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ABSTRACT

An equivalent circuit for a piezoelectric erystal is presented. Some resulls of an ei-‘

perimental study of the effects of capacitive and resistance loading on‘the output of a
crystai are given.
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The electrical circuit which represents a piezoelectric crystal is comnlicated by the
interaction between the electrical and mechanical components of the gystem. However,
as often is the case when electrical and mechanical systems interact, the mechanical
components may be reflected as clectrical components into the electrical circuits. An
analysis of the system then reduces to a study of the resulting electrical circuit.

Mox‘t—;e1 derives an equivalent circuit for a piezoelectric crystal for the case of longitudinal
vibrations. This same circuit applies to a crystal for thickness vibrations after a slight
medification of *he constants invoived. Thickness vibration means that the primary
mechanical motion is in the same direction as the agplied electrical field. The circuit

is shown below. In this circuit 7 = andg = 7

Voltage /\Source
-\

Ep=7F om
A) 1/Ke
5 T
oR
. I i
ICI
, ' p
Figure 1
where
s = elastic modulus = reciprocal of Young's medulus
h = thickness of crystal
A = cross-sectional area of crystal
d = piezoelectric constant
The two capacities C_ and C .are iven by the relations C_ = -é-‘f dC_. =
c P J y p ° sn %

A , . . . iy sy:
iTh {1+ 47.'}\1) - Cp where }\1 is the dielectric susceptibility of the crystal, as

measured in the audio frequency range. The componentsom, 1/xgand aR,n are the
effective impedances of the mechanical system as they are reflected into the electrical
circuit. The constants m, K and R, are the mass, the spring constant’ and the resistanc:
or damping constant of the mechanical load on the crystal. These are the constants which
appear in the mechanical equation of motion

d " x dx
+ R Puady Kx = t).
m " m & + Flw t)

The masgs of the mechanical load {8 reflected into the elec’tfiéal circuit a'vs};r:\i;)‘dixdance.

1y Morse, P.M,, Vibrations and Sound; McGi‘a'wf-‘f'Hil'l",""'Né:\’ii"v’?‘i)'i‘lfi’?"7"""'
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The reciprocal of the spring constant reflects into the circuit as a Lapacitance and the
damping constant reflects as a resistance. The equiiclent capacity C, is analogous to
the capacity 1/Ko and is inversely proportional to the spring. constan? .of the:crystsl

itself,

The voltage source is in series with the equivalent impedance of the mechanical load.
This voltage source supplies a voltage E  which is proportional to the force F on the
crystal. The open circuit voltage of the crystal then is that portion of E_ which appears
across C_. Thus, for a given mechanical load and a givenr force, one can calculate the
open cn‘cuxt voltage of the crystal. Conversely, if a given voltage E is applied to the
crystal one may calc ulate the force which the crystal will exert on the mechanical load.
The current in the mechanical arm of the circuit is proportional to the veloc;ty of the

face of the crystal.

We notice several imporiant features of this circuit. In the case of large mechanical
loads, the impedance in the mechanical arm of the circuit be comes very large so that
the equivalent electrical circuit reduces to the single capacitor C¢, this being the
clamped capacity of the crystal. If the crystal is unloaded and the external force is
zero, the equivalent circuit consists of the two capacitors C, and C_ in parallel. A
calculation of the capacity of 2 crystal having a diameter of l/2 mc!? and a thickneses of
1/4 inch using Brush constants gives the values C 68uuf, C, = C, +C, =300 uwud.
The measured capacity of several Brush crystalsg\avmg these dlmensiong varied from
290 to 310 uuf. A calculation of the capacity of a crystal having a diameter of 3/8 inch
and a thickness of 1/2 inch using Centralab constants gives the values Cy, = 19 uf and
C,=C.+C, = 62uf. The measured capacity of a Centralab crystal with these dimen-

sions was 7F urf,

. It should be pointed out that the circuit holds only for frequencies smaller than the
resonance {requency of the crystal. At higher frequencies, the stress, strain, polari-
zation, etc., which appear in the equations used to derive this equivalent circuit, are

- not uniform throughout the crystal. However, it is significant that the circuit predicts
a mechanicsl resonance when the equivalent reactance in the mechanical arm is zero
and that at a higher frequency, parallel resonance will occur with the shunt capacity C..

It should also be remembered that the dielectric susceptibility, elastic modulus, etc.,
are not really constants but vary with temperature and stress. However, over the
ranges of temperature and stresses which are useful in contact fuzing, they are
essentially constant for barium titanate and may be considered as such.

In a previous analysis of contact fuzing circuits, Claassen and Goodman? used an
equivalent circuit which consigted of a voltage generalor in . :ries with the crystal
capacity. The preser! circuit can be shown to reduce to that equivalent circuit for
small mecharical loads in which the impedonces representing the mechanical load are
neghigible, For negligible mechanical loads the present circuit reduces to the circuit

shown below,
] ) - ‘

T Cc — Ep _—..cp
Figure 2 _
“Mem S. Claasgen and A, Goodman to distribution, . : -
nggor Yo 51655 en an oodman to :’s ribu 1onf Ref. Sym: 5143-(50), dafed
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Applying Thevenin's Theorem, as far as a load impedance connectci,ncross C.. is con-
cerned, the network is equivalent to 2 generator of voltage vin s E‘p——é-i and having an

internal impecdince Cy where Cx = Cp *C,-
By substituting the values of E, Cp and Cc, the open circuit voltage of the crystal be-
comes

v - 4T dF h
in ;-+r173'|t1 A

Thus, in order to obtain maximum voltage for a given force, one should minimize the
area of the crystal and maximize its length, as is to be expected.

The main interest in contact fuzing is the first output voltage pulse of the crystal which is

largely due to transients. However, the equations given by Claassen and Goodman were
derived on the basis of steady-state conditions. If the forcing function were known, it
should be possible to solve for the complete solution of the differential equation of the
circuit. This solut’in would contain both the transient and steady state solutions. The
{orcing function, of course, depends on a great many parameters of the impacting
system. The influence of these parameters on the output of the crystal is not now fully
understood. However, further work is being done in an attempt to determine the in-
fluencing parameters and the effect of these parameters on the problem.

Although the Claassen and Goodman equations were derived on the basis of steady-state
conditions, the voliage equation ir the case of capacitive loading should still be valid in
the transient condition since we have essentially a capacity divider and a capacity
divider is frequency independent. However, in the case of resistive loading, we may
expect something quite different.

Taking first the case of capacitive ioading, one may rearrange the equation
C Cy V.
V. = V. X 10 et C_ = —210  _ ¢ QOnc sees that a plot of C_vs. 1/V
i in Cx*CL L V1 : X ) NS 8 1
should result in a straight line which intersects the 1/V1 axis at IIVin and intersects

the C, axis at -C,. To verify this equation several types of pickups were mounted on
rods and plates which were struck with a pendulum in the set up described by Goodman,
The pirkups were inaded with a variable capacitor and the output was fed to an oscillo-
scope through a 10-1 attenuator. The attenuator was used to raise the load resistance
to 10 meg onhms so that resistive loading could be neglected. Figure 4 shows the vari-
ation of 1/V, with C. for an XMC-300 mounted on the end of an aluminum rod 24 inches
long. Figure 5 show$ the results of the same pickups mounted on a 90° bracket and
this mounted on an aluminum plate. The intercept of the line cn the Cy, axis in Figure
4 indicates a capacity of 20w f, Figure 5 indicates a capacity of 23 uif for the XMC-300.
The measured capacily was 89 «uf which includes Tl'uf crystal capacity und 18 wf
siray capacity in the pickups. Figure 6 gives similar results for a skin-type compres-
sion pickup. It has an indicated capacity of 300 uu and a measured capacity of 310 uf,
The variation of voltage with capacity loading for the XMC-300 mounted on the plate is
shown photographically in Figure 8. e L

“Technical Memorandum 34-52-51, AlbértGoodman, December 15, 1852
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The response of the system to resistive loading is qulte different !rom capacit!ve . .
loading, being dependent on the nature of the force function. If we again assume Sman
mechanical loads, the circuit reduces to that shown below.

If

Figure 3

the force function is a sine wave then V. _will also be a sine wave. Initially, the entire
input voltage will be across the resistance load, However, as charge builds up on Cy
the voltage across the load will fall behind the input voltage. Mathematically, this can

-
be expressedas V . - V, = -—c-:—x- where
Vi
Q = /Idt = [ —— dt
RL

Although the voitage across the load is not 2 sine wave, we assume that it is as a first
approximation. Thus, at the peak of the first pulse : v

‘ p o, W@
Qe = Y o vV, sin ot dt

orQ = —L . Now we have that
b 4 wR

1
Vin = 0% GRoe— Yy

or written in another form

1 1 1,
v,y waV. RL V. :
Thus, one sees that a plot of 1/V, vs. 1/R; should result in a straight line if this
equation holds. The intercept of the line wit Lh the 1/V, axis would give l/V and one
may use this and the slope of the line to calculate the grequency of the force ?uncnon

since the slope is equal to —ra <

A check of this equation is shown in Figure 7. Tbe curve shows the variatxon of IIV
vs. 1/Ry for an XMC-300, mounted on the end of an aluminum rod. The recording. . L
eqmpment was the same as that used in the case of capacitive loading. The ‘slope-of

| the line indicates a frequency of 4.5 kc. The measured frequency found from the..

| pulse width was 4.6 kc. The agreement is wrprisingly good but must not - be ta)cen
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as an indication that the problem of resigtance loads is fully understood. For if one
were to assume that the force function were o gine wave, then the exact solution can be
obtained from the differential equistion of the circuit, This solution is

wy _ -t/iR, C . , : IR
Vs = TR cos wt o+ 2 sinwt .
A0y [ -~

The experimental data agree better with the previous simple approximoationthan they
do with this more complicated senerzal soluticn.

For this study of resistive loading the type pickup and method of impact were chosen
to give the simplest cutput waveform for analysis purposes. In actual fuzing problems
the waveform wiil be much more complicated. Further study is being made on effects
ol resistive loading to provide a useful method for analyzing the effects of resistive
loading under actual impact conditions.

C. V. STEPHENSON -~ 5143

R. S, CLAASSEN - 5143
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