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Gray and multigroup radiation transport models for two-dimensional binary
stochastic media using effective opacities

Gordon L. Olson’
Computer and Computational Sciences Division (CCS-2), Los Alamos National Laboratory
5 Foxglove Circle, Madison, WI 53717, USA

ABSTRACT

One-dimensional models for the transport of radiation through binary stochastic media do not
work in multi-dimensions. Authors have attempted to modify or extend the 1D models to work in
multidimensions without success. Analytic one-dimensional models are successful in 1D only
when assuming greatly simplified physics. State of the art theories for stochastic media radiation
transport do not address multi-dimensions and temperature-dependent physics coefficients. Here,
the concept of effective opacities and effective heat capacities is found to well represent the
ensemble averaged transport solutions in cases with gray or multigroup temperature-dependent
opacities and constant or temperature-dependent heat capacities. In every case analyzed here,
effective physics coefficients fit the transport solutions over a useful range of parameter space.
The transport equation is solved with the spherical harmonics method with angle orders of n = 1
and 5. Although the details depend on what order of solution is used, the general results are
similar, independent of angular order.

Keywords: stochastic media, radiation transport, gray transport, multigroup transport
1. Introduction

Many authors have published studies of radiation transport through binary stochastic media
with the purpose of trying to find a model that approximates the ensemble averaged transport
solution with easy to solve equations. Early work [1-4] treated pure radiation with no material
coupling. Then research began to include coupling with a material equation [5,6]. All this work
was done in one-dimensional slab or rod geometries. Unfortunately, it was found in [7,8,9] that
models such as the standard closure of Levermore and Pomraning (LP) [1] that can be successful
in one dimension do not work in multidimensions.

An analysis in [6] started with the LP equations and found an asymptotic regime where these
equations reduce to a single standard transport equation with effective opacity coefficients
coupled to a single material equation. Some of the coefficients are related to earlier work [3].
Comparisons to transport through one-dimensional geometry consisting of alternating slabs of
two materials validated the effective opacities in that asymptotic regime. By using slabs with
exponentially distributed thicknesses and pure absorption, one can create the Markovian medium
necessary for the LP closure. When real-world physics such as scattering or multi-dimensional
geometry is required, then the LP closure is no longer appropriate. In 1D, each slab only interacts

with the adjacent slabs. In multi-dimensions, a photon traveling a mean free path in a transparent
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region may go past several chunks of opaque material before it finally interacts with an opaque
object.

Currently, there is no theory to approximate non-Markovian multi-dimensional transport in a
two material medium. Therefore, the idea of effective physics coefficients will be pursued to
approximate the transport of photons through 2D binary media. Previous work [7,9] has done
this type of analysis, but those papers were primarily focused on trying to modify the LP closure
to produce useful solutions. Here, the goal is to find effective coefficients that are valid over a
useful range of parameter space. Temperature-dependent gray and multigroup opacities will be
used along with constant and temperature-dependent heat capacities. With non-trivial physics, it
is found that effective coefficients can be found that are valid over a useful range of parameter
space.

The transport equations and the nature of the stochastic medium are presented in the next
section. Then four different test problems are analyzed in sections 3 through 6. The last section is

a summary with some conclusions.
2. Transport equations and the stochastic media

The transport equation will be solved using the method of spherical harmonics. Only a brief
outline is presented here. For more details, see the references in [10,11]. In two-dimensional
Cartesian (xz) geometry the polynomial expansion has two indices, [/ and m. The lowest order

equation with / = m = 0 is the energy balance equation:
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where a standard notation is used for all quantities except for the opacities. An absorption
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opacity, o,, is used on the left hand side of this equation while an emission opacity, o, ,
multiples the thermal source on the right hand side. The spherical harmonics expansion
coefficients (A", B/", C;", D;", E" , and F") that appear in this and subsequent equations are
defined in many references and will not be repeated here. For [ > 0 and m = 0, there is no

material emission term; however, there are more spatial derivative terms:
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In these last two equations, the total opacity is the sum of the absorption and scattering opacities:

o, = 0, + o, . The material equation to be solved with the above radiation equations is given by:
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where ¢, is the heat capacity and the terms on the right hand side are multiplied by different

opacities. Calculations will be done with » = 1 and 5. The low order solutions are of interest
because they are computationally fast. The fifth order solutions capture most of the angle
dependence of the test problems in the following sections.

In the test problems examined in this work, the scattering opacity will always be set to zero.
However, the analytic analysis in [6] showed that effective scattering terms arise even when the
binary medium includes no explicit scattering. Therefore, the option of using nonzero scattering
to fit the ensemble-averaged transport will be examined. Similarly, the test problems will have
absorption and emission opacities that are identical. However, when fitting mean energy
densities with an effective transport equation, it will be shown that having different absorption
and emission opacities provides better results.

Consider a stochastic medium consisting of identical disks randomly placed over a unit
square. The disks are labeled as material 1 with absorption opacity of o ,. The probability that
any point in this square is inside such a disk is p,. The background material covers the
remaining space with p, =1- p, and opacity o, . In 3D this medium is infinitely long rods
extending in the y direction. It is common in the literature and easier to discuss the medium as
disks in a 2D plane. The disks do not overlap each other but are allowed to intersect the
boundaries of the medium. Table 1 summarizes the twelve cases to be examined. The fraction of
the medium covered by the disks varies by a factor of twenty while their radii, r, vary by more
than a factor of three. The number of disks, N, is always large enough that the distribution of the
disks appears to be random. Four different sets of disk locations are generated for each case so
that four transport solutions are averaged to determine the ensemble average solution. For the A
and B cases, when one plots the four different transport solutions they almost lie on top of each
other. The disks produce just a small perturbation to the transport solution. Averaging four
solutions is more than good enough. For case E3, the disks cover a significant fraction of the area
and the disks are large. Therefore, the four transport solutions have more variation. Tests were
done with averaging a larger number of realizations, but the result was not significantly different.
Averaging four transport solutions is good enough for the test problems presented in the

following sections.



Table 1. Media characteristics.
D1 r N
Al 0.01 0.007 65
Bl 0.02 0.007 130
B2 0.02 0.013 38
Cl 0.05 0.007 325
C2 0.05 0.013 94
C3 0.05 0.025 25
D1 0.10 0.007 650
D2 0.10 0.013 188
D3 0.10 0.025 51
El 0.20 0.007 1299
E2 0.20 0.013 377
E3 0.20 0.025 102

At time ct = 0, the initial temperature and energy densities are 7 = 0.005 and 2«/;¢8 =7

=(0.005 )4 . All times will be given in units of centimeters; thus the notation ct is used for the
time variable. Starting at time zero and continuing, isotropic radiation is applied to the bottom of
the unit square at z = 0. The sides of the medium have reflection boundary conditions. On the top
surface, the boundary condition is zero incident radiation. Mark-type boundary conditions are
use for both n = 1 and 5 on the bottom and top. The radiation flows upward around and through
the disks to reach the exit at the top. The radiation energy density (¢3 ) and material temperature
(T) in the top row of cells are averaged across the width of the region and are tabulated as
functions of time. Four different time-dependent calculations are performed with four different
sets of random locations for the opaque disks. Averaged across space and over four realizations
of the medium, these energy densities are compared to values calculated from the mean
equations with the following:
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where (1')8 is from the mean transport solution, ¢8 is the average from the detailed multi-material
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solutions, and K is the number of time steps which are being compared. The first term is the
mean relative difference between the two solutions and the second term is the mean difference
normalized by the mean value. The first term is most sensitive to small values and is moderately
sensitive to intermediate values. The second term is most sensitive to large values and is
moderately sensitive to intermediate values. Averaging the two gives a reliable measure of the
goodness of a fit. A similar quantity, @, , can be defined for the material temperature, 7. The
mean, o = (w¢ +wr ) / 2, 1s used to determine the overall best fit and is shown in the tables. This
definition for e differs slightly from the one given in [9]. By examining many cases, one finds
that minimizations based on o give solutions that visually match all parts of the mean stochastic
transport solutions.



3. Gray opacity, constant heat capacity

The first test problem uses gray opacities and constant heat capacities. Since one wants to
develop solutions over a range of parameters, there will be two parts to this problem. For case (a)
the disk opacities are o, =0, =50/T cm', while the background opacities are
06,=0,=02/T cm’'. The heat capacities are: ¢y; =¢y, =0.5. For case (b) the opacities and
heat capacities are doubled. This test problem is relatively simple in that the two materials have
identical, constant heat capacities. The 1 cm square region is divided into 500% uniform cells;
therefore, the smallest disk size is resolved with seven cells across its diameter. With circular
objects on a square mesh, there will be some cells that are mixtures of the two materials. The
opacities are harmonically averaged in proportion to the area fractions that they occupy in the
cell. Using algebraic mean opacities to create a homogenized cell tends to make the disks appear
larger than they actually are. It is a small effect; however, harmonic mean opacities better match
calculations done on a finer mesh. Starting at time zero, an isotropic radiation field, I(x) = (0 .5)4
=0.0625, is applied to the lower boundary.

The results of fitting transport solutions to the means of the stochastic media energy densities
are listed in Table 2. The opacities listed are the coefficient that must be divided by the material
temperature, 7, to get the actual opacity. For the cases with p; < 0.05 (ABC), the fitted opacities
and heat capacities provide an excellent approximation because the parameter for the quality of
the fit is small, @ < 0.1. The solutions with n = 1 systematically give better fits than those with n
= 5. For small values of p, one could just as easily set the absorption opacity equal to the
emission opacity and use just a two-parameter fit. For p, = 0.1 (DE), a three-parameter fit is
required to get adequate fits to the binary media solutions. Even though the heat capacities of the
two materials are identical, the least squares fit process arrived at effective heat capacities that
are larger than in the original problem. The absorption and re-emission of photons through
thermal processes is effectively a scattering process. The asymptotic analysis in [6] of the
Levermore-Pomraning closure resulted in an effective scattering term even though the original
problem had no scattering. Here that shows up as an increased effective heat capacity. Attempts
were made to fit a three opacity model (o, o,, 0,) to the stochastic transport. On average they

did not fit as well as the model using o, 0,, and c,; therefore, they are not shown.



Table 2. Problem 1, gray, constant specific heats, left: n =1, right: n =5
Oy Op¢ Cy 0] Oy Op¢ Ccy w

00a  0.200 0.200 0.500 0.200 0.200 0.500

Ala 0.207 0.207 0.501 0.006 0.217 0.213 0.501 0.033
Bla 0215 0214 0.500 0.012 0.233 0.226 0.503 0.054
B2a 0211 0212 0.506 0.006 0.222  0.220 0.517 0.045
Cla 0238 0.235 0.501 0.028 0.274 0.262 0.520 0.086
C2a 0228 0230 0.518 0.014 0.253 0.252 0.552  0.069
C3a 0217 0222 0.527 0.026 0.233 0.246 0.554 0.071
Dla 0280 0272 0.501 0.051 0.341 0330 0.560 0.100
D2a 0262 0271 0.529 0.034 0.317 0.331 0.589 0.086
D3a 0236 0.258 0.565 0.053 0.281 0310 0.616 0.101
Ela 0354 0345 0.539 0.079 0.562 0.619 0.614 0.089
E2a 0338 0355 0.555 0.049 0.568 0.658 0.606 0.112
E3a 0342 0391 0.545 0.103 0.446 0.565 0.695 0.155
00b 0400 0400 1.000 0.400 0.400 1.000

Alb 0409 0410 1.005 0.003 0.427 0.417 1.005 0.032
Blb 0419 0419 1.008 0.006 0.443 0.429 1.029 0.051
B2b 0412 0417 1.017 0.007 0.431 0.431 1.034 0.032
Clb 0448 0.449 1.020 0.013 0.519 0.501 1.036 0.069
C2b 0432 0443 1.048 0.017 0.480 0.493 1.095 0.049
C3b 0420 0446 1.057 0.041 0.450 0.489 1.115 0.074
DIb 0499 0500 1.042 0.023 0.617 0.630 1.130 0.061
D2b 0492 0520 1.060 0.041 0.572 0.625 1.197 0.081
D3b 0448 0506 1.125 0.089 0.535 0.618 1.242 0.117
ElIb 0.623 0.625 1.083 0.038 1.115 1.214 1.141 0.096
E2b 0.641 0.703 1.073 0.060 1.117  1.219 1.123  0.139
E3b 0.671 0.768 1.053 0.124 1.088 1.276 1.115 0.197
<ABCD> 0.026 0.067
<ABCDE> 0.038 0.083

The coefficients in Table 1 were found by using a grid search technique with successive
levels of refinement. The numerical values have a listed precision of 0.001. Therefore, a coarse
grid with a spacing of 0.008 is used initially. Given an initial guess for the coefficients,  is
evaluated at the initial guess and for all of its immediate neighbors, not just the orthogonal
directions. The position with the smallest value of @ becomes the new best guess and o is
evaluated for its new neighboring points. This process continues until no smaller value of w is
found. Then the grid spacing is cut in half and the process repeated until the desired precision is
achieved. Usually, when the grid is refined the search takes just one or two steps to find a new
minimum. However, sometimes refinement will resolve a valley that requires many steps to find
a new minimum. Powell’s method and the downhill simplex method were tested using routines
from Numerical Recipes [14], but the refined grid search method described here was more
reliable at finding the minima for these transport problems.

Least squares fitting of functions to the opacity coefficients and heat capacities can
summarize Table 2. For n = 1, one gets:

0,=-0.026+1.050,, +0.595p,, (6a)
o, :0-120+1-700e2]7' +18.1p,r+0425p,, (6b)



¢y, =—0.013+1.02¢,, +0.355p,cy, , (6¢)
where o, =1/(p,/0,, + p,/0,,) and ¢,, = 0.5 and 1.0 for cases (a) and (b). The multiple
correlation coefficients for these three fits are all near unity, R = 0.980, 0.986, and 0.994. The
mean deviation of each fit from the data is 0.014, 0.013, and 0.015, respectively. The choices for
the independent variables in Eq. (6) and in the following equations were determined empirically.
In each case, several different variables and combinations of variables were tested until an

adequate fit was found. Fitting the n = 5 coefficients in Table 2 gives:

0,=0.099+2240, +252pr+11.1p;, (72)
0,=0071+23962 —3.02p;r+12.2pf, (7b)
¢y =0.001+1.04c,, +23.7p,r +0.333p,cy5 . (7¢)

For these three fits R® = 0.959, 0.964, and 0.976 and the mean deviations are 0.046, 0.049, and
0.031. Across the whole of Table 2, equations (6) and (7) well fit the physics coefficients. If one
were to limit the fits to the cases with p; < 0.1, the fits would be even tighter. The fits for the two
different angle orders are similar, but not identical to each other. The rows labeled “00a” and
“00b” represent the null cases with no disks in the medium. These null cases are included in the
Eq. (6) and (7) fits.

Figure 1 shows the mean energy densities of four binary medium realizations for one case,
D2a. Transport solutions using coefficients from Table 2 are also shown. The fit is slightly better
for n =1 than for n = 5. This is quantified by the smaller value of @ in Table 2 for n = 1. For the
range of parameter space covered in Table 2, Equations (6) and (7) provide transport coefficients
that will accurately reproduce the energy densities at the top of the medium as functions of time.

0.020

0.015

0.010

0.005

0.000 |

6 & 10 ct—cm 20 40 60

Figure 1. Radiation and material energy densities are shown as functions of time. The solid lines are for the means
of four realizations while the dashed and dot-dash lines are fits using parameters from Table 2.



4. Gray opacity, hydrogenic heat capacity

The second test problem will use the same temperature-dependent opacities as in the
previous section; however, now the heat capacities will also be temperature and material
dependent. In [12] and [8] a heat capacity was used that approximates a hydrogen-like Saha

ionization heat capacity:

ey =H,[1+a+(T;+ 2,)00/3T; ], (82)
OCZ%e_Z"/T’ (4/1+4€Z,/Ti _1), (8b)
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where H; is a scale factor and y; is an ionization parameter for each material i. In this test
problem, the ionization parameters are y,;= 0.3 and y,=0.1. For case a): H,; = 1.5 for the disks
and H, = 0.4 for the background material. For case (b) the ionization parameters are unchanged
while the scale factors are doubled: H, = 3 and H, = 0.8. With these values, when cold, the
background material is easier to heat up than in the previous test problem. As the temperature
reaches its maximum, the material is harder to heat than in the previous problem. The disks in
this problem will heat more slowly than in the previous problem at all temperatures. This
hydrogenic heat capacity adds a significant nonlinearity to the radiation transport.

The results of fitting transport solutions to the means of the stochastic media energy densities
are listed in Table 3. The ionization parameter for the background material, y,, is used
unchanged in all these fits. In the heat capacity, only the scale factor, H, is adjusted for the least
squares fit. Note that w, which indicates the quality of the fit, is systematically larger in Table 3
than in Table 2. The added complexity of a temperature-dependent heat capacity makes it more
difficult to fit the means with an approximate solution. The comments in the previous section
about the trends in the data of Table 1 apply equally well to Table 2 and will not be repeated.

The least squares fitting of functions to the physical coefficients can summarize Table 3. For
n =1, one gets:

0, =-0.009+1.020,, ~153p,r+1.05p,, (9a)
0, =-0.028+1.080,;+12.8p;r+0.608p,, (9b)
H =0.004+0999H, +2.88p,H,, (9¢)

where H, = 0.4 and 0.8 for cases (a) and (b). The multiple correlation coefficients for these
three fits are all near unity, R = 0.986, 0.986, and 0.995. The mean deviations are 0.013, 0.013,
and, 0.015. Similarly, for n =5, one finds:
0,=0.114+2.160; —16.5p,r +10.5p; , (10a)
0,=0074+2360; +147pr+102p;, (10b)



H=0025+0986H,+8.60p,r+3.59p,H,. (10c)

For these three fits R> = 0.960, 0.960, and 0.987. The mean deviations are 0.042, 0.049, and
0.026. Across the whole of Table 3, equations (9) and (10) well fit the physics coefficients.

When one graphs the time dependence of the energy densities for this test problem, the

results look very much like Fig. 1 except that the increases are delayed in time by approximately

a factor of two. The comparison between the means and fits for this test problem adds no new

information; therefore, a graph will not be shown. The main conclusion from this section is that

adding more nonlinear physics makes the fitting of the mean radiation transport slightly more
difficult.

Table 3. Problem 2, gray, hydrogenic specific heats, left: n =1, right: n = 5.
Oy Oe H 0] (o7} Oe H 0]

00a 0200 0.200 0.400 0.200 0.200 0.400

Ala 0214 0212 0410 0.015 0.219 0.214 0.415 0.048
Bla 0227 0222 0420 0.029 0.239 0.229 0.426 0.081
B2a 0219 0217 0425 0.023 0.220 0.218 0.447 0.062
Cla 0266 0253 0450 0.063 0.301 0.277 0.459 0.138
C2a 0246 0241 0467 0.044 0.260 0.256 0.503 0.106
C3a 0223 0231 0478 0.050 0.219 0.233 0.521 0.098
Dla 0336 0305 0491 0.105 0.405 0366 0.532 0.171
D2a 0294 0285 0.528 0.081 0.326 0.328 0.597 0.141
D3a 0278 0285 0.525 0.072 0.330 0.344 0.575 0.147
Ela 0448 0392 0.606 0.157 0.572 0575 0.751 0.145
E2a 0382 0372 0.666 0.111 0.582 0.598 0.750 0.144
E3a 0373 0398 0.647 0.124 0.504 0.587 0.787 0.190
00b 0400 0.400 0.800 0.400 0.400 0.800

Alb 0416 0413 0.821 0.010 0.434 0413 0.816 0.060
Blb 0426 0423 0.851 0.020 0.447 0.433 0.863 0.068
B2b 0418 0419 0.851 0.012 0425 0428 0.877 0.043
Clb 0474 0462 0911 0.044 0.524 0.502 0.941 0.108
C2b 0451 0452 0927 0.025 0.489 0496 0.978 0.073
C3b 0418 0447 0947 0.068 0.438 0.480 1.003 0.112
D1b 0.547 0.515 1.021 0.076 0.643 0.623 1.117 0.116
D2b 0.513 0.524 1.056 0.051 0.635 0.659 1.130 0.112
D3b 0.524 0.551 1.002 0.099 0.544 0.629 1.203 0.177
Elb 0703 0.646 1.240 0.108 1.093 1.133 1.431 0.104
E2b 0.646 0.672 1315 0.066 1.112  1.194 1.390 0.154
E3b 0675 0.755 1233 0.149 1.095 1.282 1.317 0.265
<ABCD> 0.049 0.103
<ABCDE> 0.067 0.118

5. Multi-group opacity, constant heat capacity

The extension of the spherical harmonics equations to multigroup is relatively
straightforward and the numerical solution of the multigroup equations has been thoroughly
discussed previously [13,8]; therefore, these equations will not be repeated here. The multigroup

opacities used in [13,8] will be shown here. The low opacity background material will use an



analytic function that crudely approximates the cross section of low density (0.1 g cm™) carbon-

hydrogen foam. In units of cm* g, this is:

scry =min(107,10°72) for /v <0.008 keV, (11a)
3%10°(0.008/Av)’
Seiy == 05— for 0008 < hv <03 keV, (11b)
3x10°(0.008/hv)’ J03/hv  4x10*(0.3/Av)>
ScrLy = (0.008/ VI)S /h (03 g) for hv >0.3 keV, (11c)
’ 1+2007" 1+ 80007

where hv is the photon energy and 7 is the material temperature, both in units of keV. The

opaque disks will use a rough approximation to solid aluminum cross section which is given by:

Sa1y =min(107,105T) for hv <001 keV, (12a)
107(0.01/hv)’

SaLy = ————2 for 0.01 < hv <0.1keV, (12b)

AT 400713

107(0.01/hv)? N 10°(0.1/hv)’

SAly = for 0.1 < hv <1.5keV, (12¢)
Al 01! 1420072

107(0.01/v)* 157k 105 (1.5/hv )™
SaLy = (001 Rv) YU/ 107(LS/) ™ ¢ ) sy, (12d)

1+207"° 1+10007>
The edges of the first energy group are at 0.0001 and 0.001 keV. From there the boundaries of

the energy groups increase by a factor of 10%? until one reaches 10 keV. Photons outside of
these 21 energy groups are ignored. The opacity (cm™) for each group is then taken to be the

geometric mean of the edge cross sections times the material density:

Oalg = min(los,Pn/SAl,gSAl,gﬂ ), (13)

where p; is the aluminum mass density and 10° cm™ is the maximum value allowed for the
absorption opacity in a group. A similar expression can be written for the foam opacity using p, .

In an optically thick medium, the wave fronts for gray radiation transport are much steeper
than for multigroup transport. The optically thin groups leak energy where the radiation in the
thick groups is blocked. This spreads out the wave front. Therefore, a coarser spatial mesh may
be used for multigroup transport without degrading the quality of the solution. A mesh of 3007 is
fine enough to resolve the transport in these stochastic media. Multigroup is computationally
more expensive than grey transport. Using a coarser mesh partially offsets that expense. Each
time-dependent multigroup solution takes a couple days on a current high-end personal

computer. With multicore processors, it is possible to compute several solutions simultaneously.

10



For this test problem, the densities are chosen to be p, = 0.15 and p, = 0.05 g cm™ for case
(a). The heat capacities are constants: ¢, =c,, =0.5. For case (b) the densities and heat
capacities are doubled. Using a smaller than solid density for the aluminum allows the radiation
to penetrate the disks faster, but still provides a strongly contrasting opacity to that of the foam.
The initial temperature for both materials is 0.005 keV. Starting at time zero, an isotropic
blackbody with a temperature of 0.5 keV is applied to the bottom surface of the medium.

In the gray test problems, the two materials had the same functional form for their
temperature dependence. Defining an effective opacity was simple. With multigroup opacities,
there are two choices for effective opacities that can be used in a mean transport equation,
algebraic and harmonic means:

Ou = PeOatg + (1= D) Oury (142)
oo = V[ f/Oure + (1= £.)/002¢ |- (14b)
Algebraic and harmonic means were tested for both the absorption and emission opacities. The
combination that gave the best fits of the effective transport equation solutions to the means of
the stochastic media was harmonic mean for the absorption opacity and algebraic mean for the
emission opacity. This follows from the nature of the transport equation, Egs. (1)-(3). In Eqgs.
(14), the fitting parameters f, and p, adjust the interpolation between the two opacities.
Table 4 lists the values that give the best fits for this test problem. Fitting functions to the

interpolation parameters and heat capacities can summarize the table. For n = 1, one gets:

f,==0.006+451,[p, —4.74p, —1.44r, (15a)
p, =—0.00001+0.0428 p, —0.398 p,r —0.178 p,p, , (15b)
¢y =0.184+0.747¢,, +43.9p,r—0.922,/p, . (15¢)

The multiple correlation coefficients for these three fits are all near unity, R = 0.992, 0.990, and
0.974. The mean deviations of the fits from the data are 0.019, 0.00015, and 0.026. Similarly, for

n =15, one finds:

f,=-0.002+4.81,/p, —=505p, —1.94r, (16a)
p, =—0.00033+0.0642 p, —0.763p,r —0.252 p,p, , (16b)
¢, =0.126+0.831cy, +55.8p,r—0.720,/p, . (16¢)

Here, one has R = 0.990, 0.986, and 0.967. The mean deviations of the fits are 0.021, 0.00025,
and 0.031. In Table 2 the effective heat capacities are all larger than ¢, . In Table 4 they are all
less than ¢}, . There is no obvious explanation for why this should happen. It is a result of
finding the best fits for the different transport models, gray and multigroup. The means of the fit
parameter, @, are shown in the last two rows of the table and are larger than in the previous

tables. More complex physics is harder to approximate.
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Table 4. Problem 3, multigroup, constant specific heats, left: n = 1, right: n = 5.
Ja De cy (0] Ja De Ccy (0]
00a 0.000 0.00000 0.500 0.000 0.00000 0.500
Ala 0.239 0.00015 0.445 0.025 0.259 0.00026 0.456 0.024
Bla 0.397 0.00049 0411 0.041 0.430 0.00066 0.424 0.040
B2a 0.353 0.00043 0.433 0.031 0.353 0.00044 0.462 0.036
Cla 0.627 0.00128 0.361 0.088 0.668 0.00165 0.387 0.092
C2a 0.587 0.00124 0.400 0.070 0.619 0.00155 0.439 0.068
C3a 0.498 0.00083 0.407 0.051 0.492 0.00086 0.461 0.068
Dla 0.809 0.00293 0.310 0.143 0.829 0.00354 0.365 0.175
D2a 0.805 0.00316 0.333 0.121 0.821 0.00368 0.400 0.138
D3a 0.723 0.00229 0374 0.079 0.710 0.00225 0.466 0.088
Ela 0919 0.00625 0270 0.174 0943 0.00932 0.345 0.214
E2a 0910 0.00590 0.297 0.160 0.933 0.00853 0.388 0.193
E3a 0.876 0.00477 0.333 0.114 0.896 0.00626 0.444 0.136
00b 0.00 0.0000 1.00 0.00 0.0000 1.00
Alb 0.274 0.00019 0.879 0.046 0.254 0.00016 0.909 0.041
Blb 0.446 0.00051 0.800 0.075 0.439 0.00055 0.828 0.072
B2b 0.398 0.00047 0.845 0.060 0.325 0.00026 0.936 0.058
Clb 0.699 0.00145 0.679 0.115 0.701 0.00161 0.727 0.138
C2b 0.634 0.00126 0.764 0.103 0.616 0.00131 0.837 0.110
C3b 0.532 0.00082 0.804 0.080 0.455 0.00056 0.933 0.086
DIb 0.823 0.00238 0.598 0.137 0.842 0.00313 0.671 0.186
D2b 0.787 0.00218 0.675 0.118 0.798 0.00269 0.769 0.155
D3b 0.701 0.00163 0.766 0.102 0.685 0.00174 0.902 0.115
Elb 0908 0.00418 0.557 0.186 0.921 0.00606 0.722 0.190
E2b 0.890 0.00380 0.626 0.180 0.902 0.00534 0.792 0.175
E3b 0.840 0.00295 0.739 0.129 0.849 0.00387 0.910 0.134
<ABCD> 0.082 0.094
<ABCDE> 0.101 0.114

Graphs showing the time evolution of the energy densities for this case and the one in the
next section are very similar. Therefore, a graph for this case will not be shown and a discussion

of the time dependence will be delayed until the end of the next section.
6. Multigroup opacity, hydrogenic heat capacity

The test problem in this section will use the multigroup opacities of the previous section and
the hydrogenic heat capacity from section 4. For the (a) cases: p, =0.15, p,=0.05, H, = 1.5, and
H, = 04. For the (b) cases these four numbers are doubled. The best fits are shown in Table 5.
The values of w are systematically larger than in the previous case. Thus, the quality of the fits is
worse with the more complex physical model for the heat capacity. Perhaps a different
parameterization is required. Several variations were examined, but none worked better across
the whole table than what is shown in Table 5.

Fitting functions to the opacity and heat capacity parameters for n =1 in Table 5 gives:

f, ==0.007+4.48[p, —4.99p, —6.97r, (17a)
p, =0.00028 +0.0437 p, —0.520 p,r —0.176 p,p, , (17b)

12



H =0084+0815H,+76.6p;rH, —0.250./p, . (17¢)
The multiple correlation coefficients for these three fits have R = 0.989, 0.977, and 0.982. The
mean deviations are 0.023, 0.00022, and 0.021. Similarly, for n =5, one finds:

f,=0011+521/p, —5.86p, —2.204r , (18a)
p, =—0.00018+0.0714p, —1.02p,r —0.286p,p, , (18b)
H =0061+0.885H, +103p,rH, —0.189,/p, . (18¢)

The correlation coefficients for these three fits are: R> = 0.985, 0.991, and 0.975. The mean
deviations are 0.028, 0.00020, and 0.030.

Table 5. Problem 4, multigroup, hydrogenic specific heats, left: n = 1, right: n = 5.

f;z Pe H @ fa Pe H w

00a 0.00 0.00000 0.400 0.000 0.00000 0.400

Ala 0.290 0.00034 0.374 0.023 0.304 0.00040 0.380 0.025
Bla 0.475 0.00082 0.357 0.040 0.482 0.00088 0.371 0.044
B2a 0.400 0.00058 0.386 0.048 0.398 0.00059 0.406 0.058
Cla 0.733 0.00223 0.336 0.091 0.741 0.00242 0.361 0.105
C2a 0.676 0.00190 0.380 0.088 0.655 0.00180 0.425 0.103
C3a 0.532 0.00090 0.421 0.089 0.504 0.00080 0.472 0.106
Dla 0.857 0.00392 0.339 0.130 0.883 0.00513 0.363 0.191
D2a 0.835 0.00362 0.375 0.122 0.852 0.00440 0.418 0.159
D3a 0.753 0.00253 0.420 0.115 0.718 0.00221 0.526 0.142
Ela 0.922 0.00614 0.395 0.213 0.946 0.00967 0.435 0.210
E2a 0912 0.00576 0.444 0.206 0.935 0.00881 0.488 0.211
E3a 0.878 0.00466 0.487 0.156 0.897 0.00638 0.558 0.176
00b 0.00 0.0000 0.800 0.00 0.0000 0.80

Alb 0.336 0.00037 0.726 0.047 0.273 0.00019 0.776 0.042
Blb 0.529 0.00088 0.679 0.079 0.474 0.00066 0.732 0.076
B2b 0.446 0.00060 0.732 0.074 0.353 0.00032 0.818 0.075
Clb 0.736 0.00175 0.654 0.112 0.734 0.00191 0.682 0.145
C2b 0.673 0.00150 0.726 0.117 0.639 0.00142 0.799 0.133
C3b 0.552 0.00086 0.794 0.105 0.457 0.00048 0.919 0.112
DI1b 0.839 0.00264 0.692 0.166 0.852 0.00336 0.705 0.192
D2b 0.799 0.00229 0.791 0.158 0.806 0.00276 0.828 0.181
D3b 0.712 0.00162 0.874 0.133 0.688 0.00163 0.983 0.152
Elb 0.916-0.00444 0.723 0.219-0.932 0.00684 0.839 0.224
E2b 0905 0.00426 0.791 0.211 0.906 0.00541 1.002 0.211
E3b 0.842 0.00287 0.993 0.163 0.848 0.00362 1.157 0.165
<ABCD> 0.096 0.113
<ABCDE> 0.121 0.135

The time evolution of the energy densities at the top of the stochastic media is shown in
Fig. 2. For this graph a logarithmic vertical scale is used to show that in the energy groups with
small opacities some energy appears at the top of the medium traveling at the speed of light. In
the gray test problems, all photons are absorbed and re-emitted several times before reaching the

top boundary. Here that is true for most of the radiation, but a small fraction leaks out ahead of
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the rest of the wave front. Consistent with the tabulated values of w, the fits to the mean transport

solutions are not as good as in Fig. 1.

1 2 4 6 &8 10 20 40 60
ct—cm

Figure 2. Log of radiation and material energy densities are shown as a functions of time. The solid lines are for the
means of four realizations while the dashed and dot-dash lines are fits using parameters from Table 5.

7. Summary and conclusions

The goal of this work is to show that one can find approximations to the transport through
binary stochastic media that are useful over a range of parameter space. This has been done for
four different combinations of assumptions about opacities and heat capacities. Given a physical
model for the medium that defines the opacities, heat capacities, and whatever else might be
included, one must decide what aspect of the problem needs to be reproduced by an approximate
transport solution. Here the time history of the radiation energy density and the material
temperature on the top surface of the medium are the desired quantities. Given a range in the
parameters describing the stochastic medium (size of opaque objects, area fraction covered,
density or opacity) transport solutions through the stochastic media are done on a grid that covers
the desired range. The mean solutions are then fit with a model using effective coefficients for
the physics quantities. The effective coefficients may then be fit by analytic expressions or they
may be left as table interpolations. Then, in a calculation where it may not be feasible to resolve
the stochastic nature of the medium, one has effective coefficients for the opacities, heat
capacities, or whatever is needed.

If a theory similar to the Levermore-Pomraning closure existed in multi-dimensions, none of
this would be necessary. However, given the nonlinear nature of transport physics that describes
the real world, even if a solution for linearized transport in 2D was found, it probably would not
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work for realistic physics. Therefore, more practical or ad hoc methods are required. The

procedure described here for four different test problems is one possible approach. Suggestions
from other authors are anticipated.
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