Liner Inertial Fusion (MagLIF)
program on the Z facility might also be approximately described as thin shells, although their
aspect ratios are typically smaller than those of laser targets. The need to account for the explicit

time dependence of the acceleration g(¢) is particularly clear for thin laser targets or

magnetically-driven liners. For example, even if a hollow spherical shell is imploded by a steady

laser or x-ray radiation field (no coasting, no zoomingm), and the pressure p driving it is
essentially constant, still the areal mass pd , where p and d are the density and the thickness of
the shell, respectively, increases with convergence o« R™, hence the effective gravity decreases

with time: g = p/(pd ) o« R*>. Similarly, in magnetically-driven implosions, even while the

current does not change much, the driving magnetic pressure scales as R, whereas the areal
. . —1 . . . . .
mass increases with convergence o« R~ , hence the effective gravity increases with time,

gxR™".
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The thin-shell approximation significantly simplifies the RTI study, sometimes even

making it possible to develop an analytical theory of the nonlinear phase of the perturbation

growth.'®?' Both in this approximation and in the BP-type analysis,'*"

the perturbation
dynamics is governed by ordinary linear differential equations with time-dependent coefficients.
Since solutions of such equations are non-exponential, the very definition of the growth rate

requires clarification. Instead of the exact growth rate I’ =const found for a steady-state
background, it is often possible to introduce a time-dependent “instantaneous growth rate” I'(¢) .
For this purpose, we have to consider the gravity acceleration g, the velocity v, and the radius
R as parameters whose time variation is neglected, assuming that these background parameters
vary slowly compared to the perturbation evolution. Then, substituting into the exact equations
of the BP or thin-shell model 9 /07 =iw, we derive an approximate time-dependent dispersion

equation and calculate I'(r) as the maximal negative imaginary part of its complex roots w . The

number of perturbation e-foldings during the growth time ¢ is estimated as
ny ()= [T(¢)dr'. (1)
0

This approximation is equivalent to the Wentzel-Kramers-Brillouin (WKB), or quasi-

classical, approximation in quantum mechanics.”® It is routinely used for formulating

specifications in terms of the RTI growth factors for individual /-modes,GF = exp(n ef) , in laser

fusion,** or for stability analysis of Z-pinch implosions."**°

The same WKB approximation has
been applied for estimating the RTI growth in other areas, e. g., at the interface between
spherically expanding detonation products and neutral gas™ and for other kinds of instabilities.*®

In this paper we generalize the results of Bell"® and Plesset'' for finite-thickness

incompressible shells. The outer surfaces of these shells exhibit the RTI during the inward



acceleration phase of the implosion, while the inner surfaces remain stable. During the stagnation
phase their roles are reversed: the inner shell surface becomes RT-unstable, and the outer —
stable. This small-amplitude, ideal-incompressible-fluid problem is simple enough to exactly
evaluate the perturbation growth, to account for the time dependence of the outer and inner radii
of the shells, their velocities and accelerations, and to analyze the applicability of various

> and the WKB

approximations, including the single-surface BP approximation'®"
approximation. For the case when the time-dependent thickness of the shell is much less than
both radii, we derive exact thin-shell evolution equations and approximate time-dependent
dispersion equations, generalizing the results of.'”**

The paper is structured as follows. In Section II we derive the governing equations for the

background flow and the perturbation development. Section III is dedicated to stability analysis

of spherical and cylindrical implosions. In Section IV we conclude with a discussion.

[Il. GOVERNING EQUATIONS
A. Background motion
Consider a one-dimensional (1D) radial motion of an incompressible finite-thickness

spherical or cylindrical shell. The fluid density p is assumed constant, same in all fluid particles.

The fluid is bounded by the outer and inner radii, r =R, (t) and r =R, (¢). The fluid velocity

v (r,t) has only the radial component v, satisfying the boundary conditions

=R ,t)= R ;
r (7‘ out t) . out (2)

v
v, (r = R,-n’t) =R

here and below we omit the argument ¢ of R and R, . Due to the conservation of the shell
volume/mass, in the spherical and cylindrical geometry, respectively,

R - R’ =const, R> R _=R’R ; (3a)

out in out™ “out in”in °



Ruzut - Rli = ConSt’ R()uth)ut = RinRin * (3b)

Here and below the numbers of similar equations referring to the spherical and

cylindrical geometry are marked by the letters a and b, respectively.

Introducing the velocity potential @ (r,t) by v =V® , we note that the incompressibility

condition V-v =0 implies that @ is a harmonic function: V’® =0. The velocity potentials
satisfying the boundary conditions (2) and (3a) or (3b) are immediately found for spherical and

cylindrical geometry, respectively:

out™ “out

O(rt)=-1R R, (4a)
r

d)(r,t)=R R Inr. (4b)

out™ “out
The pressure as a function of the radial coordinate and time is found from the Bernoulli
equation:

£+1(V<I))2 +

a2 c(2), ®)

where C(¢) is a function of time determined by the boundary conditions. Substituting (4a, b) into

(5), we find the background pressure:

4 2
p= p[(RW,R'W, +2R2, ) R &} +C(0); 62)
r 2r
.. - R R? R
P=p|(RuR,, +R2,)In=ew - Zouou |4 C(r) (6b)
r 2r

Differentiating (6a, b) with respect to r we obtain for both spherical and cylindrical

geometry:

o) 9
( pj =pg0ut; ( pj =pgin’ (7)
ar =R ar r=R;,



where we have defined the local effective gravity acceleration as

gout =8= _Rout; gin = _Rin ° (8)
Below, when the effective gravity acceleration g appears without any subscript, it refers

to the outer surface. The effective gravity acceleration at the inner surface is found from (3a),

(3b):
R2 i R’ R2
=G| g 4 D) o ]| ol |- 9a
gm Rli g ( le J Rout j| ( )
R, (R, R
= ot | oo | Zowr | | Zour | 9b
gm Rin g ( Rli J Rout j| ( )
One can exclude the function C(#) by substituting into (6a,b) r =R , and r = R, , and

subtracting the results. This way we obtain the equations of the background motion of the shell:

D > R t 1 ij ’ 1
(RuutRuut + 2R3ut )( Ié:: - IJ + 5(1 - R::l JR()ZM + ;(pout - pm) = 0 ; (loa)
. N R I R)., 1
out _ — out _— - . = . 10
(RuutRuut + R{)ut )ln Rm + 2 (1 R[i jRuut + p (p()ut pm ) O ( b)

To determine the background motion, we need to specify the time dependence of the
outer and inner pressure, p, ., and p, . To present an example for the spherical geometry, we

assume that the outer pressure imploding the shell is constant, whereas inside the shell there is a

hot gas, whose pressure increases with its reduced volume following the adiabatic law:

R, (0)]"
pout =p1 =ConSl‘; pin =p2 |:13m—(l):| : (11&)



For the cylindrical geometry, we assume the shell to be a perfectly conducting current-
carrying liner that is compressed by the pressure of the outer magnetic field that has both

azimuthal and axial components, and in turn compresses an axial magnetic field inside it. Then

|:Rin (0):|2
B, = ’ Bz out = BzO = const, Bz in = BZO 5
| | R, (1)
BB {Rm (o)}4

22k, 8n P 8 R, (1)

out

(11b)

p()llt =

where [ =1(t) is the axial current flowing at the outer surface of the liner, and the initial axial

magnetic fields inside and outside of the liner are assumed equal to the same constant value B, .

Of course, all these assumptions are easily changed if needed.
To simplify the equations of motion we introduce the dimensionless parameter ¢ defined

as the inverse initial aspect ratio:

e 4 (12)

where d is the initial thickness of the shell, R, is its initial outer radius, R, = R (# =0), so that
R (0)=R,-d =R, (1 - 5) . Expressing the radius in units of R, , we introduce the dimensionless

outer radius R (t) , expressing the radial compression ratio by

R=Bu (13)

R,

Then R , = Rx R, for both cylindrical and spherical geometry, whereas the inner radius

is expressed with the aid of (3a,b) and (13):

1/3

R, =R0(R3—3.9+3.92—.93) ; (14a)

R, =R,(R -2e+¢*)". (14b)



We introduce another dimensionless parameter, the initial ratio of the outer and inner

pressure, for a spherical shell defined as

a=22. (15a)
P

obviously, the range of O<a =<1 means that the initial state corresponds to the inward
acceleration phase of implosion, whereas the choice of a >1corresponds to the deceleration

phase near stagnation. We also introduce the dimensional time unit as

PRA _p P, (16a)

D P

L, =

Then the normalized equation of motion of a spherical shell is expressed as

R 1 i R(3R -126+126°-4¢°) 3 P
(R3 —3e+36° - 53)1/3 2(R3 —3e+36° - 53)4/3 2

a(1—5)37
(R3 -3¢ +3e” - 53)y

(17a)

+e|1-

-0,

where the dot now denotes the differentiation with respect to the normalized time ¢/¢,. We
obtain the thin-shell equation of motion by assuming & << 1, expanding the left-hand side of
(17a) in the powers of ¢ and retaining the leading (first) term:

R+R*-aR™ =0, (18a)
which is of course easy to obtain directly. Both equations (17a) and (18a) are similar to the
equation of a particle motion in a potential field. Therefore they allow an energy integral, which

we write down with the integration constants corresponding to the initial conditions
R(0)=1, R(0)=0. (19)

The energy integral is (see Ref. 27, Section A)



1R3R2 R . 86{(1—8)3 (1_8)3(}’—1) 4
3 ) 3\/3 + _ 3 2 3\7-1
2 (RP-3e+3¢7 - &%) 3(r=1) | (R*-3e+3¢> - &) (20a)
E( 3
—|R -1)=0
+3( ) ’

and in the thin-shell limit it reduces to

%RQ +%(R3 1) E TR 1] =0, (21a)

which is, of course, easy to obtain directly from (18a), (19).

For a magnetically-driven cylindrical shell, we introduce the peak current amplitude I,
so that the current waveform is given by

1(t)=1,f (1), (22)
where f (t) is a dimensionless function of time whose peak value is unity. The azimuthal
magnetic field is normalized with respect to

5 2k

0= R o (23)
0

Similarly to (15a) we define the parameter ¢ as the ratio of the axial and azimuthal

magnetic pressure scales:

2 2
a=B_§)=(%] . (15b)
B¢O 21,

Finally, replacing in (16a) the outer pressure p, with the magnetic pressure corresponding to

(23), B;O / 87 , we define the time unit as

_ \870dR, R \[87mps  cR;~|27pe (16b)

0
B¢o B¢0 1,

The normalized equation of the background motion of a cylindrical shell is

10



(RR'+R2)1n( K j £(22¢) g

R -2¢+62) R -2e+¢°
17b

12 a(Rz—l)(R2+l—4£+2£2) (176)
+2e|—+ > =0,

R (R2 —25+£2)

which in the thin-shell limit € << 1 reduces to

. f? 1
R+?+a(R—Fj=O. (18b)

If the current is time-independent, f (t) =1, then Egs. (17b) and (18b) are also similar to

the equation of a particle motion in a potential field. The general and thin-shell energy integrals

corresponding to the initial conditions (19) are, respectively,27

2
2p2 2 eal(l1-R?
R'R In—; R 2+2¢£1nR+%=0, (20b)
2 R -2¢c+¢ R -2¢c+¢
2
%R%mm%&-kj 0. (21b)

The lowest value of @ =0 corresponds to the absence of the inner counter-pressure, as
in the experiments with empty laser capsules'* or empty conducting liners 28 For this case, Eqgs.
(17a, b), with the initial conditions (19) describe a collapse of the shell to zero inner radius in a
finite time. After that, the shell is instantly reflected from the center or the axis, its velocity
changes sign and an expansion of the hollow shell follows, which, in turn, ends when the outer

radius reaches R, . For a finite & and a constant current, f =1 in (17b) these equations describe

a periodic oscillatory motion whose period can be determined from (17a, b). The outer radius at

peak compression R . as a function of « is determined from (20a,b) or (21a,b), by assuming

R=0. These formulas yield the explicit dependence «(R,,). A given value of R, is

11



physically meaningful if the parameter ¢ is less than ~R’, /3 or ~RZ, /2for spherical and

cylindrical shells, respectively, so that the expressions in parentheses in Eqs. (14a, b) are positive

at R=R_, . For example, a 5-fold radial convergence of R , corresponds to the compression

ratio (i. e., the radial convergence of R, ) of 791 and 5.26 for spherical and cylindrical

geometry, respectively. These compression parameters are consistent with & <0.00267 and
£ <0.0202 , respectively.

Figure 1 demonstrates typical time histories of the shell radius, velocity and acceleration
described by these equations. Figures 1(a), (b) are plotted for a finite-thickness spherical shell

undergoing a 5-fold outer-radius convergence during the implosion phase,i.e. R , =0.2, which

corresponds to @ =0.0108. We chose & =0.002, which corresponds to the initial aspect ratio
500, i. e. the shell is initially very thin. The aspect ratio at the peak compression equals 2.71, so
that near stagnation the shell becomes thick. While the shell remains thin, approximately up to a
2-fold radial compression, the velocities and effective gravity accelerations of the outer and inner
surfaces are practically the same. As the finite-thickness effects become noticeable, so does the
difference between the velocities and accelerations of the inner and outer surfaces. The effective
gravity is initially positive, indicating an inward acceleration. At stagnation, the gravity
acceleration exhibits a high negative peak, which is more pronounced for the inner surface.
Figures 1(c), (d) demonstrate the same for an implosion of an infinitely thin cylindrical shell.
Here the 5-fold radial convergence corresponds to a =0.14 . The average dynamics of the shell
is very similar to the spherical case. The only difference is that at the early time the acceleration
remains approximately constant because the increase of the azimuthal magnetic field driving the
implosion is partly compensated by the increase of the axial magnetic field compressed by the

liner.

12



B. Perturbation equations

Let us study the evolution of small-amplitude perturbations superimposed upon the
background motion described in the previous section. We add a superscript (0) marking the
unperturbed motion to the velocity potential, velocity and pressure given by the equations of
Section II.A. The superscript (1) marks the first-order perturbation amplitudes. Focusing on the
perturbation growth at the inner and outer surfaces of the shell, we can assume the perturbed
flow inside the shell to be curl-free, same as the background flow. Then the Bernoulli equation
(5) is still valid, but now we add to the background velocity potentials (4a,b), which depend on r

and 7 only, perturbations which depends on time and all three spatial coordinates:

O (r,t) =D (r,t)+ @ (r,t). (24)

Noting that V*®® =0, we expand the velocity potential perturbation into the

eigenfunctions of the angular Laplace operator to obtain:
" =g, (1) +, (1) V)" (6.9); (252)
" =[ ¢ (1)1, (kr) + @, (1) K, (kr) Jexp (ikz + img) , (25b)
where Y (8,8) = B" (cos@)exp(img) is the spherical harmonic function, B"(z) is the
associated Legendre function, I, (z) and K, (z) are modified Bessel functions, and ¢, (1),

@ (t) are the first-order perturbation amplitudes to be determined. The functions representing

the angular dependence of the perturbations will be omitted below; the remaining perturbation
functions depend only on r and 7. Differentiating (24) with respect to r we find the perturbed

velocity:

(0) (€]
o o 000 o
V.=V 4V S =—+

) 26
! or or (26)

13



which implies

9

v, (r.t)= —R’””f"“’ +Hpr'™ = (1+1)@r'?; (27a)
r
R R ! !
vr(r,t) =M+k[¢llm(kr)+(p2Km(kr)], (27b)
r

cf. Egs. (4) and (25). We introduce the radial displacement amplitudes of the outer and inner
surfaces, £ () and &,(¢). Angular dependence of the displacements is given by the same
functions as in (25a), (25b), and will be omitted below. By definition, variation of the radial

velocity at the perturbed surface equals to the time derivative of the radial displacement

amplitude. For example,

() ]
vr (Rout + out ’t) - ViO) (Rout ’t) = (a;” ] out + v;('l) (Rout ’t) = §out 4 (28)
r
r=R

out

and the same for r = R,, . Substituting (27a,b) into (28), we obtain:

2R

lwlRtln:tl - (l + 1) ¢2130_ult_2 = éout + R_OW out 5
2 ) out (29a)
lwlRin_l - (l + 1) ¢2Ri:1[_2 = §in + R_mgin ’

m

! ’ S R "
k |:¢11m (kRout) + ¢2Km (kRout )] = Sout + # out 5
out (29b)

: , . R
kl:(pllm (kRin)+(p2Km (kRm):I = §in +R_m§in ’

where the prime denotes differentiation of modified Bessel functions with respect to their

arguments. Solving Eqgs. (29a,b), we express the amplitudes ¢,, ¢, via the displacements &

and &, :

14



1 1+2 3 2R0m 1+2 2 2Rin
¢1 = m[leout Lgout + R— outj - Rin 51'/1 + R_§l ’ (303)

out m out

Rl+t2 Riln+2 . 2 Rom . 2 Rm
¢2 = (l + 1) (;;025;-1 _ Rlilﬂ ) |:Riln : (‘fout + E‘D&outj - R(iutl (gin + R_mngi| > (313)
1 / 3 Rout ! : Rin
¢1 = E|:_Km (kRm )( out + R{)m out] + Km (kRout ) (5", + R_mgl ]:| ’ (30b)
1 . R . R
=—1|1' (kR. out -I' (kR : in & 31
A CRE- e A ERE Ry o)
where
A = Ir’n (kRm ) Kl;l (kRuut) - 1121 (kRout ) KI;’I (kRm) * (32)

Calculating the pressure perturbation amplitude from (5), we find:

90V 9 9 CARNORCL
a_ _ + = — + V(O) ’ 33
b /0[ ot ar  or P ot tooor >
and therefore for r =R,
Pius =~ p(iww)ijq’(”(r )| =p Lo (r=R,.). G
out (:)t r ar ’ R dt o

Similarly to (28), we determine the first-order pressure perturbation amplitude at the

perturbed outer surface. With the aid of (7) we find:

9 (0)
R+ &)= plR) (2] 50t
r=Fon (35)

= p{goutgout _%I:(I)(l) (l’ = Rouz’t)]} s

and, of course, a similar equation is valid for r = R, . Using (25a,b), we obtain for the pressure

perturbation amplitudes at the outer and inner surfaces for spherical and cylindrical geometry:

15



d .
0Py = P {gmé?m -—| @R, + R, ‘]} : (36a)

dt
d I -1-1
5pin = p{gingm _E[(lein + ¢2Rin :‘} ’ (373)
d
épout = IO {goutgout - kEl:(pllm (kRout) + ¢2Km (kRout ):|} ’ (36b)
d
épin = p {gingin - kEI:(pllm (kRm) + ¢2Km (kRin ):I} ’ (37b)

where the velocity potential perturbation amplitudes are expressed via the displacements with the
aid of Egs. (30a, b), (31a, b).
To derive the perturbation equations, we need to specify the boundary conditions,

expressing the outer and inner pressure perturbations via the displacement amplitudes £ ,& and
&, . To present a simple example for the spherical geometry, we assume that the pressure

perturbations at both surfaces of the shell are zero. This is consistent with our assumptions of
constant-pressure drive from the outside and counter-pressure of the hot compressed gas from
the inside. More realistic boundary conditions for a laser fusion target would account for mass
ablation, which stabilizes the RT growth both at the outer and the inner surfaces, but such
analysis is beyond the scope of the present article. The boundary conditions corresponding to the

classical RT instability development at both surfaces are
Cspuut = 0’ Cspm = O ° (38&)

Then the perturbation equations for a spherical shell are

d R , R21+1 Rgl+1 . R
- ou out + in + 2 out
dl_ {RZHI _ R-21+1 |:( l l +1 ‘E()ut R ‘Dtuut

out m out

(39a)
21 +1

. R
- RURM N E 42—ng |1 =0,
l(l + 1) out " tin Lgm R gtnj:|} goutgout

m

16



out m out

2041 20+ ;
_(fofl . RT](E " 2%5,.,1 H} =8 =0

Here the time-dependent outer radius R

out

d R 2l +1 142 1-1 * R
— g RIR 4o
dl_ {RZHI _ R-21+l |:l(l + 1) out = in §0ut R out

(40a)

and its time derivatives are supposed to be

known from the background solution, whereas the inner radius and its time derivatives are
related to it by (3a), (9a). For a constant outer pressure and adiabatically increased inner pressure

(11a) the time history of R  is found from the equation of motion (17a). If the dynamics of R

out
is determined by different assumptions about the outer and inner pressure in Eq. (10a), our
perturbation equations (39a), (40a) would not change.

For the cylindrical geometry, our boundary conditions account for the assumed perfect
conductivity of the shell. Magnetic field inside the shell is assumed zero, same as in Ref. 17. The
requirement that magnetic force lines in the vacuum near the perfectly conducting shell surface
are parallel to it translates into the following boundary conditions for magnetic pressure

perturbation amplitudes at the outer and inner surfaces:

2 2
K (kR B
5pm,0ut = iI:(£B¢) + szOJ - ( 0”1) + £ :|5&out )

4r kK' (kR,) R

out out

(38b)
i 1, (kR,)

m

4z I (kR,)

m m

5pm,in = k§l :

Here, B¢ , B, and B._, are the unperturbed values of the azimuthal and axial magnetic

field outside and inside of the shell. These boundary conditions corresponding to (11b) could be
easily modified, if needed, to account for the compression of the azimuthal-field magnetic flux,
as in,”? or for the time dependence of the outer axial magnetic field. Their derivation is described

in;'""??! for completeness, we also present it in Section B of Ref. 27.

17



The perturbation equations for a cylindrical shell are

d| 1 ) R
-\ T I, kR K kR - I kR K/ kR out
dt (kA {I: m ( in ) m ( ()ut) m ( uut) m ( in ):l( out + Rout ()utJ
’ 2 ( ) 32 (39b)
L [z R 1| m K, (kR
- : e - - _B kB m out [ _ O ’
kR, (5 "R, g:JH {go‘” T amp HR,,M #r “’j kk' (kR,) R, }}5
dl 1|1 (. R, , ,
E (E {E(S&Ulﬁ + E uut} + I:Im (kRin ) Km (kRuut ) - Im (kRout ) Km (kRin ):I
(40b)

. R kB2, I, (kR,,)
] mn ] _ ) z,n m mn ] =0
x[g’" "R, EJ}J {g’” 4o I,’,,(kRm)}g’ ’

cf. Egs. (30b), (31b), (36b), (37b), and (38b). Here A is given by (32).

In the thin-shell limit R , - R, —0 the denominators of the terms under the time

derivatives in Egs. (39a, b), (40a, b) vanish. These terms remain finite only if the numerators

vanish, too, which implies that &  -& —>0. In this limit, assuming R

out ’Rin —R and
£ .»&, — &, where R is the unperturbed radius of the thin shell and & is its radial displacement

. . . . 17,1921
amplitude, defined in the same way as in, 19,

we observe that Egs. (39a) and (40a) in the
leading order are reduced to the same equation. To make a meaningful limiting transition to the

thin-shell case, we have to resolve this indeterminacy by defining

1 R?

§=5 §0ut + R;n §1 J ’ (41a)
1 R.

§=5 Sout +R—’”§m] (41b)

and introducing a new perturbation variable by

RZ §out — Rtigl

o= out s 423.
ek (42a)
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O = R()ut‘D&uut — Rin‘D&in , (42b)

£R;
where ¢ is defined by (12). Here the perturbation variable & describes distortion, or bending of
the shell as a whole. Introducing the new variable & by (41a, b), we can overcome the limitation
of the small-amplitude theory, whose applicability requires that the displacements of the outer
and inner surfaces must be small compared to all the unperturbed length scales, including the
shell thickness d . The thin-shell limit, on the other hand, neglects the shell thickness compared

to the displacement amplitude, attributing the same distortion amplitude & to both outer and

inner surfaces of the shell. The variable o is the relative shell thickness modulation amplitude.
The thickness of a thin shell is itself small as &, which is why its relative perturbation is

appropriately normalized with respect to &. The displacement amplitude & has the

dimensionality of length, and ¢ is non-dimensional. Face-on x-ray radiographic measurements
of the perturbation growth in planar’’ and spherical'*?' laser targets probe the areal mass
perturbation amplitude o . Side-on radiographic measurements made in experiments with

15,28

cylindrical liner implosions probe the outer and inner surface modulation amplitudes, &

and &, , to which both amplitudes & and o contribute.
Substituting (41a), (42a) and (41b), (42b) into the general perturbation equations (39a),
(40a) and (39b), (40b), respectively, and expanding the results into power series in & , we obtain

in the leading orders in ¢ (see the detailed derivations in Sections C.1 and D.1 of Ref. 27) the

thin-shell perturbation equations for spherical and cylindrical shells:

g':'+%g§—ga=o, (43a)

. 2R . I(I+1)g

O+—0-——>—&=0, 44a
R R? s (442)
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E-WE-g0=0, (43b)

. 2m*R ) m*
O’+m0’—(k2+F]g§=o, (44b)

where

' z,in ’ (45)
R 2u kRK "

m m

g 1 > K, kRI
W=——+—[B;+(mB¢+kRBzo) ——m__B? .

Here R=R,(t) is the dimensional radius of the thin shell, u is the unperturbed line mass of

the shell, and the arguments of the modified Bessel functions are all equal to kR . These thin-
shell equations explicitly contain the BP contributions, see the terms proportional to R/R in
Egs. (44a), (44b). Note the difference between Eqs. (43a, b), (44a, b) and standard formulations
of the thin-shell model:'"'****! here the areal density modulation ¢ is a variable independent
from the displacement amplitude &, whereas in the standard case the amplitude & determines
the perturbed areal density. The difference is due to the fact that the standard formulation is
based on the concept of a single shell surface being perturbed,17’18’20’21 whereas here in the thin-
shell limit we still deal with the inner and outer surfaces, albeit close to each other.

Finally, one can reduce Eq. (39a) to the conventional spherical BP perturbation equation
describing a single non-stationary surface for the particular case of Atwood number A=1

corresponding to the boundary conditions (38a). For this, substitute R =R, & =&,
R,=&,=0andg, =g=-R into (39a) to obtain:

g(l+2)

R £=0, (46)

.. 3R
+ —_— -—
3 R &
which coincides with Eq. (13) of,'" where the surface tension is neglected and the single-fluid

assumption p, =0 is made.
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C. Exact and approximate solutions of perturbation equations

All of our perturbation equations can be presented in a form
47

D)= a()(1).

Here the components of our 4-dimensonal vector of state ¥ are E ..o é‘m , &, ,and é—‘

or, in the variables more appropriate for the transition to the thin-shell limit, &, § , 0 and O,

and H (t) is a time-dependent 4x4 evolution generator

Equation (47) has an exact formal solution
(48)

(1) =Texpﬁﬁ(f)dz}@(o) = §(1)¥(0),

where T exp denotes a time-ordered exponential:

R t R th R R

S(t) =1+.|'H(t1)dt1 +J.J.H(t1)H(t2)dt2dtl R (49)
0 00

Time ordering is needed because the time-dependent matrix H (tl) at any given instant of

time does not commute with this matrix at different time, H (tl)I:I (2,) = H (tz)ﬁ (1) at #, =t,.

If the operator H was time-independent, this would not be the case. Then the time-ordered

exponential would be reduced to a simple exponential, and the solution (48) could be simplified:
(50)

S(r) = exp(ﬁt) :
The constant growth rates would have been determined by the constant eigenvalues of the

matrix H , so that the greatest number of e-foldings over time 7 would be
(5D

nef (t) =TIt ?



where I = max[lm(—a)i)], i=1,..,4,and @, .., w, are the constant eigenvalues of the

time-independent matrix H .
The eigenvalues of the time-dependent matrix (t) in (47) are also time-dependent.

They are determined from the eigenvalue problem

H()¥ (1) =iw(t) P (1), (52)

where [ is the unit matrix. We evaluate the “instantaneous eigenfrequencies” o, (t) and
estimate the number of e-foldings from the WKB formula (1), where the “instantaneous growth
rate” is F(t) = max [Im(—a),. (t))] , i=1,..,4. Making such an estimate, we neglect the
difference between the ordinary and time-ordered exponentials stemming from the time
dependence of the evolution generator.

To compare the WKB and exact results, one has to be careful to make a fair comparison.

Indeed, it is easy to make examples of a much faster growth than Eq. (1) predicts. For example,

one can choose the thin-shell initial conditions as
£(0)=1, £(0)=0(0)=0(0) =0, (53)
and observe the growth of a(t) from zero to some finite value, which, relatively, certainly

exceeds the value of exp(nef ) stemming from (1). To make a meaningful comparison, one needs

to use an exact measure of growth that is invariant with respect to the arbitrary choice of the
initial conditions.
For our incompressible perturbation problem, whether it is thin-shell or finite-thickness,

this is relatively easy to do because our “vector of state” completely describing the perturbation
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evolution is only 4-dimensional, whereas in compressional gas dynamics its dimensionality
would be infinite. Therefore we can easily calculate our 4x4 matrix S (t) defined by (48). We
start with choosing the initial condition (53) and integrate the thin-shell evolution equations
numerically, finding the corresponding values of &, £, fand @ at time 7. By definition, these
values represent the 1* column of the matrix S (t) Repeating the same calculation with the

initial conditions § (0) =1, all the other variables taken zero at ¢ = 0, we calculate its ond column,

etc. Having determined the matrix S (t) we find its four eigenvalues, A (t) s s Ay (t) , which

could be real or complex. The exact estimate of the maximum number of perturbation e-foldings

from time O to ¢ permitted by our evolution equations is

n, (1) =max|n|A (1)|], i=1, .. 4. (54)

If the background motion is periodic with a period T , as those described by the energy

integrals (20a,b), (21a,b), then the Floquet’s theory32 is applicable, and the eigenvalues

A(T), ..., A,(T) are called the characteristic multipliers of the system (47).

Comparing the exact result (54) to the WKB approximation (1), we can evaluate the
accuracy of the latter. One can expect a good agreement while the shell is almost at rest, so that
the coefficients of the perturbation equations are almost constant. But in order to see for how
long we can rely upon this agreement, we need to solve the exact perturbation equations.

There is certain arbitrariness in the choice of the perturbation variables for derivation of

the instantaneous dispersion equations. Use of variables & & and &, or & and o leads to

different dispersion equations because the coefficients relating these variables are time-
dependent. Here we present an example of the finite-thickness dispersion equation derived for

the spherical geometry. To simplify the transition to the thin-shell limit, we write it down for the
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perturbation variables & and o. We express &£ and & via & and o with the aid of (41a),
(42a), substitute the resulting expressions into (39a), (40a) and perform the time differentiation
assuming E=iwE, ¢=iwo to obtain two homogeneous linear equations for the amplitudes &

and o . After some algebra27 we derive the following dispersion equation:

. B . 2 . . 2
4 . Rout 3 8 Rout 2 . Rout 8 Rout
w +1 w + —+ —_— w +1 —+ —_— w
& Rout & Rout & Rout Rout & Rout & Rout

(55)
> R 2 R 4
g g OU Ou,
where g is given by (8) and the real-valued dimensionless coefficients ¢, , ... , g, are listed in
Section C.1 of Ref. 27.
In the thin-shell limit £ — 0 Eq. (5§5) is simplified:
: : )
o 28w 28w+ ai8R w_1(141)8 <0, (56)
R R R R

which, of course, is easy to obtain directly from Eqs. (43a), (44a).
For the spherical geometry one can also estimate the instantaneous WKB growth rate

using the classical Bell-Plesset single-surface perturbation model given by Eq. (46). The only

difference is that the corresponding matrices H,, () and S (1) for this case are 2x2. In

particular, the Bell-Plesset instantaneous growth rate is defined as I'p, =max[1m(—wi)],
i=1,2, and o, w, are the eigenvalues found from the dispersion equation
det[I-AIBP (1) —ia)(t)f] =0.

The finite-thickness instantaneous dispersion equation for the cylindrical geometry has a

structure similar to (55) but the expressions for its coefficients are too long to be presented here,
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see Section D.3 of Ref. 27. The thin-shell limit of this equation can be obtained directly from

Eqgs. (43b), (44b):

3 2 . 2m2WR 2 m2 2
w +Wa —lmw— k +F g =0, (57)

where W is given by (45). By accounting for the BP terms proportional to R/R, Eq. (57)

generalizes the earlier'”"”

thin-shell dispersion equations for a cylindrical shell accelerated by a
magnetic field. Interestingly, for the azimuthally symmetric “sausage” perturbation modes m =0

the BP corrections in (56) identically vanish. Substituting into (57) R=0 ,B.,, =B, =0, taking
into account that for this case B; / (Zu) =2g /R and noticing the difference in notation (Harris
denoted g = R), we obtain from Eq. (57) the solution (68) of Ref. 17. Having retained B_,, = 0

but neglecting the outer B, = B_, , we reproduce the dispersion equation (38) of Ref. 19.

The case of a finite-thickness planar slab similar to that studied in'’****** is recovered

from the cylindrical-geometry formulas (39b), (40b) by the making the limiting transition

- R, =d = const, L q = const (58)

out

kR, — %, kR

—> 0 —> 0
out ’m ’R

out

and using the asymptotic expressions for modified Bessel functions of large argument and index,
Ref. 35,Eqs.9.7.7,9.7.8 and 9.7.11, see Section D.2 of Ref. 27.  Neglecting both the time
dependence and the spatial non-uniformity of g in the limit (58), we obtain from (39b), (40b)

the dispersion equation (see the derivation in Section D.2 of Ref. 27)

' —WZM[(k-BM)Z +(k-B,)2}—|:kg +M][kg -M] -0, (59

4o 4mp 4mp

where the planar-geometry horizontal wave vector k appropriate in the limit (57) has been

introduced:
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ke +qe, >k, ¢’ +k*—k. (60)

Here the direction of the gravity vector is negative, as in Harris’ Fig. 1; B, and B are the
unperturbed magnetic fields below and above the slab, respectively, both parallel to the
unperturbed slab plane. For B, =0 Eq. (59) reproduces Eq. (26) of Ref. 17, as should occur.

Assuming that there is no magnetic field in the conducting shell, b, =0 in the dispersion

equation (9a,b) of Ref. 34, we reduce this equation to (59). The advanced planar-slab theory®>™*

makes it possible to account for the magnetic field profile/magnetic shear inside the conducting
shell, which is beyond the scope of our present analysis. The planar-slab model is the version of
the thin-shell description applicable to the case when all the length scales of interest, the shell
thickness and the perturbation wavelengths, are small compared to the radius of the shell. On the
other hand, the thin-shell models of Refs. 17, 19, 21, as well as those defined by the perturbation
equations (43a, b), (44a, b), are derived under the assumption that the shell thickness is much
smaller than the perturbation wavelength. This is why the cylindrical thin-shell dispersion
equation (57) cannot be obtained directly from (59) by passing to the thin-shell limit kd — 0.
The reason is that the accurate limiting transition from the finite-thickness perturbation equations
(39a, b), (40a, b) to their thin-shell limit (43a, b), (44a, b) requires accounting for the difference
between g . and g, in the first order in ¢ . When the perturbation equations are derived in the
planar-slab limit, this difference must be neglected, cf. Sections D.1 and D.2 of Ref. 27.

[ll. EVOLUTION OF PERTURBATIONS

A. Spherical shell

We begin with applying the stability analysis outlined above to the implosion of a finite-

thickness spherical shell illustrated by Fig. 1(a). The time histories of the instantaneous growth
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rate F(t) calculated from the dispersion equation (55), the Bell-Plesset growth rate T",, (t) ,and

the number of e-foldings estimated in the WKB approximation from Eq. (1) are plotted in Fig.
2(a) for [ =4. At the early stage of implosion, while the load is accelerated inward and the

effective gravity acceleration g is positive, the growth rate corresponds to the perturbations
growing at the outer surface of the shell. At stagnation, the effective gravity peaks at both

surfaces, with a sharper peak at the inner surface. So does the growth rate F(t) , which at

stagnation scales as /'R, . In contrast with the background parameters R(z), |v(t)|, and

8in
g (t) , which exhibit perfect symmetry with respect to the instant of peak compression t=7/2,
where T is the period of motion, the growth rate F(t) is not symmetric. Due to periodicity of
the background motion, the values of Rand g are exactly the same at the instants of time ¢ and
T —t, but the signs of R are opposite for these two instants, resulting in the noticeable
asymmetry of the time history of F(t). The instantaneous growth rate is higher during the
implosion phase,R <0, compared to the subsequent explosion phase, R >0 . This asymmetry is
a clear manifestation of the BP effect captured by the dispersion equation (55). The WKB

integral (1) exhibits its fastest growth near stagnation, where the growth rate peaks.

Figure 2(b) shows the time histories of the largest number of perturbation e-foldings n,,

possible for the perturbation growth within the time interval ¢ calculated exactly from the
perturbation equations (39a), (40a) (solid line labeled “Exact”) and from the single-surface BP
equation (46) (dotted line labeled BP), as well as the WKB approximation (55) to the former, for
the same conditions as in Fig. 2(a) (solid line labeled WKB), for / =4 . The WKB approximation

is seen to be close to the exact solution for most but not all of the time.

27



The discrepancy between the WKB approximation and the exact solution is significant
near the stagnation, when the effective gravity changes sign. At this stage, the exact estimate
deviates from the monotonic growth predicted by the WKB formula (1). Its first time derivative

not only changes sign but exhibits noticeable discontinuities. To clarify the physical meaning of
such behavior, we have plotted in Fig. 3 the values ln|A,.| vs. time for all four radial eigenmodes,
zooming at the time interval between ¢ =1 and ¢ =2 . These lines are labeled by numbers 1 to 4,
the lower number corresponding to a larger value of 1n|Ai| . They can coalesce, which means
that two of the eigenvalues become complex conjugates characterized by the same value of
1n|Ai|. At early time, the dominant eigenmode 1 corresponds to the growth of perturbations

localized at the outer surface. Two other modes 2 and 3, with complex-conjugate eigenvalues

1n|A2| = 1n|A3

, describe oscillatory growth that is slower than that of mode 1. Closer to

stagnation, these modes become separated, the largest of them overtaking mode 1 as the fastest.
This mode, formerly 2, now 1, corresponds to the monotonic growth of the inner-surface
perturbations. Later, the modes 1 and 2 coalesce again, corresponding to the oscillatory growth.
Then they separate again, etc. The intersections between smooth lines shown in Fig. 3, with one
line overtaking another as the dominant, demonstrate switching from one radial eigenmode to
another. In other words, the fastest initial growth at the beginning of the implosion corresponds
to the perturbations of the outer surface of the shell. But it becomes stable and starts oscillating

near stagnation. Consequently, the highest number of e-foldings n, from =0 to the given

instant ¢ would correspond to a different eigenmode, which before that was growing slower than
the main mode. This effect of the eigenmode re-ordering associated with the transition from the

acceleration to the deceleration phase is not captured by the WKB approximation (1), hence the
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discrepancy. As demonstrated by Fig. 2(a) plotted for /=20, for higher mode numbers the
discrepancy is smaller because most of the perturbation growth occurs during the inward-
acceleration phase of the implosion. At this phase, the WKB approximation is fairly accurate,
more so for higher mode numbers. The BP model is less accurate but it also provides a
reasonable approximation for the inward-acceleration phase, its accuracy increasing with the
mode number /. Evaluating the maximal multiplication factor for the period of motion,
t=T =3.24 in Fig. 2, we find that the WKB approximation provides a fairly good estimate, its
accuracy increasing from 10% at [ =4 to 2.5% at [ =20 . The corresponding BP estimate is not
accurate because it cannot account for the significant perturbation growth at the inner surface
during the deceleration phase.

Figure 4 demonstrates the time histories of the perturbation parameters & (a) and o (b)
for the same conditions as in Fig. 2(c): the background motion corresponds to Fig. 1(a) and
[=20. The lines shown in the figure differ by the way of initialization, each of them

representing the case when one of the components of the initial ‘“state vector”

{§ (O) ,E (O) , 0(0) , O (0)} equals unity and all the others are zero. The qualitative behavior of

perturbations is seen to be robust with respect to variation of the initial conditions. Both
perturbation amplitudes experience fast exponential growth. The shell bending/distortion
amplitude & oscillates, reversing its phase twice near the stagnation. On the contrary, the shell
thickness modulation amplitude o grows monotonically in all cases. The qualitative difference
in their behavior is reflected in the complexity of the overall growth curves in Fig. 2 (which
capture the growth of both & and o) and of the eigenvalue structure in Fig. 3. Note that the
density modulation amplitude o in our model corresponds to modulation of areal density or

optical thickness that in spherically imploded laser targets can be directly observable with face-
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on x-ray radiography.M’31 The monotonic RTI growth of the optical thickness seen at significant
radial convergence, when the role of the BP effects is not negligible, is consistent with
observations and simulations.’’ The phase reversal of the optical thickness modulation detected
for large mode numbers in’' must be due to the early-time oscillatory effects related to the
ablative Richtmyer-Meshkov instability or decaying shock propagation,” which are not captured

by our simple model.

B. Cylindrical shell

We start with the thin-shell case, for which the background flow is described by Egs.
(17b) with f =1, and the perturbation evolution — by Eqgs. (43b), (44b). The parameter choice
corresponding to these examples is the same as in Fig. 1(b). Figure 5 demonstrates the exact
evaluation of the maximal perturbation growth and the WKB approximation to it for a

filamentation perturbation mode m =5, kR,=0 and a sausage perturbation mode m =0,
kR, =20. In both cases the WKB approximation is accurate throughout the implosion and

explosion phases. The maximal multiplication factors for the period of motion, t =T =2.63 for
the modes presented in Fig. 5, are approximated by the WKB formulas with error below 13%.
Although the perturbation evolution shown in Fig. 5 is similar to that illustrated by Fig. 2, there
is some difference due to the anisotropy of the perturbation problem, i. e. the fact that the
perturbation mode here is determined not just by its number but by the orientation of the mode

wavevector with respect to the magnetic field. For the sausage perturbation mode of a thin shell

imploded in cylindrical geometry, the BP effects are absent, and the line F(t) shows symmetry

with respect to instant of peak compression ¢ =7 /2. Being determined solely by the gravity

acceleration g (t) , it vanishes when g (t) changes sign. The time history of the filamentation
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mode growth rate is obviously asymmetric, indicating a significant BP effect. It remains finite
when g (t) changes sign for the first time in the implosion but vanishes when the second sign

change occurs during the expansion phase, cf. Fig. 2(a).

At the early time, the growth rate of the sausage mode is higher than that of the
filamentation mode because the effective wavenumber &, = Vk* +m® | R® is greater, and this

perturbation mode does not bend the lines of the stronger azimuthal magnetic field outside of the
shell. Near stagnation the axial magnetic field inside the shell becomes stronger, indicating

preferential growth of the filamentation mode. In addition, the effective wavenumber for this

mode approaches 25, and the deceleration peak of ‘ g (t)‘ is much higher than its unity value at

the start of the motion, cf Fig. 1(b). It explains why the growth rate of the filamentation mode is
higher during the deceleration phase, as shown in Fig. 5(a). The overall growth though is still
higher for the sausage mode.

Figure 6 is similar to Fig. 4: it demonstrates the time histories of the perturbation

parameters & (a) and o (b) for the same conditions as in Fig. 5(c), the background motion
corresponding to Fig. 1(b), m =0, kR, = 20 . The qualitative behavior of perturbations is also
similar to that shown in Fig. 4 for spherical geometry: the shell bending/distortion amplitude &
is seen to oscillate, reversing its phase twice near the stagnation, whereas the shell thickness
modulation amplitude o grows monotonically. We have checked that this behavior is robust,
taking place for all combinations of kR, and m .

To illustrate our analysis for a finite-thickness magnetically-driven cylindrical shell, we
make similar calculations for the conditions roughly emulating the MagLIF shots on the Z

facility.”” Hollow Be liners imploded in these experiments had the outer and inner radii
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m

R, (0) =2.79 mm and R, (0) =2.325 mm, respectively, which corresponds to the initial aspect

ratio AR =6 and the line mass u = 0.138 g/cm. The initially imposed axial magnetic field B,
was varied from 0 to 7 T to 10 T. To use our simple model for estimating the perturbation
development in such implosions, we note that the liner starts moving inward after being shock-
compressed by the magnetic pressure of the rising B, field, which increases its in-flight aspect
ratio. One can meaningfully apply the incompressible model only after the shock compression is
over. Not attempting to make a quantitative prediction, we only estimate ballpark numbers. We
model an implosion of an incompressible shell with the same initial outer radius, the same line
mass, but initial aspect ratio AR =24 , which corresponds to a 4-fold shock density compression.
The choice of AR =24 allows us to simulate an imploding liner with finite thickness that also
exhibits a similar implosion time and similar acceleration history as a real imploding liner
experiment. Unlike the experiments,” our hollow incompressible liner contains no cold

deuterium fill inside, thus the model stagnation occurs on the internal B, field.
Figure 7(a) shows the waveforms of the open circuit voltage, V _, and of the simulated
total current carried by the liner, /,. Our circuit model of the Z pulsed power driver, which is a

modification of the model described in Ref. 36, successfully captures the inductive dip in the

current near the moment of stagnation, # ~ 180 ns as the rapidly changing liner L holds off the
increasing current momentarily. Later oscillations of the current describe the reaction of the
realistic circuit model to the bouncing of the incompressible liner from a very small implosion

radius, which is not realistic. No matter how small the initial axial magnetic field B, is, our

model predicts that it stops the implosion when the inner-radius convergence becomes

sufficiently large. In fact, dynamics of the liner compressing a small B, =7 T by a high current
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is very close to that of an empty liner that implodes to a zero inner radius, after which it
immediately starts expanding. The corresponding time histories of the drive azimuthal magnetic

field B, and the axial magnetic field compressed inside the liner,B_, , are shown in Fig. 7(b);

z,n °
the radii are shown in Fig. 8(a). We see that at stagnation the liner becomes thick, its in-flight
aspect ratio peaking near unity. The inner-radius compression ratio is over 100, and the peak

value of B_, exceeding 10° T. The full width at half-maximum of the B_, pulse is in the

z4n
. . . . 15
picosecond range. All the parameters of interest in the experiments ° evolve on a nanosecond

time scale. On this time scale, as demonstrated by Fig. 7(a), the time derivative of B, is

discontinuous, which corresponds to a nearly instant bounce. In other words, the compressed
axial magnetic field is so weak that physically it plays little role in the background motion of the
liner, although formally it does on a very small scale, within a very short time interval.

Figure 8(b) shows the time histories of the instantaneous growth rate for two different
perturbation modes. One is the “sausage” mode m =0, which is the dominant one in the
experiments without the axial magnetic field.”® The other is the m = 5 mode, which corresponds
to the five helices identified in Ref. 15, although there could have been more that weren’t
resolved. For both modes, the axial perturbation wavelength is chosen A=27/k=1.5 mm,
close to the axial pitch of the helical modes observed in."” Due to the anisotropy of our stability
problem, the difference in the azimuthal mode number affects the instantaneous RTI growth rate

in two different ways. On the one hand, a finite value of m increases, compared to the case of

out

m =0, the effective mode wavenumber keff =./k* +m*/ R> , which contributes to increasing

the growth rate, cf. Eq. (57). On the other hand, a mode with a finite m bends the magnetic

force lines outside of the liner, which is reflected in its contribution to the positive stabilizing
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factor (mB¢ + kRBZo)2 in Eq. (45), thereby decreasing the growth rate. The net effect of these

two factors combined on the m =5 mode is seen to be negligible: the time histories of the
growth rates for the two modes are almost identical until the instant of stagnation. After that,
taking the model results at their face value, these time histories become different. For the m =0
mode, the asymmetry representing the BP effect is relatively small, mainly due to the fact that
the current drive is not symmetric with respect to the instant of stagnation, cf. Fig. 7(a). For the
m =5 mode it is much more pronounced, cf. Fig. 5(a). We detect no stabilization due to the

presence of the axial magnetic field B, . In particular, there is no significant dependence of the

instantaneous growth rate on the chirality of the helical mode, i. e. on the sign of m = +5. This is

not surprising, given the relative weakness of the axial magnetic field B, compared to the drive
field B, during most of the implosion. Being negligible for the 1D background motion, the axial

magnetic field compressed inside the shell is, by the same token, too low to affect the overall
perturbation growth.

Figure 9 demonstrates the time histories of the perturbation growth, both exact
evaluations (solid lines) and WKB estimates (dotted lines) for the two above modes. For
consistency with the problem formulation described above, we start evaluating perturbation

growth after the shell has just started moving inward, R & decreased compared to R, by 1%. By

out

this time, the drive field B, exceeds the seeded axial magnetic field B, by two orders of

magnitude. As discussed in,”* shock passage changes the amplitudes of the perturbation modes
due to the initial imperfections of the liner, as well as introduces new perturbations of velocity,

7

not to mention the electrothermal instability,”” etc. Recall that our estimates of perturbation

growth are invariant with respect to the choice of the initial conditions. Figure 9 demonstrates a
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monotonic growth of both modes, very close to each other and each very well approximated by
the corresponding WKB integral, cf. Figs. 2(b, c¢) and 5(b.,c). During the expansion phase that
follows stagnation, which here is additionally complicated by the oscillatory current drive, see
Fig. 7(a), the exact growth lines become non-monotonic, deviating from the corresponding WKB
estimates — this phase is highlighted in the insert to Fig. 9, where the vicinity of the instant of
stagnation has been zoomed. Here again, the similarity to Figs. 2(b, c¢), 3, and 5(b, c) is obvious.
In particular, at the expansion phase the exact growth factor in Fig. 9 is lower than the WKB
prediction for the m =5 mode, and higher than that for the m =0 mode, just as in Figs. 5(b) and
5(c), respectively. It must be noted that the perturbation development following the bounce has
little physical meaning in the context of the MagLIF-relevant implosions because our
background flow model is hardly applicable to describe the bounce itself. In our opinion,
however, other conclusions that can be derived from this example, such as the absence of the

implosion magnetic RTI stabilization due to initial B, of the order of 10 T in the liner, and the

applicability of the WKB formulas for estimating the small-amplitude perturbation growth
during the inward acceleration phase of implosion, are valid for the analysis of the results of Ref.

15 and similar experiments.

IV. CONCLUSIONS

We have derived small-amplitude perturbation equations for finite-thickness and thin
incompressible spherical and cylindrical shells. Our results generalize those of Bell'’ and
Plesset'' for the case when the presence of both boundaries is important — i. e. when the
development of the acceleration-phase RTT at the outer surface of the imploding shell ends and
the deceleration-phase RTI growth localized at its inner surface begins. In the limit of the shell

thickness being small compared to its inner and outer radii, we obtain the thin-shell perturbation
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equations generalizing those of Refs. 17-21. Our new thin-shell equations describe large-scale
bending of the shell and small-scale modulation of its thickness as independent perturbation
modes. They fully incorporate the relevant BP effects, which makes it possible to follow the
perturbation evolution through its acceleration and deceleration phase. When using conventional
thin-shell equations, one has to neglect the BP effects (i. e. the motion of the shell) during the
inward acceleration phase of the implosion and neglect the RTI growth (i. e. the acceleration)
during the run-in phase.’’ As demonstrated by Figs. 1-5, 8-9, all these processes take place
simultaneously and could be accurately accounted for within the framework of our model. On
the other hand, the conventional thin-shell model makes it possible to study the nonlinear

evolution of perturbation growth analytically,'®!

which is difficult, if possible at all, for our
present model.

Similarly, when we analyze magnetically-driven implosions of cylindrical shells, we
solve analytically the full set of the incompressible, small-amplitude, finite-thickness-shell
perturbation equations. We do not need to split the perturbation modes into those of Rayleigh-
Taylor and MHD nature.2?*** All these instability mechanisms, including the BP effects that
cannot be captured in planar-slab analysis, naturally contribute to all phases of the evolution of
perturbations in cylindrical shells described by our model. It must be noted though that we
assume no magnetic field, and hence, no magnetic shear inside the conducting shell, as in Ref.
17. Therefore our model cannot fully describe the stabilizing effect of the local magnetic shear
inside the shell on the perturbation modes whose wavelengths are comparable to the shell
thickness. This is why our results complement those of Refs. 22, 33, 34, not supplement them.

Of course, our simple model is highly idealized. Nevertheless we believe that some

conclusions based on our present analysis are applicable beyond the range of formal validity of
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the model for interpretation of some recent experimental results. Our analysis of perturbation
evolution in imploding spherical shells has demonstrated a remarkable robustness of the shell
thickness modulation growth. It is seen to grow monotonically, without a phase reversal, as in
Fig. 4(b), under all acceleration conditions. Even when the shell acceleration changes sign, and
the shell displacement amplitude goes through one or more phase reversals, the shell thickness
modulation amplitude keeps growing monotonically, without changing its phase. This is
consistent with the results of recent experiments on NIF,”! where the evolution of single-mode
perturbations in indirectly-driven spherical plastic capsules has been directly observed via face-
on radiography through radial compression over 2, which indicates a significant BP effect. The
modes with [/ numbers from 30 to 120 have been observed to grow monotonically, without
changing phase. For the shortest-wavelength / =160 mode an early phase reversal was detected,

30
and

most likely produced by ablative Richtmyer-Meshkov and related oscillations, see
references therein, after which the growth was seen to continue monotonically, with the reversed
phase.

As for the experiments presented in Ref. 15, our analysis strongly suggests that neither
the observed helical structures nor the detected overall stabilization of implosions at large
compression ratios can be explained by the small-amplitude, linear MHD stability theory, even
with the finite-thickness BP effects accounted for. The main reason for it is that the axial
magnetic field compressed inside the liner, being too small to influence its background 1D
implosion, cannot affect the dynamics of the relevant perturbation modes for exactly the same
reason. We do not account here for the structure of magnetic field inside the conducting liner,

which is considered in Refs. 22, 33, 34, but it is not likely to modify the above conclusion. The

mechanisms responsible for these effects are either nonlinear, or beyond the MHD model, such
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as the yet unknown influence of the initial axial magnetic field on the electrothermal instability,
which is hypothesized to be largely responsible for generating the initial perturbation seeds®’ in

polished cylindrical liners like those used in."” Discussion of these effects is beyond the scope of

the present article.
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Figure 1. Time histories of the shell radius, velocity and acceleration (a), (b) for a finite-
thickness spherical shell, and (c), (d) and thin cylindrical shell. Solid and dotted lines in (a), (b)
refer to the outer and inner surfaces, respectively.
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Figure 2. Perturbation evolution for a finite thickness spherical shell for the same
conditions as in Fig. 1(a): WKB (solid line) and BP (dotted line) instantaneous growth rates and
the total growth evaluated from WKB formulas for /=4 (a); exact estimate of maximal
perturbation growth, the WKB (solid lines) and BP (dotted line) approximations for [ =4 (b)
and [ =20 (¢).
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Figure 3. Amplitudes of the four radial perturbation modes vs. time for a finite thickness
spherical shell, [ =4 .

46



o0 |(P)

15 - —

Inlol
~
I
N
o

10 |- .

Figure 4. Growth of perturbation amplitudes |§| (a) and |0| (b) in a finite-thickness
spherical shell for the same conditions as in Fig. 1(a) and [ =20. Lines from top to bottom
correspond to different initial conditions: & (0) =1 and all other variables are zero; é—' (0) =1;

o(0)=1; &(0)=1, respectively.
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Figure 5. Perturbation evolution in a thin cylindrical shell for the same conditions as in
Fig. 1(b). WKB instantaneous growth rates for m=0, kR, =20 and m =5, kR, =0 (a); exact

estimates of maximal perturbation growth (thick lines) and the WKB approximations (thin lines)
for m=5, kR, =0 (b)yand m =0, kR, =20 (c).
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Figure 6. Growth of perturbation amplitudes |£| (a) and |o| (b) in a thin cylindrical shell
for the same conditions as in Fig. 1(b), m =0, kR, = 20 . Lines from top to bottom correspond to
different initial conditions: & (0) =1 and all other variables are zero; § (0) =1; o (0) =1;

0'(0) =1, respectively.
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surfaces, and (b) instantaneous growth rates for the m =0 and m =5 modes with kR, =11.68

for the conditions of Fig. 7.
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I. INTRODUCTION

We have included in this document the formulas and derivations necessary to make the
text of the paper, together with the references fully self-contained. We have also added some of
the formulas that were deemed too long to be included in the main text. The results are presented
below in Sections A, B, C, and D. Equations and references in the main article are quoted below
by their numbers. Equations in the each Section have a corresponding capital letter in front of

their numbers.

This text is structured as follows. In Section A we present a derivation of the energy
integrals for spherical and cylindrical motion of incompressible shells, Eqs. (20a) and (20b),
respectively. In Section B we derive the boundary conditions (38b) for a slightly perturbed,
incompressible, perfectly conducting cylindrical shell imploded by the pressure of an outer
azimuthal magnetic field and compressing an axial magnetic field inside it. In Section C we
derive the thin-shell perturbation equations (43a), (43b) and the finite-thickness instantaneous
dispersion equation (55) for a spherical shell. Section D provides similar derivations of the thin-
shell perturbation equations (43b), (44b), of the planar-slab dispersion equation (59), and of the

finite-thickness instantaneous dispersion equation for a cylindrical shell.

A. Energy integrals
We start with deriving the energy integral for the spherical equation of motion (17a) with

the initial conditions (19). The work done by the constant outer pressure p, equals
A =pAV =2ap, EFORS ]=4;zle§x1(1—R3). (Al)
out 3 out out 3

The increase in the internal energy of the gas compressed inside the shell is calculated

with the aid of Egs. (11a) and (14a):



- ;‘”’_’2){ fiyi” —[Rom—eﬁ} 2

a(l-¢) (1-£)""
=4ﬂp1R0 X o
3(y-1) (R3—38+382—63)

-1

B

where the parameters ¢ and « are defined by Eqs. (12) and (15a), respectively.

Kinetic energy of the shell is calculated with the aid of (16a):

dt

2R, 2
“dr dR 1 1
) 2ﬂp . (—j ” Out ( ¢ j (_ ) _]
,;[ : dt R
R,

in out
(A3)
_27p R,
l RO R()ut ( j [ 1j
eR fo t R,
4 3 1 3p2
=4xp Ry x—RR
2¢

(RP-3e+362-1)" )

K=Jav o[ (r)] =270 j s Bl AR

where the definition (16a) of the time unit #, has been used, and the dot denotes the

differentiation of the normalized radius R with respect to the normalized time 7 /¢,

Conservation of energy requires

Aout = AEin + K * (A4)

Substituting (A1)-(A3) into (A4), getting rid of the common dimensional factor 4erlR3

and multiplying the result by &, we obtain the energy integral (20a)

1 psp2 R -1 ea(l-e) (1-2)" -1
3 N 3\1/3 + _ 3 P 3\7-1
2 (R 3¢ +3¢ —g) 3(y-1) (R -3¢ +3¢ —5) (A5)
€ (3
(R -1)=0
(R 1)=0,



which obviously satisfies the initial conditions (19). Differentiating (20a) with respect to the
normalized time, we reproduce the equation of motion (17a) as should occur.
Similarly, we derive the energy integral for the cylindrical equation of motion (17b). The

work done by the magnetic field outside the cylindrical liner is

T (B2 BY) 1 1 1
A, = I P oudV =271 I rdr [—” + —10] = BHZOROZI rdr (r_Z + vj
R!)Mf R

87 8x
(A6)
1 1
- gBjoRg x{2lnE+v(l —Rz)} :
where the definition (11b) of the time unit #, has been used.
The increase in the magnetic energy inside the shell can be expressed as
B2, (1) B, (0) 1 | (1-¢)
—0 L xR (t) -2 xaR’ (0)==B> R (1-¢) | ——+— -1
87 () 87 w(0) 8 ofs (1-¢) R*-2¢c+¢&°
(A7)
2
1, , a(l-¢ (l—RZ)
=g B R -2e+¢°
Kinetic energy of the shell is
1 2 Y (R._dR,\ dR,,\' . R
I—p[vfo) (r,t)] dV =mp .[ rdr(ﬂ—"“’j =7oR’, [—"“’j In —2
2 H roodt dt R,
(A8)
PR, : R B,,R. 1 _,. R’
=—20><R2R21n = = = 90°0 w — R*’R*In 5 =
I, \/R —2e+¢€ 8 2¢ R -2¢+¢

where the dot denotes the differentiation of the normalized radius R with respect to the

normalized time ¢/ ¢, and the definition (16b) of the time unit 7, was used.
Substituting (A6)-(A8) into (A4), getting rid of the common dimensional factor B;OR(f /8

and multiplying the result by &, we obtain the energy integral (20b)

2
2R? 2 eal(l-R’
R'R In— R 2+25lnR+%=0, (A9)
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which obviously satisfies the initial conditions (19). Differentiating (20b) with respect to the

normalized time, we reproduce the equation of motion (17b) as should occur.

B. Boundary conditions for the magnetic pressure
The shape of the slightly perturbed outer or inner cylindrical surface of the cylindrical

shell is given by
F(r.g,z,t)=r=-R,, (1) - E@)exp(imp+ikz) =0, (B1)
where & is the radial component of the small displacement vector § = {é‘r , §¢, g } . Below we

omit the subscript r of & , when we specify the displacement of the outer or inner shell surfaces,
denOting ‘E()ut = r.out and ‘Ein = §r,in °

The normal unit vector pointing from the perturbed surface in the positive radial direction

is given by n = VF . In the linear approximation

n = l’ -5 1o - ik out [ ° nin = l’ ~ 5 Sin® - ik in ° B2
out { R ‘J&ou ‘DE } { R ‘DE ‘J& } ( )

out m

The common exponential factor exp(im¢+ikz) at perturbation amplitudes will be

omitted below.
Consider the perturbations of magnetic fields inside and outside of the liner. Being both

curl-free and divergence-free, the magnetic field can be expressed as B = Vi , where the scalar
potential ¢ is a harmonic function, V’3 = 0 . With our perturbation’s exponential dependence on
azimuthal and axial coordinates, exp (im¢ + ikz) , the general radial dependence of our harmonic

scalar potential 7 is

y (r.g,z.t) =[ s, (kr) + w(t)K,, (kr) Jexp (im¢ + ikz) (B3)



where [, (z) and K (z) are modified Bessel functions, and s(¢) and w(¢) are as yet arbitrary
functions of time.
Inside the hollow shell the function K, cannot contribute to the perturbation of the scalar

potential because it diverges on axis. So we write down the axial magnetic field inside the shell

as

B, - (B0, B, BY+ B;},.;}={ks1,; (k). ™51 (), B, + ikslm(kr)}, (B4)

r

where we have omitted the upper index in B, = Bi(:,i .
The perturbed magnetic field should remain parallel to the perturbed shell surface. For

the inner surface, we have therefore: n,, -B,, = 0. In the linear approximation, neglecting the 2

order terms, we have

kSIr’n (kRin ) - isz,il1§in = 0 4 (BS)
so that
B .
=i B6
S l I’rn (kRin)gm ( )

and therefore, the z-component of the perturbed magnetic field near the surface is

klm (kRm )

B" = iksl (kR )=-B , —2r—"lE
IKS. m( m) z4in I:n (kRm) in

z,in

(B7)

Now we can evaluate the small perturbation of magnetic pressure at the inner boundary

of the shell given by the second equation (38b):

B. BYB" B’ I (kR,)
5 ) =5 in _ zinTzin _ _ Tzin Tm in k . B8
Poin =00 2= 4z 1 (kR,) & (B8)



Note that this pressure perturbation of magnetic pressure is solely due to the bending of
magnetic force lines near the surface perturbed surface characterized by a finite value of k-B . If
there is no bending and the magnetic force lines inside the liner remain straight, i. e. we have a

purely interchange mode (also called the filamentation mode), k=0, m=0, then dp,,, =0.

For such perturbations the perturbed inner magnetic field acts as a massless, finite pressure gas.

Outside of the shell, both functions 7, and K, can contribute to the scalar potential (B3)

if we account for the positions of the return-current cylinder and of the Helmholtz coils creating

the axial field B, . Assuming, as done in Refs. 17, 19, 20, that both structures are much farther

from the plasma column than its outer radius R (t) , one can impose the boundary conditions

out

that require the perturbations to vanish at infinity. Then the function /,, cannot contribute to the
scalar potential 3 outside of the shell because it diverges at infinity. Therefore the perturbed
magnetic field outside of the shell is given by

Bom={B<1> BO L p0» RO +B(”}

rout? ¢ out ¢.out ° z,out z,out

im (B9)
={kw1<,;(kRom), B¢+R—me(kRom), B, + ikme(kRM)} .

out

Here we have omitted both the upper subscript (0) and the lower subscript “out” at the

unperturbed component of the azimuthal field B, = B because there is no azimuthal field

@out

inside the shell, and used the fact that the unperturbed axial magnetic field outside of the shell is

constant and equal to B_, = B"), . The condition n,,, *B,,, =0 reduces to

z.out

out

kwK', (kR,, ) - i(ﬂ% ¥ kBJ§ -0, (B10)

so we can determine the function w ,



i m
= B, +kB . Bl11
w kK’rn (kR )( [ zOJgout ( )

out out

The perturbed components of the magnetic field near the outer surface of the shell are

' K,(kR,) ( m
B(l) — ﬂ K kR - _ m m out B kB
3 R w m ( out) kR K/ kR ) RO [ + z0 goul

out out m ( out ut

(B12)

. Km (kROM ) m
Bz(iut = lkWKm (kRout) =~ K,; (kR t) (Rom B¢’ + szOjgout .

out
Perturbation of magnetic pressure near the outer boundary of the liner consists of the

following two components:

BB . +B,B.) B,
épm,()ut = £ gou 2 tow + i _¢ §()ut
r=R

4 or| 87
, (B13)
2
L aim, | Kal) B
4” out . ka (kR()ut ) R{)ut

which concludes the derivation of the first equation (38b). The first contribution to the right-hand
side of (B13), as above, is due to bending of the magnetic force lines, i. . a finite value of k-B.
For a particular axial perturbation wavelength and the proper helicity, when

kR B

out

V4
=—-—, B14
m B, ( )
this factor vanishes and we deal with a purely interchange mode. The other term, however,

describes the increase or decrease in magnetic pressure with the, respectively, increased or
decreased outer radius of the shell. This corresponding contribution to the coefficient at £ , is
always negative. This is the term responsible for the “sausage” m =0 MHD mode of the

instability of an equilibrium Z-pinch column or the corresponding RTI mode of an imploding Z

pinch, which is often the dominant one.



C. Thin-shell model and instantaneous dispersion equations for a spherical shell
C.1. Perturbation equations for a thin spherical shell
Here we derive the thin-shell perturbation equations (43a), (44a). We assume that R, is
the unit of length, so below in the Section we denote R = R ., and by definition (8) R = —g . We

introduce the dimensionless parameter

g = Ifi" = %[F -3¢ +36” - 53]“3
out X (Cl)
1 R - 1 2 3
=1_F£+ G £ +0(5)
and the auxiliary perturbation amplitudes 77, and 7, by
§0ut = % ’ §l = % ‘ (C2)
Obviously,
: R ) . R 7,
42— E =S E 4D ME = C3
Sr)ut Rout out R2 Sl Rm 51 é,zRQ ( )
which simplifies the solutions (30a), (31a):
1 - 1 - . .-
_ Routnout Rinnin _ nout é‘ nin (C4)

@ = l(R,if:l _Rlim) - IR™! (1 _ ;21+1) ’
R R, (R, ~ R, ) R'E(E"9,, -1,

@, = (l_'_l)(Rzm_Riim) = (l+l)(l—é’l+1) (C5)

out

Substituting the boundary conditions (35) for R , and R, into Egs. (36a), (37a),

respectively, we obtain the perturbation equations equivalent to (39a), (40a):

Ry 1 . . R [+1
R + FERZN R(IR’ ‘9, —7%) - 87,,=0, (C6)



V2 eled s 1 . . el [+1
Rl Zéll 2(p1 +RIT€I_1¢2 +R(lRl lé‘l l(pl - Rléal+2 ¢2J

4 (C7)

“EF g+2(87-1)—|n. =0,

é‘ [g (é‘ ) R 77[/1

where we have used the identity

R, n, d(R°R) n, (R°R 2RR> 2R’RR,

2 = 0, 2 | e2p2 st~ 3

Rin é’ R dt Rin é’ R Rin Rin Rm

 (R*R 2RR* 2R'R? . 1] . 1 \R?
=é.7lez( P T =€7ZIRZXE R+2 1_? - (C8)

1 1 1 R?
= —ﬁX?[g +2(?—1j?:|77m .

Next, we need to expand these equations in the powers of the parameter ¢, which is
small in the thin-shell limit. To do this accurately, we introduce the new auxiliary perturbation

amplitudes in the form:

1 l
77()ut = 77 + - EO- + - g .:;
12 12 (©9)
=p-——e0o-—¢€'F,
W =1 5 5

where

1
77 = E(nin + nout) = Rzg’
(C10)

=1 -
oves =L, -n,)

Here the amplitude & defined by Eq. (41a) determines the average radial displacement of
the thin shell. The time-dependent amplitudes o and E determine, respectively, the zeroth- and
first-order in ¢ relative perturbations of the shell thickness, which is itself of the order of €.
Note that the amplitude o defined by Eq. (42a) for a finite-thickness shell is the full relative

perturbation of the shell thickness, same as o + €Z in the notation of (C10).

10



We substitute (C1), (C9) into Egs. (C6), (C7), expand their left-hand sides in the powers
of &, retain the two lowest-order terms and demand that the coefficients at the retained powers
of ¢ are zero. In the 0" order both Egs. (C6), (C7) lead to the same equation:

. 2R I(l+1)g
Grito-—"1o, 0. Cll
R O (C1D)

In the 1* order, we obtain from (C6)

2R 1 (€12
EJ -—go=0,
2

and from (C7)

1. 2R, R(R-3)  R(2R*-3)
2RTTRT T ) T )
+ R (§+2—REJ—6R2n—2—g7y+lg0=0.
1(1+1) R R R 2

(C13)

To obtain the condition of compatibility of Eqgs. (C12) and (C13), we exclude the terms

containing = and = by subtracting the left-hand side of (C13) from the left-hand side of (C12).

The result is:

L. 4R OR* 2¢ 2R . 4R
TR TR TR ) T )

o-go=0. (C14)

Expressing # via & in Eq. (C11), we transform it to Eq. (44a):

O+—0-———&=0. C15
R e & (C15)

Similarly, simplifying (C14) we transform it to

2R

: . 2R,
§+—l(l+1)(a+?aj—g0—0. (Cl16)

11



With the aid of (C15), this equation can be further reduced to Eq. (43a)
. 2g
§+?§—g0=0. (C17)

Equations (C15), (C17), same as Eqgs. (44a) and (43a) in the main text, respectively,
constitute the spherical thin-shell Bell-Plesset model. They are presented in such a way that the

unperturbed shell radius R and the gravity acceleration g can be dimensional. Then the
displacement & has the dimensionality of length, and the relative perturbation of the shell
thickness, o, remains dimensionless.

C.2. Instantaneous dispersion equation for a finite-thickness spherical shell

We introduce the notation

V=—, (C18)

(C19)

The coefficients v and Q have the dimensionality of frequency, or growth rate. The
coefficients £, v, Q, as well as the radius R are the parameters that are assumed to be slowly
varying, compared to the fast instantaneous frequency or growth rate. From the definitions (C1),

(C18) and (C19), we find the expressions for the time derivatives of the parameters £ and v :

d ( Rin J _ Rin RmRuut _ RliRm _ RmR()ut _ R{?uth)ut _ RmR()ut

T dr "R R>  R’R R>  R2R R’
()Mt . out out m out out mn out out (CZO)

(R Ry Ry _[ 1 £y _1-& 1-c

Rii R{)ut R()ut é‘ é‘ ’
. . .

ye | Row | R Rv;f=—g22—v2. (C21)
dt ROM[ ROMt ROM[

12



Substituting Egs. (C1), (C18), (C19), and (9a) into the finite-thickness perturbation

equations (39a), (40a), we transform them into

d 1 2041 . ! :
ArE G

(C22)
QQ
~1(1 +1)?mm =0,
L S . s —— el }
20+1 n()ut (l + l)é‘ l:‘nin
dt{R(l‘gl ) & (C23)
1 S CT S
4Rl(l+1)[§2 +2 = v}ym—o.

Now we pass to the perturbation amplitudes (C9), taking ==0, which exactly

corresponds to the definition (42a) or the parameter o, in order to derive finite-thickness

perturbation equations that remain regular in the thin-shell limit. Then Egs. (C22), (C23), are re-

written as, respectively:

d 1 20+1 l >

+%|:lé.21+1 +§l(2l+1)+l+1]ea’j}—l(l+l)%(7y+%eaj =0.

d 1 21 ! L .
[ l+1 2[+1)§‘ +é}5aj} (C25)
1 , S 1-8° 1 _

_Z,' Rl(l 1){9 +2 & 14 }(77—550)—0.

In the thin-shell limit ¢ —0 both equations (C10) and (C11) reduce to the same

(C24)

equation, as demonstrated above in Section C.1, therefore producing a degeneracy. To resolve it

we obtain another equation by subtracting (C24) from (C25):

13



d 1 L1 e 2 I 1.
E{m(;[@‘ +(L+1)E" =2(20+1)¢ +l+1+§}17

Ll o 21 1.
+§[14‘,‘ -(1+1)¢ +l+l—§}aj}

i (C26)
— 2(1
+—l(1+52511e é)[(1+é)(1+52)92+—( ffé )vzln
—lééj;)[(l+é‘4)92—2(1;f)vz}a=0.

Equations (C24) and (C26) are exact perturbation equations. To derive an approximate

instantaneous dispersion equation, we assume the harmonic time dependence of the perturbation
amplitudes, &, U~exp(ia)t) , hence & =iwE, ¢ =iwo . Here the eigenfrequency o is taken
constant, i. e. we neglect its time derivative. Time derivatives of all the other terms are included
as slowly varying parameters: R=vR, R=-Q’R, and the time derivatives of & and v are
given by Egs. (C20) and (C21), respectively. Note that this approach is not fully consistent
because the eigenfrequency w is a slowly varying parameter to the same extent as R, v and Q.

This inconsistency makes the instantaneous dispersion equation approximate, not exact.

We arrive to the perturbation equations in the form

1d R 2041 I .
EE{W[IZ; —é‘ (2l+1)+l+1i|(la)+21/)§

+ﬁ“’ém)[zgz“l +§"(21+1)+l+1]50} (C27)

_l(l+1)£22(§—‘+211ez 5aj=0,
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R d R 20+1 21 ; L )
l(l+1)5{5(1_521+1)[15 +(I+1)E* -2(2+1)¢ +l+1+é_}(za)+2v)§

i 2041 _ 21 _i_
+—2R(1_§2M){lé‘ (I+1)E" +1+1 z 0}

&t

Equations (C27), (C28) can be transformed into homogenous linear equations
Aé+A,0=0,
AE+A,0=0,
respectively, where the coefficients 4, ...
E,v,Q,andR.

The term under the time derivative in (C27) containing & is transformed as

d 21+1 .
dt{l _Z;ZIH I:l—f; _Z; (21+1)+l+1i|(la)§+21/§)}

[lé‘z“l &' (21+1)+l+1}d (iw€ +2vE)

é—Ql+1

{ ézm 2’*1—5;”(21+1)+l+1]

5" 21 ézm[lé‘z“l 5(21+1)+l+1}}(iw§+2v§)
= gzm[ -2+ 1)+ +1](-0 + 2iver - 2Q° - 207 )&
+R{1 22[+1[lg‘,‘2“1 é’(21+1)+l+1}
e J}(ng
= gzm[lé‘z“l é‘(2[+1)+l+1](—a)2+3iva)—2£22)§
R(1 &) 2a+1)e 7 [(1+1) 8 = (20 +1) " +1]

- vo+2v° ) E.
(l_é.zm) (l )

1 4\~2 2(1_53) | 4\ ~2 2(1_53) 2|
+ [(1-5 )@ Y ]R§—2§4 (1+2%)0 — o=0.

(C28)

(C29)

(C30)

, A,, are functions of the slowly varying parameters

(C31)
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Therefore the coefficient at & in the left-hand side of (C29) can be presented in a simple

form
Ay = ézm (127 =& (21 +1) +1+1](-0 + 3iv-2Q°)
=g)erne T e e )
(l_é.zm)
~1(1+1)Q°.

Note that this coefficient is regular in the thin-shell limit £ =0, & —1 because the
terms in the numerators and denominators vanish as the same powers of 1- £ , the ratios thereby
remaining finite.

Similarly, the coefficient at o in (C29) includes

li{;)[lgﬂ“ +CM(20+1)+1+1] £ia)}

Rdt | 2R(1-£"

ST M)[lé‘”” + &2 +1) +141](-0" -iwv)
+ £R§ ){%[152’“+§’(21+1)+1+1]}iaw (C33)
=m[l§2’“+§’(21+1)+l+1](—a)2—ia)v)

8(1—53)51_3
2R2(1—§2l+1)2

[(1+1)&* + (20 +1) " +1 Jiwv

Therefore the coefficient at o in (C29) is

£

2153(1525+1) [(1+1)& + (21 +1) 8" + 1 Jiwv - 1(1 +1) 291; &

(127 + & (20 +1) 41+ 1](—0}2 ~iwv)
(C34)

From Eq. (C28) we obtain the coefficients at & and o in (C30), respectively:

16



(—a)2 +3iva - 292)

4 R2 {[lg‘,‘z“z +(1+1) & =2(20+1) & +(l+1)g‘,‘+l]

" el(1+1) ¢(1-&)
#[(L+1)EH7 =2(1+1) (20 +1) 7 + QU+ EH? +41(1+1) S =20 (20+1)E' - 1] (C35)

x—é“‘gi:;’)“)z (iva)+2v2) +%{(1+§)(1+§2)92 +é(l+é‘+é‘2)v2}R2,

I [ (S ) s (9 Py P
A22=_21(1+1){ é_(l_é.zm) (a) +za)V)
+(1‘—53)2[(1 F1)E2 (20 +1) 8 1 4l (14+1) 8 - l}ivw (C36)
54(1_52“1)
_224 {(H ¢t ——2(1&5 )V2] '

The homogenous system of linear equations (C29), (C30) has a non-trivial solution is the

instantaneous dispersion equation holds:

A Ay, - AyA, =0. (C37)
Substituting the expressions (C32), (C34)-(C36) into the left-hand side of (C37) and

presenting the result as a 4™-order polynomial in @, we arrive to the dispersion equation (55):

. . 2 . . 2
. R g R .R g R
4 3 2
W' +ig—w +| g, >+q| —| & +i—|q,>+q| = | |w
qu [%R %(Rj] R[q4R QS(RJ]

(C38)
& g[RY . (RY
+q>5+q, > — | +q| =| =0,
q6R2 q7R£RJ QS(R]
where the dimensionless coefficients are rational functions of the ratio £ =R, /R, :
1-32°
q, = = ; (C39)
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.- 1 )[lé.zns —(1=3)E v g —2(20 +1) g

(118 = (1+4) 2 +2(1+1)];

(C40)

1
S S &3 (1- g2 —(2[+1)é‘l 1-¢3
é-é(l_é-zm) |: ( ) ( ):| (C41)

x[(é-S +2)(1_;21+1)_(21+1)§z+1(1_§3)] :

q; =

1
4a== 253(1 _ é,zm )2
$2(20+ 1) 42020+ 1) 5 - 6(20 +1) & 4+ 412 4 14+1) 57 -

[3154“6 _254“5 + (31 _1)§4l+2 —2(l + 1)(21 + 1)53“5

(20-1)(20+3) &7 = (20 +1)° &2 +4 (302 +31+2) £ - 2(20 +1)° &7 (C42)
“20(20+1) ™ =220+ 1) E +2(1+1) (21 +1) ™ +6(20 +1) &'
—3(1+1)§4-2§3-31-4]
g = 1-&° 2[2§4l+5+8154”2—2(21+1)§’31+5—2(21+1)é’31+4

256(1_52“1)
~4(1+2)(20+1) " +4(1+1) (20 +1) 7 + 160 (1 +1) & (C43)
~4(42 +41-1) 2" +2(20 +1) £ +2(20 +1) £ - 4(1-1) (20 +1) &
+AL(2A+1)E"7 4287 -8(1+1);
g = I S [1(1-1)&' (1-&"")+ (1+1)(1+2)(1-&") |; (C44)

253(1_52“1)
1-&° >

q7= 6( 521)1 2{[(1_1)(1_521+1)

go(1-2) (C45)

w21 (1-g)[2-28" + (14 1) (& 1) |- (24 1) (& 1) (1- 2" )};

Ty )

8
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Note that since the coefficients A, and A,, do not contain & and R, whereas

A, *e/R’ and A, « R*/ ¢, the dispersion equation (C38) does not contain the parameters R
¢ explicitly. Its dimensional coefficients, powers of frequency, are combinations of powers of
g/R and R/R.They depend on the shell thickness via the dimensionless parameter £ entering

the dimensionless coefficients ¢, ..., g;.

To pass to the thin-shell limit, we assumel - = O (e) << 1 and find that in this limit

g, =-2+0(¢),
g, =-2+0(¢),
q; = 0(5)’
q,=4+0(¢),
C47
qs = 0(5)’ ( .
go=-1(l+1)+0(¢),
¢ =0(¢*).
qs =0(52).
Retaining only the 0™-order terms in ¢ in the coefficients q,, ---» g, we obtain the thin-
shell dispersion equation:
) : ,
o -2 28w 1 aifR woi(141) 5 0. (C48)
R R R R

Of course, the same dispersion equation can be derived directly from the exact thin-shell

instantaneous perturbation equations (C15), (C17).

D. Thin-shell model and instantaneous dispersion equation for a cylindrical shell
D.1. Perturbation equations for a thin cylindrical shell
We proceed in essentially the same way as in Section C.1. For cylindrical geometry, the

parameter £ introduced in (C1) is defined as

19



&= Ry LR 26+ s
ROMI R

1 R-1

=l-—e¢+

e R 82+0(83) .

Similarly to (C2), we introduce auxiliary perturbation amplitudes 7;,,, and 77, by

1 1
‘J&i - Rl.n 77in 4 ‘DE()MI - Rum 770ut 4
so that

. R 1

oy E -~ p ,
Em Rl-n §m Rl-n nm

. R 1

+ __out = — 9 .

§0ut R out R n()ut

out out

The perturbation equations (39b), (40b) are re-written in the form

d 1 1. , , ‘
E( R_A {—a W+ -1, (kR,,) K, (kR,) + I, (kR, ) K, (kRM)],?M}

2 2
S S B,+kB.,, K”i(kR”“’) o B U _
4‘7[p Rout , ka (kRout ) Rout Rout

d 1 1
—| ——| I, (kR )K (kR ,)-1 (kR K (KR, )|, +—1
(lenA {[ m ( m ) m ( out ) m ( out ) m ( m )] 7717[ + kRout n{)ul }]

szzin Im (kRm) 77
- gin +—”— fin O ,
47p I, (kR,) | R

Denoting

kR =kR=xK,

out

we start with expanding the term A defined by (32) in the powers of & —1:

(D1)

(D2)

(D3)

(D4)

(D5)

(D6)

20



A = Ir’n (kRin ) (kRout ) (kRout ) (kRm )

=1, (xC)K, (k) - I, (K) n(KZ)
{I;nw(g DI (e }K

—I,;[K,;+K(§‘—1)K +— K(g 1)K } (D7)
= (13K, = 1K) K(E = 1)+ 2 (12K, - LK) (6 -1)
K +m’ K +3m’
- ) Iy
K> +m’ K> +3m’
Sl (&- 1)[ W(C-l)]’

where the prime denotes differentiation of the modified Bessel functions with respect of their
argument, which, where not indicated, equals x . We have used above the following identities

for the derivatives of modified Bessel functions:

2 2
II;’IKIZI - Il;;Kr/n = a ’:_-3m ’ (DS)
2 2
LK - 1K, = -2 2 ;f’ Ly (DY)

With the aid of (D1) we convert the denominators of the terms under the time derivatives

in Egs. (D4) and (D5) into an expansion in powers of ¢, retaining only two leading terms:

K_2+m2 1 2 3 2
kRA:KA:% Rz{l_zRZ(Rz_l)g}[“%g}

(K2+m ) I K2+3m2—(R2—1)(K2+m2)
TR b+ 2R2(K2+m2) ‘ b1
(K2+m ) i R2(1(2+m2)—21(2—4m2 ]
=—0¢|1- 2( 2 2 €1
KR I 2R (K +m )

so in the denominator of (D4) we have
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1 KR? R? (KZ +m2)—21(2 —4m?
= 1+ £,
kRA (K2 +m2) 2R2(/(2 +m2)

and in the denominator of (D5) we have

1 1 ( £ j 1
e — l + — |
kR A KREA R? JkRA

2 2 2 2 2
=L22)(1+§j[1+R (&7 +m*) =26 — 4m ,.3]
&

2R2(/(2 +m2)

_ KR2 1+R2(K2+m2)—2m2€
_(K2 +m2) 2R2(K2 +m2) '

(D11)

(D12)

Now we expand the numerator of the term under the time derivative in (DS5). The

combination of the modified Bessel functions with the aid of the Wronskian formula for

modified Bessel function,

LK -I'K, =-—
K

and (D8) is transformed as
1 (kR,)K, (kR,,) -1, (kR,,) K, (kR,) =1, (xC) K, (x) - 1, () K, (xC)
{I +x(&-1)1, += /( (& - 1) }K

{ +x(E-1)K, += K(é‘ 1) }I

2 2
1K -I'K, +~ K(g 1) (ILK;—I,’"K,’;)——1+2K(§ 1) ( K +3mj
K

K
1 1 K2R + m>
=—;|:1+ (é‘ 1) (K2+m2)}=—E(I+TSZJ .

To proceed further, we introduce the expansion (C9):

(D13)

(D14)

(D15)
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Then the term in curly brackets in the numerator of (D5) is

1 K*R*+m* ( 1 .1 z.j N S
—— || l+——F—¢€ || n-Ze0-—K |-N-—E0-—¢E
kR 2R 2 2 2 2

(D16)

Combining this result with (D12), we obtain first two terms in the expansion of the term

under the time derivative in (D5):

d KR’ . RZ(kZR2+m2)—2mZ el . KR +m* . )]
— + Elx—|O+e| —————n+E
dt (K2+m2)5 2R2(k2R2+m2) q Y |
(D17
d( R d| 1 . RER+m)-2m’ R
=—|—55—50 |[+e—| - +
dt\ kK’R* + m’ dt| 2R’ 2(k2R2+m2)2 k’R* + m*

Now we transform the remaining term in the left-hand side of (D5). Note that in the thin-

shell limit the density p « &' — ® , whereas the areal mass u of the shell stays constant. By

definition
u=27Rdp =27Rep, (D18)
so that
2
I _ Rk (D19)
40 2u

With the aid of (9b) and (D1) we can present the term in question as

23



| 5 , (D20)
=—— =8, +Z |e||p-——c0o-—¢E
R R2 3 in
1 2¢ 2R?
=—-— +|| =+ +7Z. -=>0|&
Lono[522)o-22]|
g 2¢ 2R’ Z, g
=— - = +—=0 |¢ ,
R { (R3 R rR)TTR
where we have denoted
kB:,in Im (kRin) kB:,in Im (D21)
" 2# Ir’n(kRm) 2” Ir’n .

The corrections 0(5) in the right-hand side of (D21) have been neglected - the difference

between the arguments of modified Bessel functions and x = kR is of higher order in ¢ than

what we retain. The factor R(f in the numerator of (D21) has been omitted because in our units

R -1.

Combining (D17) and (D20), we find the first two terms of the thin-shell expansion of

Eq. (D5):
d( R ) g
—_— O" —_——
alt(/(2+m2 ] R
R*(k’R* +m*)-2m’ 2 .
£ 4] 1277+ ( ) o+ Zf > 2 (D22)
dt| 2R 2(k2R2+m2) k'R*+m
2¢ 2R° W g
- —= nip+—=—0;=0
(R3 R’ RJ” 2R }
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Since the coefficient at each power of ¢ should vanish independently, we derive the

following two equations from (D22):

d R ) g
il i neo o
d 1 R2(1<2R2+m2)—2m2 _ R .
dt _2R277+ Z(szZ 2)2 0+k2R2+m2:
i o (D34)
2
2‘% 2R4 +% 77+ia=0.
R R R 2R

Now we expand Eq. (D4). The combination of modified Bessel functions in the term in
curly brackets is transformed similarly to (D14):
I, (kR,,) K, (R, ) +1 (kRm) n (KR, ) = =1, (k) K, (C) + 1, (k) K, (xC)
_ —Im[K,; eR(E 1)K R (E -1 K }

+Km{l;l+l((§—1)l +— K(g 1) ’”}——(ImK,;—I,;Km)

-k (&-1)(1,K.-I'K )-%ﬁ(g—l)z(l K!-1'K,)

m m m m m m m m

1 1 K2+m?+2
=——x(&- I)XK———K (& - 1)( Tj

K

=l{1 (e-0[1-3e- 1>(z«2+m2+2)}}

K

1 1 1 ) )
=—<l+—¢e|ll-—=¢|R -1 el +m +2
()t el
_1 1+ 12 1452(k2R2+m2—R2+3) ,
kR R 2R (D35)
where we have used the following identities for modified Bessel functions:
n n 1
LK, -1.K, =—, (D36)
K
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2 2
I K"-I"K = —L’f*z. (D37)

m m m m
K

Therefore the term in curly brackets in the expression under the time derivative in (D4) is

expanded as

1 . ! ! pa
_mnin + I:_Im (kRout)Km (kRin) + Im (kRin ) Km (kRout ):Inout

m

I (. 1 . 1 ,-
=-———|-—E0-—¢€E
kRE 2 2

+[-1,(kR,,) K, (kR,)+1I, (kR,)K, (kRom)](ﬁ %55%523}

0

LY PP 1452(K2+m2—R2+3) 77+150'+1525
2R 2 2

2
£ £ ) o1 1,
- 1+—+ 3-R -—E0-—¢€E
[ R’ 2R4( )}(” 2 2 j}
L KR +m” '+ia'+¢
kR Rt TTRITE

Combining this result with (D11) we obtain the term under the time derivative in (D4):
d R’ O.+k2R2+m2£.+£ﬁ
dai\ R + i 2Rt TTEE

¢ | R (KR +m*) - 2k°R* - 4m” np
R 2(k*R* + m?) i

_dl(_R |,
dt|\ kK*R* + m?
1 Rz(k2R2+m2)—2m2_ R?
277+ 2 o+ 2 p2 2
dt| 2R 2(k2R2 +m2) kK°R° +m

mn

(D38)

(D39)

[11-

Expanding the remaining term in the left-hand side of Eq. (D4), we obtain:
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1 1 I,

=-——(g+¢Z +—e0+—€E D40
8 ou,)(n Jeo+ j (D40)
8 8 out

=-29n+|-—-0 g,
R77 ( 2R R 77)

where we have denoted

out

-1\ (mB, +kRB, | 2y 2|, (D41)
2uR kRK

m

Combining (D39) and (D40), we find the first two terms of the thin-shell expansion of

Eq. (D4):
df_R ). g
a\ KR +m* )R
D42
dl 1 R*(K°R* +m” ) -2m® R . 7 (b42)
. . = 8 out 0
e{—|—=n+ — 0+ E|-20-"%pt=0.
dt| 2R 2(k2R2+m2) k°'R* +m 2R R

Since the coefficient at each power of & should vanish independently, we derive the

following two perturbation equations from (D42):

d R ) g

dl 1 . RNKR +m’)-2m" R 7

==+ ( ) i Fm—— ) - B (D44)
dt| 2R 2(k2R2 +m2) k'R +m 2R R

We see that Eq. (D43) is identical to (D33). Excluding = from (D34) and (D44) by

subtracting their left-hand sides, we obtain:

d(1.) (2¢ 2R* Z -Z g
—| =+ =+ +——2 \p-=0=0. D45
dt(Rznj (R3 R R }7 R (b43)
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We substitute into (D33) and (D45) the definition of 7 = RE . Then Eq. (33) is reduced to

d R
z(m“}ﬁ =0 (D30

In Eq. (45) we have:

i(ij.,. 2_g+2R2+M
dt RZT7 R® R* R g

2

= il:iZ(Rg-l- Rg):| + (%-‘- 2122 +Zin _Zoutjg

dt| R

l- R. R . (R 2R 2g 2R
=—5-—5+—=5+| ——F+—+ +7Z -7
R§ R2§ R2§ {Rz R® R* R j"&

1 . g
=—E+|>4+Z -Z .
RE’& (Rz in ()utj‘-’t

(D47)

Substituting (D21), (D41), and (D47) into (D45), we convert this equation to its final

form equivalent to Eq. (43b):

b g 1 2 2 K 2 kRI
+1=>—-—| B, +|mB, + kRB n_ _ BT n —-900=0. D48
5 {R 2;4[ ’ ( ’ ZO) kRK' "I $-8 (D48)
or
E-WE-go=0, (D49)

where W is defined by Eq. (45):

weo 8,1 B;+(mB¢+kRB,0)2 Km, -B, kR,Im . (D50)
R 2u O kRK' M

m m

The final form of our perturbation equations (D46) and (D48) does not require all length

to be measured in units of R, . They are presented in such a way that the unperturbed shell radius

R and the gravity acceleration g can be dimensional. Then the displacement & has the
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dimensionality of length, and the relative perturbation of the shell thickness, o, remains
dimensionless.
From Eqgs. (D46) and (D48) we obtain the instantaneous dispersion equation (57). We can

further transform this equation by using the relation

4
B‘; = ;g - BZZO + Bzz,in (DSI)
that stems from the background 1D equation of motion:

2 B, -B,-B; R
=-ug=27Rx| —=2—= 2 \-_—(B’+B} -B,). D52
poT =M ( - 4( )+ B, - B, (D52)

Then the definition (D50), Eq. (45) of the main text, can be transformed to
2 2 2

S i

m ) =K m (D53)

B’. (kRI. m’K B,B ,mK
_ Z,n mo__ m.__ 1 + Z m .
2u 1, kRK, uK,

Neglecting the BP effects by taking in (57) R =0, we obtain the cylindrical thin-shell

instantaneous dispersion equation

2 2 2
ot +lE 1+2m K,’” +ﬁ kR -1 K’,”—l
Rl kRK, ) 2u kR )K'

B*. ( kRI ’K B,B. .mK 2
_ Z,ll?(k m_m m—l + ¢ z0 m wz_ k2+% g2=0’

2u( I, kRK, UK,

(D54)

which is a direct generalization of Eq. (38) of Ref. 20 for B, =0. Substituting into (D54)

B_, =B, =0, we recover the dispersion equation whose solution is given by Eq. (68) of Ref.

17.
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D.2. Instantaneous dispersion equation for the planar-slab limit

Now consider the limiting transition (58) to a planar-slab case:

kR, —©, kR , —> %, m—>x, R —-R, =d =const, M g =const . (D55)

This is, of course, a version of the thin-shell case. The difference with the limit

considered in Section D.1 above is that here the perturbation length scales, 1/k and R, /m are

not large compared to the shell thickness but rather comparable to it or even smaller. Then the

assumption d << R justifies the transition to the planar geometry. In the first order we can

assume

out
out

>> <<

B

Rin
g,

in

‘E()llt >> ‘Ei

o 18 = 8ol <<80l = 8] (D56)

out

In the planar geometry we identify the outer and inner surfaces of the cylindrical shell
with the lower and upper, denoted by the subscripts “/” and “u”, respectively, surfaces of a
planar slab. This is consistent with the negative vertical direction of the gravity acceleration
vector, which in cylindrical geometry corresponds to the inward radial acceleration of the shell.
Hence we make the replacements

‘J&(mt g ‘DEZ 4 ‘Em - ‘J&u 4 B()ut - Bl 4 Bin g Bu . (D57)

We introduce the horizontal wavevector

k, =ke +qe,, k,=+k’+q’, (D58)

which implies

—(k, B,) . (D59)

z,in

2
(ﬁ@ + kBZ‘)J —(k,B), kB

out

In this limit the exact perturbation equations (39b), (40b) are reduced to
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d{ 1 , , : 1
SIS RAESTESIEE

E out

- (D60)

1 K (kR 2
_ m out k. B =0 s
|:g +4JTp kKI;’l (kR()ut)( N l) :|§l
AL L e in (R, K (KR, ) - 1, (KR, ) K, (KR, )£
dt| kA kR,'n l m in) " m out m out ) Xm in u
(D61)

[1M

2
-l g+— k B =0,
& 4sp kI, (kRm)( & ) F‘
where we still need to transform the equations containing modified Bessel functions in the limit
(D55).

For this purpose we use the asymptotic formulas for large argument and index of

modified Bessel functions, e. g.,

I,(kR,)=1, (m x%j =1, (’"—k + kdj =1,(mz,,).
m

R " (D62)
Im(kRin)=Im(mX inj=lm(m_j=lm(mzin)a
m q
where
Zout = k +ikd’ Zin = E ’ (D63)
q m q

where m — oo while k, ¢ and d stay constant. We use the asymptotic expressions (9.7.7) and

(9.7.8) from Ref. 35: at large m

1 e / xr e
I ~ s K =, | — 7 , D64
(mz) \/277:m (1 )1/4 (M) m (1 ' )1/4 ( )
where
2
r(z)=1e 2 4m—2, 4z NI+ (D65)

141+7 dz z
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We immediately find that in the same approximation

| (1 e )1/4 o , i - (1 e )1/4 .
J27xm z Ko lmz) == 2m Z

-mtr

I (mz)=

(D66)

The arguments of our modified Bessel functions are z,, and z, given by (D63). The

out

small difference between z,, and z,,, should be accounted for only in the exponents, where these

out

terms enter multiplied by large m , assuming elsewhere z, =z, =k /q. The difference in the
exponent is

mr(zout) - mr(zin) = mrout —mt,

in

I+—
dr 7 . (D67)
=m|— X\ 2, — 2y ) = kd =k,d,
( dZ jz=k/q ( ou ) E off
q

where k. is given by (D58).

We start with transforming the combinations of modified Bessel functions of the same

argument. In Eq. (D60)

K,mz) —z g _ k (D68)
K (mz)  1+72 \/ kK’ ky
1+72
q
and in Eq. (D61)
Lmz) z _ k (D69)
I,,,,(mZ) \/1+Z2 keff

Therefore the terms containing these combinations of modified Bessel functions reduce

to

1 K, (kR,, |
" aap kK,’n((kRom)) (ks B) =g (K 'B,) (D70)
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+— "
47p kI, (kR,)

m

keﬁ .Bu )2 e 4.727;/(# (k“ﬂ .B" )2 ' (D71)

8
Now we transform the combination of modified Bessel functions of kR, and kR ,.The

common term in the denominators of the expressions under the time derivatives in (D60) and

(D61):

kA = kl:lr,n (kRm)Kr’n (kRout) - Ir,n (kRout)KV,n (kRin )]

- J27am Z 2m Z
k (1 +z° )1/4 e T (1 +z° )1/4 e " (D72)
+ X |—
J27am z 2m z

kN1+ 72

- zz—zm[exp(mr,m, - mr,, ) —exp(-mz,, +mr,, )] = f—jsinh(keﬁ.d) )

The coefficient at §, in (D60) is transformed as

Ir’n (kR )Km (kRout) - Im (kR )Kr/n (kRm)

123 out

\/2 X 2_ 5 \1/4
Tm Z m (1 +7 )
.\ 1 emr“w T (1 + Z2 )1/4 e—mrm (D73)
x —_——
J27m (1 +72 )”4 2m z
= %[exp (mz, -mz,, ) +exp(-mz, +mz,, )] = ikcosh (keﬁd ) .
mz m '

The coefficient at fu in (D60) in this approximation reduces to
— = (D74)

We substitute (D70), (D72)-(D74) into (D60) and note that the coefficients at & and &,

could be regarded as constants when the time differentiation is performed thanks to the

inequalities (D56). Then Eq. (D60) is reduced to
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. 1 2 1
coth(keﬁd)g-',{keﬁg—%(keﬂ.B,) }g_wg 0. (D75)

Similarly, in Eq. (D61) we have:

Im (kR )Kr,n (kRout) - Ir/n (kRout ) Km (kRm)

m
7
1 " T (1 + zz) e Mo
— X —
1/4
\/2.71'”’1 (1 + ZQ)

2m Z

. (1 r )1/4 o — (D76)

_\/2er Z 8 2m (1+Z2)1/4

1
=- I:exp (mTin - mrout) + eXp (mruut
2mz

‘me):I = —ﬁcosh(keﬁd) .

Hence Eq. (D60) is reduced to

. 1 1 .
coth(k,;d )&, + {keﬁg * 2y et B )}f () (D77)

Note the symmetry of the perturbation equations (D75), (D77): they are transformed into
each other by the substitution § <& , B, <> B , g <= —g, as should occur. Since this is a
homogeneous system of linear ordinary differential equations with constant coefficients, its
solutions are linear, and the eigenfrequencies are determined by the dispersion equation
following from (D75), (D77):
)y o
47p eff Pu eff DI

1 1
_|:keffg +%(k?ﬁ‘ ‘Bu )2j||:ke_fj‘g _%(keﬁ‘ 'B1)2i| =0.

w
(D78)

Removing the subscript eff of the horizontal wavevector k , we reproduce Eq. (59).
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D.3. Instantaneous dispersion equation for a finite-thickness cylindrical shell

Here we outline the derivation of a dispersion equation for a finite-thickness cylindrical

shell used in Section III.LB of the main text in the variables & 6 and &, . We rewrite the

cylindrical perturbation equations (39b), (40b) using the usual WKB assumptions

Vo i I iz 92 ¢, (D79)
o1 o1 o1

introducing the same notation as in (C18), (C18), (D1),

v or 8w R e Ru (D80)
R R R R

out out out out

and denoting

I,.=1,(kRr,), I,=1,(kR,), I, = (kR ). 1L =1 (kR,),
Ou m OU mn m mn OU Oou m I7;l m, (D8 1)
K{)ut = Km (kR()ut) ’ K Km Rm ) ’ Kuut = m (kR()ut) ’ Kin = Km (kRm) *
Then the perturbation equations are written as
d|1r ., P\( L (. 1
E {H[(Iinl(out - IoutKin ) (lw + V) E’&ouz‘] - kRUm (lw + ?V] §in }
) . (D82)
- QzR{)ut + L iB¢ + kB”O K—ot‘t + — ‘3&014[ = O ’
4”p Rout ) kK out Rout
%{kLA |:k%i”(lw + V) g{)ut + (IinK(’mt - I(iutKin ) (Zw + éVJ Em:|}
(D83)

_&? kB> T
S o e [ LT
¢ ¢ 4ap I,

We start with expanding the time derivatives. Obviously, the derivative v is still given

by (C21) but for the derivative £ in cylindrical geometry, instead of (C20) we have
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> _i Rin _ Rin _ RinRuut _ Rin _ Rin &
dt\R,) R R’ R, R,JR

out out out out out

(D84)
R R 1 1-¢&?
=iy o —_F |y = V.
(R. R J (é j ¢

m out

The term containing &, in (D82) can be presented as

2
d| G, ,. 1 m K B;
=—|—\lw+Vv - +——|| —B, +kB —o 4 £ , D85
fl,out dt [kA ( )gout:| {gout 4”10 [(R [ sz kK/ R gour ( )

out out out
where we have denoted

G =I'K, -1 K. ; (D86)

in” " out out”in ?

recall that in our notation A=1, K! —1I' K’ .The term in the left-hand side of (D82) containing

m out out m

the time derivative can be presented as

a1 G . _G 2 . . i G,
dt[kA(WJrv)é"“’}_kA( w +wa)+v) ””’+(lw+v){dt(kAﬂ§”“’

G (Lt v @ vivo) + (i) 2 Gk, 2 (G i, e,
kA R, \ kA R, \ kA

=R, {&(—wz -V Q%+ iva))
kR, A

{@(%)*éa@em)(%ﬂ(’m”z)} '

Dividing Eq. (D82) by R, to leave only the dimensional terms that are powers of

(D87)

frequency, we find the coefficient at & :

M, = G, (—af -v?-Q? +iva))+ D, (iva)+v2)— Q’
kR()utA
2 2 © (D8
B
1 £B¢+k370 K—"j"+—¢ ,
4'7rpR0ut Rout \' kKW’ R"“’

where we have denoted
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where

sl i)
: a(kRout) A é‘ a(kRin) A

= 1 G (ImK(:,ut - I(;’lthl’n) 1 (It,r,zKout - IoutKi,r,l) . (D89)
EA
s (LKL = 1L,K3)

Similarly, the term containing &, under the time derivative in (D82) is

d 1 : 1 1 d| 1. 1
f‘lin=__ 2 la)+—21/ §m == 2 A lCU+_2V i
" di| kAR, 3 kK*Adt| R, 3
I (. 1 d( 1 1
iw+—v|§, —
kR, & dr \ kA AR{M

- |
1 1 1 . 0 1

. 2 E _ | — D90

T [zwwgzv]&n ( ][ m(kAijaRm[kAj }5( )

out

- 21 a)2+ia)v§22_1+i292+—( 4 1)V2 E
k*AR i g g

out

il s j[ <k3em>(ij*§ﬁ&ﬂ§" |

Therefore the coefficient at &, in Eq. (D82) divided by R

/—\
el\)
+
|
<
+
|
<.
I
|
\2/
g‘w

_ 2(&67 -1
h= 12 8 +z§ va)+i§.22 —(é 7 )V2
KR, A &’ & &
(D92)
- n/a)+izv2 D, ,
k out é’
d 1 1 d 1
D, = N A
a(kRout) A é a(kRm) kA
(D92)
= _L ImK(Yut I(l)/uth + l(Ilﬂ](f,)m - I‘;mK’Z‘) :
A’ g

In a similar way we transform Eq. (D83). The term containing & , is:
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KR, dr\A)” kAR,
1 L9 (1
- (za)+v) Om —V —
k ARin out A é‘ a(len) A
=k2A1R ( @ +iwv gé -Q7 - é‘é_jlvzlé‘om

klc{ (kR am)@*éa(%)gﬂ(imwz)g’“’ |

The coefficient at £ ,in Eq. (D83) divided by R

2 2
M21=;2 UL Sl SO I 1 -;11/2
(kR,)" A & g

+

RE (iva)+v2)D21 ,

where D,, = D,, is defined by (D92).

The term containing &, in Eq. (D83) can be presented as

2 kB>, I
_ LZ 92 +1 § V2 R,-” + z,in I_l,n 5,-,, ,
é‘ é‘ 4”p Iin

where we have denoted

G,=IK -IK,

in~ " out out”in *

We start with transforming the term with the time derivative:

H(ivanvz)fom (D93)

(DY%4)

(D95)

(DY6)
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oo ]G e -3
) 1 9 1 9 G,

+(ZW+FVJ|:6 (kROW)( j é‘ P (kRm)(in|RoutV§m

2
=&(—a}2 +éiwu—é92 + 554 zvzjé‘m

+ iwu+Lv2 L(i)+lL(&j R,&
é‘z a(kRout) A é‘ a(k]em) A e

The coefficient at &, in Eq. (D83) divided by R,

mn

2
M, = G, -w +i2n/a)—i£22 C_:sz
kR, A & ¢ g

m

-&? kB> I
+[éim+év2]Dm‘é(92+l 4 Vz]_ T .

G,
A

(D97)

(D98)

where

Wl s)

-I' K

in out out m )

G,
D= =R, (X

I KH _ I// K

m out out mn

A

1 G, /., "
+E{1 _X(IU'IKOHI - IOMlKU'Z )}

j :
£a

G,
( (D99)

The instantaneous dispersion equation is
MM, -M,M, =0. (D100)
The left-hand side of (D100) is obviously a fourth-order polynomial in @w. We can

simplify this equation dividing all its terms by the coefficient at ", which equals

1 1
- |GG, +—— D101
%= kRRAQ(”kQRR] ( )

out™ "in out™ "in
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it can be checked that this coefficient does not vanish for any meaningful combination of the

wavenumbers m , k, and the radii R , > R, > 0. Inspecting the expressions (D88), (D92),

(D94) and (D98), we observe that the all terms with odd-order powers of @ responsible for the

Bell-Plesset effects enter the dispersion equation multiplied by R , /R , and the imaginary unit

t
i, same as in (55). We therefore arrive to a dispersion equation of the same form as one obtained

in Section C.2 for a spherical shell, (55) or (C38). Of course, the dimensionless coefficients g, ,

..., gy are different here.
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