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One simple scheme to & n X-ray spectrun involves the

measurenent of the veloci Lectrons em ; from a target shtruck

the x-ray beam. We have : chol ctron £l from
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THE FLOW OF CHARGE FROM AN INFINITE PLATE

I. INTRODUCTION
'. ‘
KJ
We consider a pulse of current density of magnitude JO, duration T,
with initial electron velocity Vs ererging an infinite ungroundead
plate. A back-of-the-envelope calculation car be performed as follows:
The surface charge density at time t is Jy v for t = 7 and T T for
J_te
t 2 T.e in electron in the pulce seec a force of magnitude — and its
X - and its
e
velocity is N
Joet
vV = + v fortsrT
2M € o 0T ¥
e
and
2
JoeTt JoeT
v o= - V. o+ e T
Me o N E for t
e o e o
It is clear that at some time v = 0; the pulse turns arocund and returns
to the plate Thus, the current pulse can reach 2 pocition x (depending
on Jc’ and T) and go no farther,
An immediate counter to this back-of~the-envelope calculation is
hat if the pulse is distributed in time at the emitter, it will be
distributed in space at any tine, ttraction tc the plate will remove
some of the charge, reducing the surface charge density and consequently

the aitractive force. One may have here a feedba

it reduces the total charge passing any point x

g

ck process which, while

o
c

to a value less than T
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still allows a major fraction of the charge to reach distances greater
than that allowed in the aforesaid back~of-the-envelope calcuiation.
We shall show that the latter contention iv correct; that, in fact,
. when the feed back mechanism ic relevan®t the current seen ai any
» J
3 reasonable distance frem the plate is independent of J !
2
5
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II. EQUATIONS GOVERNING CURRENT FLOW

Because we are dealing with an emitted current and a return
current, we consider a two current problem. We have two velocities
two types of charge (i.e., electrons moving away f{rom the emitter and
electrons moving towards * mitH he physical boundary conditions

apply to the emitted parti ‘ ‘ Tor

varticles (j,, v, and
¢ v £ (;]4, )

We do not allow returning electrons <t rn arol ejoin
stream. This cannot occur as the forc
attractive toward the plate (

The equation gove

charge on the electron a
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20, (x,8)  33,(x,t) o

¢ T3E T T =0 (4) ' P
We use scaled units x = %! (vg g), vy = V'i (vo), t = t'T,ci = o;po,
. — '3 . ] O - . "
Jg =0y 9 T it (e povo), and E!' = 3;; » Then Equations (2-4) become
AE'(x',t
X0 - pa(xt,e0) + 0 i(x",t0) (2a)
avi(x',t') 3
g Vi) s v (xt,et) = ¢ BY(x"t) (3a)

wHx,t') 33, (c',t")
i b —1 =0 (La)

ot ox'
where 5 2
e JoT
C:
Me v
eo o
I - ; e -31 ; - 17
Using €o = 10 9/36ﬁ farads/me*, M= 9.C x 1C ° Kg and e = 1.6 » 10 ~
. - 22 . 2 v C 2
coul, we find C = 2.0 » 10°° J_ 7°/v . Using J_ = a x 106 arp/met
o} c o ’
- — . "'9 T ey — 2 = X Lo~ 18 " P A = ,2:2
=Y x10 “sec and v =3¢ =3 x 3 x 207 met/sec we find C = (7 L oa v/,
Equation (3a) can be modified by ueing v, = jj/s;; i tecomes
- . s
04 j. op
SR S A P
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using Equation (ia) P
.
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L _, ¢cg.t_L_ S (3./0.)
at i o, dx i ox *¢Yifi
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The final two terms on the right-hand side can be cuabined to give

>
PLCE -5 (§,/0,)

Equations (2a), (4a) and (5) were integrated by a finite differ
The boundary conditions were
3;(0,t) =p (0,t) =1 O0sts1
Jl(O,t) = pl(O,t) =0 t>1,t<0
When the value of jl(x,t) < 0 we used Eauaticn 1 %o bring iy an
the problem.
y e Tomd emm o = 1nK —~ s o
The egquations were solved for C = 10" (K = 0, 1, 2, 2).
of the grid spacing (&x,8%) for the finite difference intecrati
made from the cobservation (after the fact) that the electrons
back do so at the trailing edge of the pulse (i.e., near the ol
the plate we can use the back-of-the-envelope estimate for the
an electron. In scaled units F =C § %, where i = i, (0,%), =5
_ ) , : 2
v =v_ - 3 t°C/2, vhere v, = vl(O,t), and ¥ = t(vD - C3t7/0).
will turn around at
. Yo - % and x = é,v _o_=2 /2
= FA (¢ 3 oY CJ 3%C
For C = 1000 these criteria lead 0 ¥ = 02 % = ,045. Ue reou
least ten steps cccur before ‘urnaround, leading <o 4x = ,003.

require 4 t = 4 x for stabili®y.

ence
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However, in

instabilities; while 4x = ,010, a4t = ,005 preduce

spacings.
propagate too rapidly,
but some charge appears at » = Mx = 2 4t, This h

final results, but probably dosg not modify the general cornclunionz

numerically integrating the equations by the finite difference

scheme we found 4x = .003, 4t = .003 and &x = ,010, At = .0C® to produce
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results reported in the next section were obtained using the latter

a result of cher ing &t = 1/2 Ax we find $hot listurtarens

ef the cormpletion of the firs® siep t = 4%,

7,
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ITII. RESULTS

A difficulty with this problem is that there is no unique significant .
quantity to mezsure (for two parallel plates ore can measure anode current
for variocus cathode emiscions). Current density as a function of time at
different positions seemed to be a reasonable cuantity of interest, 1In
Fig. 1, we chow the current density as a functiop of time ai x = .50, and
in Fig. 2 at x = .99. Fig. 1 seems to indicate that there are two
different regions, i.e., C = 1 andC=10. Tor the former the pulsc ceen
at x = .5 is similar to the emitted pulse, though slightly smeared out.

However, for C 2 10, the pulse is sharply peaked, in no way resembling

[®]

the emitted pulse, and in addition is _reatly reduced in magritude.
With regard +o magnitude, for C 2 10, we observe that C j; () = D(x); %

+
where D{x) is independent of C and where ] refers 1o current moving away

- +
from the plate, J 1%c return current density, and j_ 1o th

e
But examining Fig. 2, we sgee thal the divicion into two regimes
is not as clear as in Fig. 1. For C = 1 ithe current disiritution has
become less flat and lbegins to appreach the higher C current distrivuticns.

ALgain for C = 1C we observe

10 = A1 ror nm
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Pigure 1
Current versus time at x = .5.




CURRENT DENSITY AT X = .99
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Figure 2
Current versus time at x » .Y9.
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(j/Jo) PEAK AT C = 100.
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Figure 3
Peak current as a function of position.
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Further 4 = 0112 so that

.0112

2
X

100 .

F =1.12 and jZ(x)

1 : g
. . . -\ d —_ D‘ -
Using 3y ,7and v x 3 x 10

met/sec,

1.5 x 103 83

2
X

J; (amp/cme) = (x in cm)

€L

Thus, we have the result that the maxirum current
distances x 2 v, T for emitted
and depends on the cube of the

This ig similar to the Childe-Langmuir Law where for parallel

. . . . 3/2 .2 .
plates with voltage V and spacing d, J.. ~ V’/ /3%, However at the anode,

CL

Do 1/2 -~
the electron velocity v ~, V7’7 =o

2 - .
anode SO Yo >3/d . The phyesics of

(v .
anode
the twe situations is of course very differen® as in the Childs-Langmuir

case the limiting current density 1s uniform between the plates.

This is treated in greater detail in the Appendix.
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IV, VELOCITY DISTRIBUTION

Since we have both j and ¢ at x,% we can find v{(t) at fixed %. In
Fig. 4 we show v(t) at x = .5 for .4 <t = ,9, Again, we point ou
the finite charge density at x = .5 for 4 =4 = ,5 ic due o
integration grid, and is not real.
+

From Fig. 4 it is clear there ic

spread even when monoenergetic electrons
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Figure 4
Velocity as a function of time at x = 5.




V. TWO GROUPS AND FOUR STREAMS

When electrons are emitted with different velocities from the

plate, one's intuition indicates that the fastes® electrons will travel

farthest and turn around last. To examine this point we added another

emitted current such that for the fast grou 1

o further stability examinaf
The conclusion reache
seeme no reasonable way of prese

W j. ve fime at

]
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3 Figure 5 “ .
Current versus time “&t x = .5.
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Vi. RELEVANCE TO EXPERIMENT

Physical experiments on large current pulses normally have

s
A
)

natural length, e.g., beam diameter. The current emitting area can

then involve

thought of as a disk of radius a., Fields should

2 2
the form 1/(X° + a”)

distances away from the plate equal to or

eak current ls greater

Thic can bte rewrititen as

This is now a restriction on total current,
electron kinetic energy bheitween 1C and 100
mean. Then the parallel pleote llcaster shou

+

. The parallel plate argument is relevant to

ot

The eauations which we sclved were not relativistic bud

that up to 100 keV the neglect of relativisti

significanv.
4+

- . We have indicat*ed

We have not said what happens when it does

bl

O

require an investigation of the pr em of

[

e oy,
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(which we hope to do). The parallel plate case sgbuld be relevant to the

disk when the current drawn exceeds 120 amps.

20
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CONCLUSIO

VII.

The results presented here ind

lem

not a completely sterile prob

is

from an infinite plate

emLssion

-Langmuir

lge-1

(i.e., we found a current de

relevant to an

plate is

-
1

ary eignifi

%)

should not expec

e

ion

e
[ERe)

cmi

+

¥ what

Precisel

Ll

i)

(@]
ete}
19
o
o
-1@
£
9]
>
]
o




a2

APPENDIX I

The Childs-Langmuir Law for finite emission velocity.

We wish to derive the space charge limited current between parallel
plates when there is a potential Vo across the plates and when the elec-

trons are emitted from the cathode with velocity vor

Physically the current between the plates will build up until at some
point the repulsive space charge potential is Just sufficient to bring an
electron to rest. On the cathode side of the zero velocity position the
electric field is decelerating and on the anode side it is accelerating.
The governing equations are

2 ep 3 v
(1) BZV/ax-e—o- (2) MvLaell  (3) §=eovad

From (3) we have p = Jo/ev and from (2)

1 2 1 2
Fmv o= e VvV + Fav," . (4)

The latter equation is the energy equation. We note that the anode

velocity o is given by

2
Va.’m +Vo
Substituting into (1) we have
82V Jo 1
2 e (5)
dx o) eV 2
=+ v
m )

Multiplying through by 3V/dx, and integrating leads to

Ty




(6)

where C is an arbitrary constan’ . At the point where v(x) = O, the
expression under the square root is zero. Bubl here the electric field

1¢ also zero since it is at this point that it chenges sign. Therefore,

3y R 2 Jo m
x| T T \e_e

o

C = 0 and

The point at which v = O is defined as x = xo. Then for x < xo we take the

minus sign and for x > %X, we take the plus sign.

The above equation can be integrated to give

3/4

2
2J . m
2€_V+V2 @2_ _.._.O_ X+C
m 0 3e eo e 1

3/4
2eV 2 2m
)

Inserting the boundary conditions: at x = 0, V = 0, and at x

2 JO m
= o X + 02

0

leads to

2¢eV .
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Thus the peak current obtained from a single infinite plane emitter
at position x is close to the space charge limited current flowing between

grounded plates with separation d = X, when the emission velocity is the

same for both cases.

1
-4
54
3
]
.




ACKNOWLEDGEMENT

The author wishes to thank R. J. Thompson (1722) for his

assistance with the “inite difference integration scheme; and

Albert Petschek (5230 fonsultant) for valuable criticism of the physics

of the problen.

Issued by Sandia Corporation,
a prime contractor to the
United Staies Atomic Energy Commission

LEGAL NOTICE———————T
This report was prepared as an account of Government sponsored work,

Nejther the United States, nor the Commission, nor any person acting on behalf
of the Commission:

A. Makes any warranty or representation, expressed or implied, with re-
spect to the accuracy, completeness, or usefulness of the {nformation contained
in this report, or that the use of any information, apparatus, method, or precess
disclosed {n this report may not infringe privately owned rights; or

B. Assumes any llabllities with respect to the use of, or for damages re-
sulting from the use of any {nformation, apparatus, method, or process disclosed
in thia report.

As used in the above, "person aciing on behal! of the Commisston® {ncludes
any employee or contractor of the Commission, or employee of such contractor,
to the extent that such employee or contractor of the Commission, or employee of
such contractor prepares, disseminates, or provides access to, any infermation
pursuant 1o his employment or contract with the Commiasion, or his employment
with such contractor,




Distribution:

1/20A - R. J. Thompson, 1722
2/20A - S. J. Buchsbaum, 5000
3/20A - A. Narath, 5100
4/20A - L. C. Hebel, 5200
5/20A - C. R. Mehl, 5230
6/20A - J. H. Renken, 5231
T/20A = G. W. McClure, 5232
8/20A = J. M. Hoffman, 5233
9/20A - G. H. Miller, 5235
10/20A - F. W. Neilson, 5240
11/20A - J. R. Banister, 5270
: 12/20A - J. D. Shreve, 5271
13/20A - C. F. Bild, 50O
14/20A - C. D. Broyles, 9110
15/20A - J. D. Plimpton, 9112
16/20A - T. H. Martin, 9143
17/20A - W. F. Carstens, 3410, Attn: R. S. Gillespie, 3411
18/20A - B. R. Allen, 3kol .
19-20/20A - C. H. Sproul, 3428-2




	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25

