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ABSTRACT (U)

A mathematical model of reentry vehicle dynamics is used to analyze the
requirements of a roll control system. A roll control system is then proposed,
and the analytical tools required to perform the actaal design are developed. These
tools are developed independent of the particular types of components (fluidic,
hydraulic, or electromechanical) used to realize the design.
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SUMMARY

The peak torque and minimum total impulse requirements of a thruster roll

control system for a reentry vehicle (RV) have been analyzed ane found to be functions

of the center-of-gravity offset and out-of-plane trim angle. The problem of control

system-RV stability has also been analyzed. It was found that, if the control system

thrust, delay time, and lag time constants are too large, undesirable control system

behavior will result. Boundary conditions were developed for predicting the existence

of such instability.

The sensing, switch, and output design characteristics of the proposed roll

control system may be determined with the aid of the analytical tools developed in

this report. These characteristics have been treated parametrically. Therefore

this systems analysis is applicable in the general case, i. e., for realization of a

control system by many types of components such as fluidic, electronic, or electro-

mechanical for sensing and switching and monopropellant hydrazine or cold gas for

thrusters.

It must be emphasized that the aerodynamic models and simulations used in

this study are exceedingly simple when compared to the real situation. The intention

of this study, however, is to provide a foundation for efforts in component develop-

ment, advanced aerodynamic and control system Fnalysis and simulation, and vehicle

damage assessment studies.

Our analysis approach has been based upon development of a simulation capability

with the following order of refinement:

1. Linear Analog Computation

2. Noulinear Analog Computation

3. Digital Computation

4. Hybrid Computation

The present status finds us available to perform analysis via the first three

categories defined above. 	
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A ROLL CONTROL SYSTEM FOR
SMALL REENTRY vellICLE STABILITY AUGMENTATION

Introduction

In computer simulations and actual flight tests, small reentry vehicles (RV)

have exhibited dynamic instabilities such as roll reversal, spin-up, and roll reson-

ance. These instabilities have resulted in either catastrophic vehicle failure or

large dispersions on the order of thousands of feet from the intended target. I

Analysis of these instabilities is the subject of a-vrodyna_mic. research. In par-

ticular, many of the analytical techniques necessary to predict the onset of roll

resonance and the magnitude change in roll rate due to vehicle asymmetries have

oeen developed. 
2

' 3 1

4

It has been found that for a small RV, spin-up or roll reversal may be produced

by very small asymmetries. 4,5 In fact, for an RV weighing less than 250 pounds, an

et- It-of-plane trim angle of 0.1 degree or greater in combination with a center-of-

;i'-avity (CC) offset of 0.050 inch or greater will cause significant changes in the roll
6rate. 4 Even though the CG offset can be measured statically to ±0. 02' inch, this

does not guarantee the roll rate because the CG offset and out-of-plane trim angle may

change during reentry due to nonuniform ablation and heating or as a result of an inter-

ception 3.)y an antiballistic missile (ABM). Thus an RV may be designed to physically

survive the effects of interception by an ABM at a given range only to be destroyed by

aerodynamic instabilities during reentry.

These effects provide impetus to investigate schemes for stability control of

reentry vehicles. Since spin-up, roll reversal, and roll resonance are caused by

aerodynamic roll torques, a control system which provides an opposing torque about

the roll axis would augment the stability of the RV. The type of control system

required to augment RV stability will be investigated in the following paragraphs.

First, however, the dynamics of the RV will be developed and p',..rameters affecting

the design of the roll control system will be identified and examined.

UNCTJASSIFIED
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Aerodynamic Model

Theory

H. R. Vaughn 3' has developed a 3-degree-of-freedom axis system that greatly

simplifies the mathematical description of the RV dynamics in roll, pitch, and yaw.

In this system, x, y, and z are body fixed areas; the position of these axes with re-

spect to the inertial axis system, X, Y, and Z, is defined by the three angles 1,11, 8,

and 0. The origin of both sets of axes is at the vehicle center of gravity (CG). In

general, the axis of aerodynamic symmetry, x
s
, may no e colinear or parallel

with the body principal axis x. Figure la displays the axes system and the general

relation between the body principal axis, x, and the aerodynamic axis, 	 In Fig-

ure lb, the axis system is shown with an out-of-plan?, trim angle, at , between the

aerodynamic axis and the x-y plane. By definition, a t is measured about the y axis.

The center of gravity offset, y 0, is shown to be the distance from the CG to the aero-

dynamic axis and measured along the y axis. A reference vector, x', has been con-

structed in the x-y plane parallel to x and interesecting the aerodynamic axis at the

CG offset. The center of pressure (CP) is on the aerodynamic axis and slightly

behind the CC by a distance defined as the static margin, X cp .

Figure 2 diagrams the asymmetry moments for small at > 0. The normal

lift produced by the angle of attack contributes a force N 6 0 cos 8 at a moment arm

y 0 sin 0 + XCP sin at cos p or y0 sin 0 since sin at — O. The out-of-plane trim angle

contribute.-3 a force No t cos at at a moment arm yo.. Since ot and 0 are assumed

small, cos at 1 and cos 	 1.

By summing the moments about the x axis and discarding negligible terms, the

roll moment equation may be developed: 2

•pIx = N 9y o sin 0 ± Ne cr ty 0 - 0 . 	 (1)

The terms in the above equation may be visualized with the aid of Figure 2b.

The first term is simply the inertial moment, the second is the primary "roll lock-in"

moment, and the third term contributes to both lock-in, spin-up, and roll reversal by

providing a roll torque due to at with moment arm yo.

UN ,ALAFIED
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Figure la. Axes System with 	 Figure lb. Axes System Showing
Generalized Asymmetry 	 Positive Out -of--Plane

Trim Angle
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X Axis Vertical
Perpendicular to
Y and X

18

Moment arm for N8 9 cos 8

y sin 0 + x sin at cos 0
0 	 cp

Y

Figure 2. Diagram of Asymmetry Moments
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If a roll control system is added to the vehicle, Equation 1 should be modified to

incorporate a control torque Luu:

pIx + Ne ey o sin 0 + Neaty0 - Luu = 0 	 (2)

The details of the control system for producing L uu will be investigated in the next

section.

By inspecting Figure 1, the change in roll angle, 0, may be expressed as the roll

rate, p, minus the projection of the change in yaw angle, , on to the roll axis, x, or

= p - z:// cos 0 . 	 ( 3 )

In order to describe the pitch dynamics, the moments about the Z-axis may be

written7

(-) 	 (-)
My = 19 - M 9 - M 9 9 = 0 . 	 (4)

The negative sign placed above M and Ma ' is a reminder that for a st7.ble vehicleq
these quantities are negative.

The out-of-plane trim angle, at, acts as a forcing function on the pitch dyna-

mics since at rotates with the roll rate about x'. Since x' is parallel to the principle

axis (x) of the RV, the aerodynamic lift due to at alternately adds to and subtracts

from the pitch angle, 9.

When the effect of the out -of-plane trim angle is included in the pitch dynamics,

the result

(-) 	 (-) 	 (-)
- m - m ee = -M 9at cos pt . 	 (5)

The three differential equations which describe the simplified aerodynamics are then:

N
9
y

0
	L u
(9 sin 0 + at) + 

IxIx

= p- tif cos 9 ,

Sc-IFIED7- or

MOM

(6)

( 7)
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(- )

M e M9 9
- 	 at cos pt .

The above equations may be written with aerodynamic coefficients C NB ,

C Mq, and CM8' in that

N9 = C N9Sq"

CMq / 2 q , S
M q - 2V

and

M 9 = CM9 S.eq' .

• •
If 8 and 8 are small and for circular coning motion, the summation of moments about

the y-axis may be used to obtain a simple approximation to 2

(-)
M

t 	 9b 	 rad . 	 (10)

Application

An analog computer was used for this initial investigation since the nonlineari-

ties and time-varying nature of the problem required that many different values cf

control system and vehicle parameters be studied in detail. Also the flexibility and

ea5e with which the analog program may be changed enables the investigation of many

different types of control systems.

Sandia Laboratories' analog computer facility was therefore programmed with

Equations 6, 7, and 8 using the relations 9 and the approximation 10. The constant

values were derived from one of the Castor designs and are given in Table I. The

dynamic pressure, q', and the magnitude of the Ve 	 vector, v, are programmed

as functions of time and are shown in Figures 3 and 4. These functions were obtained

from the output of a 6-degree-of-freedom (6DOF) digital computer simulation of the

(8)

(9a)

(9b)

(9c)

20
	 gm UNCLASSIFIED
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Castor reentry vehicle with a flight path angle of -20 degrees and an initial reentry veloc-

ity (at 300 kilofeet) of 25,000 fps.

TABLE I

Physical and Aerodynamic Constants from Castor Design
Used in Analog Simulation

S = O. 852 ft 2

I = 3.61 slug ft 2

Ix = 0.225 slug ft 2

4.58 ft

C 	 = 1.433 per radian

CMq 
= -0.1347 per ra -2ian

Since the 6DOF simulation was made with y
0
 = 0, the resulting qt and v functions,

used to program the analog computer, are valid only as long as the pitch and yaw angles

are small and the absolute value of the roll rate is small enough so Equations 6 through

10 are a good approximation to the vehicle dynamics.

A comparison will be made in this report between results obtained with the 6DOF

codes and the analog for several values of y o and at .

Figures 5 through 11 display the roll rate, p, the angle of attack, and the yaw rate,

&, as functions of time for various asymmetries. Stability analysis for the determination

of suitable values of roll rate has been performed. 
8
 This analysis is based upon the

sensitivity of the boundary conditions for persistent roll resonance
3 

to dynamic pressure

during reentry. For the simulations, the initial roll rate was 18. 8 rad/sec.

Note that even with small asymmetries (0. 025 inch and -0.5 degree, Figure 5), the

roll rate may build up to high values (100 radians/second) where the centrifugal forces

on the vehicle are large. For example, in Figure 5 where p = 100 radians/second, the

centrifugal acceleration on a 6-inch moment arm is 155 g.

Notice the growth in angle of attack, 8, in Figures 7, 8, and 9 whenever the roll

rate equals the yaw rate, V). These large angles of attack would result in high drag

forces on the vehicle which may exceed the structural load limits of the vehicle or result

in large dispersions from the intended target. In Figure 9, the roll rate becomes

locked-in for a short time during which the angle of attack reaches a maximum of 12. 75

degrees.

22 .1\T ir A CI ;JFJED
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Figure 10. Analog Simulation Showing Rot_ Reversal
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Figures 10 and 11 were obtained for out-of-plane trim angles with positive

signs; the resulting motion is roll reversal. In roll reversal, the roll rate, p,

goes through zero to negative values. In these two plots, the negative image of the
• 	 • 2

yaw rate, -0, is given since resonance can also occur if p = -0. 	 This phenomenon

is shown in Figure 11. The roll rate goes through zero and approaches 4, and the

angle of attack grows from 0.5 degree to 1. 0 degree at t = 30 seconds from 300 kilo-

feet.

Roll Control System

Roll Torque Requirements

If the RV has a CG offset, y 0 , and an out-of-plane trim angle, at , then a

torque about the roll axis, x, is developed. It is this torque which the roll control

system must counteract. The geometry of the forces producing this torque is shown

in Figure 2. From Equation 1 this torque is

Lax = -N9y 0 (9 sin 0 + at) ft lb .

If p 0 is assumed, then Equation 3 shows that 0 / 0 and therefore sin 0 is alternat-

ing sign at a frequency approximately equal to p - 	 Therefore, so long as p 	 ,
the short-term average or DC torque from Equation 11 is

L ax DC = -N 	 at ft lb . 	 (12)

When p = t", and at is a negative number, the peak torque is achieved with 0 = - a/2,

or

=L axpeak N 9 y0(9 - at) ft lb . 	 (1 . 3)
P=0  

Thus the peak torque required is a function of y 0 , at , 9, and N9 at the time when

p = lrf.

) 
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Total Impulse Requirements

By definition, the total impulse, I, is

tfJ= 	 F(t)dt lb sec ,
0

(14)

where F(t) is the thrust versus time function and t f is the time interval ever which I

must be computed.

Since the control torque must counteract the aerodynamic roll torque, the thrust

required is

N y a
F> 	 0 t lb ,rm

where r is the moment arm from the principal axis of the vehicle to the thruster.

The total impulse must then be

(15)

tf

0

N
9
y

0 
at

rm
dt . 	 (16)

Using relation 9a,

tf
N Sq'y oat

rm
dt • 	 (17)  

Since C N9 , S, y0 , at, and r are assumed to be constant with respect to time, Equa-

tion 17 may be rewritten:

C Ne Sy O at f t f
q'dt .rm 	 0

(18)
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A technique for approximating the above integral by an error function has been devel-

oped by H. R. Vaughn. 4 Although developed in order to predict the change in roll

rate for a vehicle without roll control, this technique simplifies the calculation of the

total impulse requirement of the roll control thrusters.

The approximating function to q' is

2
	of	 e 

a- 77 	 (19)

	

Since q' 	 = 76.5 x 10 3 
lb/ft

2 
at t = 33.0, then

max

77 = t-33.0 seconds

and

q' = 76.5 x 10 3 
lb/ft

2 
.

In order to compute the value of a, one additional point on the q' versus time
2

curve is chosen arbitrarily. The additional point is q' = 19.56 x 10 3 lb/ft at

t = 26 seconds. By substituting these values in Equation 19,

19.56 x 10 3 = 76.5 x 103 e-a49

and

9
a = 0.0278 per sec .

The approximation to q' is then

q' = 76.5 x 10 3 e -0.027877 lb/ft
2 

.
2

(20)

The approximation to q' is shown, along with q', in Figure 12.
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With a change in variables,

T
2 = 0.02787/2 ,

the integral in Equation 18 may be evaluated as the error function. From

T = Ari571577877,

or

T = 0.167(t - 33.0) ,

dt = 6.0dT,

✓ 

) q'dt = 76.5 x 1O 3 x 6.0 	
e- 2tf

Tf

f

dT . 	 (21)

Because q' is small at both time extremes of roll control operation, the above integra-

tion may be further simplified by letting

Tf—•+os ,

and

then since

+cc 	 +cc2 	 2

J 	
e -T dT = 2 	 e - T 

dT = VT.
0

C NA SyO a
t 4.59 x 10

5
1(77 lb sec .

m

34 A.7IFIED
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Since continuously variable reaction jet thrusters are not practical and because

any realizable control system will possess response lags, hysteresis, and dead time, it

is not possible to match the control torque to the aerodynamic torque at all times.

Therefore the requirement given in Equation 23 is a lower bound on the actual total

impulse requirement of a realizable control system.

An upper bound on total impulse may be obtained by noting that, from Figure 12,

the time duration of aerodynamic effects for the Castor trajectory chosen is approxi-

mately 25 seconds. If two 20-raund thrusters were on continuously during this time,

the total impulse would be 500 lb sec.

Basic Control System

A basic roll control system using reaction-jet thrusters and a bang-bang-off

controller is shown in Figure 13. The geometric arrangement of the thruster nozzles

is shown in Figure 14.

Fuel

[

Roll Rate
Sensor

Switching
Function

Three-Way
Valve

1••••■■01110

TorqueCCW

On 	 -Off 	 -On

mc
A

1.0 	 010► B

Figure 13. Basic Bang-Bang-Off Roll Control System

CW Torque
Nozzles 	 Nozzles
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Thruster Noz.zles

Aft End of RV

Figure 14. Thruster Nozzle Geometry

The roll rate sensor produces a measurement, pm , of the roll rate, and the

7,v/itching f ,nction then determines whether one of the pairs of thrusters must be

turned on in order to control the roll rate, p.

Switching Function Analysis

Since the objective of the roll control system is to prevent instabilities in the

roll behavior of the RV and large impact dispersions caused by flight through zero

roll rate, the roll rate must be confined to a band of values (pL to pH ) which does

not include zero. Therefore, the switching function output must be a three-leveled

logic signal (Figui z 15a).

If there exists a positive or negative aerodynamic induced torque, the control

system will chatter against the upper or lower boundary of the permissible band

(turning the fuel valve on and off at a high frequency). In order to prelrent this unde-

sirable behavior, hysteresis (dead time) or response lag may be added to the design

of the controller. Often these factors are inherent in the control and thruster com-

ponents themselves. Figure 15b indicates a switching function with hysteresis.
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Switching Function Hysteresis

The input to the switching function is the continuous measurement, pm, of the

roll rate, p. The output is the three-leveled logic shown in Figure 15. However, the

switching point in going from pL < p < pH to either p < p i, or to p > pH may not be

the same as when going from p < p i., to p i., < p < pH or from p > pH to pi, < p < pH .

This hysteresis is shown in Figure 1F-b. The role of switching hysteresis in obtaining

desirable control system behavior will be analyzed in a later section.

In order to analyze the control system with hysteresis, the Laplace trans-

form of Equation 6 may be taken for the case p II) (so that the term 0 sin 0 may

he neglected), and a fixed value of N
0 may be assumed (w: ere this fixed, time

invariant value may be chosen to correspond to any point in the trajectory); there-

fore,

	Ny 0 (1,
t 	

L
uusP's) - p(0)= - 	 s 	 I s • (24)

If the control system is assumed to be off (u = 0), p(0) = pc ,

the time, Tl , required to go from p c to pd is found from

N y a
F(s) = —1 ( -  G 0 t

s p 	 ,c 	 sI x

therefore,

N
9

Iy
0 

a
t p(t) = pc 	t ,

x

and

((Pd Pc)ix}T i	_N
9 J 0

a
 t

at negative, and y 0 0;

(25)

(26)

(27)

A CI C:,



A

+1

•
0

Pc 	 d
PP a 	 b •

-1

P

11=1172:100/■•■•

At p = pd the control system turns on (u = -1) and the time, T 2 , required to

go from pd back to pc is

(p -P )Id 	 c xlT -2 {Ity a +L0 t u
(28)

A

+1

0
PH

Figure 15a. Switching Function Output

Figure 15b. Switching Function Output with Hysteresis 
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From the above analysis, the on-time of the thruster is directly proportional to the

amount of hysteresis (pd - pc). When IN yoat > L u,the amount of thrust developed

by the control system is insufficient to counter the aerodynamic torques, and the

vehicle will roll up or roll reverse at a rate proportional to the difference of the aero-

dynamic and control torques.

If Equr.tions 27 and 28 are used, the on-and-off time of the thruster may be

designed by proper choice of (p d - 	 forfor the particular thruster and thruster valve

chosen.

Switching Function Dead Time

The following analysis is treated for the case at < 0 which results in spinup. Roll

reversal (c-Y,. > 0) can be handled in a completely analogous fashion. So far it has been

assumed that if p is increasing and p = p d at t = t 0, then u = -1 at t = t 0. If, however,

there is some dead time , Tsd' then u = 0 at t = t 0 and u = -1 at t = t 0 + Tsd .

Dead time affects the switching times T 1 and T 2 in the following way. Assume

that the system is in the state p = pc at t = 0, u = 0 and at is negative. The time

required to go to the state pd is T i ; however, when p = pd, at t = T 1 , u remains the

same, i.e. , 	 = 0.

Only z?.t t = T 1 + Tsd does the thruster finally come on, i. e., u = -1. During

the time interval Tsd' the roll rate has increased by

N eyoat )
	  T

sd 
radisec .

P Tscl 	 I
x

(29)

Assume now that the system is in the state p p d at t = 0, u = -1, and at is

negative. The time required to go to the state p c is T2 ; however, when p = pc , at

t = T2' u remains at u = -1.

Only at t = T2 + Tsd will u = 0. The roll rate decrease during the interval

Tsd is

(N y
O

a
t + L

u 
PT = 	 I 	 Tsdsd 	 x

(..) ...L. 	 .4 A: _a. 	 L.JD

(30)
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P 	 > P PTsd — c 	 a ' (31)

at T2 
+ T

sd' 
the control system will turn on again (Tsd seconds later), and aid the

aerodynamic torque and force the system into an undesirable limit cycle where the

roll rate is forced from one extreme of the control band to the other Int,1 the fuel

is exhausted.

The boundary condition for this dead time instability may be obtained from

Equations 30 and 31.

(1\TOYOat Lu)Tpc n <c ' a — 	 Ix 	 sd

Note that this condition may be satisfied if either T
sd 

or L11 is large. Therefor.:, an

upper bound on Tsd and/or L
u is a necessary ck ndition.

The thruster valve off time is

Tvalve off = T
1
 + T sd

and

Tvalve on = T
2
 + T sd

Thruster Characteristics

Reaction jet thrusters, utilizing cold gas or liquid monopropellant, may be

modeled by the following first-order differential equation:

df(t - TTd )
	1+ f(t - TTd) = —F

dt 	 Td 	 0

(32)

(33)

(34)

(35)
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Thrust
Output t

0

Time Constant T

Td iT
Time

Thruster
7 31ve

ON

OFF

T itt C -4 T174

The time delay, from thruster valve turn-on (1 ul = 1) to fuel reaching the noz-

zle, is modeled as a dead time, 'TTd.. The thrust versus time output of the nozzle is

modeled as the differential equation with time corstant 7, final value F0 , and no

time delay. The input-output characteristics of the thruster are shown in Figure 16.

Figure 16. Thruster Input-Output Characteristics

The effects of time delay and lag may be separated in Equation 35 by taking

Laplace transforms:

.D''F(S) + F(s)} = -1-F u
T 	 T S (36)

Figure 17 shows the complete model of the control system, inc:udirv -r thruster

and switching characteristics.

The thrust output, F(s), is multiplied by 2r m in order to obtain the control

torque from two thrusters with moment arm r m from the centerline of the vehicle

(Figure 14).

T' ri T I t ilD,k 	 Tr

17-41
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Since TTD 

appears as a series time delay in the control system, it has been

lumped together with the switching delay T sd. If, in addition, the sensor has time de-

lay Tad , then the total dead time of the system may be represented by

-s(Tad+Tsd+TTd )
e

The analysis of the valve switching time and dead time stability may then be performed

as outlined under Switching Function Dead Time.

Sa Hun

(37)

P' U(s)

SensorI PT 
P.

p

Time Delay

-s(T)
T 0

Thrusters

2 Po rn,

Aprod■ 1 am lc s

Figure 17. Complete Roll Control System Model

Limit Cycle Behavior with Thruster Lag and Zero Dead Time

If TTd = 0 second and p c are assumed, Equations 2 and 35 may be used to con-
.

struct the phase plane portrait of thrust output, f, versus roll rate, p. Since p 1 1,0, the

term N 9 sin 0 is oscillatory with a frequency given approximately by p -1,1); it there-
9 y0

fore has zero average value. For small 9 and > p, Ne 9y0 sin 0 is a high frequency low

ampli+ude perturbation in the roll equation and will therefore be ignored.

The slope of the f versus p curve is given at each point by

df 	 Ix (uF0 - f)

dp T(2rmf - N ey ocrt ) •

Equation 37 forms the basis of the isocline method;
7 

by plotting the slope at a

sufficient number of points, the phase plane portrait of f versus p may be obtained.
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rT onI (-Vet + 2rmf(t))
dt ,

Ix0

(42)

43

FlED
System Phase Plane Portrait

The parameter values given in Table I with rm = 0.5 ft, at = -1.0 degree,

y0 = 0.005 ft, T = 0.05 second, F 0 = 10 lb, and with q' = 60,000 lb/ft 2 are used to

present the phase plane portrait given in Figure 18. Note that this figure displays

a stable limit cycle about the hysteresis characteristic of p' . The open arrows in

the figure represent the system with the thrusters on (u = +1 or -1), while the closed

arrows represent the system with the thrusters off (u = 0).

The tiLlt required to go from point 1 to 3 along the path 1-2-3 is found from

Pc Pd

and with

f(t) = -F0 (1 - e -Or) ,

and rm = 0.5 feet,

F
O
2r

rn 

	

Pc Pd 	 I	
T

on 
+ 7 e

N 9 y
0

a
tTon 

	x 	 x

Assuming 7 < Ton, Equation 40 may be simplified to

x d - Pc )
T -

	

on 	 Nya+F 2r

	

9 0 t 	 0 m

With the constant values used in the example,Ton = 0.31 second. The time required

to go from point 3 to 1 along the path 3-4-1 may be found by using

(38)

(39)

(40)

(41)

f Toff I -N v a + 2r f(t)1
t	 m I dt ,Pd - Pc = 	 I

0 	 x



pa pc pdpb

Figure 18. Phase Plane Portrait (q' = 60,000 lb/ft 2 )

p rad/sec
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however, in this instance

f(t) = -F0 e_t/T.

Evaluating the integral in Equation 42 and simplifying,

I
x

(p
d 

- pc ) + F
01-2rm T

off 
-

- NBYOat

For the example, in Figure 18,

Toff = 0.425 second .

Figure 19 is the phase plane portrait when q' = 20, 000 lb/ft 2 . For this case

T
on = 0.13 second ,

and

T
off = O. 88 second .

Figure 19. Phase Plane Portrait (q' = 20, 000 lb/ft 2 )

(43)

(44)
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- NA cr

t
y

0

- 

F0 2rm (1

(Pc - Pd ) = 	 I
x0

- e
-t/±

)
dt , 	 (45)

As expected, the thruster on-time is less when the dynamic pressure is small,

and the thruster off-time is inversely proportional to the dynamic pressure.

The analog computer may be programmed to produce the phase plane portraits

for the case of variable qt during reentry. Figure 20 shows such a plot. Note the

excellent correspondence between the analog phase portraits and those obtained by

the isocline method. The time savings in using the analog over the hand-worked iso-

cline method is approximately a factor of 15. However, the analog computer, and

for that matter the digital simulation codes, is only valuable as a tool when coupled

with analysis and a fundamental understanding of the control and dynamical system.

Undesirable Limit Cycles

As in the case of dead time instability examined previously, an undesiral -,1c

limit cycle may exist if either the thrust level or lag time constant is too high.

The sketch of an undesirable limit cycle is shown in Figure 21.

Assume that the system ,s in state p = p d, f = 0, and u has just switched from

0 to -1 at time t 0. At time t T c, p•Pc' u switches to 0, and f = F c . Tc and F

may be found by using

and

F
c = -F

0
 (1 - e 

- T c
	(46)

Assuming the thrust level F 0 or lag time constant T is too high T
c 

< T

and Equation 45 may be solved for Tc yielding
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T
TI\Te aty0 4 .7-N9 crty0 )

2
	2 -rI

x
(p

d
 - pc

)
-c 	 F02r

m 	 F02r
m 	

• F02rm
(47)

Assuming now that

2T1 TNeaty0)
2

(48)F00 ‘ Pd F 2r0 mPc)

then

271 ) 1/2

T c
) 	 x pc

(49)2r (pd -
m

and

TcF c 	 7
-F0 

For example, if 7 = 0.05 sec, pd - pc = 5 rad/sec, and F o = 100 lb/ft, then Tz: 0.034c 
second, and F 	 -68 lbf. Indeed, T < T and the assumption made in Equation 48 is

verified since 11.25 x 10_
4
 >> 3.67 x 10 -6 .

After the thrusters turn off, the thrust output decays per Equation 43. When

the decaying thrust level equals the aerodynamic torque, the vehicles' roll rate will

cease to decrease and begin to increase due to the aero-induced torque. Assume the

decaying thrust level equals the aerodynamic torque at t = T * seconds after thruster

turnoff. This may be expressed as

-N 	 2r 	 e-T
N 0 t 	 m c

or

F 2r
mT = -r in

-1-1-1-4 ED

(50)

-Ney Oat •

(51)

(52)

49
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If p < pa at t = T , the control system will turn on the thruster in a direction aiding

the aerodynamic torque, and an undesirable limit cycle similar to that examined

previously for the case of dead time instability will result.

The boundary conditions for the existence of this undesirable limit cycle is

T*

< 	
(

N8 aty0 - 2rmFc
 e-t/r

)
( Pc - Pa) Ix 	

dt	 .

0

Using Equations 50 and 52 in the evaluation of the above integral yields

/ 2
I x (p -pa)<Naty0A+ 12n(Neatyor 	 E

1/2
c	 — 

where

= 2rF 02rmI x (pd - Pc

The boundary condition given in Equations 54 an ,5 may he used for the existence of

the undesirable limit cycle given a t, y0 , r, and F o . Note that satisfaction of this

boundary condition is consistent with a high thrust level, F 0 , a long decay time con-

stant, T, and small compound asymmetries, cr tyo .

Limit Cycle Behavior with Thruster Lag and Nonzero Dead Time

Nonzero dead time may be added to the previous analysis by modifying Equation

46 to include the additional dead time, TD(assuming the change in roll rate due to the

aerodynamic torque is small during the time interval TD):

-(T -TD)/r1
.Fc = -F0 - e c (56)
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pc	< 
.1 (N 9 aty0 + 2r

m
F

0 e
-t/1

I dtpa — 	 I 	
,

x0

( 5 9 )

ED

If T
c 

+ T
D

> T then

F c ^ -F0 ,

and Equation 52 becomes

FO 2rm T *
N9tO at

If p < pa at t = T * then the wrong control thrusters will turn on, as in the case

of undesirable limit cycles with thruster lag at t T * + TD.

The boundary condition for th3 existence of this undesirable limit cycle is

(57)

(58)

where

F0 2rmTD
p=pc 	 c	 I x

The boundary condition is then

/ 	
F02r

Ix (pc - pa) - F0 2rmTD < F0 2rm-r + Netydr Iln (N .,, a ) 11 .
0'7 0

m

	)

Design Examples

The following numerical examples demonstrate applications of the analytical

tools developed in this study.

(60)

(61)
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Example 1: Peak Torque When p 	 With P initial 3 rps, y0 = 0.12 inch (0.01

foot), and (9 - at) = 5 degrees, then from Figure 5 p = VI at approximately 20 seconds

from 300 kilofeet. The nominal dynamic pressure at this time is 2.65 x 10
3 

lb/ft
2

,

and from relation 9a,

N8 = CN9Sql .

With these values in Equation 13,

= 2.5 x 10 -2 x 0.852 x 2.654 x 10 3 
x 0.01 x 5 ft lb ,L

ax peak

or

peak = 2.82 ft lb .ax 

Example 2: Peak Torque When p = t. 7/ -- With' initial 8 rps, y0 = 0.12 inch, and

(9 - at) = 5 degrees, then p = (.7/ at approximately 25.5 seconds from 300 kilofeet. The

nominal dynamic pressure at this time is 17.0 x 10
3 

lb/ft
2
; therefore,

= 25 x 10
-2 

x 0.852 x 17.0 x 10 3 
x 0.01 x 5 ft lb ,L

ax peak

or

Lax peak = 18.1 ft lb

Note that the value of L ax peak is a sensitive function of the initial roll rate, since
•

the time at which p = o determines the value of q' which must be entered into Equa-

tion 13. Thus by proper choice of 	 the peak torque required when p = 1// can

be minimized.

The maximum average torque required, from Equation 12, occurs when N
9 is a

maximum. Since N9 
= C

N9
Sq'

' 
N

9 max occurs when qt is a maximum. From Fig-

ure 3, q' max occurs at t = 33 seconds.
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Thus the maximum value L DC is given byax

L ax DC = -2. 5 x 10 -2 x 0. 852 x 76.5 x 103 x y0 x at ft lb .

Example 3: Maximum Average Torque -- If y 0 = 0. 01 foot (0. 12 inch) and

at = -1 degree are used in Equation 12,

LaxDC = 16. 3 ft lb .

Example  4: Total Impulse -- Assume

CNO = 2.5 x 10 -2 per degree

S = 0. 852 ft 2

r = 0.5 ftm

yo = 0. 01 ft (0. 12 inch)

at = 1. 0 degree .

Then the total impulse obtained from Equation 23 is

.9" = 346 lb sec .

If a fuel, such as hydrazine, with a specific impulse of approximately 210 lb sec/lbm

is used, then at least 1. 65 lbm of fuel is required.

• L"
r '4 , I i

. -1 -1 TED
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Example 5: Switching Time with Control Hysteresis -- Assume

p
d 

= 25 rad/sec

p
c 

= 20 rad/sec

L u = 20 lb ft

at = -1.0 degree

y
0 

= 0.01 ft (0.12 inch)

S = 0.852 ft
2

CN = 2.5 x 10
-2 

per degree

I
x 

= 0.225 slug ft
2 

.

Case 1

When q' = 35,000 lb/ft 2 , Equations 27 and 28 yield

T 1 = 0.151 sec ,

and

T
2 

= O. 0897 sec .

Case 2

When q' = 70,000 lb/ft 2 , Equations 27 and 28 yield

T 1 = 0.0755 sec ,

and

T 2 = 0.221 sec .

54 111.111111 UNCLASSIFIED



Example 6: Roll Rate Increase During Switching Dead Time  -- For

y
0 = 0.01 ft

= -1.0 degree

and with the constants from Table I, Equation 29 yields

o
+
Tsd 33.1Tsd rad/sec ,

and for

T
sd = 0.030 second ,

p
Tsd = 0.993 rad/sec .

Thus the roll rate increase is proportional to the dead time, and with small dead

time (T
sd

< 0.03 second) the increase in p is negligible.

Example 7: Dead Time Instability  -- For

y0 = 0.01 ft

at - -1.  0 degree

and with the constants from Table I, Equation 32 yields

7.46 + L
u\

- pc pa—< ( 0.225 / T

and for

Tsd = 0.03 second ,

p -p = 12 rad/sec .
c 	 a

Therefore, L
u 

97.5 lb ft will result in the undesirable limit cycle )ehavior.

TNT 	
'
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Example 8: Undesirable Phase Plane Portrait  -- Asume that F 0 = 100 lb/ft,

T = 0. 05 sec, a = O. 5 degree, y0 = 0. 005 ft, and q' = 60, 000 lb/ft 2 . Then the bound-

ary condition given in. Equations 54 and 55 is satisfied, since 1.125 < 3. 676.

The phase plane portrait of this example is given in Figure 21.

Example 9: Undesirable Phase Plante Portrait -- Assume a roll control design

using F 0 = 80 lb/ft, T = 0. 05 sec, at = O. 5 degree, y 0 = 0. 005 ft, q' = 60, 000 lbf/ft 2 ,

and TD = 0. 02 sec. The boundary condition in Equation 61 is satisfied, because

1.1 < 4 - 0. 353.

The design in this example is therefore unsatisfactory; for, although this

system provides a high enough control torque, the fuel consumption would be enor-

mous because of the high total impulse ( 800 lbf sec) which would result from 1 -1 ,e

undesirable limit cycle.

Analog Simulation of Roll Control Systems

Figures 22 through 27 display the analog computer simulation of the RV aero-

dynamic model (Equations 6. 7, 8, 9, and 10) with programmed dynamic pressure

(Figure 3) and velocity (Figure 4). The block diagram of the roll control system

studied is given in Figure 17. The following parameter values were used:

Pm = P rad/sec

TD = TTD = 0 sec

pa = 8 rad/sec

p
b = 13 rad/sec

p
c = 20 rad/sec

p
d = 25 rad/sec

T = 0.05 sec.

Various values of at, y0, and F0 were used to investigate the behavior of the RV

model with roll control. A brief resume of each simulation will now be correlated

with the analysis in this paper,

56
	 !NM Trvol- A 7171-1171



1111111 IL CLASSIFIED
Figure 22

Assume

y 0 = 0.002 ft

nt = -0.0087 rad .

Equation 12 requires that 2rmF0 > 1.63 lb ft; therefore, 2rmF0 = 10 lb was used.

'Equation 23 requires that 1> 35 lb sec. Analog integration of the simulation yielded

. = 48 lb sec.
sim

The roll rate limit cycle behaved as the analysis predicted.

Figure 23

Assume

v 0 = 0.005 ft

= 0.0174 rad.

Equation 12 requires 2rmF0 > 8.15 lb ft; therefore, 2rmF 0 = 10 lb ft was used.

Equation 23 requires I > 174 lb sec; therefore, Sisim = 204 lb sec was obtained.

The control system performed satisfactorily, although some slight increase in

peak roll rates occurred when dynamic pressure was maximum.

Figure 24

Assume

y
0 = 0.01 ft

a t 	 -0.0174 rad.

Equation 12 requires that 2r m .F0 > 16 lb ft; only 2rmF0 = 10 lb ft was used, and the

vehicle spun up as expected when the aerodynamic roll torque exceeded the control.

Figure 25 

This figure was similar to Figure 24 but with 2r mF0 = 20 lb ft. The system

performed satisfactorily and corresponded excellently with the analysis.

Figure 26 

Assume

yo = 0.002 ft

at = 0.0087 rad. IT` i IED
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Equation 12 requires that 2r mF0 > 1.63 lb ft; 2rmF0 = 10 lb ft was used. Equation

23 requires that I > 35 lb sec; gsim = 44 lb sec was obtained.

The roll rate attempted to decrease and roll through zero, but the control

system prevented this and established the stable limit cycles analyzed in this report.

Figure 27

Assume

y0 = 0.002 ft

at = -0.0087 rad.

With the above values and 100 pounds thrust, the undesirable limit cycle analyzed

previously in Example 8 resulted. The total impulse from this system was 720 lb sec

when only 45 sec would have been sufficient.

Comparison Between Digital and Analog Computer Simulations

The analog computer simulations in this study utilize an extremely simplified

aerodynamic model in order to achieve fast, inexpensive, and flexible simulation of

a reentry vehicle with a roll control system.

In order to verify the accuracy of these simulations, comparisons with complete

6-degree-of-freedom (6DOF)
8 

digital computer solutions will now be given.

Figure 23 compares the analog and 6DOF for the initial conditions a t = 0. 0087

rad and y 0 0. 002 ft (0. 5 degree out of plane trim angle and 0. 024-inch CG offset).

From this figure, the analog appears to be an excellent approximation to the 6DOF

for small values of at and y 0. A I. 0-second difference in time base appears in this

comparison. This difference may he attributed to a 1-second error in the initializing

of the dynamic presSure input function generator in the analog computer. It should be

noted that the time required to obtain .The analog simulation was 10 minutes, while the

6DOF solution required 28. 01 minutes of IBM 7090 computer time.

A simple roll control model was added to the 6DOF program by incorporating

a roll control torque into the differential equation for the roll rate. The switching of

this control torque was accomplished by programming the switching function of

ITY:T
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Figure 15b into the 6DOF code. The resulting roll behavior of the 6DOF simulation

is given in Figure 29.

The initial conditions for this simulation were identical to those of the analog

case given in Figure 22. The analog and digital solutions agree closely in both

switching points and thruster turn-on and turn-off times.

The analog simulation required 10 minutes, while the 6DOF required 18. 8

minutes. The reduction in 6DOF time is the result of the stabilizing effect of the

roll control system on the integration routines in the 6DOF model. With stable

integrations, longer solution time increments are possible, and hence shorter total

running time results.

Desiderata

Because of the exploratory nature of this study, there are many unanswered

questions concerning RV instability phenomena and techniques for control. It is

therefore the intent of this section to identify areas within Sandia Laboratories where

further investigation is desired and to briefly outline the scope required.

Stability Before and After X-Ray Exposure

Vehicle damage caused by X-ray effects will produce aerodynamic asymmetries

which may produce substantial roll torques.

Therefore, greater control torque may be necessary to provide vehicle stability

after an X-ray intercept. However, it has been shown in this report that control

system instability may occur with large control torque and small vehicle asymmetries.

Thus, paradoxically, a roll control system which could stabilize a damaged vehicle

may result in an unstable system if the vehicle is undamaged.

It is therefore desirable to investigate the stability of the RV-control system

both before and after X-ray intercept.

MUIR U? 	 /k 0-1
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Magnitude of Aerodynamic Roll Torque 

The magnitude of the aerodynamic roll torque during reentry must be known in

order to design a roll control system with sufficient control thrust and fuel. For the

case of peaceful reentry (1. e., no enemy interceptors), this problem is presently

under investigation. 3 For the case of X-ray intercept preceding or coinciding with

reentry, a study of induced roll torques is desired which will

1. Utilize the phenomenology analysis being developed in the Sandia

Laboratories Materials and Process Department and the Exploratory

Systems Department, to estimate the amount of material-blowoff

induced center of gravity offset and to determine the thermal and

impulse effects caused by X-ray fluence.

2. Employ the materials, structures, stress, and thermodynamic analyses

developed in the Engineering Analysis Department to determine the aero-

dynamic shape and mechanics of the RV.

3. Utilize analytical and simulation techniques under development in the

Aerothermodynamics Organization to determine the flight characteristics

of the damaged RV.

This study should be parametric in outlook in order to facilitate the analysis of

several different advanced reentry vehicles.

Effects of In-Plane Trim Angle 

Since this report has been concerned with the roll instabilities caused by an

out-of-plane trim angle, the in-plane trim has been ignored. It is therefore desir-

able to investigate the effects of an in-plane trim angle on vehicle stability and

dispersion from target due to non-zero roll acceleration.

Techniques for converting vehicle asymmetries before and after X-ray exposure

into in-plane and out-of-plane components are also desirable.

Sizing and Component Analysis for Roll Control

In order to determine the feasibility of an active roll control system, component

realizability and/or existence must be established. An estimate, based on a fluidic

control system with nonpropellant hydrazine thrusters, is 12 lbs weight, 250 cu. in.

volume.
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The estimated weight breakdown is:

Motors

Fuel

Container

Fuel Valves

Fluidics

Power Supply

Start Valves

Plumbing

Support

0. 75 lb ea x 4

0. 5 ea x 2

0.25 x 2

= 3. 0 lb

= 2.5

= 0. 75

= 1. 0

= 0. 75

= 1.5

= 0.5

= 0. 75

1. 25 

12.0 lbTOTAL

Fluidic and thruster components development is presently underway in the

Electromechanical Development Department. Together with knowledge of the control

torques required, this development will provide the sizing analysis desired.

Investigation of other means for obtaining control torque is also desirable. Cold

gas, hot gas, and hydrazine thrusters should be compared. The feasibility of obtaining

aerodynamic roll control with split flaps should also be investigated. This would be

an especially attractive scheme for maneuvering reentry vehicles, because the flaps

may be moved in unison, with zero roll rate, to obtain trario verse flight control. Roll

control may then be an integral part of the maneuver control system.

Because electromechanical sensing, utilizing a rate gyro and electronic

circuitry, offers a greater growth potential than fludics when additional system

complexity and compatibility are required, studies in this area are desirable.

Tradeoff Study of Active and Passive Poll Control

Since the objective of the roll control system is to insure the roll stability of

small RV's, the question arises as to the necessity of active control. That is, can

the estimated 12 lb control system weight be allocated to additional structure or

ballast for the RV in order to achieve stability? It is therefore desirable to explore

the tradeoff between active and passive stability control as a function of RV configura-

tion and X-ray induced damages.

i-C1.4,A6-61F 1ED
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Note that the Sandia concept of a removable X - ray shield is in the above sense

also a type of semipassive stability control. When the RV receives X-ray fluence,

the shield sustains the damage. In order to insure stability, the damaged shield is

then discarded by a system which senses roll instability. The RV then reenters with

clean aerodynamic characteristics.

Compensation and Adaptation Study 

Since the magnitude and rate of change of the aerodynamic roll torque varies

over a wide range during reentry, it is desirable to investigate the feasibility of

control system compensation in order to minimize fuel requirements and maximize

performance. The feasibility of providing an adaptive or compensatory feature to

the control system should also be investigated for the case of an X-ray damaged

vehicle.

Both linear and non-linear systems should be included in this study.
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