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The loss in blast damage due to fuzing error is shown to be greater for an infinite
area target than for any other type of target of a practical nature. As this target is
the eas:.est type to calculate, the problem of determining the most stringent require- 1Z.
meats on the fuzing system accuracy is simplified.
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RELATIVE FUZING LOSSES FOR DIFFERENT

TYPES OF TARGETS

I INTRODUCTION 

It has been noted from various computations of expected blast damage for air
burst weapons, that the loss in damage due to fuzing error is greater for large area
targets than for other types of targets. It is the purpose of this memorandum to
show theoretically that infinite area targets, as defined herein, do suffer a greater
loss in damage due to fuzing error, than other types of targets which are likely to
be selected for attack. As infinite area targets are of considerable practical im-
portance and as they are easier to calculate than other types of targets, this sim-
plifies the problem of determining the most stringent requirements on the fuzing
system accuracy.

II DEFINITIONS AND SYMBOLS 

The following definitions will be used:
An "infinite area target" is an area uniformly covered with structures of uniform
toughness which is sufficiently large that there is a negligible probability of the
area of effect of a weapon extending outside the target area. If a circle with radius
of 3 times the circular probable error (CEP) plus the lethal radius of the weapon,
or larger, may be inscribed within the target are-, it will be considered to be an
infinite area target.

A "point target" is a target the major dimension of which is small in comparison
with both the CEP and the lethal radius of the weapon. This is equivalent to saying
that the probability of the lethal area covering only a fraction of the target area is
negligibly small.

A "complex target" is an array of target elements each of which fulfills the conditiolls
for a point target.

A "finite area target" is an area target which is larger than a point target but smaller
than an infinite area target.

The "expected damage" to a point target is the probability that the target will be
covered by the lethal area of a weapon. For an area target it is the expected
target area covered by the lethal area of a weapon.

A "fuzing r.i:stribution" is the probability density of the fuze operation as a function
of height above ground. The distribution may not be normal.

The "lethal radius" of a weapon for a particular type structure is the horizontal
distance from ground zero (GZ) of the weapon at which the overpressure is expected
to be just sufficient to destroy the structrre.
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The "loss in damage due to a fuzing distribution" is

IExpected damage with fuzing distribution 
Expected damage with optimum fuzing

The following symbols and abbreviations will be used:

CEP - Circular probable error of bombing

D 	 - Expected damage to a target

GZ - Ground zero, point on ground directly under burst point of
a weapon

h 	 - Burst height above ground

IGZ - Intended ground zero

In (x) - Modified Bcssel function of the first kind of integral order "n"

p=p(r) - Probability that the lethal area of a weapon will cover a target element
as a function of lethal radius

P(h) - Probability density of fuze operation as a function of height above ground

r=r(h) - Lethal radius of a weapon as a function of burst height

r m - Maximum lethal radius of a weapon

R 	 - Radius of a circular target

P 	 - Distance from. intended ground zero to a target element

S ,-,S(r) - Expected overlap of the lethal area of a weapon and a circular target as
a function of lethal radius

= CEP/1. 177 - Standard deviation of a circular Gaussian bombing distribution

Other symbols will he defined when first used.

III COMPARISON OF INFINITE AREA AND POLNT TARGET

The expected damage to an infinite area target with any arbitrary fuzing distribution
P(h) is

2
[r(h)] P(h) dh. (2)
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Since the CEP of the bombing does not appear in the equation this is the easiest
target to calculate. With optimum fuzing "r" becomes "rm" and the expected
damage is

2
(D oc)rn = r m

The probability that a point target located at the IGZ.will -be tovered"bite -
area of a weapon le (1 )

With optimum fuzing the expected damage becomes
2rm

(Do }m

Stated mathematically in terms of (1), (2), (3), (4) and (5) we must show, „
that

Do
1

(D0) m

'The Cfroular, Coverage Function,
26 .TinuarY:4950. • .

D co
1

(4)

The expected damage to the target with a fuzing distribution is

o 	 P(h) dh.

21 	 r

It will now be shown that for a given fuzing distribution P(h) and over-
pressure curve r(h) that the loss in damage due to fuzing error is always
greater for an infinite area target than for a point target regardless of
the CEP.
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(7)

Since the integrand is always positive for both (2) and (4) a sufficient
condition for (6) to be true is that

for 0 < r < rm

Differentiating (7) with respect to "r" gives

2 rril eT a 2
1 Fr

(Do)m  r 3

2 r 	 - (La)

m
r .

which is negative for all positive values of "r" and " a".

Since F (m)1 and dFd(ri,. ) < 0 , then F(r) >1 for

0 < r <rm 
and the theorem is proved.

In the foregoing it has been assumed that the bombing error has a circular Gaussian
distribution and that it is independent of the fuzing distribution. Sinae the above
theorem holds for all values of "a" it is reasonable to believe (although no formal
proof has been devised) that it also holds for delivery systems having :different •
standard deviations for range and azimuth. Now ifthe weapon dtiet,not,l'aPpitOich .
the : target from the vertical,direction,' theleffect ; .OL:the:faziageisii;;41#46-.- •
increase ;the range error slightly without affecting t i 	 m ears ~.; 	 ,• "^

•believed that the: heorem :holds '. for fees 'more genex al Lila tbi t nrt ;"

, ••

_dF(r) 	 -
dr
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The.expected overlap,of the lethal area of a weapon and a circular target with the
IGZ at its center lit"' •

S(r1=	 (R2 p(r)+r2 Cl -p(r)1

R
rwhere 1 	(r2+R2 )

p(r) = e	 2u2

111= 0

The expected damage to a circular area target of radius "R" with a
fuzing distribution is

Dc S(r)P(h) dh.

-co
For optimum fuzing the expected damage becomes' -(:))

It will now be shown that for a given fuzing distribution P(h), and over-
pressure curve r(h), that the loss in damage due to fuzing error is always
greater for an infinite area target than for a circular area target, regardless
of the CEP and the radius of the target.

Stated mathematically in terms of (1), (2), (3), (11) and (12) we must show that

which is equivalent to showing that

(- (DD;) m 	co)n

We 14 fIrftillovi the same procedure 	 seetten.--cStitteihe
is always positive for ' (2 ), and (1.1). aisuffieleitt 'et:41(11(4in

•
• :ar thig

• •

(13)

and

n=1

Dc
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S(rm) . 

for 0 <r < rm . As F(rin) • , theinequinty114Y
that

dF(r)
dr < 0 for 0 < r < r .

Differentiating (14) with respect to r gives

2

Strm)r3 - 	 dr • 	
S(-:2 r)

rm

By making use of (8) and (9), (15) may be written in the form

I2 (r2+R2)2 R2 	 -27r rm 	e	 20.
r3 a2 S(rm )

dF(r) 
dr

From (16) we see that df(r) < 0
dr

for all positive values of R., r, and a, hence the theorem is proved. If "R" approaches
infinity, the derivative of F(r) approaches zero and the circular target case approaches
the infinite area case, as it should.

Here again it has been assumed that the bombing error has a circular Gaussian'dis-
tribution and that "a" is independent of the, fuzing distributionakisPbeli&ed that these
are unnecessary restrictions for the same reasons as given for point targets at the
end of the previous section.

V COMPARISON OF OTHER TARGETS WITH INFINITE AREA TARGET-

Less definite conclusions may be reached in comparing targets oth .J)40ithe point
and circular with the infinite area target. In fact; it is easy:tOCOneei4e ,Ofra target:- =
IGZ arrangement for which the loss due to , fuZing would be-greater than that fOr an =
infinite target, although it is not one a military9pLanner:w,.mk14*AikekOtelect. 'SUCh2,
a case might be a large, narrow, circular ring target with the IGtelttha`center..
Assume that a= 0 and the lethal radius with optimum fuzing is jnit sufficient for the
entire target to be destroyed. With a fuzing distribution; the expected lethal. radius.
may be reduced to an extent that the loss due to fuzing will be Close to 106%. This
is an - extreme case cited to illustra.te the.paint.

LeVVZ-tbrisider first a complex target' ,and:ftidus
target i^irhich;zs "4f a.tiiitance	 thi=folz;



will be covered by the lethal area of the weapon is

1 	 2 2 	 co

p(p, 	 e 
-grY. (r 	)

n=1 	 (Par2)

The expected damage to the target element with a fuzing distribution is•
co

p(p, r) P(h) dh. 	 (18)

ao

For optimum fuzing the expected damage becomes

(De ) m = p(p, rm)

We will now attempt to determine how largc "P" may be for the loss in damage

due to fuzing error for the target element to be less than that for an infinite area

target for the same fuzing distributicin and ovettsrdegiitea-iffiQ2- ':'

Proceeding in the same manner as previously, we desire to determine the minimum
restriction possible on" p" such that

(19)

(1-5 
<1 -

ej-e—

Dco
-31570 m

is equivalent

-

A sufficient but not necessary condition for (20) to hold is,from (2), (3), (18), and

(19),that

Or that

t't



Differentiating (21) with respect to "r" gives
2rm

p(p, rift) . r

We see from Fig. 1 that the condition P < applies for any rangee of values of
"r". However, if the fuzing distribution and overpressure curve is such that 1-"
has a negligible probability of approaching zero, a less restrictive condition may
be placed on "p"'. For example, if the conditions are such that "r" only has
values in excess of 2.6 a , then "p" may have values up to 2.3 a .

We conclude from the foregoing that for a given fuzing distributiOn and Overpressure
curve that the loss in damage due to fuzing error is greater for an infinite area
target than any complex or area target for which , the maxinauxn 	 oV_sp'!?„atisfies
the inequality (24) for the range of values of "r" associated with the fuzing distrilni
tion. Of course for most targets "p" could be much larger than indicated by the
rule just given as the greater loss suffered by elements near the edge of the target
will be compensated for by the reduced loss suffered by target elements near the
IGZ. In fact, for an area target it is safe to say that if there are no large holes
in the vicinity of the IGZ and the periphery is in general, concave toward ,the IGZ,
the rule would still apply. The same may be safely said for any 	 target for
which the outer boundary is in general, concave toward the IGZ and the target
element density is substantially uniform or at least does , pot_incre#se,appociably
with increasing distance from the IGZs. HOiveVer, target 	 eiiiiiiinations which
do not fulfill the conditions just mentioned would, no doubt, be ruled out by con-
siderations other than fuzing accuracy.

CONCLUSIONS 

It has been shown analytically. that. from a blast damage:standp_
WealipwapOint, 	 and other targets,with certain reStrieti6n8;inii0100i
stringent requirernent.onthe -iicturaty.nfAhe ..fuifriit .systertEthan,
area. arget. , Itzakieirs,,that 2.7ractit 	 tilftialrdit** 	 ef

Making use of (17), we may evaluate (22) to give
2r 2

dF(r)
1 2 	 2,+p ) I 	 pr(,—

o 	 2crdr 	 3p(p, rm) r e
- p(p, r) (23)

Since Fir
(23) that

, a sufficient but not necessary condition for (20) to be true is from

r2PO, r)
2 a

1 	 2 2
172-(r +17 )

p 2 .)

-1-o
(24)

From the equation of (24), Pia may be plotted as a function ria ,as shown in
Fig. I. The inequality of (24) then corresponds to Pk,' being beli;41 the curve of
Fig. 1.



• "z. 	 *4-. 	 .

attack, on the basis of other considerations, would net theie restrictions.

The analysis presented here has been based on the 'bookie cutter" concept of
damage. This assumes that damage is 100% for target elements within the lethal:
radius of GZ and that no damage occurs at greater distances. A more realistic
approach, but more difficult to calculate, is to assume that expected -damage is a
continuous monotonically decreasing function of distance from ground zero. One
such function which, with proper selection of "k", gives results closely approxi-
mating observed values is

D(p) = 1 - 

or P - P 0

1 	 kP o
e- 

1 	2
Y dy, 	 (25)

ao

where P o is the weapon radius (value of P for which D(p) is 0.5). It may be shown
that loss in damage due to fuzing error is exactly the same for an infinite area
target whether calculated by the "cookie cutter" method or by use of (25). Other
targets which have been calculated both ways, show a greater loSi - by the "ceiciiie
;utter" method. It appears that this is true for most targets with a few exceptions
(e.g. point targets for which the expected damage is very close to one). In view
of the foregoing it may be said that the conclusions previously reached on the basis
of the "cookie cutter" type calculations will :n general hold for the more realistic
calculations employing equation (25).
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