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THE STABILITY OF FIN-STABILIZED, LOW-FINENESS-RATIO
BODIES OF REVOLUTION

INTRODUCTION

The design of aeroballistic shapes is often a compromise between the desires of the aerodynam-
icist and limitations imposed by unavoidable practical requirements. As a consequence, aero-
ballistic shapes have been known to evolve which possess geometric characteristics more akin
to barrels or eggs than to the more ideal, highly streamlined bodies. No matter what the shape
of the body, the aerodynamicist is oldigated to insure that the < -.:it6u.ration will exhibit the
desired aerodynamic characteristics. If the shape is restricted by practical limitations to
barrel or egg-like, the task of providing the desired aerodynamic characteristics is not always
simple, particularly if the Jperating Mach numbers of the configuration Include the region about
a Mach number of unity.

For many applications requiring the use of barrel-like shapes, the configuration must be stati-
cally and dynamically stable. Many of these applications may eliminate the use of*in topro-

- vide stabilization' and, at the same time, limit the size of stabilizing surface (fin surface)
that can be used to provide the required stability characteristics. As a consequence of the
barrel or egg-like shape and restrictions placed upon stabilizing surface, definition of an
acceptable configuration is not self-evident a priori. This lamentable situation could be
improved if there existed methods for predicting the aerodynamic characteristics of these low-
fineness-ratio shapes. Unfortunately nD such methods are available for shapes of this sort
although methods do exist for bodies of high-fineness-ratio. This anomaly exists for reasons
which are quite fundamental: high-fineness-ratio shapes are usually preferred for most appli-
cations where limitations do not prevent their use, and equations of motion of a compressible
fluid flow about a body can be greatly simplified (and usually solved) for a body whose length
is large compared to its diameter. This simplification cannot be made for low-fineness-ratio
shapes, however, and solution of the equation:; of motion are the exception rather than the rule.

Although exact solutions of the equations of motion of compressible fluid flow about low-fineness-
ratio shspes Cannot be expected, it is hoped that approximate analytical methods can be developed
which will predict the aerodynamic characteristics of these shapes. It is the purpose of this
memorandum to discuss this possiblity and to present one crude method of determining some of
the stability characteristics of these shapes. To prevent this memorandum from becoming too
voluminous, the discussion is generally limited to the stability of a fin-stabilized, low-
fineness-ratio body of revolution with one degree of freedom, i.e., rotation about a lateral
axis through the center of gravity. For purposes of this memorandum, low-fineness -ratio is
taken to mean fineness ratios in the range 2 to 5.

NOTATION*

a - Local body radius, ft

a - Mean radius of that portion of the afterbody located between the leading
and trailing edge of the fin, ft

B11 - Body base area, sq ft

B
m 

- Mean cross-sectional area of body, sq ft

*
See also Figure 1.
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Cm• per degree
Change of pitching moment coefficient with angle of attack, (3C m/6a),
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Bn - Area of body nose flat, sq ft

b - Fin semispan, ft

CL - Lift coefficient, (2 L/023)

CL
	 Change of lift coefficient with angle of attack, OCilaa), per degree
a

Cm Pitching moment coefficient, (2M/pV2Sd)

r-Cm ] Static stability coefficient. Body is statically stable if value ofa 	 this bracketed coefficient is positive, unstable if the value is
negative. Degree of stability or instability is indicated by the
magnitude of this coefficient.

Cm

C - Change of moment coefficient with rate change of angle of attack,
a 

per radian

C
m

m
q Cm 6)]

Change of moment
radian

Dynamic stability
of this bracketed
negative. Degree
magnitude of this

C
m

FC14.1
coefficient with pitching velocity, 	 , per

[— 2V

parameter. Body is dynamically stable if value
parametn• is positive, unstable if the value is
of stability or, instability '.s indicated by the
coefficient.

d Maximum diameter of body not including surface perturbations, ft

L - Lift force, lbs

- Total body length, ft

18. - Length of afterbody between leading and trailing edge of the fins, ft

t - Distance from center of pressure of the fin to body center of gravity,
ft

- Distance from center of pressure of the afterbody to body center of
gravity, ft

M - Pitching moment about body center of gravity; has a positive value
if moment tends to increase the nose-up ankle of attack, ft-lbs

p - Local static pressure, psf

pa - Ambient, or free stream pressure, psf

Ap - Local pressure differential between upper and lower symmetrically
opposed surface points.

ad
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q - Pitching velocity about center of gravity, radians/sec

✓ - Distance of a point from the longitudinal body axis, (r 2
ft

S - Major body cross-sectional area, (rd 2/4), sq ft

St 
- Total effective area of tail fin, sq ft

= y2

▪ 

z2 )

t - Time, sec

✓ - Total velocity of body relative to air stream, fps

U - Component of velocity normal to longitudinal axis of the body, fps

x - Longitudinal coordinate, ft

xo 
- Distance from nose to center of gravity of the body, ft

(rtna2 xdX)
x - Distance of centroid of body volume from the nose, ° 	, ft

Bm/

y - Lateral coordinate, ft

z - Verticll coordinate, ft

x,y,z - Rectangular coordinate body axes as noted above and illustrated in
Fig. 1

• - Angle of attack of the body, degrees

as 
- Local angle of attack at the afterbody, degrees

at - Local pngle of attack at the tail fin, degrees

a - Rate change of angle of attack, (a/W, rad. per sec
• - Average dcwnwash angle over the tail fin, degrees

E 1 - Local dawnwash angle at root chord of the tail fin, degrees

E 2 - Local downwash angle at tip chord of the tail fin, degrees

• - Angular orientation of a point in the (y, z) plane, see Fig. 1

0 - Velocity potential, ft2/sec

p - Free-stream density, slugs/ft3



Subscripts

la - Body

jt - Fin

] a - Afterbody

Fig. 1 - Body Coordinate System
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PRESENT STATE OF KNOWLEDGE 

The present "state-of-knowledge" of the stability characteristics of low-fineness-ratio bodies
derives largely from observations of wind-tunnel tests. A great mass of data is available from
these tests, a portion of which can lead to some general conclusions and rules of thumb regarding
the stability characteristics typical of low-fineness-ratio bodies. Wi'hout becoming too
specific, the following observations are generally true:

1. There appears to be a kind of "conservation of stability", i.e., an increase of static
stability is usually accompanied by a decrease of dynamic,stability for any given con-
figuration.

2. Stability seems to be a sensitive function of nose shape, and increasing the aose flat
diameter will usually increase the static, stability at the expense of dynamic stability.

3. "",yeah" low-fineness-ratio bodies will usually exhibit a region of dynamic or static
instability which may be remedied by adroit application of circumferential spoiler
bands.

4. Stability parameters of low-fineness-ratio shapes exhibit tendencies to be nonlinear
functions of angle of attack.

The causes of the above phenomena are not readily apparent. However, it doed appear possible
to at least partially explain certain (:):* the above observations by snnlyzing, in a crude way,
the stability of low-fineness-ratio bodies. Furthermore, this crude analysis suggests more
refined methods of attack, which, with suitable experimental verification, may lead to methods
of predicting the desired stability characteristics.
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ANALYSIS

In the analysis of the stability characteristics of low-fineness-ratio bodies of revolution pre-
sented herein, only the static and dynamic stability parameters defined in the notation shall
be discussed. These parameters arise in the course of examining the stability of a body free
to rotate only about a lateral axis through the center of giavity and allowing no freedom of
lateral or longitudinal motion.

In the form of preliminary remarks, it is assumed that the stability of a body is determined by
the contribution to the stability of: the body alone, the fins, and the interference of the
body on the fins and the fins on the body. As such, if each of these contributions can be
determined and summed, the result should be the stability of the total configuration. Such a
schem,1 shall be pursued.

Stability Oc4tributions of the Body Alone 

Mentioned previously was the nonexistence of solutions of the equations of motion governing the
flow of a compressible fluid about a low-fineness-ratio body of revolution. Approximate solu-
tions do exist, however, for bodies of high-fineness-ratio, and these solutions should provide
a crude approximation at least, for the "fat" body. One method appearing to yield correct
order of magnitude results for low-fineness-ratio bodies has been reported by Curry*. This
method is babe upon assumptions which allow very simple computation of the stability parameters
for a body of revolution. These assum•..Lons state that the body is of large-fineness-ratio;
that the flow normal to the longitudinal axis (of symmetry) is incompressible; that the flow in
a plane normal to the axis of symmetry is independent of the flow in adjacent planes; and that
the body is performing slow oscillations about zero angle of attack. On the basis of these as-
sumptions, the velocity potential for the body moving in the negative z direction with a
velocity, U,

0 U a2 z
2 	 2y + z

(1 )

which can be easily recognized as the flow potential for a doubt moving into a stream at rest
with the axis of the doublet,parallel to the z axis of the body. The pressure differential
between symmetrical points, 1. (yq + z), (yq - 2)] , on the "upper".and "lower" surface of the
body can be written:

Ap 2p 	 +V
	

(2 )

Now for a body performing oscillations in the pitch plane, the vertical component of velocity,
U, at any longitudinal station is given by:

U = V sin a + q(x - x 0 ), or

U = Vt + q(x - xo )
	

(3)

* Curry, W. H., "A Calculation of Mk 6 and Mk 5 Dynamic Stability", Sandia Corp. Ref. Sym:
5141-(375), CRD.
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since the angle of Lttack shall be limited to the region wherein

sin a a a.

Substitution of Eq. (3) into (1), and the result into Eq. (2) yieldi an enoression which may be
integrated over the body to obtain the moments resulting from a, a, and q. When reduced to
coefficient form, these relations become*: .

-C 	 =
"'fa 	 b

2 [Bib 	- xo ) + Bn xo B

57.3 Sd

4 LBb (,/ - x0 )2 - Bn xo2 - 	 xo)i

b 	Sd2

(5)

a b
- C

4BM .1(Y - xo )

Sd2
(6)

•

FBb 	- xo'12 - B
A x0

2

(cm + cm)] 
b 

= 4 1.

a 	 Sd2
(7)

Equations (1) through (7) have some features worthy of note. First of all, they indicate that
the body contribution to static stability will increase and that to dynamic stability decrease
with increasing nose flat diameter if all other terms remain constant. Secondly, for a body
with a given nose and base flat, the shape with least volume will possess the greater static
stability, while the dynamic stability is independent of the shape of the body between the nose
and base flat. Thirdly, these equations indicate that body possessing the shape of a right
circular cylinder would possess neutral static stability (Cm a = 0) for any center of gravity
location, but would be dynamically stable if the center of gravity were forward of the center
of volume.

Unfortunately, very little body alone stability data is available with which to compare values
predicted by these expressions. However, it is known** that a right circular cylinder does

* The expression for the body contribution to static stability does not appear in the paper by
Curry.

"Stability Characteristics of Single and Dual Right Circrinr Cylinders", by E. T. Clark,
Sandia Corporation, Ref. Sym: 5141 (572).
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exhibit a depTee of static stability for certain ranges of :ineness ratio and center-of-gravity
location. Some finned low-fineness-ratio shapes have indicated an increase of static stability
are R decrease of dynamic stability with an increase of nose flat diameter, but whether this is
due only to a change in the body contribution to stability is not known.

Stability_Contribution of the Fin plus Effect of Interference of the Body
on the Fin Contribution

Since it is quite simple to include the effect of interference of the body on the fin stability
contribution, the expressions derived in this section will include both. The moment about the
center of gravity contributed by the fin for any given configuration angle of attack, a, may be
wr 4 tten as:

=eL at 2- V2 St Ita

Nov, if the body did not affect the fin contribution, the angle of attack of the fin, a t ,
would be identically eopoll to the angle of attack of the body, a; and the lift curve slope of
the fin would be the same whether or not it were mounted on the body. Since the body produces
a local flow field by vLrtue of its pr ,7sence, at is not equal to a, and CI, 	Is not the
same for the fin on the body and off the body. Let us first examine the effect of the body on
the angle of attack of the tail. We have seen from the previous section that a body at some
Angle of attack, a, gives rise to a cross flow velocity potential due to the cross flow
velocity component U = aV. If the body is assumed stationary, the cross flow velocity poten-
tial becomes, in cylindrical coordinptes:

2
= 	

a+ r ) cos g

where

r = y2 + z2
r cos 0 -z

If the fins are assumed to be mounted at 0 = 0, 90
o
, 180° and 270

o 
around the surface, then

the fins at 900 and 2700 are the only ores contributing to the stability. Eq. (9) can be used
to determine the velocity at 0 = 90° and 270° arising from the presence of the body. This
velocity, w, is

2
w v 1 + 

r2
	 (10)

Assuming the longitudinal velocity V cos a = V is Lot affected by the presence of the body
(this assumes a hie-fineness-ratio shape) the local angle of attack, ai , becomes

(8)
t It

(9)

V



-1 a 4

since

U = Va

the local angle of attack may be written

21
ci = a 	 +	 !

r /

which becomes at the surface of the body (a = r)

ZU
a4 	-	 = 2a

r a

as indicated in Fig. 2(a).

(12)

(13)

4.°1411•0

VCCX.,000L 2/ V

17 gVzrin 17c, U

(a) Ideal Cass.

Fig. 2a - Illustration of Downwash
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If the difference between the local and body angle of attack be defined as the negative of the
local downwash angle, - Edt ,

- E1 =a1 a

or

(1,/ = a -

For the ideal case under consideration, comparison of Eqs. (14) and (12) shows that

- = a 7a
2 

(15)

Assuming that the tail fin does not interfere with the flow around the body (more exactly, does
not change the value of the local angle of attack as discussed above), then the angle of attack
at the tail, for the ideal case, is

where 	 E 	 is given approximately by

at
= 	 - E (16)

E_
+

2 (17)

and from Eq. (15)

E 	 - a1

2
as (18)

b
2

so that

aC 	 +
a
)

- 2 	

2

b
2 (19)

and

a
t = 	 a

1	 a21+ 	 + (20)

The ideal case considered above is not quite typical of what is encountered in actual practice.
The ideal case assumptions required instantaneous flow establishment to the potential given by
Eq. (9), and divorced flow in adjacent laminates perpendlculAr to the axis of symmetry. Nor
did it consider the possibilities of the presence of the fin causing variations in the cross
flow. As a consequence, actirnl values of the downwash and local flow velocity are expected to
be different from values given by.Eqs. (10) and (15). This has been illustrated in Fig. 2(b).
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Fig. 2b - Illustration of Downwash

However, Eq. (16) is general, since it amounts to a definition, and only needs the supplying of
correct values of C. In the actual case, where the configuration is oscillating, E may also
not assume its "static" value immediately, but be subject to some lag. Consequently, if one
includes the actual value of c and the fin angle of attack due to a pitching velocity, (14t/V,
the angle of attack at the tail may be written:

where

=as (a - — dt)da

The value of downwash in Eq. 22 is assumed proportional to a, and the second term accounts for
possible lag in the establishment of c when the body is oscillating, the total amount of lag
being adt, or An, i.e., the value of c lags its static value at a by an amount 6n = adt.
It is to be re-emphasized that no lag would occur for the ideal case considered here.

Regarding CL %) t , it is to be noted that, this coefficient is the variation of tail lift coeffi-
cient with tail angle of attack, and that its value should be determined with the fin on the body.
If the fin is on the body it is to be pointed out that

by virtue of Eq. (21)•

13

(22)



linimmamm
Having noted the above effects_of the body upon the tail stability contribution, it is possible
to insert Eqs. (21) and (22) into Eq. (8), the result being

M3t-= - C Lia 	[a -	 (a at at) +v 2 st 	(23)

t t

Now if the total flow over the body is the cause of downwash at the tail, and the total body
flow effects be assumed concentrated and originating at the body center of gravity (this point
of concentration more properly should be taken at the body center of pressure, but the error
invc7 -ed is usually small) then a change in E at the tail (caused by a change in body angle
of attack), ori inati at the assumed -- int of concentration, will occur at a time .et/V later
than the time of origin. Thus, Eq. 23 may be rewritten:

	de 	 (1/1 P vNI
t 

= - C, 	 [a _ 	 t 	 (24)
da 

The fin contributions to the stability parameters are easily obtained from Eq. (24) and are:

S
t'et, 	 dec 	 =

	

m
a t 

CL
a 	

S d 	 - de
t]t

and

,)2
(Cm 	 2CLa 	 Tq 	 "`a

if C1 	 assumed constant with respect to a, a, and q.
t

A comparison of Eqs. (25) and (26) indicates that a change in the value of de/da will affect
the two parameters in an opposite sense, i.e., increase the value of one while decreasing the
other. This indicates a possible explanation for the "conservation of stability" noted in the
stability tests of low-fineness-ratio, fin-stabilized bodies. It is to be noted from Eq. (24)
that if no lag in de/da exists, that the fins could provide no contribution tending toward
dynamic instability since dc/da would not appear in Eq. (26). It is also noted that de/da
must be negative if the fins are to contribute to dynamic instability. Unfortunately, Eq. (19)
indicates that de/da will be negative, at least in the ideal case, and there is no reason to
hope for non-negative values in an actuAl situation.

We have achieved, at this point, analytical expressions for the contributions of the body, and
fins plus body interference to the total stability of a configuration. It would be anticipated
that the sum of these two would compose the predaminant portion of body stability. Consequently,
we shall digress at this point and compute the total stability as given by the sum of these two
contributions. Since a large amount of stability data is available for the Mk 4 ard Mk 6 shapes*,

* The visible differences in these shapes consist of five rows of circumferential spoiler bands
added to the center portion of the Mk 6.

d E
ac

(25)

(26)
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the contributions of these shapes will be determined, summed, and compared with the stability
parameters obtained from Wind-tunnel tests.

Referring to Eqs. (4) and (7), it is seen that the body contribution is expressed as a function
of body geometry only. For the Mk 4 and Mk 6, the appropriate shape constants are:

B10 = 5.94 ft2

Bn = 4.58 ft2

S = 19.65 ft2

d = 5.00 ft

m 10.66 ft

xo = 3. 33 ft (c.g. at 40" full scale)

B = 14.70 ft
2

Inserting these values into Eqs. (4) and (7) yields for the body contributions of the Mk 4 and
Mk 6:

- C ]h = - 0.0347 per deg
ma

- ( Cm + Cab = 2.18 per rad.
q 

from which it is seen that the body alone is statically unstable but dynamically stable. Since
the analytical expressions obtained for the body alone are incapable of differentiating between
the Mk 4 and Mk 6 shapes, only the values shown can be computed for these bodies. The body alone
values are also independent of Mach number as a result of the assumptions used to derive Eqs.
(4) and (7).

The fin contribution can be determined from Eqs. (24) and p5) using the value of 	 for the
ideal case prescribed by Eq. (19) and assuming a value of Iti?, tempered 	 data on similar
wing sections if these exist. Fortunately, measurements of Eida and CI t t exist for the
Mk 4 and Mk 6, and it appears more appropriate to use these experimental 	 ues than the
theoretical ones.

a/Vin force measurements* 	 Mkements* on the Mk 4 and 	 6 fins were made and Allowed determination of CL 4...
These values are presented in Fig. 3 as the topmost curves. From the discussion of this sec Ion
it may be shown that

CLJCr j =

- lfejt 1

*Rice, M. A., "Fin Performance Tests of Sandia Mk 4 and Mk 6 Model", CAL report, 784-002-1,
October 1953, CRD.
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Values of d do at the +'A.n were determined from this pro6raia awl were used to 'correct' the
values of CLa to obtain 'Let t . 0 These values of dc/do (taken as the slope of he variation
of E with a for the range -4 < a < 4°D are plotted in Fig. 4, and values of 'It t]t
Fig. 3. The effect of the body on the fin lift curve slope is illustrated on Fig. 3 by comparing
the lower two curves, Cetained by the above process, with lift curve slopes obtained on the Mk 4
and Mk 6 fin measured without being moueted on the body.* It is noted from Fig. 3, that ''Lat]t
values for the fins mounted on the body are significantly lower than values obtained for the
fins alone. This is surely to be expected since the fins when mounted on the body are partially
submerged in the low velocity region surrounding the afterbody.** This region is considerably
larger for the Mk 6 than for the Ak 4. The fin contributions to the stability parameters may
now be computed from Eqs. (24) and (25) using the values of d€/da presented in Fig. 4, the
vaLueeof uLath presented in Fig. 3, assumiig the lag in downwash is equal to k/V, and using
the following geometric characteristics of the fins:

S . 	 8.80 ft2 (4.40 so ft per fin)

= 5.22 ft.

For this computation the fins were assumed to lie in a plane normal to the plane cf pitch.***
The body and fin contributions computed for the Mk 4 and Mk 6 were summed and the results plotted
in Figs. 5 through 8. Also included thereon are values of the stability parameters directly
determined from dynamic-type wind-tunnel tests of these configurations. For both computed and
experimental values, the center of gravity was at 40 inches full scale aft of the nose flat.
These figures indicate that the computed SUMS are quite universally below values obtained from
the wind-tunnel tests, the difference between the values determined in each manner being of
appreciable magnitude. Comparison in a qualitative sense is observed to be reasonable, however.

In an effort to discover plausible explanations for the notagreement between computed and ex-
perimental values, it seems logical to examine more closely the contributions of the various
parts of the configuration. Because of the manner in which the fin contribution was determined,
the fin contribution included the effects of -;;he body on the fin contribution. As such, the
fin contribution should be quite accurate if the lag value assumed is reasonable. Since com-
puted values of both the static and dynamic stabilities were in error, revising the lag value
assumed could only improve the dynamic stability agreement. On the other hand, accuracy of the
body contribution as computed seemed unassessable, and from the coarseness of the assumptions
used to evaluate the body theory, it appeared that the computed body contributions could be
grossly different from values which might be obtained experimentally. The Mk 4 body-alone static
atability parameter obtained in the wind tunnel**** has been plotted along with tne computed
value in Fig. 9. To Mach numbers of approximately 0.7, the comparison is no less than remarkable,
and the computed values from the theory exhibit order of magnitude correctness for the entire
Mach number range. Now if the computed fin contribution is added to the experimentally determined

* Unpublished report by R. C. Maydew, "CWT Wing Tunnel Test #287 - Reflection Plane Force
Tests of Several Full Scale Fins".

*• Maydew ; R. C- ; "Analysis of Pressure Rake Studies of the Flow Field Over the Afterbody of
the Mk 6 and TX-13 Wind Tunnel Models", Sandia Corporation Ref. Sym: 5141-(330), CSI.

mxx In a program run'at Cornell Aeronautical Laboratory (CAL 784-008) the Mk 6 exhibited no
real stability differences with the fins at 45 ° to the plane of pitch or at 0° and (..;0° to
the plane of pitch. Although the wind-tunnel data is usually obtained with the fins at
45°, the analytical procedure is simplified foS the 90° orientation, and since no real
difference was obtained experimentally, the 90 orientation was assumed for the computation.

***X Zebb, Keirn, "Report on High Speed Wind-Tunnel Test Series RA-1", CWT Report No. 74, 1949,
SRS).
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