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W .  H. Langham has studied the  excretion of Pu239 by adult  humans 

over a period of 140 days following intravenous in jec t ion .  

of cases of occupational exposure, he has extended the  period of study 

t o  as much as 5 t o  6 years and shown t h a t  t h e  excretion data may be 

By study 

f i t t e d  approximately by power functions.  Specif ical ly ,  he has given 

the functions 
y u ( t )  = 0.0023 t -0 0 77 

-1.09 Yi(t) = 0.0063 t 

-0.94 (t) = 0.0079 t Yu+P ( 3 )  

t o  approximate the urinary excretion, t he  fecel excretion, and t h e  total 

excretion on the tth day following an intravenous in jec t ion  of uni t  amount 

i n t o  the  blood. ( 1 ' 2 J 3 )  Using these formulae and his extensive experience 

with exposure t o  Pu, Langham has developed methods of predicting t h e  body 

burden* of an individual on t h e  basis of the  ur inary excretion data. 

~- _ ~ _  * 
Operated by Union Carbide Corporation f o r  t h e  U .  S. Atomic Energy 

More spec i f ica l ly ,  the bone burden since t h e  method probably under- 
Commission, ** 
estimates the lung burden. 
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J. N. P. Lawrence has developed a computer code f o r  t h e  Il3M 704 which 

embodies the pr inc ipa l  features  of Langham's method and gives r e su l t s  i n  

general agreement with Langham's persoml  estimates.  

an a l te rna t ive  method of t r ea t ing  the data and gives a preliminary discus- 

sion of the  accuracy of the two methods. 

points or  of i n su f f i c i en t  data is  indicated also. 

This paper develops 

The influence of spurious data 

Equations (l), (2), and (3)  above presuppose a s ingle  inJection. I n  

order t o  t r e a t  t he  more general  case of continuous exposure, it is necessary 

t o  consider t h e  continuous case as the  in t eg ra l  of  t he  d i sc re t e  case. 

This has been j u s t i f i e d  f o r  a f e w  elements in severa l  s tud ies .  

such study involving Pu i s  known, t h i s  procedure is  t h a t  generally used 

in estimating body burdens and seems a necessary one I n  t h e  present state 

of our knowledge. With this  assumption, t h e  ur inary excretion on the  tu 
day of an exposure period beginning at time t = 0 i s  given by 

While no 

u ( t >  = S t a r  I(7) a ( t - T r a  (4) 
0 

t h  where I(T) i s  the intake t o  blood on the P- day, a = 0.0023, and CY = 0.77 

in accordance with (1). 

d/m/day and f o r  U as d/m/24-hr sample. 

The units of I may conveniently be taken aa 

Fractional re ten t ion  of Pu on the tu day following a s ingle  intra- 

venous in jec t ion  has been given(4) by 

r ( t )  = bt -B 

with b = 0.99 and f3 = 0.01. 

t h e  s ingle  dose formula t o  obtain the continuous case, one obtains the 

Applying the same pr inc ip le  of integrat ing 
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body burden q ( t ) ,  o r  re ten t ion ,  on the t$h day following t h e  beginning 

of exposure: 

0 

With the  above choice of un i t s  f o r  I, q w i l l  be given in d/m. 

Alternat ively one may express the retent ion following a s ingle  iatza- 

venous in jec t ion  as  the  difference of the  intake and the  t o t a l  excretion. 

Using ( 3 )  one obtains 

c t l - Y  r ( t )  = 1 - - 
1- Y 

( 5 ' )  

with C = 0.0079 and y = 0.94. 

following the  beginning of a period of continuous exposure is given by 

Then the  body burden q ( t )  on the  ttb day 

U 

Equations ( 4 )  and ( 6 ) ,  or  a l t e rna t ive ly  equations (4)  and ( 6 ' ) ,  involve 

the  functions q and 1,which must be assumed t o  be l a rge ly  unknown i n  most 

cases of exposure, and the function U, which i s  known i n  p a r t ,  i . e . ,  U 

i s  known t o  the  extent that  ur ina lys i s  data a re  ava i lab le .  The mathe- 

mat ical  problem consis ts  i n  expressing the  unknown functions q and I i n  

terms of t he  known o r  p a r t i a l l y  known function U .  

The mathematical solut ion f o r  q and I can be obtained elegant ly  by 

the use of t he  Laplace transform. 

t h e  transform of the  function, t h e  appl icat ion of t he  Laplace transform t o  

Using a bar over a funct ion t o  designate 

equations ( 4 ) ,  (6), and ( 6 ' )  yie lds  ( 5 )  
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where l7 denotes the  gamma function. Solving f o r  < and T, one obtains 

4 s  1 = E ( s )  '6' (1-8) s8-O"/,r (1-a) (7*) - 

-a w (2-8) s q(s)  = G ( s )  s - I/.. (1-a) 1- 8 [ - (7'") 

Taking inverse transforms yields  

It w i l l  be noted that  the  solut ion f o r  I does not yield an e x p l i c i t  formula 

f o r  I but ra ther  f o r  i t s  in t eg ra l .  The function I can then be recovered 

by d i f fe ren t ia t ion ,  but for  most p r a c t i c a l  purposes the  accumulated intake 

may be of equal i n t e re s t .  
. * -  

Formulae (7) ,  ( 7 ' ) ,  and (8) require  that  U be given as a continuous 

function of t h e  time. In  pract ice ,  the ur ina lys i s  data w i l l  be avai lable  

only a t  ce r t a in  d iscre te  times when the  individual submitted a sample. 
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Thus the  a c t u a l  ur inalysis  data must be regarded as a sampling of t he  

values of t h e  function U, and i n  computing formulae (7) ,  ( 7 ' ) ,  and (8) 

it i s  necessary t o  in te rpola te  the values of U from the  ur ina lys i s  data  

of t he  individual .  

may be more appropriate than others in ce r t a in  cases. 

an individual i s  known t o  have a high exposure on a ce r t a in  date, the 

data should not be "smoothed" o r  averaged t o  remove a sharp increase in 

urinary output.  

periods where sporadic intakes of large amounts a r e  not considered likely. 

There are  many ways of doing th i s ,  and some methods 

For example, i f  

However, it might be useful  t o  smooth the  data over 

Clearly, any decision t o  a l t e r  or  treat the data must be based on a close 

study of t h e  exposure s i t ua t ion .  

Codes f o r  the IBM 7090 have been prepared which calculate  the formulae 

(7) ,  ( 7 ' ) ,  and (8) .  

year)  and the  sample values (d/m/24-hr sample), as well as ident i f ica t ion  

of t he  case and the  time when the body burden i s  t o  be estimated. 

The input consis ts  of the sample dates  (day, month, 

The 

code converts the  dates in to  days following the beginning of the exposure 

period, taking the  f i rs t  sample date  as 0. Thus the  data  a r e  converted 

i n t o  the  form 

values, t i  i s  the  number of days following the beginning of the sample 

record when the sample value Ci w a s  observed, and t i s  the day on which 

the  body burden o r  t o t a l  intake i s  required.  

( t i , C i )  i = 1,2, ..., n where n i s  t h e  number of sample 

The code uses l i nea r  i n t e r -  

polation t o  estimate U f o r  values between successive sample dates.  Thus 

C = ci + mi ( T - t i )  
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f o r  

i+l 6 T s  

w i t h  

Equation ( 7 )  then  becomes 

and analagous expressions for (7 ' )  and (8) may be wr i t ten  down d i rec t ly  

by subs t i tu t ion  fo r  U . / m  t he  expressions which have been coded f o r  
Th%se are 

the  IBM 7090. 

Unfortunately there i s  l i t t l e  i n  the way of precise  data which can 

be used as a check on the accuracy of the  method. Fig. 1 i l l u s t r a t e s  

t h e  e f fec t  of t runcat ion on t h e  data. Urinalysis  data corresponding t o  

a hypothetical  case of a s ingle  intake a t  time t = 35 days were computed 

f o r  200 addi t ional  days. 
, -  

The accumulated intake was computed taking data 

points a t  i n t e rva l s  of 30 days, 20 days, 10 days, and 5 days. Ideal ly  the  

accumulated intake should be zero before day 35 and one the rea f t e r ,  and 

the various approximations i l l u s t r a t e  t he  e f f ec t  of t runcat ion on the data.  
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Fig.  2 i l l u s t r a t e s  the same e f f e c t ,  but t he  uni t  s ingle  intake has been 

placed a t  day 30 so as t o  coincide with one of the  sample dates. F igs .  

3 and 4 show the  estimated body burdens a t  various times f o r  these  two 

cases as compared with the theo re t i ca l  body burden predicted by 4. It 

w i l l  be noted t h a t  the posi t ion between sample dates  of a s ing le  intake 

may have considerable e f f ec t  on the  result .  The reason for t h i s  can be 

infer red  from Figs.  5 and 6 .  

computer. This d i f f e r s  considerably, i n  some cases, from the  s o l i d  curves 

The dotted l i n e s  show the  data used by the  

which represent the hypothetical  case from which the sample values were 

se lec ted .  This e f fec t  and a remedial programming technique a re  under study 

a l s o .  Final ly ,  it should be borne i n  mind t h a t  t h i s  i s  only a check on the  

mathematical treatment of the problem and does not t e s t  the  v a l i d i t y  of the  

b io logica l  assumptions. 

Table I contains estimates of body burden f o r  26 individuals* by 

Langham, by the  PUgFuA code, and by PUQUAP and PUQUAE. 

pos tu la tes  a s ingle  intake 15 days p r i o r  t o  the  f i r s t  sample date ,  t he  

F'UQUAP and PUQUAE estimates a r e  shown with and without t h i s  assumption. 

When t h i s  assumption i s  made, t he  f i rs t  ac tua l  data point has been 

extrapolated back by formula (1) t o  obtain a da ta  point f o r  t h i s  f i r s t  

day. 

last en t ry  E822 i s  the case reported by Langham,(6) and i n  t h i s  case the  

addi t iona l  estimate i s  from the  autopsy d a t a .  

Since PUQF'UA 

A s  w i l l  be noted, there  is  broad agreement of the est imates .  The 

34 
Langham selected these cases as being some f o r  which t h e  body burden 

i s  considered t o  be best  known. 
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Table I * COMPARISON OF PU BODY BURDEN ESTIMATES 
-- 

PUQFUA 

SAMPLES 
CODE LANGHAM PUQFUA INVALIDATED PUQUAP’ PUQUAP~ PUQUAE’ PUQUAE~ 

C135 

0334 

071 1 

(3717 

063 

E34 

c 397 

0501 

F664 

G716 

E742 

0775 

0182 

G524 

E629 

E390 

079 1 

0591 

0205 

C137 

F634 

E252 

F412 

0670 

C365 

E822 

E822 

I 08 

.07 

.07 

.06 

.06 

.06 

.05 

.04 

.04 

.04 

.03 

.02 

.02 

e02 

.02 

.02 

.02 

.02 

.02 

.02 
a01 

a 01 

.006 
006 

.006 

.032 

.0175* 

,1382 

,1336 

,1375 

,0732 

,1137 

,0797 

.0294 

.0552 

,0934 

.0350 

,0579 

.0250 

0233 

.0227 

.0277 

.0174 

0278 

.0398 

,0397 

.0286 

,0418 

.0233 

,0112 

.0020 

,0114 

,0186 

16 

2 

1 

2 

0 

1 

5 
2 

0 
1 

2 

5 

1 

2 
1 

1 

2 
1 

0 

17 

0 

2 
2 

2 

10 

20 

.0882 

,1002 

.0901 

,1340 

.0702 

.0739 

.0454 

,0376 

.0511 

,0242 

,0490 

.0231 

. 01 79 

.0177 

,0165 

,0173 

,0205 

.0213 

.0156 

,0350 

,0478 

,0173 

, 01 03 

, 01 79 

.ooW 

.0296 

.lo02 

.lo58 
,1312 

, I  488 

.0769 

.0784 

,0456 

,0407 

.0540 

.0407 

.0539 

,0284 

,0296 
,0254 

.0254 

0201 

.0230 

,0235 

.0192 

.0350 

.0478 

. 01 74 

,0119 

,021 9 

,0157 

,0299 

.0758 

,0872 

.0785 

.1168 

.0611 

,0644 

.0390 

0328 

,0445 

.0211 

,0427 

.0201 

,0156 

. 01 54 

.0144 

.0151 

.0178 

. 01 86 

.0136 

.0300 
,041 3 

.0150 

,0090 
.0156 

.0077 

,0255 

,0861 

.0921 

,1142 

,1297 

.0670 

.0683 

.0391 

.0355 

,0471 

.0355 

.0469 

,0246 

,0258 

.0221 

.0223 

,0175 

0200 

,0205 

.0168 

,0300 

.0413 

.0151 

.01m 

,0191 

.0135 

,0257 

1. ASSUMES EXPOSURE BEGINS O N  DATE OF FIRST SAMPLE. 

2. ASSUMES EXPOSURE BEGINS 15 DAYS BEFORE DATE OF FIRST SAMPLE WITH URINE COUNT 
PREDICTED BY EXCRETION FORMULA. 
BODY BURDEN ESTIMATE FROM AUTOPSY. 
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I E b 

Sicce case 562 is t he  cnly esse where +,he h a y  burker- i s  determined 

by autopsy, a sFecial  s tcdy of thz da% was nade i n  B,SI effclrt t o  understand 

why PUQUAP acd FJ‘Q;‘AE gave l a rge r  eatirnetes than the  autopsy value might 

indicate ,  while 7 J W - A  gave an estimate i- clcse agreernenc;. 

da t a  of case E822 a re  shcwn i n  Fig.  7, s zd  t k  coraect i rg  l i n e s  icd ica te  

t h e  interPolatee data dsed by FJQXP a d  F‘VQ3AE. It i s  evidegt t h a t  two 

of t h e  highest ra l ies  ccclured a f t e r  periods o f  230 a ld  233 days d u i n g  

which no other sample - a s  take=. 

a t t r i b u t i n g  high u,-inary excre t icz  values over RL extended period i n  each 

case. In ac t -Js l f ty ,  LG data s r e  a v a i l a t l e  f o r  t h i s  period. TG t e s t  the  

influence of t h i s  assmptfoa of l h e a r i t y  on :he estimate,  t he  ccde was 

r e m  a f t e r  inser t icn  of two addi t iona l  f i c t i t i o u s  lata pciilts a t  days 

2062 and 2522, a t t r i b c t i c g  to these the  excretiol7- v81ces 0.701 w?d 0 Ir 

l i n e  with the  preeedi-g sample va,lue, 

body burden of E822 w a s  0,0206 ty FTTQTJA? and O.X-77 by K”QVAEm 

w e l l  i n  l i n e  m t h  t t e  a c t ~ z l  valw. 

of body burden 9 s  e s t i m t e d  by PVQJU azd PI-Q;;AE withcat my mcdificat,ioa 

of t he  data. 

This i n  no sense j u s t i f i e s  the use of s ~ c h  rz praoedure* k m  does irzdiczte 

that the  higher estimates xere dKe t o  :he ef fec t  cf the  l inear  i?&erpolatioX 

scheme applied over suzh ac extended pericd a d  not  t o  f k e  high values 

themselves. Is was fomd ca exmicstiozl thar  R”QFiT,4 a lso  re jec ted  +,lies@ 

Tke tirinalysis 

The l i n e s r  fz te rpola t ion  r e s u l t s  i n  

5sir.g %is mcdifieaticx,  t he  estimated 

These are 

Pig. 8 show the  a c w m i a t e d  growth 

Fig. 9 skovs t h e  e f f e c t  cf %le m i i f i c a t i c n  f c r  F5Q3A.E. 

* 
In subsequeat d l s x s s i c n  vitki Lamexce, k? k ~ s  indizated +,hat af ter  

study of the working reccrd he f e e l s  there  Tay he sone j u s t i f i c a t i o z  f o r  
the assumptior t ha t  “,e uri-ary exereticn, of E822 vas rc t  high f o r  most 
of  these  two pericds of  thne. 
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0.036 

ELAPSED TIME (days) 

Fig- 8. Estimated Growth of Body Burden of Case €822. 
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data p o h t s .  

upinslysis  &$,a, Seeause SX?I extessive p e r i d s  whore sane aaarlmptions 

must be made may introduce R Large  umer ta in ty  In t he  estimate.  

"hiis example izdicazes  the great inportaxme of adequate 

There a r e  m y  aspecks c7f t k e  pro3iem whfef: c a l l  for  f u r t h e r  explora- 

It is evidest  tkas  I(T) represenks the  i s take  ir?to the  blood and 

Ttus t he re  i s  no apparent 

t i o n .  

not ingest ion o r  i&Aalat ia  cf *,he rc&tarial. 

inCOn6iSteXlCy in I ( 7 )  belcg pcsi%ive eveu though the  i n d i v i d u d  is Sot 

curren t ly  exposed. 

lung or  from ether body t i s s u e s .  

excretion r a t e  of an izdivldaal  removed from exposure is f requent ly  observed 

in cases of ocncpatiozal expasme. 

control led animal experimects which would p rwide  i n t e r p r e t a t i c n  of t h f s  

phenomenon. 

codes be tl?ct.clz.gfiiy explcred a d  that s imi la r  mezhods be developed f o r  

The mater ia l  m y  be feeding i n t o  the  b h o d  from the  

This pkezionencn of a r a t h e r  high urinary 

It woiald be valuable t c  have carefu l ly  

I n  feet, it seems importwt +,hat the  methodology used i n  these 

other  isotopes ff t h i s  i s  feas ibfe .  
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