
1 

 

 

 

 

 

Coupling Radiative Heat Transfer in Participating Media  

with Other Heat Transfer Modes 

 

 

John Tencer
1
 and John R. Howell

2
 

 

 

 

1 Senior Member, Technical Staff 

Thermal and Fluid Processes 

Sandia National Laboratory, Albuquerque, NM, USA 

            JTencer@sandia.gov  

 

2 Corresponding author  

Ernest Cockrell, Jr., Memorial Chair Emeritus,  

Department of Mechanical Engineering 

The University of Texas at Austin, TX, USA 

jhowell@mail.utexas.edu 

1-512-471-3095  

 

  

SAND2015-9436J

mailto:jhowell@mail.utexas.edu


2 

 

 

 

 

 

 

 

ABSTRACT 

 

 The common methods for finding the local radiative flux divergence in participating media 

through solution of the radiative transfer equation are outlined. The pros and cons of each method are 

discussed in terms of their speed, ability to handle spectral properties and scattering phenomena, as well 

as their accuracy in different ranges of media transport properties. The suitability of each method for 

inclusion in the energy equation to efficiently solve multi-mode thermal transfer problems is discussed. 

Finally, remaining topics needing research are outlined.   
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1.0 INTRODUCTION 

 Radiation heat transfer is a major contributor to many engineering systems, particularly at high 

temperatures. Even some devices and systems operating at room temperature or below can have significant effects 

of radiation, such as spacecraft thermal control and systems where other heat transfer modes are minimized or 

eliminated as in Dewar flasks and cryogenic storage systems. In this review, we discuss the common and not-so-

common methods for treating radiation heat transfer in participating (absorbing/emitting and scattering) media, and 

how these methods are coupled with the overall energy equation for treating thermal transfer problems. 

 Because radiation is almost inevitably coupled with other heat transfer modes, an overall thermal analysis 

requires solution of the energy equation, which is actually a balance of energy rates. Here, we follow the 

development in Howell, Mengüç and Siegel [1].    

The general form for the energy equation for a compressible fluid is 

( )p r d

DT DP
c T k T q

Dt Dt
      q   `  (1) 

where D/Dt is the substantial derivative, the left-hand side accounts for changes in stored energy within the medium, 

and the terms on the right-hand side account for changes in pressure work, contributions by conduction and 

radiation, internal sources (chemical, electrical, nuclear, etc.), and viscous dissipation. In most practical thermal 

analysis problems, the pressure work and viscous dissipation terms can be neglected. 

 Of greatest interest here is the evaluation of the local divergence of radiative flux, .rq  This is the 

difference in the local absorbed radiative energy minus the local emitted radiation, 
0

4 bI d


 


   , where  is 

the local spectral absorptivity of the medium and Ib is the blackbody intensity given by the Planck distribution.  In 

an absorbing-emitting-scattering medium, the absorbed radiative energy is found by first finding the local radiative 

intensity I(), which is defined as the spectral energy propagating in a given direction  per unit solid angle, per 

unit area normal to the direction of propagation, per unit wavelength, and per unit time. To find the absorbed 

radiative energy, the local intensity I is multiplied by the local spectral absorptivity, , of the medium, then 

integrated over all solid angles of incidence, and then integrated across the important part of the wavelength 

spectrum. The local radiative flux divergence is then  

4

0 0 0
( ) 4

i
r i i bI d d I d

  

   
   

         
    q    (2) 

This usually means integrating over two directional coordinates plus wavelength to find the absorbed 

radiative energy. However, this means that the local intensity at each wavelength and in each direction must be 

known a priori. Since the local intensity originated at system boundaries as well as by emission from all elements in 

the medium, and then was attenuated by scattering and absorption along the path from emission point to the point 

where we are evaluating  rq , a complete and exact solution is usually not feasible. 

 Approximations can be invoked that allow evaluation of rq but with some loss of accuracy.  

For example, the spectral properties of the medium can be simplified by assuming they are wavelength 

independent (a gray medium), or have uniform properties over a set of wavelength intervals (band approximations) 

or can be put into weighted probability distributions [k-distributions or the equivalent absorption line-weighted 
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blackbody distribution functions (ALBDFs)] or treated through addressing detailed spectral line-by-line databases. 

Even the most exact of these methods usually requires some simplifications in implementation when the medium 

has distributions of temperature, pressure, or species concentration. The problem becomes especially complex if 

these state variables are to be determined through iterative solution. Because scattering of thermal radiation is 

generally monochromatic (i.e. not associated with a simultaneous shift in wavelength) each of these methods for 

treating the spectral dependence of the intensity tends to reduce to a series of uncoupled solutions to the gray 

radiative transfer equation (RTE) with varying distributions for the optical properties and emission source term. In 

this sense, all of these methods may be thought of as special cases of the weighted-sum-of-gray-gases (WSGG) 

approximation. 

Much research has been expended in developing methods for treating the required integration over solid 

angle (incident direction). These are examined in more detail in the descriptions in Section 2.0, Methods for Solving 

the Radiative Transfer Equation, but most approximations involve some method of quadrature ranging from 

splitting the sphere of solid angles into hemispheres of equal intensity through multi-flux systems on through 

various higher order quadrature methods. 

  Finding the local intensity I in an absorbing/emitting scattering media requires solution of the 

RTE, which describes the local intensity in the medium. The general steady state RTE is 

           
4

,

0
, ,

4 i

s

b i i i

dI
S I S S I S I S d

dS




     
 


         

 
   (3) 

where  is the extinction coefficient, composed of the sum of the scattering coefficient and the absorption 

coefficient (
,s       ), Ib is Planck’s blackbody spectral distribution of intensity, and  is the scattering 

phase function, which describes the distribution of scattered energy coming from direction i into direction . The 

LHS is the change in spectral intensity along a path increment dS, which is described on the RHS as caused by 

losses due to attenuation by scattering and absorption, gain by emission from the medium, and gain by in-scattering 

of intensity arriving from other directions (Figure 1). 

The time dependence of the RTE is generally neglected in heat transfer problems because the transit time 

for a photon through the system is generally orders of magnitudes shorter than the other relevant time-scales in the 

problem. 
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 Figure 1: Illustration of Terms in the Derivation of the Radiative Transfer Equation: Direction 

of Arrows Indicate Additions or Losses to the Intensity  * *,  I S dS in Direction S. 

 

 To use conventional definitions and notation, define the single scattering albedo, , as the ratio of 

scattering to extinction coefficients, 
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 The last two terms on the RHS are gains in intensity due to local emission plus in-scattering into the 

direction . These can be combined into the source function: 

         
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and the RTE is then 

  ˆ ( , )
dI

I I
d


   



    


      (6)

 

Equation (6) can be formally integrated to give 

   * * *

* 0

ˆ( , ) (0, )exp( ) expI I I d
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            
 

  (7) 

 

Equations (6) or (7) with the inherent parameter definitions describe the intensity propagating in direction  at 

location  along a path that, for Eq. (7), begins at =0 (usually a boundary). Because the source function relation 

[Eq. (5)] contains the Planck blackbody function, which in turn depends on the local absolute temperature, the 

determination of local intensity is often coupled with the energy equation [Eq. (1)].   

There are certain standard methods in common use for solving the RTE for the local spectral intensity 

Iso that it can be used in Eq(2) to evaluate the local radiative flux divergence,  rq . Each method has 

positive attributes and some negative factors. The methods are now briefly described, in terms of their ability to 

determine the local spectral intensity in a medium. Then we discuss the pros and cons of each method for 

implementation into the energy equation [Eq. (1)] for the analysis of general thermal problems. 

 

 

 

2.0 METHODS FOR SOLVING THE RADIATIVE TRANSFER EQUATION  

 Methods for evaluating the local radiative heat flux and flux divergence are described in detail in standard 

texts [1,2], and so are only briefly described here. There is probably no consensus as to which of the many solution 

methods are standard. Here we describe the most used methods as embodied in commercial CFD codes. Commercial 

codes use one or more of the methods, leaving the choice up to the user. 

All of the solution methods can include spectral medium properties using k-distribution or ALBDF 

methods. These two approaches to treating spectral properties by generating a probabilistic distribution of energy 

among spectral lines are shown to be equivalent by Chu et al. [3]. Some RTE solution methods have particular 

advantages or difficulties in implementation.   

2.1 The Diffusion Approximation. The diffusion approximation results from expanding the local intensity 

in a Taylor series with respect to optical thickness, and then truncating the series. The truncation is in effect an 
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assumption that the optical thickness is large so that truncation to a few terms is accurate. The resulting expression 

for radiative energy flux in a direction x at location r in the medium is 

 
,

4

3

b
x

I
q d d

x







 



 
   

 r
rr

     (8) 

Thus, the radiative flux in the diffusion approximation is related to the gradient in blackbody spectral intensity at a 

particular location. 

Deissler [4] extended the solution to include higher order terms, and derived boundary conditions that 

mitigate the lack of accuracy within a few mean free paths of a boundary.  Because the local spectral extinction 

coefficient   r appears in the denominator of Eq. (8), care must be taken during spectral integration if windows 

appear in the spectrum of the medium being considered. 

2.2 The Spherical Harmonics Approximation.  The spherical harmonics (PN) approximation results from 

expanding the angular intensity as a series of spherical harmonics [5-11]. The series is then truncated at some point 

defining the order of the approximation.  The problem is then reduced to determining the values of the unknown 

coefficients in the expansion which are functions of position and wavelength.  Following the work of Modest and 

Yang [10], the PN approximation represents the RTE as N(N+1)/2 coupled second-order elliptic partial differential 

equations for the dual-indexed expansion coefficients, In
m
.  The angular intensity is represented continuously 

through the series definition 

     
1

2 1
4

n

n

I n J   

      (9) 

where 

    
1

2 1

n
m m

n n n

m n

J I Y
n 

 

      (10) 

The spherical harmonics functions, Yn
m
 are defined as the angular portion of the solution to the Laplace 

equation and are generally represented using the associated Legendre polynomials. 

2.3 The Simplified Spherical Harmonics Approximation.  The simplified spherical harmonics (SPn) 

approximation was first proposed in the early 1960s by Gelbard for reactor analysis [12-14] as an inexpensive 

alternative to the more complicated PN approximation.  The initial derivation involved replacing the spatial 

derivatives in the 1D PN equations with their 3D analogs.  This was neither physically motivated nor mathematically 

rigorous [15] and consequently adoption of the method was slow.  It was later shown that the SPN equations could 

be derived as an asymptotic correction to the diffusion limit [16] or from the use of particular trial functions in the 

self-adjoint variational characterization of the even-parity form of the RTE.  Since the 1990s usage of the SPN 

approximation has increased dramatically for nuclear engineering applications [17-19]. More recently, the SPN 

approximation has been applied to radiation heat transfer [20-23].  The SPN approximation has the advantage of 

resulting in a set of loosely coupled diffusion-type equation involving significantly fewer unknowns that the PN or 

SN approximations.  However, unlike the PN and SN approximations the SPN approximation does not generally 

converge to the correct solution as the order approaches infinity for non 1-D problems. 

2.4 The Discrete Ordinates Approximation.  The discrete ordinates (SN) approximation is likely the most 

widely used technique for representing the angular dependence of the radiative intensity for heat transfer 
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applications.  In the SN approximation, the RTE [Eq. (3)] is satisfied exactly along a set of discrete directions.  The 

directions chosen correspond to the points in a quadrature rule for integrating over the unit sphere.  The quadrature 

rule is used to approximate any angular integrals such as those in the in-scattering term in Eq. (3) and the definition 

of the radiative flux divergence, Eq. (2). 

Over the years, a great deal of research effort has been applied to the development and analysis of 

quadrature rules over the unit sphere for use in the discrete ordinates method [24-35]. Each rule has advantages and 

disadvantages, but for many practical applications the controlling parameter for the accuracy of the solution is 

simply the number of points in a given quadrature.  This is related to the major drawback of the Sn approximation, 

namely the introduction of ray effects.  Ray effects are non-physical oscillations in the solution that propagate 

outward from discontinuities or corners due to the fact that the propagation of radiative intensity is only considered 

in a discrete number of directions.  There is a large body of literature related to the mitigation of ray effects in 

discrete ordinates solutions [36-38] with techniques ranging from adaptive quadratures, filtering the solution, 

rotating the quadrature, or incorporating a continuous definition of the intensity in angular space. 

 2.5 Finite Element Methods. FEM solution of the RTE is attractive because it couples directly with FEM 

solutions to the energy equation. Solution of the RTE is based on the Galerkin method [39-41]. Solutions to various 

combined mode problems have been given [42-48]. Because the distribution of temperature is described by 

geometric shape functions within each finite element that can be specified to any degree (although with increasing 

precision comes increased computation time), the method can have a high degree of accuracy compared with finite 

difference solutions of the same grid.  Burns et al. [49] point out that the use of the same shape functions for both 

temperature and emissive power in a combined mode problem (which is commonly done) can lead to unexpected 

errors.  

2.6 The Monte Carlo Method. Direct simulation Monte Carlo (DSMC) was introduced during the 

Manhattan Project to simulate neutron diffusion. It was adapted to radiative transfer problems as a means of 

simulating radiation packets as they undergo a series of statistically based events derived from the known physical 

laws and properties governing a given thermal radiation transfer problem [50-53]. Treatment of thermal radiation is 

somewhat simpler than neutron diffusion because radiation travels at light speed, so transit times are usually 

negligible, while neutron speeds are much slower and time-of-flight must be considered. 

In standard DSMC, many packets of radiation are followed along their paths from emission at a source 

(which can account for directional and spectral effects) throughout their lifetimes of scattering and surface reflection 

events until they are converted by absorption into internal energy in the medium or at a boundary. Because each 

event in the lifetime of the energy packet can be modeled to any degree of sophistication (for example anisotropic 

scattering with wavelength dependent scattering coefficient, bidirectional spectral reflectivity at surfaces), a DSMC 

model can be constructed to account for any degree of physical complexity. The penalty is that because the 

computed outcome (usually the local radiative flux divergence) is a statistical average of the behavior of many 

energy packets, computational time can be large to achieve results with small statistical standard deviation. This has 

always been the Achilles Heel of DSMC. However, as computational speeds continue to increase and, in particular, 

parallel computing is common, Monte Carlo has emerged as a method of choice for many problems, particularly 

those where detailed spectral and directional effects must be accounted for. DSMC is easily parallelized (e.g., each 

packet history can me modeled independently and in parallel with all others), so that speedup is almost directly 

proportional to the number of available processors. The calculation of local flux divergence can be decoupled from a 

computational grid, which can be an advantage in some multi-mode problems [54, 55]. The emergence of the use of 

graphical processing units (GPUs) [56], which are ideally suited for DSMC parallel calculation, has further 

enhanced the potential of the method. 

2.7 Multi-Flux Methods: These methods break the sphere of incident directions in Eq. (2) into a small 

number of iso-intensity directions, thus avoiding complex quadratures over incident angle [57]. In effect, these are 
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simplifications of the discrete ordinates (SN) method. The methods in this class include the finite volume method 

[58-61], and the discrete transfer method [62].  The goal of these methods is to increase computational efficiency 

relative to the SN method. This is particularly important in problems where radiation may be of secondary 

importance but requires great computational expense. However, the lack of angular definition makes a loss of 

accuracy inevitable in determining radiative flux divergence, and accuracy is problem dependent. 

2.8 The Zonal Method:  Hottel [63] developed a technique for subdividing a medium into finite volumes 

and its boundaries into finite areas, and then deriving factors (with units of area) that describe the radiation coupling 

between each pair of medium volumes, each volume and boundary area, and between boundary areas. These 

exchange factors may be precomputed (if the medium and surface properties are temperature independent). 

Expressions for the exchange factors are available in the literature for regular geometries (rectangular 

parallelepipeds, cylinders, cones). Writing expressions for the radiation exchange among all pairs of volumes and 

boundary areas results in a matrix of equations that is then solved for unknown medium temperatures or boundary 

radiative heat fluxes. The method has been extended to allow consideration of spectrally-dependent properties [64, 

65].  In contrast to most of the other methods here which involve inverting a relatively sparse matrix to determine 

the local intensity, the zonal method involves the multiplication of a dense matrix by a vector.  The computationally 

expensive part is the calculation and storage of the exchange factors. 

2.9 Hybrid Methods: Some methods are very accurate provided certain parameters are within a prescribed 

range. For example, diffusion solutions are quite accurate provided that the optical thickness in the geometric or 

spectral region of interest is quite large (many mean free paths). Other methods may work well in highly transparent 

media, but are cumbersome in highly opaque media. DSMC in its simplest form becomes very slow in optically 

thick media because an energy packet may undergo many scattering events or media absorptions before a boundary 

is reached, thus making calculation of boundary radiative heat flux subject to large statistical uncertainty. It is 

possible to wed two or more methods that are each efficient in their realm of accuracy.  Farmer and Howell [66] 

combine diffusion methods in optically thick regions with DSMC in moderate to optically thin regions, taking 

advantage of the strength of each method and avoiding the ranges of parameters where they become inaccurate 

(diffusion) or slow (DSMC). Sasse et al. [57] combine a six-flux and zonal method. Roger et al. [67] combine the 

diffusion solution with a transport model.  

2.10 Other Solution Methods: Other methods have been proposed for solving the RTE. Each has 

particular advantages for certain types of problems, but none have been widely adopted by commercial software 

providers. Among these are the YIX method [68-71], a fast and accurate technique for cases where the temperature 

distribution in a medium is known:  the MN methods, a family of moment-based methods that impose entropy 

maximization for closure, but is most useful for neutron diffusion problems where time-of-flight must be considered 

and appears less applicable to radiation transfer;  Chebyshev spectral collocation [72-75] which is an accurate 

method for multidimensional problems and which can accommodate k-distribution treatment of spectral properties; 

and methods for reducing the integral order such as the point allocation [76] and product integration [77,78] 

methods. There are many others [1,2].  

3.0 CHARACTERISTICS OF THE SOLUTION METHODS 

3.1 Comparisons among Different Angular Discretization Methods:  A number of benchmark solutions have 

been developed for the RTE in simplified geometries.  Glatt and Olfe considered radiative equilibrium of a gray 

medium in a 2-D rectangular enclosure [79] giving an analytical solution for the temperature distribution using the 

Eddington approximation to model the radiative transport.  The Azmy benchmark problem [33, 34] involves a 2-D 

square domain with particular optical property distributions and boundary conditions that is useful for evaluating 

numerical performance but is not representative of any real system.  Crosbie and Schrenker [80, 81] provide a series 

solution for radiation transport in a 2-D  and 3-D rectangular enclosure with diffuse boundary conditions which was 

later expanded by Altac and Tekkalmaz to accommodate inhomogeneous media with isotropic scattering [82]. 
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Because the RTE is a special case of the Boltzmann transport equation for neutral particles, benchmark 

solutions developed by the nuclear engineering community for neutral particle transport are applicable for code 

verification purposes.  However, the differences in the properties and the types of geometries typically make these 

benchmark solutions less applicable for comparing the performance of various angular discretization techniques.  

Many of these benchmarks [83,84] are relevant to shielding applications and tend to feature regions with strong 

scattering as well as void regions which can look very different than the opacity distributions typical of heat transfer 

applications.  Other examples [85] include the transient term which is often neglected in heat transfer applications 

but which may be important for microscale systems [86] or optical tomography [87]. 

The accuracy and computational speed have been compared for some of the methods.  Lewis and Palmiotti 

[88] compared the simplified and standard spherical harmonics approximations as did Coppa et al [89].  Larsen et al 

[90] compared the diffusion, discrete ordinates, and simplified spherical harmonics approximations for glass cooling 

applications with non-uniform refractive indices and banded opacities in both 1-D and 3-D geometries.  Klar et al. 

[21] also simulated heat transfer in glass using the diffusion and SPN approximations.  Klose and Larsen [91] 

examined SPN and diffusion approximations for modeling radiative transport through biological tissue. 

Bielen [92] evaluated the standard spherical harmonics approximation’s performance on the Azmy 

benchmark problem [34].  Ravishankar [93] compared the standard spherical harmonics approximation with the 

modified differential approximation (MDA) [94], a hybrid method and Monte Carlo results.  Tencer and Howell 

compared the accuracy of the discrete ordinates, standard spherical harmonics, simplified spherical harmonics and 

M1 methods for a set of 2-D benchmark problems for varying opacities and scattering albedos [95, 96] providing 

errors as a function of these parameters.  Some of those results are reproduced in Figure 2 to illustrate how strongly 

the solution error may depend upon these problem parameters.  For the lowest order spherical harmonics 

approximation the error is seen to vary between less than 5% to over 90% for the range of parameter values 

considered.  Tencer compared the accuracy of the discrete ordinates and simplified spherical harmonics 

approximations for 3-D benchmarks [35]. 

Figure 2: Relative error between heat flux predicted by the lowest spherical harmonics approximation and an 

analytical solution [81] computed by Tencer and Howell [96]. Contour levels range from 5 percent to 90 

percent. 

It has been found that the optimal approximation method is often highly problem dependent and it can be 

difficult to determine the best approach a priori.  There are commonly trade-offs between accuracy, time, numerical 



11 

 

stability, and ease of implementation that must be weighed for each application.  Table 1 is intended as a summary 

to aid in this decision-making process. 

Table 1: Advantages/Disadvantages of Each Method for Solution of the RTE 

Method Advantages Disadvantages 
Ease of Implementing Spectral 

Properties 

Diffusion 

Approximation 
 Fast 

 Accurate in 

optically thick 

regimes 

 Inaccurate for 

small/moderate 

opacities 

 Singular if extinction 

coefficient 

approaches 0 

Spectral integration of Eq. 

(8) may be accomplished by 

any appropriate numerical 

method 

Spherical 

Harmonics 

Approximation 

 Arbitrary 

accuracy by 

increasing order 

 Continuous 

description of 

intensity 

 Tightly coupled 

elliptic PDEs are 

expensive to solve 

Compatible with WSGG, k-

distribution, SLW, CW, 

band, and LBL 

Simplified 

Spherical 

Harmonics 

Approximation 

 Significant 

computational 

savings relative to 

PN approximation 

 Accurate if 

solution is 

“locally 1D” 

 Continuous 

description of 

intensity 

 Does not generally 

converge to correct 

solution as order is 

increased 

Compatible with WSGG, k-

distribution, SLW, CW, 

band, and LBL 

Discrete 

Ordinates 

Approximation 

 Arbitrary 

accuracy by 

increasing order 

 Good scalability 

using sweeping 

algorithms 

 Convergence can be 

slow 

 Discrete (not 

continuous) 

description of 

intensity 

 Solution easily 

polluted by ray-

effects if sharp 

gradients are present 

Compatible with WSGG, k-

distribution, SLW, CW, 

band, and LBL 

Finite Element 

Methods 
 Continuous 

description of 

intensity 

 Easy coupling 

with FE spatial 

discretization 

 May have 

convergence issues in 

“void” regions when 

problems include 

spectral windows 

 Compatible with 

WSGG, k-distribution, 

SLW, CW, band, and 

LBL 

 May also use finite-

elements to represent 

the spectral dependence 

Monte Carlo 

Methods 
 Easily constructed 

to account for any 

degree of 

modeling 

accuracy 

 Arbitrary 

accuracy 

achievable 

through increased 

 Often slow 

 Stochastic quantities 

can cause stability 

issues for certain 

problems 

 Inclusion of spectral 

properties does not 

greatly increase the 

complexity or cost of 

the simulation 
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sampling 

 Trivially 

parallelizable 

Multi-Flux 

Methods 
 Fast 

 Continuous 

(piecewise 

constant) 

description of 

intensity 

 Lack of angular 

resolution results in a 

loss of accuracy for 

problems without 

high scattering 

albedo 

 Compatible with 

WSGG, k-distribution, 

SLW, CW, band, and 

LBL 

Zonal Method  No separate 

angular 

discretization.  

Solution 

converges as 

spatial mesh is 

refined 

 Arbitrary 

accuracy by 

refining spatial 

mesh 

 Large ratio 

between offline 

and online costs 

may work well for 

certain 

applications (UQ 

studies) 

 Precomputing 

exchange factors is 

expensive 

 Large memory 

footprint due to the 

dense matrix of 

exchange factors 

 Compatible with 

WSGG, k-distribution, 

SLW, CW, band, and 

LBL but the exchange 

factors depend on the 

opacity field and must 

be recomputed for each 

opacity distribution 

considered. 

 

3.2 Implementing Scattering: Often materials not only absorb and emit radiation but scatter it as 

well.  A photon’s direction of travel and potentially wavelength may be altered through interaction with 

the participating medium.  For heat transfer applications, the photons are relatively low-energy and 

scattering may usually be assumed to be monochromatic.  In other words, scattering interactions may be 

assumed not to change the particles wavelength [97].  This decouples intensity at different wavelengths 

and simplifies the incorporation of spectrally dependent optical properties.   

Scattering in heat transfer applications is generally anisotropic.  However, the assumption of 

isotropic scattering is frequent and often adequate.  For media with large scattering albedos (the ratio of 

the scattering coefficient to the extinction coefficient) multiple reflections are common and the particle 

“forgets” its original direction over its time of flight making detailed representation of the scattering 

anisotropy unnecessary.  For media where the diameters of any scattering particles is significantly smaller 

than the wavelength of the radiation Rayleigh scattering theory describes the radiation particle interaction.  

Limits on when Rayleigh scattering theory is appropriate are found in [98-100].  Diffraction theory may 

be used to predict scattering due to large spherical particles.  For particles of moderate size, Mie theory 

[101-103] must be used.  The scattering phase functions from Mie theory tend to be highly anisotropic 

and depend on the wavelength and polarization of the incident radiation in addition to the particle 

diameter and complex refractive index.  Figure 3 from [1, 99] illustrates the potential complexity of Mie 

scattering phase functions. 
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Figure 3: Mie scattering phase functions for metallic and dielectric spheres. (a) 𝝅𝑫/𝝀 → 𝟎, metallic sphere, 

𝒏 = 𝟎. 𝟓𝟕 − 𝟒. 𝟐𝟗𝒊; (b) 𝝅𝑫/𝝀 = 𝟗. 𝟏𝟓, metallic sphere, 𝒏 = 𝟎. 𝟓𝟕 − 𝟒. 𝟐𝟗𝒊; (c) 𝝅𝑫/𝝀 = 𝟏𝟎. 𝟑, metallic sphere, 

𝒏 = 𝟎. 𝟓𝟕 − 𝟒. 𝟐𝟗𝒊; (d) 𝝅𝑫/𝝀 = 𝟖, dielectric sphere, 𝒏 = 𝟏. 𝟐𝟓 

Because of the complexities associated with full Mie scattering, many approximate scattering phase 

functions have been proposed.  These include the approximation of the phase function through a polynomial 

expansion [104], the “forward-scattering phase function” [105, 106], the “linear-anisotropic phase function” [107], 

the “delta-Eddington phase function” [108], and the “Henyey-Greenstein phase function” [109].  There have been 

numerous studies analyzing the effects of anisotropic scattering as well as the choice of approximate scattering 

phase function [110-114]. 

All of the listed methods may be modified to include scattering phenomena to varying degrees.  Some 

methods (Zonal, Diffusion) only accommodate isotropic scattering.  Other methods (Discrete Ordinates, Spherical 

Harmonics, Simplified Spherical Harmonics, Multi-Flux, and Finite Element Methods) can accommodate varying 

degrees of anisotropy depending on the order of the approximation.  The angular resolution of the anisotropic 

scattering kernel is limited by the order of the approximation.  For example P1, the lowest order spherical harmonics 

approximation, assumes an isotropic intensity and can thus only accommodate isotropic scattering [115].  Monte 

Carlo methods can represent any anisotropic scattering kernel through a corresponding probability density function. 

3.3 Inclusion of Spectral Properties All of the methods outlined above allow for the inclusion of 

spectral properties.  The assumption of monochromatic scattering which is typically justified for heat transfer 

applications decouples the solution of the RTE at one wavelength from that at every other wavelength. 

The earliest method for treating spectral properties is the weighted sum of gray gases (WSGG) introduced 

by Hottel [63, 65].   

Monte Carlo methods allow for the inclusion of spectral properties differently than the other methods.  To 

incorporate spectral properties in a Monte Carlo simulation, a wavelength is assigned to a bundle at the time of its 
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creation and the appropriate optical properties for that wavelength may be used to determine interaction probabilities 

[116].  Non-monochromatic scattering may easily be included in this context as well but is usually omitted due to its 

relative unimportance. 

For the other methods, the simplest and most accurate approach for incorporating spectral properties is the 

line-by-line (LBL) approach which divides the spectrum into very fine intervals (fine enough to resolve the 

resonance peaks present in the absorption spectrum) and solves the RTE within each interval.  Modest [117] has 

provided a historical overview of the treatment of spectral properties. 

Spectral databases like HITRAN [118, 119] or HITEMP [120] are used to generate these high resolution 

spectra.  Unfortunately, this involves solving the RTE a very large number (millions) of times.  This is intractable 

for large problems and is usually only applied to 1-D benchmark problems.  For more complicated benchmark 

problems, Monte Carlo results are usually referenced as the correct solution.  This necessitates the development of 

approximate methods which reduce the number of RTE solutions required.  Band models [121-129] accomplish this 

by defining contiguous wavelength intervals with similar optical properties together and making some assumption 

on how the properties vary within a given band.  The k-distribution [130-140],  spectral-line-weighted (SLW) sum 

of gray gases [141-146], and cumulative wavenumber (CW) [144,145, 147, 148] methods work by allowing the 

wavelength intervals that are grouped together to not be contiguous.  Modest and Zhang [134] have shown that the 

SLW method is a simplified version of the full-spectrum k-distribution method.  This approach introduces additional 

errors when applied to problems with inhomogeneous media but can drastically reduce the number of RTE solutions 

required.  All of these methods may be applied in narrow bands, wide bands, or over the full spectrum.  Narrow 

band approximations are more accurate but also more computationally expensive.  Tencer and Howell introduced a 

method to quantify the model error introduced by applying the full-spectrum k-distribution (FSK) method to 

problem with inhomogeneous media [149]. 

   

4.0 COUPLING RADIATION WITH OTHER HEAT TRANSFER MODES 

4.1 Loose versus Close Coupling to the Energy Equation: The radiative flux divergence  rq  from 

Eq. (2) can be computed based on an assumed set of initial conditions in the computational volume [most usually 

T(r)] and solution of the RTE. The result is inserted into the energy equation, Eq.(1), and a new T(r) is computed. 

The new T(r) is used in Eq. (2), and the process is repeated until convergence. This separation of the RTE solution 

from the energy equation solution is referred to as loose coupling, and it has several advantages. First, the separate 

solutions are of linear or slightly nonlinear equations, with T
4
(r) the linear variable in the RTE solution, and T(r) the 

linear variable in the energy equation. Further,  rq can be computed on a separate grid from that of the energy 

equation, which may need very high grid resolution (e. g.  in boundary layers) while the flux divergence may vary 

slowly in the same region and much larger volume increments can be employed. Computation time for computing 

 rq can be the major component in a multimode energy solution. However,  rq often varies slowly and 

smoothly between iterations. Thus, it is often beneficial in loosely coupled formulations to not compute  rq

after each iteration, but to only recalculate after a few iterations of the energy equation. This can significantly reduce 

computer time. Galtier et al. [54, 55] provide methods for computing  rq by DSMC in a meshless domain. 

 An alternative solution methodology is to substitute Eq. (2) directly into Eq. (1). The resulting highly 

nonlinear equation can then be solved directly for the temperature distribution. This closely-coupled approach allows 

certain methods for uncertainty quantification to be incorporated directly into the code [150], but can result in 

instability and difficulty in attaining a converged solution.  
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Because of its stochastic nature, DSMC can introduce instabilities in solution of multi-mode problems. 

Because these fluctuations can be particularly vexing in the highly nonlinear problems of multi-mode heat transfer 

with radiation, smoothing between iterations or across regions might be needed to obtain convergence without 

undue computational time.    

Experience indicates that loose coupling is a safer approach in conjugate heat transfer problems, especially 

if radiation and other modes are of comparable importance although convergence may be slow.   

Table 2: Advantages/Disadvantages of Implementing RTE Solution Methods  

into Conjugate Heat Transfer Codes  

Method Advantages Disadvantages 

Diffusion 

Approximation 
 Differential form makes for easy 

insertion into most numerical schemes 

 Inaccurate for 

small/moderate opacities 

 

Spherical Harmonics 

Approximation 
 Differential form makes for easy 

insertion into most numerical schemes 

 Tightly coupled elliptic 

PDEs are expensive to 

solve 

Simplified Spherical 

Harmonics 

Approximation 

 Significant computational savings 

relative to PN approximation 

 Does not generally 

converge to correct solution 

as order is increased 

Discrete Ordinates 

Approximation 
 Arbitrary accuracy by increasing 

order 

 Good scalability using sweeping 

algorithms 

 Discrete intensity values 

and ray effects can hinder 

already slow convergence 

Finite Element Methods  Easy coupling with FE spatial 

discretization 

 May have convergence 

issues in “void” regions 

when problems include 

spectral windows 

Monte Carlo Methods  Arbitrary accuracy achievable through 

increased sampling 

 Trivially parallelizable 

 Often slow, and may make 

inclusion into multi-mode 

solutions intractable 

 Stochastic quantities can 

cause stability issues  

Multi-Flux Methods  Analogous to potential spatial 

discretization scheme 

 Lack of angular resolution 

results in a loss of accuracy 

for problems without high 

scattering albedo 

Zonal Method  No separate angular discretization.   

 Solution converges as spatial mesh is 

refined 

 Large ratio between offline and online 

costs may work well for certain 

applications (UQ studies) 

 Precomputing exchange 

factors is expensive 

 Large memory footprint 

due to the dense matrix of 

exchange factors 

 

5.0 CONCLUSIONS 

 Consider a “perfect computer” that can exactly mimic the real processes of multimode heat transfer much 

faster than in real time. This is the ultimate goal of most simulations. Because of the present limitations of computer 

speed and memory, the methods outlined in this review have been proposed as imperfect simulations that can be 

implemented in a practical time span on present-day computers. As computing power continues to increase and we 
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approach the perfect computer, many of the methods will become obsolete, some more quickly than others. We have 

tried to point out the advantages and shortcomings of each method as an aid in choosing the one best suited for 

solving multimode energy transfer problems. 

5.1 Needs for Further Research: The methods for solving the RTE and thus calculating the radiative flux 

divergence for use with the energy equation can provide reasonable solution accuracy in many cases. If the 

properties of the participating medium are specified a priori, then most of the methods can be used with confidence 

within their known range of applicable parameters.  

5.1.1 Property variations: The chief classes of problems that are difficult to approach are those in which 

the spectral properties of the medium are dependent on temperature, pressure, and species concentration, and each of 

these variables has distributions across the medium. The difficulty is exacerbated if these distributions are unknown 

and must be found as part of the solution. This commonly occurs in reacting flow simulations such as those involved 

with combustion and atmospheric re-entry. In such cases, the distributions must be assumed initially, and then 

recalculated at each iteration.  Additionally, if the local temperature-pressure dependent chemistry must be invoked 

to determine local species concentration, solution becomes intractable. Only a few one-dimensional problems have 

been completely solved. The search for useful methods remains a rich research area. 

5.1.2 Assessing Uncertainty in the Results: All complex computer codes require quantitative assessment 

of the degree of uncertainty expected in the important quantities of interest (QoIs) such as temperature distributions, 

boundary heat fluxes, etc. If the uncertainty in these quantities is not available, then the results of the simulation may 

not be reliable except perhaps as a guide to the degree and direction of change from varying input parameters. 

Before output uncertainty can be assessed, a code must be verified (that is, shown to be free of errors and 

bugs) and validated (compared with the results of other simulations and experimental results to show that the code is 

reflecting reality.). When these conditions are met, it is recognized that many sources of uncertainty are still present 

that affect the code predictions. These include uncertainties inherent in the numerical approach such as spatial and 

time grid resolution; uncertainties due to approximations in the models used, such as those outlined in Tables 1 and 

2; and uncertainties in the values of the physical and transport properties chosen for the simulation. Each of these 

uncertainties propagates through the simulation to produce uncertainties in the QoIs.   

 It is tempting to think that uncertainty quantification (UQ) in the QoIs can be done through variation of 

input parameters, grid resolution studies, and knowledge of the approximations inherent in the models, and these do 

provide some guidance. However, the sheer number of parameters that can affect UQ makes a variation of 

parameters or a Monte Carlo choice-of-parameters approach impractical. For a complex multimode problem, the 

result of UQ studies is often a surprisingly large and unexpected uncertainty range in the QoIs. If the range is 

unacceptable, it may be necessary to use better grid resolution, choose a better simulation model, and refine or 

measure input properties more carefully, depending on which is contributing the major error in the QoIs. The entire 

field of UQ in numerical codes is an active research area not only in multimode thermal analysis, but throughout 

simulation of complex systems. 

5.1.3 Choice of RTE Models for Inclusion in Multi-Mode Problems: Although this paper is devoted to 

examining the characteristics of solution methods for the RTE and their incorporation into multi-mode solvers, there 

are many unanswered questions. The discussion has centered on general factors affecting choice of method in terms 

of representation of the relevant physics and solution accuracy.  However, in many practical cases, the choice of 

method should be governed by not only accuracy for a given set of radiative parameters (e.g., optical thickness, 

scattering albedo, spectral properties), but also on the computational time required when the chosen method is 

loosely- or closely coupled with the energy equation. This question has not been widely examined, and some 

quantitative evaluations are needed. It would be useful to promulgate a series of carefully constructed benchmark 



17 

 

problems that cover the range of expected cases, and then compare computational time required by the various 

methods discussed here.  

5.2 Final Remarks: The field of computer simulation of systems with complex physics is changing rapidly.  The 

methods for accurately treating spectral properties have improved markedly, with the exception noted in Section 

5.1.1. As computer technology approaches the “perfect computer” there will be no need to apply any of the 

approximations to solve the RTE, but uncertainty quantification will still be necessary because physical and 

transport properties will still retain uncertainty.   
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