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A METHOD FOR DETERMINING THE EFFECT OF PARAMETRIC PERTURBATIONS
ON RE-ENTRY VEHICLE DECELERATION AND VELOCITY

Purpose

The purpose of this study is to develop a simple means of determining the effect
of parametric perturbations on re-entry vehicle deceleration and velocity. The para-
meters to be considered for perturbation effects are ballistic coefficient, atmo-
spheric density, and flight-path angle.

Background

Considerable effort has been expended to develop inertial fuzing for re-entry
vehicles. In general, an inertial fuze senses some function of vehicle deceleration
or velocity to determine burst altitude. Consequently, the variance of such para-
meters strongly influences the ability of an inertial fuze to determine the desired
burst altitude.

To evaluate a particular inertial fuze design it is necessary to determine the
extent to which the fuzing parameters can vary for given conditions. One method of
obtaining such information is to set up a computer program as in Reference 2 for re-
entry trajectories and perturb all the factors which affect the fuzing parameters.
However, this approach can consume large amounts of machine time and yield unneces-
sarily accurate results for feasibility studies.

A more attractive approach would be an analytic solution which allows a quick
assessment of the effects of perturbations about a nominal set of trajectory con-
ditions. A precise analytic solution, lowever, is not possible because of, the varia-
ble nonlinear coefficients involved, such as atmospheric density and drag coeffi-
cients. Nevertheless, the insight provided by even an approximate analytic solution
should be sufficient for any initial appraisal of a fuzing design.

Analysis

In this analysis of re-entry vehicle motion it is assumed that the earth and its
atmosphere are stationary. Then, the equations of motion for the center of vehicle
mass are as follows:

dv
M-- 	 -drag + W sin 0
dt

(1)
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MV 	 - 1
dt 	

7\72 	 )

\gr 	
cos 0 + lift

d 0
(2)

where 8 is the flight-path angle with respect to the local horizontal and is negative
during re-entry.

Further simplification is possible without significant error, in most casep_ by
assuming the following, as in Reference 1:

1. A flat earth for short re-entry distances.

2. Lift can be neglected.

3. The gravitational effect can be neglected (not good for terminal velocity
conditions).

4. Drag coefficient is constant.

5. Constant g.

6. Exponential atmospheric density.

Under these conditions the classic analytic expressions for vehicle velocity and
deceleration are derived in the appendix.

To find the effect of parametric variations on both velocity and deceleration,
the derived expressions were expanded in a Taylor series around the nominal values
of the ballistic parameter (K), atmospheric density (p), and flight-path angle (0).
It should be noted that the original expresions for velocity and deceleration were
derived assuming K and 0 to be constant and p to be an exponential model throughout
the trajectory. Consequently, any variations in these parameters will also be con-
stant throughout the trajectory. For instance, if a 10-percent change in atmospheric
density were introduced at 20,000 feet, the calculated result would reflect the
effect of a 10-percent density change from re-entry to 20,000 feet. To allow these
parameters to be variables of a general nature would prevent an analytic expression
for velocity and deceleration.

Using only the first terms of the expansion, the following expressions were ob-
tained to describe the effects of trajectory perturbations on vehicle velocity and
deceleration, respectively:

AV
2 KIK P % 0) A14.

Pg 	) AP 	pg )  AO 

	

K sing/ P 	 K sin 0 tan 0
(3)

A a 	 - a 	 1 -

[
13K sin 0

1 	 ( i

K 	 (3K sin 0/ P
Pg 	AK	 1 	Pg 	1 AP

	

,K s in 0 	 t :in 0
Pg ) AO 

(4)
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Results of Analysis

Having derived approximate expressions for effects of perturbations, the next
step is to compare the results of these simple expressions with those obtained from
the computer solution of the original differential equations. Since the interest is
in perturbation effects only, it is assumed that the nominal trajectory information
will be available for numerical calculations.

In order to perform the numerical calculations, the following re-entry condi-
tions were selected as nominal: 300,000 loot re-entry altitude, 21,500 ft/sec re-
entry velocity, a re-entry angle of 20 degrees, and the ARDC 1959 standard atmosphere.
Two vehicles with ballistic coefficients of 500 lb/sq ft. and 1400 lb/sq ft were
chosen to show the limitctions of the simple perturbation expressions. Figure 1
shows the drag coefficient curves used in the computer program for both these vehi-
cles. Figures 2 and 3 show the corresponding nominal values of deceleration and
velocity as a function of altitude for a point masc.

To facilitate the numerical analysis, the common factor pg/pK sin 0 in Equations
3 and 4 was evaluated using the nominal trajectory data obtained from the computer.
Although contrary to some of the assumptions of the derivation, evaluating this fac-
tor from the nominal computer data improves the accuracy of the analytic expression.
The principal benefit is in accounting for the Hach variation of the drag coefficient
which is implicit in the computer data. Figure 4 shows a plot of this factor as a
function of altitude for the following values of ballistic coefficient (K): 500,
1000, 1400, and 3000 lb/sq ft. The peaking in these curves is due primarily to the
change in vehicle drag coefficient through the transonic velocities'. 'Vehicles with
high values of K do not decelerate enough to reach the transonic region.

The curves shown in Figure 4 were then used in conjunction with Equations 3 and
4 to calculate the variations in decelerat,.on and velocity corresponding to the
following perturbations: a 5-percent increase in ballistic coefficient and atmo-
spheric density, and a 1-degree increase in re-entry 'angle. The result:3 of these
calculations and the computer prog::-am arc given in Figures 5 through 10. For the
case where K = 1400 lb/sq ft, the two muthods agree very well. However, substantiz:
errors are incurred when this simple method is used for values of K around or .)elot-
500 lb/sq ft. This situation is attribtted to the neglect of gravitational
This neglect dictates a straight - line trajectory. 	 Figure 11. shows that for a K.,of .

500 lb/sq ft the nominal trajectory deAnates considerably from a straight line, 	 'lite

trajectory approaches a strair,hl line, however, as K increases and the accuracy f• ,

the analytic approximation improves.

Conclusion,,

The results of the numerical analysis indicate that the simple a•aly:c
sions derived in this study are sufficiently accurate in many cases for 'it initial
appraisal of the effects of trajectory perturbations. 	 They parlicularLy lend then"

selves to feasibility studies on vehicles with ballistic coefficients 	 eater than

1000 lb/sq ft. However, their use can be extended to vehicles with lower baL1i tit
coefficients provided the interest is in the upper altitude regions of tho trajectory

where gravitational effects can be neglected.
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APPENDIX

The parametric equations of mot:— .1 the falling body with zero lift are:

N 	 = - 1/2 P C DA V2	U 0
(It

	my do 	 w 	 - 1) cos

	

57 	 gr

where: 	 M = Mass of body - slugs

V = 	 pecAl - ft/sec

(3 	 -,- 	 Flight-path angle - radians

C D
	 Drag coefficient

A . Body reference area - sq It

p	 Air density - slugs/tt 3

g 	 Acceleration of gravity - ft/sec 2

W = Weight of body - lbs

Radius from earth '5 center - ft

(A-1)

(A-2)
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If the flight path is assumed to be a straight line, then Equation A-2 can be neg-
lected for the present. This assumption is improved with increasing W/C DA; i,e.,
for computLr calculated trajectories with the following initial conditions:

Vo = 20,000 ft/sec

0 0 = 20 degrees

y = 10,000 ft msl.

For 	 W/CDA 	 500 lb/sq ft

W/CDA 	 1000 lb/sq ft

W/C0A 	 1400 lb/sq ft

W/CDA 	 3000 lb/sq it

dO
dt

d

dO
dt

dO
Li i

20.9 x 10 -3 rad/sec

12.1 x 10 -3 rad/sec

8.1 x 10 -3 rad/sec

3.04 x 10 3 rad/sec.

L.

i

Then Equation A-1 can be used to find an expression tor the velocity:

dV 	 pr. CO V 2
- 1/2 	 ' 	 1 g sin 0

dt

dV dV by

dt 	 by dt

where 	 V sin O.
dt

Substituting Equation A-4 into Eqwition A-)

- V sin o 	 - 1/2 	 !_:0A 	 v 2 	,,,
dy 	 1J

dV 	 PC\ 	 ••'
by 	 2.W sin P

If an atmospheric density model is assum,!d to

p
	

P0 
e-PY

•

:!()



where 	 po = 0.003/1 slugs/1t 3

p = 1/22000 per foot

y 	 altitude in feet

and 	 the 	 g 	 term 	 is neglected, 	 then 	 the differential Equation A-6
by 	 the 	 separation of variables 	 for constant 0 	 aid C D .

is solved as below

dV 0 co p0 	 Y 	 d y (A-7)
2W sin 0V

In V Vy 	 - 
CIA 	PO	 g 	 L. -PY

yo

(A-8)
20 	 p 	 sin o

Vo

where 	 e-PYO 7-- 0 	 for y o - 300,000 feet.

Therefore, an approximate expression for velocity is:

V = Vo exp CDA  g  AD 	e -Py
2W p sin 0 (A -9 )   

For the case where the range covered by the re-entry trajectory is small, tho
earth can be assumed flat (r 	 :,c) in Equation A-2, and the resulting expy ,'.ssion
deceleration can be obtained from combiiin!, Equation A-i and Equation A-2.

dV 	 2

((21T 	 ° - V tan 0 '1±.
dt

(A - ia)

Let
dV

a, M and
dt

_
'C0A - k, then:

a 	 - V
2K 	 dt
--- 4 tan() 

pg V 	 „ (10
(A-1I)   

To find the effect of parametric variation's on both velocity and deceleration,
the expressions A-9 and A-11 are expanded in a Taylor series around the nominal
value of the following parameters; 	 the ballistic parameter K, atmospheric density,
and flight path angle 0.



The general form of the Taylor series being:

f (x"f(x) = f(x 0 ) + f'(x o ) (x - x 0 ) + 	 0
)
 (x 	 x

o
)2

fnn(x0)
	  (x - x 0 ).

2!

(A-12)

Then the change due to parametric variation is:

f(x) - f(xo ) 	 f'(x0) (x - x 0 ) + 	 es (x0 ) 	 - x0 )2 	 (A-13)

The expression for the change in velocity due to a change in K is:

avAV = 
aK 

(K - K o ) + (A-14)

where
	 av = V 	 pg 

OK 	 K 2 p K sin 0 •

For a change in p:

where

AV = av (p ■ po) 	 .
ap

av _v_ [ p  
ap 	 p 2(iK sin 9

For a change in 0:

AV -= 	 -00)+ 	 .
ao

where 	 av = 	 V Pg
(A-16)

ao 	 tan 0 2p K 	 sin 0

Combining Equations A-14, A-15 and A-16, 	 an expression for AV 	 is obtained:

AV 	 V 	 P g 	 AK _ 	 pg 	 np_ 	 f. Pt.A0p (A-17)
2	 pK sin 0 J 	 K 	 pi< sin 0) 	 p[ ( pK sin 0)	 tan 0
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In a similar manner, Equation A-11 can be expanded to find the effects on decel-
eration. However, for most cases Equation A-11 can be simplified as follows:

For 	 V
o 	

20,000 ft/sec

0 0
	

0.314 radian or 18 degrees

K
o 
= 1000 lbs/sq ft

y = 10,000 ft msl.

The following factors were numerically evaluated from computer calculated trajec-
tories and compared:

pgV - 1.8 x 10-3 (32.2) 182 7 _
2K 	 2 (370)

0.143

TITIT tan 0 = 15.7 x 10 -3 (0.516) = 0.0081 .
Therefore (0 1 tan 0) may be neglected and the first expansion terms of Equation A-11
are:

For a change in K,

[
A a = P gV2 - ("V ) aV

2K7- 	K j aK

For a change in p,

AK;	 (A-18) 

	Aa - gV
2 	 pg0 aVi Ap

	2K	 K ) (3r)

For a change in 0,

(A - 19)

A a (pp,V) 3V
AO.

K
(A - 20)

, in Equar_lonnLetting 	 - - a, and substituting the expressions for
2K 	 DK ap ao

A-17, A-18, and A-19, the resulting expression is obtained:

A a 	 - a [(- 	  AK - 	 pg 	\ Ap

C Pt;  AO 
K sin 0) tan 0

(A - 21)

(3K sin 0 K 	 pK sin 0 	 P
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Comments on a Lockheed Study of the 	 R. T. Dillon 5122
Vulnerability of the Polaris Alark 2
Re-Entry Body at Low Altitude-
(Title Unclassified; Abstract .`D UI)

An examination of a Lockheed study of the vulnerability of
the Polaris 1- 11-k. 2 re-entry body to defensive measures
below 20,000 feet leads to the conclusion that, at least for
estimates of the effectiveness of conventional antiaircraft
gunfire. the input assumptions are not realistic and the model
used for estimation is deficient, even to the extent that the
probabilities of kill reported for fragmenting shells are less
than the probability of the shell making a direct hit on the re-
entrs. - body. In view of this it is believed that the Lockheed
conclusion! "all efforts made to protect the Mark 2 re-entry
body should he expended in the field of high altitude coro , ^t
rather- than that of low altitude." is not Justified by their study.

•

110-t31-51
UNCI.

High Explosive Craters in Tuff
and Basalt

Luke .1. Vortman, 5112 Dimensions and surface velocities are presented for craters
from thirteen 25t1-lb high-explosive shots detonated at six
different depths in volcanic tuff. Crater dimensions, throw-
out and air-blast suppression front three 10. 000-lb charges
buried at three depths in volcanic basalt are augmented by
dimensions of c7aters from ten 1000-11) shots.

113-61-51
UNCL.

13rt- 1,1
l'NCL

Cratering with Row Charges 	 Luke .1. Vort roan. 5112

Photographic Instrumentation for 	 \1. A Palmer. 5113
the Teak and Orange Events

An AC Inst rumelr:It ion System 	 'Ali It et 	 11 i 1
for Parameter Nleauretreto ,-; of

Pre,iminary information shows that craters from rows of
charges are comparable to craters from line charges if the
scaled spacing between charges is one plus the scaled depth
of burst. The effect of greater spacing is explored.

Photographic 	 runwntat ion used for recording 'Peak and

Orange events Is described. A method of photographic
photometry is reported more specific-ally 	 Streak cameras
and high-speed framing cameras incorporating narrow-hand-
pass filters were used. and calibration techniques are
described. A In..•thud for determining characteristic curves
by "auto-ralibrat ion" ',vas formulated. Each calibration
c urve :':as constructed V;Ph data obtained from the individual
streak camera test film involved 	 The effect of light scatter
within the Fastax streak c; ,.merti was iw.estigated and foend
to be significant.

A 100 r vi ?e 	 rumentat ion complex for 11:-.c v.PIt pUlz • ed
neut ron irr:oh,at. Hu of semi«indta tors is discussed. in
Included is a 	 for recording resistivity. carri--'r con -

centration and trio?,iliry 	 A ( WIlhinat ion DU and i;O
l'emperamre control
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