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The loss in blast damage due to fuzing error is shown to be greater for an infinite § ~
area target than for any other type of target of a practical nature. As this target is
the eas:est type to calculate, the problem of de ermm'ng the most siringent require-

ments on the fuzing system accuracy is simplified : §
Case 416 0 §

|
§
|
g
|
E
!
:
g.'
g




I

SUNENNe UNCLASSIFTED

-2 -

RELATIVE FUZING LOSSES FOR DIFFERENT
TYPES OF TARGETS

INTRODUCTION

It has been noted from various computations of expected blast damage for air

burst weapcns, that the loss in damage due to fuzing error is greater for large area
targets than for other types of targets. It is the purpose of this memorandum to
show theoretically that infinite area targets, as defined herein, do suffer a greater
loss in damage due to fuzing error, than other types of targets which are likely to
be selected for attack. As infinite area targets are of considerable practical :m-
portance and as they are easier to calcuiate than other types of targets, this sim-
plifies the problem of determining the most stringent requirements on the fuzing
system accuracy.

DEFINITIONS AND SYMBOLS

The following definitions will be used:

An "infinite area target” is an area uniformly covered with structures of uniform
toughness which is sufficiently large that there is a negligitle probability of the
area of effect of a weapon extending outside the target area. I a circle with radius
of 3 times the circular probable error (CEP) plus the lethal radius of the weapon,
or larger, may be inscribed within the target are~, it will be considered to be an
infinite area target.

A "point target” is a target the major dimension of which is small in comparison
with both the CEP and the lethal radius of the weapon. This is equivalent to saying
that the probability of the lethal area covering only a fraction of the target area is
negligibly small.

A "complex target’” is an array of target elements each of which fulfills the conditions
for a point target.

arg

A "finite area target” is an area target which is larger than a point target but smaller
than an infinite area target. :

The "expected damage' to a point target is the probability that the target will be
covered by the lethal area of a weapon. For an area target it is the expected
target area covered by the lethal arca of a weapon.

A "fuzing distribution” is the probability density »f the fuze operation as a function
of height above ground. The distribution may not be normal.

The "lethal radius' of a weapon for a particular type structure is the horizontal
distance from ground zero (GZ} of the weapon at which the ovcr,:ressure is expe«.ted
to be just sutficient to destroy the structrre. v
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The "loss in damage due to a fuzing distribution” is

1 - Expected damage with fuz%gg_distripution R "(i)'
Expected damage with optimum fuzing
The following symbols and abbreviations will be used:
CEP - Circular probable error of bombing

D - Expected damage to a target

Ground zero, point on ground directly under burst point of
a weapon

GZ

h - Burst height above ground
IGZ - Intended ground zero

!
|
| In(x) - Modified Bcssel function of the first kind of integral order 'n

p=p{r) - Probability that the lethal area of a wa2apon will cover a target element
‘ as a function of lethal radius

P(h) - Probability density of fuze operation as a function of height above ground

r=r(h) - Lethal radius of a weapon as a function of burst height

'm - Maximum lethal radius of a weapon
R - Radius of a circular target
e - Distance from.intended ground zero to a target element

5=5(r) - Expected overlap of the letnal area of a weapon and a circular target as
a function of lethal radius

o= CEP/1.177 - Standard deviation of a circular Gaussian bombing distribution
Other symbols will be defined when first used.

III COMPARISON OF INFINITE AREA AND POINT TARGET

The expected damage to an infinite area target with any arbitrary fuzing distribution
P(h) is

‘ 0
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‘Since the CEP of the bombing does not appear in the equation this is the eas!cst
target to calculate. With optimum fuzing “pt! becomes' m and the expected

damage is
2
(D"; m "y

The probabxnty that a point target located at the 1GZ win be CMered by“i’he Yethal
area of a weapon is :

S I
i -e 2 o

The expected damage to the target with a fuzing distribution is

r . . o
N ‘ |
I—e P(h) dh. 4)

With optimum fuzing the expected damage becomes
e
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oy ,',-2—H‘""'".,02;
(Do)m 1 | e

1t will now be shown that for a given fuzing distribution P(h) and over-
pressure curve r(h) that the loss in damage due tc fuzing error is always
greater for an infinite area target than for a point target regardless of
the CEP. s

Stated mathematically in terms of (1), (2), (3), (4) and (5) we must_shovf__

" u)'rhe }Circular Covemge Function,:




which is equivalépt to showing that .
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Since the integrand is always positive for both (2) and (4) a su
condition for (6) to be true i3 that

fficient
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Differentiating (7) with respect to "r" gives . i
1 (X ‘ 2l
2 - (_0'-) 1 (._r_.) o
dF(r) = 2rm © z 1 +£.2_2 -e2 o/ . S
3 : |
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which is negativek for all positivé values of "r" and " o".
aFr) 0, then F(r) >1 for PR

‘Since F (rm) =1 and —5-

In the foregoing it has been assumed that the bombing error has a circular Gaussian
distribution and that it is independent of the fuzing distribution.. Since the above .
thecrem holds for all values of "¢ it is reasonable to believe {although no formal
_proof has been devised) that it also holds for delivery systems having different . -
eviations for range and azimuth. Now if the weapon does pot ap
n, - the” effect, of the fuzingidietiitin

0<r <r. and the theorem is proved.
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* GOMPARISON OF CIRCULAR AND

Thé‘e:ﬁpeéted overlap of the lethal area of a weapon and a circular igrge’t with the

INFINITE AREA TARGET"

1GZ at its center is{1’-

str)= Zy { B2 ptey+r” [1pr)] -e"z':??"(rzmz) let;(%)'*ﬁ*l, ‘ff') @
8

where - 1 (1‘24’32.) 2 nT /Rr ’
ry=e 29° (= 2 (9)
P R o
=1
and
= 1 n+2m ’
In (x) = (7 ) N

M=o lx_n_ n+m.

The expected damage to a circular area target of radius "R with a
fuzing distribution is

D.= [  S(r)P(h) dn.

Lo .
For optimum fuzing the expected damage’ bécomés‘*"(b’;);‘j

It will now be shown that for a given fuzing distribution P(h), and over-
pressure curve r(h), that the loss in damage due to fuzing error is always
greater for an infinite area target than for a circular area target, regardless
of the CEP and the radius of the target. e CRE

Stated mathematically in terms of (1),

(2),:(3); {11) and (12) we |

A SR R

‘ 1 - —= .
D, D,

which is equivalent to showing that

‘We will follow the same procedure used in;ihe:previous section.:

"fis’___a.lw,ays,posil‘t_,ijve"fdt,\.‘(z)iapd’ (11) aisufficient condition Tor:\{1;

2,




Differentiating (14) with respect to r gives

~ Assume that o= 0 and the lethal radius with optimum. {fuzing-is Just siifﬁcxent for the

,‘: may be reduced to an extent that the loss due to fuzmg wm be close. to 100% o This
is an extreme case. cxted to xllustrate the point :

foro<r <r . As F(rm) =1, the" mequal’ity“ﬂ() niay‘tse ‘stabﬁ"ixe
that _ e

dF(r)
dr

< p forg <r < To.

~AE{r) __.__SJ.. e
" dr S(l'm)r§ [ ZS(r)

By making use of (8) and (9), (15) may be written in the form

aF) . 2rrfR? - o rhRd)
.. ar : rd ozs(rr‘n)_ . -

From (16) we see that ‘-Sm p IR
, o dr

for all positive values of R r, and o, hence the theorem is proved If "R" approaches
infinity. the derivative of I‘(r) approaches zerc and the circular target caae approaches

_the mfuute area case, as it should.

entire target to be destroyed. With a fuzing distribution; the expec‘ted lethal mde w




By

will be covered by the lethal area of the Wéépon'is(l) e
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The expected damage to the target element with a fuzing disAtzjibg‘tv'onljs_ '

L R n R : v R e P 2 4 4
Dé" = ‘ple, ) P(h) dh. (18)
) 00
For optimum fuzing the expected damage becomes
(De) m = plp, rrn) : N » {19)

We will now attempt to determine how large "0" may be for the loss in damage
due to fuzing error for the target element to be less than that for n infinite area

target for the same fuzing distribution and overpregsiire curvey

7

Proceeding in the same manner as previously, we desire to determine the minimum
restriction possible on''p"' such that
Deo

D
(Dem . ©m ,

is ’equivalent . I
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A sufficient but not necessary condition for (20) to hold is,from2), (3), (18), and
(19),that ' o . A e -

ple,r) s r2 e R o that
plo, 5,,) r R .
m
o (6, T)
F(r) = . p{e, r >1 2
( ) P(P: rm) I‘z . b._m’—.’_;;l;:v’ R

~for 0<r <r__."
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Differentiating (21) with respect to "r" gives \
2 S
. r -
dF(r m E(E l
dﬁ') . 3 [ -2:p(p; r)]\

R p(p.Tp)- T ‘ :

Making use of (17), we may evaluate (22) to give )
2r 2 1 2
- +
dife) . . -252—2 e  Foz (7P ’I (B ) - plo, r)f (23)
dr p(p.rm) r 2 ,ouo,«_ " .

Since F(r_)=1, a sufficient but not necessary conditxon for (20) to be true 1s_from
(23) that o : , ‘ o RS

1 2 2 ,
plp, T) > --2-—’2 e T ) (e (24)
- 20 27,

o o]

From the equation of (24), #/o may be plotted as a function r/o_as shown in
Fig. 1. The inequality of (24) then corresponds to P& being below the curve of
Fig. 1.

We see from Fig.- 1 that-the condition p < 2o applies for’ any range_ of values ot

"p''. However, if the fuzing distribution and overpressure curve is such that '&'" -

has a negligible probability of approaching zero, a less restrictive condition may -
LA L

be placed on ''p For example, if the conditions are such that "r" only has
values in excess of 2.6 o, then "p" may have valuesup to 2.3 0 ,

We conclude from the foregoing that for a given fuzing distribution i and o erpressure .

curve that the loss in damage due to fuzing error is greater for an inﬁmte area
target than any complex or area target for which the maximum value of ! p'}:satisfies
the inequality (24) for the range of values of "r" associated with the fuzing distribu-
tion. Of course for most targets '"p" could be much larger. than indicated by the .
rule just given as the greater loss suffered by elements near the edge of the: target
will be compensated for by the reduced loss suffered by target elements near the
IGZ. Infact, for an area target it is safe to say that if there are no large holes
in the vicinity of the IGZ and the periphery is, in general, concave toward:the 1GZ,

i ‘I‘.é.r’get for = .

the rule would still apply. The same may be safely said for any cornplex
which the outer boundary is, in general, concave toward the IGZ and the target
element density is substantially uniform or at least does not increase s
with increasing distance fromthe IGZ: However, target 162 combinatmns which
do not fulfill the conditions just mentioned would, no doubt, be ruled out hy con- .

giderations other than fuzing accuracy.

CONC LUSIONS

PEe—




,attack on the baaxs of other considerations would meet these restrictionu.

The analysxs presented here has been based on the. "cook‘e cutter concept ot
damage. This assumes that damage is 100% for target elements within the lethal
radius of GZ and that no damage occurs at greater distances. A more realistic

approach, but more difficult to calculate, is to assume that expected” damage is a
continuous monotonically decreasing function of distance from ground zero, One
such function which, with proper selection of "k" gives regults clogely arng_oxi-

mating observed values is : p-Po »
1 kPo 1 2 -
D(p) = 1 T 7 (25)
Y £ e I
t -
where ¢ is the weapon radius (value of @ for which D(p) is 0.5). It maybe shown

0
that loss in damage due to fuzing error is exactly the same for an infinite area

9 target whether calculated by the "cookie cutter' method or by use of (25) _Other

Lo g targete which have been calculated both ways show a greater: loss’ by the ' "cookie

! sutter’ method. It appears that this is true for most targets with a few exceptions
(e.g. point targets for which the expected damage is very close to ore). In view
of the foregoing it may be said that the conclusions previously reached on the basis
of the "cookie cutter' type calculations will in general hold for the more reahshc

‘ . calculations employing equation (25).
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