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1 Introduction

The goal of this consideration is to evaluate the electromagnetic field (EMF) arising from 
the uniform motion of a charge in the nonmagnetic medium described by the frequency- 
dependent one-pole electric permittivity

e(w) = 1 + ' (L1)

This parametrization is a suitable parametrization between the static case tv = 0, e(tv) = 
c0 = 1 + <V/ /tVo and the high-frequency limit tv = oo, e(tv) = 0 when medium oscillators 
do not have enough time to be excited.

The radiation produced by fast electrons moving in medium was observed by P.A. 
Cherenkov in 1934 [1]. Tamm and Frank [2] considered the motion of a point charge 
in medium with a constant electric permittivity. They showed that the charge should 
radiate when its velocity exceeds the light velocity in For the frequency inde­
pendent electric permittivity the electromagnetic strengths have 6-type singularities on 
the surface of the so-called Cherenkov (or Mach) cone [3-6]. This leads to the divergence 
of the quantities involving the product of electromagnetic strengths. In particular, this 
is true for the flux of EMF. To avoid this difficulty Tamm and Frank made the Fourier 
transformation of the EMF and integrated the energy flux up to some maximal frequency 

cvo-
However, Eq.(l.l) is a standard parametrization describing a lot of optical phenomena 

[7j. It is valid when the wavelength of the electromagnetic field is much larger than 
the distance between the particles of medium on which the light scatters. The typical 
atomic dimensions are of the order a « h/mca, a = e2 [he. This gives A = c/tv » a 
or tv << mc2ajh « 5 • 1018sec-1. The typical atomic frequencies are of the order 
(v0 « me2/ha2 « 1016see~l. Thus, the integration region extends well beyond iv0. For 
cv >> evo, e(cv) xs 1, that is, atomic electrons have no enough time to be excited. 
Following the book [8] and review [9] we extrapolate parametrization (1.1) to all cv. 
This means that we disregard the excitation of nuclear levels and discrete structure of 
scatterers.

So, we intend to consider the effects arising from the charge motion in medium with 
e(cv) given by (1.1). This was done by E. Fermi in 1940 [10]. He showed that a charged 
particle moving uniformly in medium with permittivity (1.1) should radiate at every 
velocity. He also showed that energy losses as a function of the charge velocity are 
less than those predicted by the Bohr theory [11]. However, Fermi did not evaluate 
the electromagnetic strengths for various charge velocities and did not show how the 
transition takes place from the subluminal regime to the superluminal one.

The Fermi theory was extended to the case of many poles case by Sternheimer [12] 
who obtained satisfactory agreement with experimental data. Another development of
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the Fermi theory is its quantum generalization [13-15].
In this consideration we restrict ourselves to the classical theory of the Vavilov- 

Cherenkov radiation with electric permittivity given by (1.1). It is suggested that uniform 
motion of a particle is maintained by some external force the origin of which is not of 
interest for us.

The plan of our exposition is as follows.
In section 2, the necessary mathematical formulas are presented.
In section 3, we evaluate electromagnetic potentials and field strengths for a charge 
moving uniformly in a dielectric with e(o>) given by (1.1). We observe the appearance of 
oscillations of the electromagnetic field inside the Cherenkov cone for the charge velocity 
above some critical value v0.
In section 4, we evaluate the energy flux and the number of radiated photons as a function 
of the charge velocity. Their spectral distributions are also given. It turns out that for 
v > vc all frequencies contribute to the energy and photon number spectra, while for 
v < vc the range of available frequencies diminishes. In the same section, we demonstrate 
how the energy flux is distributed over the surface of a cylinder coaxial with the charge 
trajectory. Again, oscillations inside the Cherenkov cone are observed for v > vc.
In section 5, we formulate the results obtained in the polarization language. It turns 
out that it is the medium polarization induced by the electromagnetic field of a moving 
charge that gives rise to the above-mentioned oscillations of EMF.
Another choice of polarization and its physical consequences are discussed in section 6. 
The analysis of the Kramers-Kronig dispersion relations for the treated problem and 
short resume of the results obtained are given in sections 7 and 8.

2 Mathematical preliminaries

Consider a point charge e uniformly moving in a non-magnetic medium with a velocity 
v directed along the z axis. Its charge and current densities are given by

p(r, t) = eS{x)5(y)S(z - vt), jz = vp.

Their Fourier transforms are

p(k,ui) = J p(r,t)exp[i(kr — uit)]d3fdt = 2ne5(w — kv), jz{k,u) = vp(k,w).

In the (k, w) space the electromagnetic potentials are given by (see, e.g., [16])

= A,(&,w) = #&g^-, „ = u/c. (2.1)

Here e(w) is the electric permittivity of medium. Its frequency dependence is chosen in 
a standard form (1.1). In the usual interpretation uiL and w0 are the plasma frequency
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J2 - A%NKez jm ( Ne is the number of electrons per unit of volume, m is the electron 
mass) and some resonance frequency. Quantum-mechanically, it can be associated with 
the energy excitation of the lowest atomic level. Our subsequent exposition does not 
depend on this particular interpretation of utj. and wq. The static limit of e(oj) is

eu = e(ui = 0) = 1 4—| 
w0

f (cc) has poles at ui = ±iv0. Being positive for w2 < wg it jumps from +oc to — oc when 
one passes the point w2 = wg. e(tv) has zero at u>'2 = Wq + w2 and tends to unity for 
jj —> oc. It is seen that

' (w) = 1 UOl (2.2)
CVq + CVjr, — co'2

has zero at <J2 = tujj and a pole at w'2 = aj'2 = u>'2 + w2. In the f, t representation f>(f, t) 
and A(f, t.) are given by

ttv J e
-z/v) kdk

J0{kp).

zUf.t) = — /
7TC J

- z/v)_ kdk
z^Mkp)-

7TCV tZ + ^(l-^f)

First, we take integral over k. For this we use the Table integral (see, e g., [17])

kdkj = Ko(pq),

(2.3)

(2.4)

where in the right-hand side the value of square root \fg^ corresponding to its positive 
real part should be taken.

3 Electromagnetic potentials and field strengths

We now define domains where 1 — p'2e > 0 and 1 — 02e < 0.
For P < pc one has:
1 - p'2( > 0 for w2 < cv2 and w2 > Wg and 1 — p2( < 0 for w2 < w2 < Wy.
For 8 > pc one gets: 1 - 02e > 0 for w2 > and 1 — 02e < 0 for 0 < w2 < w'y.
Here 0c = (o 1/2, = y/wfi ~ P2i2^l-

Sometimes in physical literature another representation of the dielectric permittivity 
is used (known as the Lorentz-Lorenz or Clausius-Mossotti formula, see, e.g.. [18]):

1 -F 2cr(u>)/3
T- a{u}j/3’ tv(tu) =

w2
h

Wq - W 2'

3



It is generally believed that e(<v) describes optical properties of media for which e(u;) 
only slightly differs from unity (e.g., gases), whereas e'(cv) desribes more general media 
(liquids, solids, etc.).

For ujg f ufjJ 3 one always has 1 — /?V > 0, which means the absence of radiation by 
the uniformly moving charge (see below).
Let now w, > u\j3.
Then, for /? < /?', (/?'2 = 1 — + 2w£/3) one has :
1 - /?V > 0 for u)2 < oJq — gw2 — /32y2(ji2 and for cv2 > w, - jiu2;
1 - /3V < 0 for uijj - — P2rfu)\ < u>2 < ujg - joj2.
On the other hand, for /? >/3':
1 - /?V > 0 for w2 > Wq - and 
1 - 02e‘ < 0 for 0 ^ w2 < - jw2.
We see that qualitative behaviour of e and e' is almost the same. The sole exception is 
that for uig < tv2/3 there is no solution corresponding to 1 — j32e' < 0. This permits us 
to limit ourselves to the e representation in form (1.1).

As it was admitted in [9], the inclusion of w dependences in e and e' makes unnecessary 
the consideration of retardation effects. The very fact that the light velocity in medium 
cn is less than the light velocity in vacuum c means that oscillators of medium react on 
the initial electromagnetic field with some delay (see section 5, for details). The deviation 
of Cn from c is due to the deviation of e from unity. For the incoming plane wave and 
frequency-independent w this was clearly demonstrated in refs. [19,20]. At first glance it 
seems that Cn will be greater than c for e < 1. However, a more accurate analysis shows 
[8] that the group velocity of light in medium is always less than c.

Now we satisfy the condition Re^/l - (32e > 0. It is fulfilled automatically if 1 - f32e > 
0. In this case the argument of the K0 function is ^v/1 — P2e where there square root 

means its arithmetic value.
Now let 1 — /?2e < 0.

First, we consider the case when w has the imaginary part:

e(w) = 1 + p > 0.
Wg- U)1 + ipu ’

The positivity of p leads to poles of e(w) lying only in the upper complex w half-plane. 
This is needed to satisfy the causality condition (for details see [21]). Sometimes in 
physical literature [22] it is stated that the causality condition is fulfilled if the poles of 
e(w) lie in the lower w half-plane. This is due to a different definition of the Fourier 
transforms corresponding to different signs of u> of the exponentials occurring in (2.3). 
We write out explicit expressions for electromagnetic potentials and field strengths:

Az = — [ duie'aK0(kp), 
ttc J
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H<t> = fiDp = — 7 dueiakKi(kp), Ep=—[ —e^kK^kp),
7TC J 7TV J €

OO OO
Ez =----- ^ f dwuj(l — -^-)e'aKo(kp), Dz = —^ f duu( 1 — f32e)etaKo(kp). (3.1).

7TC v jj € 7T2J J

Here a = u(t — z/v), k2 = (1 — 02e)u2jv2. Again, k in Eq.(3.1) means the value of 
%/fe2 corresponding to Rek > 0.
These expressions were obtained by Fermi [10]. Their drawback is that modified Bessel 
functions K are complex even for real e (when 1 — 02e < 0). We intend now to present 
Eqs. (3.1) in a manifestly real form. This greatly simplifies calculations.
We present 1 - 02e in the form

1 — /32e — a + ib = y/a2 + h2( cos 4> + i sin tp) (3.2)

where

a = 1 - P2 — /far
L (wq — u2)2 + p2u

a
cos (j)

up
(Wfl - w2)2 +p2u2’

sin<j> =
V®2 + b2' V«2 + 62

Now we take square root of 1 — fi2e. The positivity of Re\Jl — j32e defines it uniquely:

\f l- P2e = (a2 + 62)1/4 (cos | + isin |),

)1/2, • ^ _ 1 & M
Sin2-^H(1

\/a2 + b2
)1/2 ' (3.3).

Thus, the argument of K functions entering into (3.1) is

/0^(«2 + 62)1/4(cos |+isin |). (3.4)

Although the integrands in (3.1) are complex, the integrals defining electromagnetic 
potentials and strengths are real (see Appendix). This is due to the fact that e(—w) = 
e*H-

Now we take the limit p —> 0+. Let in this limit 1 — /32e > 0. Then, 
a > 0, 6 -> 0, cos | —> 1, sin | > 0 and \/l — JPe coincides with its arithmetic value. 
Now let 1 - /?2e < 0. Then, a < 0, b 0, cos f -> 0, sin f 6/|6| and y/l - fi2e = 
i^/|l — y(32e| sign(u). (it was taken into account that p > 0). This shows that K functions 

entering into the right-hand side of Eq. (3.1) reduce to

Ao(v^V|l-/?2e|) = -^Hf\p  ̂|1-/?2c|),
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for cv > 0 and

for w < 0.
Now we are able to write out electromagnetic potentials and field strengths in a manifestly 
real form. For f3 < j3c one finds

${r,t) = — (/ + A—cosaff0+- f — (sin a Jo — cos aN0), 
nv J J e v J e

WO ,e r aoj,

0 wo 

wc 00

Az(r,t) = ~~if + J)ducosaK0 + - J dev (sin a J0 - cos aN0) (3.5).
0 wo Wc

_ Wc CO __________ Wo

H^(f,t)i= ~~~(f + f)<*>dw^/\l - /?2e|cosaKx + ~ Jvdb)\j|1 - ^6|(sinaJi -cosalVi),
0 wo wc

2e °° 1 e **¥ 1Ez = J + ^)(1 ~~ sin oJQ) — ^ J (1 — -^)wdw(iVosin a + Jo cos a),

2e

0 wo

E„ = —^{( + f)du—i/|l - jS2e| cosaXi + f dw-\j |1 - ^c|(sin aJi - cosaiVi).
7TU J J £ V J &

0 Wo Wc

On the other hand, for /? > /?c

. 2e r dw r.. e fdw,. T Ar *
$(r, £) = — / — cos aJfo + - / —(sm aJ0 — cos a/V0), 

kv J e v J ewo o

2e °° e w°
Az(r,t) = — J du cos aK0 + ^J dw(sinaJ0 - cos aN0). (3.6)

wo 0
ty co __________ WO

HJr}t) — — f LodtoJ\l - ^ejcosa/sTi + — f udwJ\T^/Pe\(sinaJv -cosaAh),
TTCf y v CV J *wo 0
2e 7 1 e 7 1

£2 = —2 I (1---- -p)u>duj sinaFfo-- 2- I (1-----^2)wdw(Afosin a + Jo cos a),
wo 0

^ J dojj^J\l - P2e| cos affi + ^ J dwj^/|l -/?'2e|(sinaJ, -cosadVi).
TOT
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Here « = vV(Z - z/v). The argument of all the Bessel functions is ^/jl — ft2e\(kj/v.

We observe that integrals containing usual (J, N) and modified (K) Bessel functions are 
taken over space regions where 1 — ft'2( < 0 and 1 — ft2e > 0, resp.

Consider the limit cases of these expessions.
For a;i -> 0 we obtain: e -> 1 ,ftc —> l,cvc —> cv0,

4> = — f dui cos aI<o{~) = 
v Jnv V1 [(z ~ yi)2 + P1172] ’

i.e. we get. the field of a charge uniformly moving in vacuum. 
Let v -» 0. Then. uic = tv0 and

T 2c f , .ujz. r, .pjj. e (J) —----j (farf cos(— )Aq(—) =
7re0 o c c

A- = 0

i.e., we obtain the field of a charge resting in medium.
Let too -> oo, tv/, -» oc„ but w/,/wo is finite. Then, tvc = cv0\/l - ft2 y2 -»

oo, f(w) -> to and

$ :
2e

TTOfo

oc ^ ^ i
/dwcos«*o(^Vl - ^o) = -4.=^

for ft < ftc and

$ = — 
yto

— f du>( s: 
-n •/

2e 1
ill aJo-cos a^o) = --r.------- ttz----- 7r1-¥rUrQ(vt.-z-p/'yn); A- =

e0 [(z - vt.)2 - p2/y2\'/2

for ft > ftc. Here yn = l/^fl - ft"2\, /?„ = v/cn, cn = c//^.

Thus, we arrive at the charge motion in medium with a constant electric permittivity
( = ft).
It should be stressed that the integration over the whole range of tv is absolutely needed 
to obtain correct limit expressions and to guarantee the reversibility of the Fourier trans­
formation.

The distributions of the magnetic vector potential Az and field strengths as a function 
of z on the surface of a cylinder Cp of the radius p (Fig. 1) are shown in Figs. 2-7. If 
the dependence e of tv were neglected (f(tv) = €0), then for ft > ft,. the electromagnetic, 
field would be confined to the interior of the Cherenkov cone with the solution angle 
26,, sin6„ = ft,,/ ft (Fig. 1). This means that on the surface of Cp the electromagnetic 

field should be zero for —z„ < z < oo, z,,= pcot 6,. = — 1. What can we learn from
figures 2-7 7 For a small charge velocity (ft < 0.4) the magnetic field coincides with that 
of the charge moving inside medium with the constant e = ru- For ft slightly less than 
ft,, (ft « 0.6) oscillations appear for negative values of z. Their amplitude grows as ft
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increases. For ,5 ss Pc we see a large peak at z — 0 and smaller ones in the region z < 0. 
For (3 > Pc there is a large maximum at z = zc and smaller ones in the region z < zc. The 
period of these oscillations approximately coincides with that of the medium polarization 
Tz ss 2-nvPcjuJt) (see section 5). Figures 2-7 demonstrate how the EMF is distributed 
over the surface of the cylinder Cp at a fixed moment of time t. As all electromagnetic 
strengths depend on z and t via z — vt, the periodic dependence on time (with the period 
2-ivpc/uJo) should be observed at a fixed spatial point.
It is seen that despite the u dependence of <?, the critical velocity pc = l/y'eo still has 
a physical meaning. Indeed, for P > Pc the magnetic vector potential and field strength 
are very small outside the Mach cone (z > zc) exhibiting oscillations inside it (z < zc). 
For p < Pc the Mach cone disappears. The EMF being relatively small differs from zero 
everywhere.

The magnetic vector potential presented in Figs. 2-4 can be compared with its non­
oscillating behaviour for the the frequency-independent e = c0:

^ = [(z-uty-^o-1)]'/^^ " ^

We turn again to Eqs. (3.5) and (3.6). The Fourier components of $ and E have 
a pole at w = uj3 = -Juft + u\. This leads to the divergence of integrals defining $ 

and E. It would be tempting to approximate these integrals by their principal values. 
We illustrate this using $ as an example (see Eq.(3.1)). Consider a closed contour C 
consisting of three real intervals ((-oc, -w0 - 5), (—u0 + 8,cu0 — 5), (w0 + d,oo)), of 
two semi-circles C\ and C2 of the radius 5 with their centers at z = — w0 and z = w0, 
resp. and of a semi-circle Cr of the infinite radius. All semi-circles CL, C2 and CR lie in 
the upper half-plane. The integral

f^e,aK0(kp)

taken over the closed contour C equals zero if the function K0 has no singularities inside 
C. The same integral taken over Cr is also 0 for t — z/ti > 0 due to the exponential 
factor e,Q. Therefore,

~ojq—8 u)q~8 co
(/ + /+/ +/ + /)^e'"%oM = 0.

—OC —tVo+5 WQ+f C\ Cl

In the limit 5 —> 0 one gets

y.P. y = -(/+/=
—oo C7i Ci

= -2tt—Q(t — zjv) sinw3(t - z/v)K0(p——).
U>3 V
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(3.7)

Then, for the electric potential one gets

<$■ = -2— z/v) sin w3(t — zjv)Ka{p^~-).

We see that the principal value of the treated integral does not describe the Cherenkov 
cone. Probably, this is due to singularities (poles and branch points) of the modified 
Bessel function in the upper w half-plane. When evaluating (3.7) we did not take them 
into account.

The radiation field (described by the integrals in (3.5) and (3.6) containing usual 
Bessel functions) can be handled by the WKB method. We follow closely Tamm’s paper 
[23] (see also review [24]). For this we change Jv and Nv functions by their asymptotic 
values:

Ju{x)

Then,

2 VTt 7f. ,r , .
nX cos^ _ y ~ 4}’

2 . , VTt 7T
T-?>-

[dw\/w(/?2e - 1)1/4 cos(/ + • , 
c V Trap J 4

E„
v v itvp.

dcv-Vtu(/32e — 1)1/4 cos (/ + j),

E,. = f dto-^/to(/32e - I)3/4 cos(/ + j) .e /_2_ 
y V 7rvp. (3.8)

Here / = w(f — z/u) — — Iptofv. The argument of cosine is a rapidly oscillating
function of to. The main contribution to the integrals comes from stationary points at 
which df/dio = 0. Or, explicitly,

(vt - z)ijp2e - 1 = p[02 - 1 + vq wl

This equation defines to as a function of p, z. Let this to be to\(p, z). Then the WKB 
method gives

Hj> = ——J A-, ~ 1)1/4 sin/1;
c V yp|/i|

for /1 > 0 and

1)1,1 s",/”

E,_ = —J Ur~~($2ei - 1)3/4 sin/i

H,

v^vp\f\\

2e I toir4 = ~ l)V4cos/i,
c V vp\fi\

(3.10)
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(3.11)

for fi < 0. Here
*■ d2ffl — /(wl)> €1 — e(wl)> /1 = ^2 U=ui

The electromagnetic strengths are maximal if

(3.12)

for fi > 0 and
(3.13)

for fi < 0. Here m = 0, ±1, ±2 etc.The combined solution of (3.9) and (3.12),(3.13) 
defines the set of trajectories where electromagnetic strengths are maximal. Equations 
(3.9)-(3.13) were obtained by Tamm [23 ]. We apply them to the particular e(ui) given 
by Eq.(l.l). The trajectories of field strength maxima for selected v and m are shown in 
Figs. 8-10. The number of a particular curve means m. We observe that inclination of 
curves increases as /? approaches j3c.

4 The energy flux and the number of photons
We evaluate now the energy flux per unit length through the surface of a cylinder Cp 
(Fig.l) coaxial with the z axis for the total time of motion. It is given by

(4.1)

Substituting Ez and H# from (3.5) and (3.6) and taking into account that

J dtcosuitcoscv'f = tt[<5(w — u>') + S(ui + tv')],

we get for energy losses per unit length

m>i
(4.2)

10



Or. explicitly.

W : ■ / u>du>( 1 55 ln(1 /?2)] (4.3)

for p < ,3C and

K, y
= c2i' (4.4)

for P > pc-
We observe that only those terms in (3.5) and (3.6) which contain the usual Bessel 

functions and N[t)-and which correspond to 1 — P‘2e < 0 contribute to the radial
energy flux. This permits us to escape troubles with the above-mentioned pole of e_l 
(at iv:j = iju)\ + £uj{) which appears only in terms with modified Bessel functions in the 

region where 1 — 32( > 0.
Another way to escape these troubles is to evaluate EiMF for an arbitrary value of the 
parameter p defining the imaginary part f(iu) and then let p go to zero. It was shown in 
the Appendix that this procedure leads to the same Eqs. (3.5),(3.6),(4.2),(4.3) and (4.4).

Similar expressions were obtained by E. Fermi [10]. The validity of Eq.(4.2) is also 
confirmed by the results obtained by Sternheimer [12] (whose equations pass into (4.2) 
in the limit p -> 0) and Ginzburg [25].
For p -» 0 the energy losses W tend to 0, while for /if —> 1 (it is just this limit that was
considered by Tamm and Frank [2]) they tend to the finite value ln(l + (9 )-
In Fig. 11, we present the dimensionless quantity.F = W/{e2wl/c2) as a function of the
particle velocity p. The numbers at curves mean Pl:- Vertical lines with arrows divide a
curve by two parts corresponding to the energy losses with velocities p < Pc and P > Sc
and lying to the left and right of vertical lines, resp. We see that the charge uniformly
moving in medium radiates at every velocity.

The dimensionless spectral distributions /(w) = w{lo)/{c2wq/c2) of the energy loss

W = f w(cu)du> are shown in Fig. 12. The numbers of particular curves mean p. It is o .
seen that for P > pc all w from the interval 0 < w < ui0 contribute to the energy losses. 
For P < pc the interval of permissible ui diminishes : uic< u) < cv0.

The total number of photons emitted per unit length is given by

N = 6
tV<:

.1
) =

v'2 UJC - OJ0
+

2/^Wy
ln(^±^^^!)],

CVy — WQ Cv*3 4- COc

for P < Pc and

K2 7, ,, 1 , p0, ln(
-T U-'o.

u:i
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for 0 > 0C. It is seen that N grows from 0 for 0 = 0 up to
e2 Ul'l , _ ,W3 + tv0

N = he2 20'2U!3 ^W3 — Wo

for /3 = 1. In Fig. 13, we present the dimensionless quantity N/(e2u)0/hc2) as a function 
of the particle velocity 0. The numbers of curves mean The vertical lines with arrows 
divide curve into two parts corresponding to the photon numbers emitted by the charge 
with velocities ,8 < 0C and 0 > 0C and lying to the left and right of vertical lines, resp. 
We see that an uniformly moving charge emits photons at every velocity.

The spectral distribution n(w) of the photon number emitted per unit of length defined

as N = / n(w)dw is given by

= s?(1 7p]

For 0 < 0c, n(w) changes from 0 at w = w„ up to n(w) = c2jhc2 at w = w0. For 0 > 0C. 
rt(w) changes from -^(1 - at w = wc up to e2/Tic2 at w = w0.

The dimensionless spectral distributions n(w)/ (e2/Rc2) of the photon number are 
shown in Fig. 14. The numbers of particular curve mean 0. It is seen that for 0 > 0C all 
w from the interval 0 < w < w0 contribute to the number of emitted photons. For 0 < 0C 
the interval of permissible w diminishes : wc < w < wq, i.e., only high-energy photons 
contribute.

The distributions of the radial energy flux Sp as a function of z on the surface of the 
cylinder Cp of the radius p (Fig. 1) are shown in Figs. 15-17. It is seen that despite the 
w dependence of e the critical velocity 0C = l/^/io still has a physical meaning. Indeed, 
for 0 > 0c the electromagnetic energy flux is very small outside the Mach cone exhibiting 
oscillations inside it. For 0 < 0C the radial flux diminishes and becomes negligible for 

< 0.4.
For the frequency-independent e = «o the energy flux is confined to the surface 

of the Mach cone. Electromagnetic strengths inside the Mach cone fall as r~2 at large 
distances and, therefore, do not conribute to the radial flux.

5 Digression on the polarization

Another, more physical way to obtain EMF of a charge uniformly moving in medium is
to start with the Maxwell equations

—» —« 2 —* 2. —♦ 4?t
divD = 4tt/9, divB = 0, curlE = —B, curlH = -D 4------j ■ (5.1).

As the medium is non-magnetic, B = H. The second and third Maxwell equations are 
satisfied if we put

H = V x A, E = — V<E>---- A .
c

12



We rewrite Maxwell equations in the w representation:

+ 4^) = 4^/,

^ = ^+4^), + = (5.2)

The last equation is satisfied trivially if we express electromagnetic strengths through the 
electromagnetic potentials:

a#"
dP ’

a? = —- —A?,
V c dP ■

In deriving these equations we have taken into account that the z and t dependence of 
all Fourier components of electromagnetic potentials, field strengths, polarization, charge 
and current densities is given by the factor exp[fcv(t — zfv)\.
The electric field £ of a moving charge induces the polarization P(r, t) which being added 
with E gives electric induction D = E + 4ttF. Usually, it is believed (see, e.g.,[21,22]) 
that the co components of P and E

Pu = f e~iutP(r,t)dt, Eu = / e-"t£(f,t)dt

are related by the formula
47tPu = —jU—Eu. (5.3)

tug - w2 + ipcu
Using this fact and expressing electromagnetic strengths in Eq. (5.2) through the poten­
tials we get (remember that the last equation (5.2) is satisfied trivially):

A2$“ - + —dwlu = --47T/
v2 c e

(5.4)

Here

Pu = ^5(z)<%) exp (-uiiz/v), j" = e5{x)6(y) exp (-iuiz/v), A2 = ~

The last equation (5.4) is satisfied if we choose

A" = /?e(w)$w (5.5)

13



while two others coincide after this substitution. The solutions of these equations are

71 v r 7i v
,p\v 2e,

c
,p\u I

In the (r, t) space they are given by Eqs. (3.5) and (3.6). 
Now we rewrite Eq.(5.3) in the (f, t) representation:

P(t) - / G(t- t')E(t'),

where 4-co
G(t - t') =u\ J dui iw(t-t')

0$ — w2 + ipu> (5.6)

Taking into account the positivity of p one gets:
a) for p < cv0:
G(t — t1) = 0 for t' > t and
G(t - t') = exp \-p(t - t')/2] sin[^/wg -p2/4(t - (')] for t' < t.

b) for p > wo:
G(t - t') = 0 for t‘ >t and
G(t - t') = exp [-p(t - t')/2] sinh[^p2/4 - wg(t - Z')] for t' < Z.

As a result of positivity of p, the value of polarization P at the moment t is defined 
by the values of the electric field E in proceeding times (causality principle). The source 
of polarization is distributed along the z axis:

divP — -5(x)S(y) , ■:..A-..
* Ywg+w!-p2/4

exp | -p(t - z/v)/2] sm[\ju>l+ujl-p2/A{t - z/v)}

for z < vt and divP = 0 for z > vt (this equation is related to the + uPL — p2/4 > 0 
case).
Now the origin of oscillations of the potentials and field strengths behind the Mach cone 
becomes understandable. A moving charge gives rise to a time-dependent, polarization 
which, in the absence of damping, oscillates with the frequency 2 + uif. The oscilla­
tions of polarization being added lead to the appearance of the smoothed Mach cones 
enclosed in each other. On the surface of the cylindrical surface Cp they are manifested 
as maxima of the potentials, field strengths, and intensities. The position of the first 
maximum approximately coincides with the position of the singular Mach cone in the 
absence of dispersion. The latter case is obtained if we neglect the u> dependence in the 
denominator of the integral in (5.5):

G(t - f') = 2tt—|d(Z - t').
UJq

14



. Obviously, this can be realized for large values of ojq. The introduction of damping 
should lead to decreasing of secondary maxima. To verify this, we evaluated the magnetic 
vector potential for different values of the parameter p defining the imaginary part of f(w) 
(see section 3). We see (Fig. 18) that for p > 1 the secondary oscillations disappear.

Although the polarization formalism leads to the same expressions (3.5),(3.6) for the 
electromagnetic potentials and field strengths, it presents another, more physical, point 
of view on the nature of the Vavilov-Cherenkov radiation.

6 Another choice of polarization

So far we have dealt with the gauge condition of the form .4" = It looks
highly non-local in the (f, t) representation. There is another interesting possibility. We 
substitute

E = -V<i? = Vx.4 
c at

into the first and fourth Maxwell equations (5.1) and obtain

1
A <3? + ~divA = —47r p + 47t divP, 

c

AA- \'X = V(divA + p).
c2 c c,

We try to separate equations for <I> and A by imposing on them the Lorentz condition

divA + = 0 . (C.l)

This equation is satisfied automatically if we put

Ax = Ay — 0, Az = /?$ (6.2)

and take into account that for the treated problem all the electromagnetic quantities 
depend on z and t through the combination z — vt. Thus, we obtain

1 •• u
A<£---- -4» = —A-np + AndivP,

c2

cl c c
ft follows from this that only the z component of P differs from zero in the chosen gauge 
(as only the z components of A and j differ from zero). We rewrite these equations in 
the u) representation

A;*" + - l)*" = -4n/f - 47r-r".
Cl ir V

15



(6.3)
1 1 4tt
- ^)A^ = --J: -

As the treated medium is non-magnetic, it is natural to require the coincidence of equa­
tions (5.4) arid (6.3) for vector potentials satisfying different gauge conditions. This takes 
place if P“ is chosen to be proportional to A“:

Then, one gets
A:*" + - ^)$" = -4^p",

C2 V2

A*AZ +tj2(^ “

(6.4)

The solutions of these equations axe

= -#„(—\A-/%), ^ = -%o(—\/l-^),

Et =

cv
2*ew_ n (l-^)Afo,

where all K functions depend on the argument vf\J1 — P2e in which the value of y/1 — P'2t 
corresponding to its positive real part should be taken. Obviously, there is no propor­
tionality between D and E for the chosen polarization. In the (r, t) representations the 
magnetic vector potential and field strength are the same as Eqs.(3.5) and (3.6), while 
for $, Ez and Ep one gets

^ t^c OO wo
$(r, t) = — (J + J)dwcosaK0 + ^ f dor (sin aj0 — cos tidV0),

0 U?o Wc

2e 1 ? 7 e 7
Ez = —(1 - —)[(y + j )evdevsin aK0 - — J u}du){N0sma + Jo cos a)],

0 WO
wc 00 _______ wo

Ep = ^( J + J)du)uyj|1 — P2e\ cos aKy + ^ J devcv^/|1 - ^e|(sinaJi - cos«M)-
0 WO

for P < Pc and

2e 7 e 7
<E>(r,t) = — / dev cos aK0 + - / dev (sin aJ0 - cos aN0),

wo 0

2e 1 7 e 7
= —-(1 - —)[J evdev sin aK0 - J evdev(jV0 sin a + J0 cos a)],

16



2 oo__________ O)0
^ ^ j duuj\J\V~ fi2e\ cosaKi + ~ J <kocj^\ 1 -^2e|(sino;Ji — cosix/Vi).

U/'O 0
for /3 > /?„.

These expressions satisfy the Maxwell equations but with the polarization different 
from the one used earlier. We observe that electric induction D is the same as earlier, 
but the electric strength differs. As the integrands defining $ and E are finite for any 
value of w, the corresponding integrals are convergent and can be evaluated numerically. 
We observe that for j3 —> 1, Ez —>■ 0. This means that for this choice of polarization the 
energy flux in the transverse direction disappears, that is, all the energy is radiated in 
the direction of charge motion.

It is surprising that the choice of Lorentz condition (6.1) almost inevitably leads to 
the solution with vanishing p component of polarization. But the physics cannot depend 
on the gauge choice. A probable resolution of this controversy is that polarization P is 
not observable. But electric strengths E defining the Poynting vector are also different 
in both the gauges. So, the question remains to be answered.

7 On the Kronig-Kramers dispersion relations

Up to now we considered the case when the imaginary part of the dielectic penetrability 
was chosen to be zero.Can this be reconciled with the Kramers-Kronig dispersion rela­
tions? Using the fact that for the chosen form of the Fourier integrals, the poles of e(w) 
lie in the upper ui half-plane, one has (see, e.g.,[22]):

+00 . .
[ —-------dw + in[e(x) - 1] = 0.
J u-x

Or, separating real and imaginary parts:

oo oo
[ —----- du> = 7rj ——dw = -7r[er(a:) - 1] (7.1)
ooaJ~X LL0~X

(by the integrals, we mean their principal values which obtained by closing the integration 
contour in the lower ui half-plane).
Here er and e; are the real and imaginary parts of cv:

r , . w%(wg ~ ^2) r Vuul
T (cdo — tv2)2 +p2tv2’ 1 (Uq — cv2)2 +p2cv2* (7.2)

At first glance it seems that relations (7.1) cannot be fulfilled. Take, e.g., the second of 
them. For e; = 0 its left-hand side disappears, which is not valid for its right-hand side.
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Consider the integral entering into its left-hand side

/ -dw = -Vu\J wdw 1
w — x (wq — w2)2 + p2w2

(7.3)

A detailed consideration shows that the integral in the right-hand side of this equation 
is equal to

7T X2 — CJq

p {x2 — Wo)2 +p2x2'
(7.4)

The factor p of the integral in (7.3) cancels out with the factor 1/p in (7.4). Thus,

/ dw
w — X

Z2 - wg
— Wo)2 + P2X2 ’

that exactly coincides with the the right-hand side of the second relation (7.1). The same 
rescuing proofs the validity of the first relation (7.1). Thus, Kramers-Kronig relations 
are valid for any small p > 0. The positivity of p defines how the integration contour 
should be closed, which in turn leads to the fulfillment of the causality condition.

8 Conclusion.

We briefly summarize the main resuls obtained:
1. The space-time distributions of the BMP produced by a uniformly moving charge 
in medium with frequency-dependent dielectric permittivity are studied. The oscillating 
BMP arises inside the Cherenkov cone. It is associated with the time-dependent polar­
ization induced by the moving charge.
2. It is proved that a charge uniformly moving in medium with frequency-dependent 
dielectric permittivity radiates at each velocity. The spectral characteristics of this radi­
ation are given. It turns out that for a small charge velocity the main contribution comes 
from high frequencies.
3. It is shown that there are possible different definitions of polarization which are due 
to different choices of the gauge condition imposed on the electromagnetic potentials. 
However, their physical consequences are different.
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Figure 1: Schematic presentation of the Cherenkov cone for a constant electric permittiv­
ity. The radiation field is confined to the surface of the cone, the field inside the cone does 
not contribute to the radiation. On the surface of the cylinder Cp the electromagnetic 
field is zero for z > —zc\ Sn means the radial energy flux through the cylinder surface.

0,08-

B =0.8
0.06-

0.02 -

0.00-

Figure 2: The distribution of the magnetic vector potential on the surface of cylinder C,,. 
The number of a particular curve means D - v/c; z and /L are in units r/ay, and c^„/r. 
resp.
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0.8

P =0.8

Z

Figure 3: The same as in Fig.2, but for different values of j3

Figure 4: The same as in Fig.2, but for different values of ft
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Figure 5: The distribution of the magnetic field strength on the surface of cylinder Cp 
The number of a particular curve means 0 = v/c; z and H^, are in units c/wq and eoig/c2 
resp.

x 0-

Figure 6: The same as in Fig.5, but for different values of 0.
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Pc=0.8

p- 10

10 ---- 1---- '---- <—
-40 -20 0

z
20 40

Figure 7: The same as in Fig.5, but for different values of /?.

8 =0.8

P = 0.99

Figure 8: The positions of field strength maxima for ft = 0.99. The number of a particular 
curve means the number m defining a particular trajectory (see the text); z and p are in 
units c/cv0.
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P =0.8

P = 0.8

1000 -

z

Figure 9: The same as in Fig.8, but for j3 = 0.8. It. is seen that, inclination of trajectories 
increases compared t.o the previous figure.

p =0.8

Figure 10: The same as in Fig.8, but. for 6 = 0.7. It is seen that the trajectories are 
grouped near the z axis. The termination of the m — 0 trajectory is due to the vanishing 
of |/i|. At, this point the VVKB approxoimation breaks.
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Figure 11: The radial energy losses per unit length (in units e2w2/c2) as a function of 
(1 = v/c. The number of a particular curve means the critical velocity f)c.

P =0.8

Figure 12: Spectral distribution of the energy losses (in units e2cv0/c2); w is in units w0. 
The number of a particular curve means fi = v/c.
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0.01 r

Figure 13: The number of emitted quanta in the radial direction per unit length (in units 
e2ui0/hc2) as a function of P = v/c. The number of a particular curve means the critical 
velocity Pc.

p =0.8

Figure 14: Spectral distribution of the emitted quanta (in units e2/ftc2); ui is in units wq. 
The number of a particular curve means P = v/c.
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P =0.8

z

Figure 1'5: The distribution of the radial energy flux (in units e2iVg/c2) on the surface of 
cylinder Cp. z is in units c/w0. The number of a particular curve means — vjc. For 
P = 0.4 the radial flux is negligible.

z

Figure 16: The same as in Fig.15, but for different values of ft.
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P =0.8

Figure 17: The same as in Fig.15, but. for different values of ,i

P = 0.99

Figure 18: Shows how switching on the imaginary part p of dieleetrie permittivity affects 
the magnetic vector potential; s and Az are in units c/ay, and <w,)/r. resp. The solid. 
]>oint.-like and short-dashed curves refer to p = 0, p = 0.1 and p = 1. resp. Il is seen 
that secondary maxima are damped for p = 1 much stronger Ilian the main one.
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Appendix.

We write out electromagnetic potentials and field strengths for the finite value of a pa­
rameter p defining the imaginary part of e. Since e(-iv) = e*(tu), the EMF can be written 
in a manifestly real form :

$ = cos a - 1 sin a)KUr - (^ 1 cos a + er sina)Aroi]dw,

Az = dw(cosaKar ■ • sin aK0,

Hit> — J + &2r(cos(f + a)Kir — sin(~ + Of)Ai;],
o

■ Judu{[cosa(e~l - ft2) - sin 1 ]ifo» + [sino;(e™1 - 02) + cosaef']A:0r},

Ed = j (vcLi(a2 + 62)1/4[(er 1 cosa - ti 1 sina)(cos ^Ffir -sin^-fi,;)-

-(«,• 1 cos a + er 1 sin a)(sin ^Jflr + cos
(A.l)

Here we put

Kqt — — /?2e), Koi — ImK0(^-\Jl — fPe),

^Lr = - /Pe),

er and e, are the real and imaginary parts of e(ui) (see Eqs. (7.2)); e“l = er/(e2 + 
e2), ef1 = -€i/(e2 + ef); a = ui(t - z/w); o, b and (j) are defined by Eqs. (3.2) and (3.3). 
The energy flux per unit length through the surface of a cylinder of the radius p coaxial 
with the z axis for the whole time of charge motion is defined by Eq.(4.1). Substituting 
Ez and given by (A.l) into it one gets:

W = J /(w)dw,

where

/M-= — 7r^^2(o2 + b2)lt4{(K0rKir + KoiKu)[(er 1 — 01) sin ^ 1 cos ^]-

-(KoiKir — A'orA"ij)[(er 1 — /J2) cos ^ + e; 1 sin ^]}. (A.2)
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Consider now the limit p -> 0 .
Let 1 — P2e > 0 in this limit, then (see section 3):

sin ^ > 0, cos ^ > 1, €j —> 0, £j 1 —> 0, Koi —¥ 0, Ku 0

arid, therefore, /(tv) —> 0 while electromagnetic potentials and field strengths coincide 
with those terms in (3.5) and (3.6) which contain modified Bessel functions.
On the other hand, if 1 — fi2e < 0, then:

sin ^ ^ 1 (for p > 0), cos ^ > 0, —> 0, > 0,

Kor —> — 2^°’ ^_oi ^ ~2^0’ ^lr ~2^1’ "^'li 2^’

where the argument of the Bessel functions is p^^|l — /?2e|. Substituting this into (A.2) 

and using the relation

2
J„{x)Nl/+i(x) - N^(x)Jl/+i(x) =------

/(*)

one arrives at

This in turn leads to W exactly coinciding with (4.2),(4.3) and (4.4). 
potentials and field strengts (A.l) coincide with the terms in (3.5) and 
usual Bessel functions.

Electromagnetic 
(3.6) containing
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AtjjanacbeB F.H., KapraBCHKO B.F. E4-97-393
MsjiyqeHHe sapaaa, paBHOwepHO flBHxymeroca b cpeae

F[pOaHajlH3HpOBaHO, KaK 33BHCHMOCTb flH3JieKTpHHeCK0H npOHHUaCMOCTH OT 
nacroTbi BJiHaeT Ha 3JieKTpoMarHHTHoe none, HSJiynaeMoe sapaxeHHOH uacTHuefi, 
pasHOMepno flBHxymeHca b cpeae. OKasbiBaerca, hto TOweuHaa nacTHita HSJiynaer 
npn jho6oh CKopocxH. HsynaeTca npocTpaHCTBCHHoe pacnpeaeaeHHe ncwia uacTHitbi. 
ripH 3TOM OCHHJIJ1HUHH SJieKTpOMarHHTHOID HOJlfl 06lbaCH5tI0TCH MCHHIOHieHCa BO 
BpeMeHH nojiapn3auneii cpejtbi, npon3BOflHMofi aBHacymHMca sapaaoM. BbiHHcaenbi 
cneKxpaabHbie pacnpeaeaeHHa HsayaaeMOH anepran h nucjia kb3htob. OGcyautatorca 
caeacxBHa, B03HHKaiomne H3-3a npuMeHerma nojiapH3aunH, oxnHHaiomeHca ot 
craHaapTHoti. FlpoaHann3HpoBaHbi cooraomeHHa Kpawepca—KpoHHra npHMCHH- 
xeabHO k paccMarpHsaeMOH saaaae.

Pa6ora BbinoaHena b JlabopaTopHH reopeTHHCCKOH cf)H3HKH hm. H.H.Boromo- 
6obb OH5IH.

npenpHHT OdtesHHCHHoro HHCTHTyra jwepHux HCCJieaoBaHHH. flyfina, 1997

Afanasiev G.N., Kartavenko V.G. E4-97-393
Radiation of Charge Uniformly Moving in Medium

We analyze how the frequency dependence of the dielectric permittivity affects 
the electromagnetic field radiated by a point charge uniformly moving in medium. 
It turns out that a moving charge radiates at every velocity. We study the space 
distribution of the electromagnetic field and show that its oscillations are due to the 
time-dependent medium polarization induced by the moving charge. Spectral 
distributions of the radiated energy and the photon number are given. Consequences 
arising from the choice of polarization different from the usual one are discussed. 
The analysis of the Kramers—Kronig dispersion relations for the treated problems 
is given.

The investigation has been performed at the Bogoliubov Laboratory of 
Theoretical Physics, JINR.
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