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Abstract

This work addresses the vortex shedding phenomenon and the problem of predicting vortexinduced vibrations of slender marine structures. This high-frequency response form may con
tribute significantly to the fatigue damage of a structure. As the development of hydrocarbons
moves to deeper waters, the importance of accurately predicting the vortex-induced response
has increased. Thus the need for proper response prediction methods is large.
The problem of vortex-induced vibrations is a classical example of a fluid-structure interaction
problem, which involves both fluid dynamics and structural mechanics. In this work an extensive
review of existing research publications about vortex shedding from circular cylinders and the
vortex-induced vibrations of cylinders is presented. Furthermore an overview of the different
numerical approaches to modelling the fluid flow is given.
A comparison study of existing response prediction methods revealed very large deviations be
tween the response predicted by the different methods. Differences were observed both in re
sponse shapes and in vibration amplitudes. Most of the existing prediction methods are based
upon simple force expressions, where the flow velocity is the only parameter representing the
flow.
Today, workstations and supercomputers have increased the value of flow simulations signifi
cantly. This has initiated the possibility of using computational fluid dynamics as a means in
the response prediciton of vortex-induced vibrations. One such alternative prediction method
is presented in this work; a fully three-dimensional structural finite element model is integrated
with a laminar two-dimensional Navier-Stokes solution modelling the fluid flow.
The two-dimensional Navier-Stokes solution has been used to study the flow both around a
fixed cylinder and in a flexibly mounted one-degree-of-freedom system. The results have been
compared with existing experimental and numerical results. The conclusion is that the vortex
shedding process (in the low Reynolds number regime) is well described by the computer pro
gram, and that the vortex-induced vibration of the flexibly mounted section do reflect the typical
dynamic characteristics of lock-in oscillations. However, the exact behaviour of the experimental
results found in the literature were not reproduced.
The three-dimensional structural model is excited by two-dimensional hydrodynamic sections
applied at sections along the span. This model is used to find the response of a simply supported
beam, and in a more realistic case in which a free-spanning pipeline is modelled and analysed.
The response of the three-dimensional structural model is found to be larger than the expected
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difference between a mode shape and a flexibly mounted section. The explanation is found in
using independent hydrodynamic sections along the cylinder. In this way, the sections towards
the ends acts to excite the cylinder even after the expected maximum amplitude is reached at
the mid span.
However, the predicted response is not unrealistic, and considering the completeness of the in
formation provided by the hydroelastic response prediction, the method is considered a powerful
tool. An improvement of the fluid modelling to handle full scale conditions and three-dimensional
flow, will increase its applicability.
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Chapter 1

Introduction

“The last thing that we find in making a book,
is to know what we must put first. ”
Blaise Pascal (1623-1662)

1.1 Background and motivation
In offshore installations, several crucial components can be classified as slender marine structures.
Among the slender marine structures we find risers, mooring lines, umbilicals and cables, and
pipelines. The dynamic response of these structures due to environmental loads, (as wave motion
and current) as well as support motions, may have a nonlinear character. Mainly, the response
will be nonlinear due to nonlinear hydrodynamic forces, but in some cases also due to a nonlinear
structural behaviour.
The in-line response is normally well predicted by using the Morison equation, (see e.g. Sodahl
(1991) and Passano (1994)). However, the transverse forces are neglected in this procedure. As
the flow separates off the surface of the structure a high frequent transverse force is produced,
which excites the structure in the cross-flow or transverse direction. The transverse forces are
referred to as vortex-induced forces and the resulting response is termed vortex-induced vibrations
(VIV), or alternatively flow-induced vibrations.
The high-frequent nature of VIV means that it may add an important contribution in fatigue
damage calculations. The vortex shedding frequency is mainly proportional to the flow velocity,
which means that in waves the regularity of the vortex-induced forces may be broken. Hence, in
shallow water with wave motion dominating the flow velocity, the in-line response is normally
the dominating part of the response.
However, the wave motion decays exponentially with water depth, and as offshore production
moves to deeper water, the steady current velocities will gradually start to dominate the envi
ronmental loads. As a consequence, vortex-induced vibrations will gradually become the dom
inating dynamic response mode. This means that efficient and reliable methods for predicting
the vortex-induced response of a slender marine structure becomes increasingly important.
1
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The objectives of this work have been
1. to study the vortex shedding process behind slender marine structures,
2. to investigate methods for prediction of vortex-induced vibrations,
3. and to present and discuss results from a response prediction method where direct numer
ical simulation of the flow field is integrated with the structural response calculation.
In the first part of this thesis an extensive overview of earlier research related to vortex shedding
and vortex-induced vibrations is given, the subsequent part contains a discussion of existing
response prediction methods including a presentation of the applied response prediction method
which is based on computational fluid dynamics (CFD) being integrated with a structural re
sponse calculation, and in the last part of the thesis results from the presented response prediction
method are discussed. The contents of each chapter are briefly summarized in the following.
Chapter 2 is a review of vortex shedding related research literature. This includes vortex shedding
in steady flow from fixed cylinders and the corresponding vortex-induced forces acting on the
cylinder, the vortex-induced vibrations of a flexibly mounted cylinder section in a steady flow
and the effect of the vibrations on the vortex-induced forces, the vortex-induced forces acting on
a cylinder in oscillating flow, the resulting cylinder vibrations in oscillating flow, and an overview
of vortex suppression devices.
Chapter 3 continues the review part with a discussion of the effect of the length dimension of the
structural components. What effect does the length of the cylinder have on the vortex shedding
process, and what kind of response form can be expected on a given cylinder? This chapter also
includes a section on the established knowledge of VIV on free-spanning pipelines.
Chapter 4 is an overview of some of the different approaches possible in flow simulation and
modelling of the Navier-Stokes equations. As the computational power continues to increase,
computational fluid dynamics are becoming more and more helpful in real applications.
In Chapter 5 results from a number of the existing response prediction methods are compared,
and the theoretical foundations of the different methods are thoroughly discussed. In the last
section of this chapter an alternative response prediction method is presented, in which a struc
tural finite element model is excited by hydrodynamic forces found from a finite element solution
of the Navier-Stokes equations. This method is an example of what is possible with the aid of
CFD tools today with relatively simple algorithms.
Chapter 6 is a numerical investigation of the flow around a fixed circular cylinder. A param
eter variation is performed with two different numerical approaches to solve the Navier-Stokes
equations.
In Chapter 7 two-dimensional response calculations of a flexibly mounted rigid cylinder sec
tion with a relatively high mass ratio are compared with experimental results as well as other
numerical results.
Chapter 8 presents results from two-dimensional response calculations of cases with considerably
lower mass ratios, and corresponding results from a three-dimensional simply supported beam
modelled with finite elements and excited by hydrodynamic forces found from two-dimensional
flow simulations at predefined cross-sections along the span of the beam.
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Chapter 9 contains a study of the dynamic response of a free-spanning pipeline excited by the
vortex-induced forces found at sections along the free span as in the simply supported beam in
Chapter 8. The problem of vortex-induced vibrations of a free-spanning pipeline is considered
as the simplest of the slender marine structures listed above, and is chosen as a first realistic
case study.
The final Chapter 10 contains concluding remarks and suggestions for future work.
In the following section we give brief introduction to vortex-induced vibrations, and in the sub
sequent section we discuss some dimensionless parameters which are often used in the prediction
of vortex-induced response.

1.2 Vortex-induced vibrations
The classical problem of bluff body flow and the hydroelastic problem of vortex-induced vibra
tion have both been under close investigation for more than a century. An impressive amount
of information has been accumulated in this combined field of hydrodynamics and structural
dynamics. The overall appearance of this information is of descriptive character, hence a deep
insight into what is happening is obtained. However, the progress towards a solution of the
problem in terms of why it is happening, has been slow. More questions have been raised than
answered.
A fluid flow around a circular cylinder will separate from the surface of the cylinder (except at
very low flow velocities), and form vortices which are convected downstream by the flow velocity.
A characteristic vortex street, often referred to as the Karman vortex street, is formed in the
wake of the cylinder. The vortices are fed by the circulation in the separated shear layers, and by
mutual interaction between the vortices, they establish a (more or less) stable wake pattern. As
a result of the fluctuating flow velocity in the near wake of the cylinder, an alternating pressure
field is set up. Consequently, oscillating forces occurs both in-line and cross-flow to the in-coming
flow direction.
These forces are known as vortex-induced forces or alternatively flow-induced forces. The trans
verse vortex-induced force component oscillates at the frequency of vortex shedding, fs, (an
impulse is given each time a vortex is shed from the same side), whereas the in-line component
oscillates at 2 fs, (an impulse is given each time a vortex is shed from either side). On a fixed
cylinder, a linear relation is found between the vortex shedding frequency, fs, and the in-coming
flow velocity, U. This relation is given as
St ■ U
D

(1.1)

where D is the diameter of the cylinder, and St is the proportionality constant, known as the
Strouhal number.
As the shedding frequency approaches the natural frequency /,, of a given cylinder, the natural
vibration mode of the cylinder can take control of the vortex shedding process, forcing the
shedding frequency to follow the vibration frequency over a small range of frequencies around
/„. This phenomenon is commonly called lock-in; the wake-oscillations are locked-in with the
natural vibration of the cylinder. The phenomenon is also referred to as synchronization or wake
capture, and involves increased vibration amplitudes in the order of 1D.
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The lock-in phenomenon have been recreated in both free vortex-induced vibration experiments
(Feng 1968) and forced vibration experiments (Bishop and Hassan, (1964a, 1964b)). Both types
of experiments have also shown a hysteresis behaviour of the response amplitude. The hysteresis
loop is characterized by simultaneous jumps in the vibration amplitude, the lift and drag forces,
and the phase angle between excitation and displacement, as the reduced velocity is varied. The
position of the jumps is dependent on whether the velocity increases or decreases. A hysteresis
behaviour like this can be described by nonlinear springs or dampers.
Two well-known examples producing such behaviour is the Van der Pol and the Duffing equations,
(Guckenheimer and Holmes 1990). Van der Pol’s equation contains a nonlinear damping term
which adds energy to the system at low oscillation amplitudes and subtracts energy at higher
amplitudes, whereas Buffing’s equation contains a cubic stiffness term which acts to harden (or
soften) the spring effect. The resemblance of flow-induced motion to the characteristics of these
nonlinear equations, lead several researchers to model the fluid-structure interaction with a Van
der Pol equation (see e.g. Iwan and Blevins (1974)). Not surprisingly, solutions to this equation
appears in the form of a limit cycle, and do inherit some of the nonlinear characteristics found
in flow-induced vibrations. However, as pointed out by Sarpkaya (1979b), the fluid-mechanical
arguments invoked in establishing the wake-oscillator model are not altogether convincing.
The fluid effects obviously contributes to the restoring forces in the integrated fluid-structure
problem. And large efforts have been made in identifying and quantifying the inertia and damp
ing effects added to the system by the fluid in such problems. Zdravkovich (1982) have studied
results from flow-visualization of wakes behind oscillating cylinders and concluded that two dif
ferent modes of vortex shedding exist. The abrupt jump in vibration amplitude, lift and drag
force, and phase angle, can be described by the fact that two modes are competing. Further
evidence is found in Williamson and Roshko (1988), which performed forced oscillation tests with
a cylinder in a flow. By varying the amplitude and frequency over a large range of values, they
found a number of different vortex shedding modes. Two of the modes, where associated with
the change of character for the fluid forces found by Bishop and Hassan (1964b). This is later
confirmed in experiments by Brika and Laneville (1993) in a study of a freely vibrating cylinder.
In their study they compared the resulting vibrations and force measurements with the experi
ments of Feng (1968) and Bishop and Hassan (1964b), and they studied the flow visualization
according to the results by Williamson and Roshko.

1.3 Dimensionless parameters in fluid-structure
interaction problems
Over the years, researchers have tried to isolate different effects and to study the variations
of these effects to variations of certain input parameters. Historically they started out with
the presumingly simplest cases and subsequently moved on to more complex flow and structure
situations. The whole process is, of course, nonlinear, implying that the knowledge from each
individual effect cannot be superimposed to obtain the combined effect. However, a lot has been
learned during such a process, and while waiting for the ‘unifying theory’, we will have to rely
upon the knowledge gained from the isolated effects.
In short the transverse forces acting on a cylinder is dependent upon i) the nature of the flow, ii)
the structural parameters, and Hi) the structural response. Under each of these groups, there are
several (dimensionless) parameters involved with its own information about an observed effect.
In the following we present dimensionless parameters often used in VIV prediction, (see also
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Blevins (1990) and Vandiver (1993)). We start with parameters related to the flow, then we
discuss some structural parameters and finally we discuss parameters which accounts for the
fluid-structure interaction.
1.3.1

Flow parameters

Reynolds number, Re
The Reynolds number is used to classify dynamically similar flows, i.e. flows which have geo
metrical similar streamlines around geometrical similar bodies (Schlichting 1987). The Reynolds
number is defined as
(1.2)

where U is the flow velocity, D is a characteristic dimension of the body around which the fluid
flows, (the diameter in the case of a cylinder), v is the kinematic viscosity coefficient. The
Reynolds number expresses the ratio of a characteristic inertia force to a characteristic viscous
friction force. Both air and water have a rather low viscosity, hence the Reynolds number of
most flows of practical interest is very high. The different flow regimes found by using Re to
classify the flows, are discussed in a later section.
Keulegan-Carpenter number, KC
The Keulegan-Carpenter number is an important parameter in harmonic oscillating flows, as e.g.
in waves. The flow velocity may be written as U = tT/w sin (ivt), and the KC-number becomes
KC =

UmT
D

2irA
TP

(1.3)

where Um is the amplitude of the oscillating flow velocity component, T is the period of os
cillations, and A is the displacement amplitude of the fluid. KC is also useful when studying
oscillating cylinders in a fluid at rest, then A is the displacement amplitude of the oscillating
cylinder.
Turbulence intensity
Turbulence intensity in the incoming flow can be magnified by the relation

U ’

(1.4)

where Urms is the root mean square (rms) value of the free-stream velocity, U, due to the very
small turbulent fluctuations in the flow.
Shear fraction of flow profile
A current profile will often be non-uniform, the amount of shear in the current profile can be
magnified by the shear fraction, defined as
AU
Cmax

(1.5)
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where AU is the variation of velocity over the length of the current profile, and Umax is the
maximum flow velocity occurring in the current profile.
1.3.2

Structural parameters

Aspect ratio
The aspect ratio provides information about the geometric shape of the structure in question.
The aspect ratio is defined as
L _ length
D
width ’
where L is the length and D is the diameter of the actual cylinder.
Roughness ratio
The roughness ratio is defined as
k
D

(1.7)

where k is a characteristic cross-sectional dimension of the roughness on the body surface.
Mass ratio
The mass ratio is commonly defined as 7t/4 times the ratio of the mass per unit length of the
cylinder (m) to the mass per unit length of the displaced fluid, {’KpD2/A).
m
pD*

(1.8)

In the literature this parameter has been presented both with and without the added mass
included in the mass per unit length, m. In this work, the mass ratio has been established with
the structural mass only.
Damping ratio, (
The damping ratio is defined as

c=

c

(1.9)

where u>n is the natural frequency in radians per second, c is the damping constant per unit length
and is assumed uniformly distributed along the cylinder length. In cases where this assumption
is not valid, c and m in the above expression may be substituted by the modal damping and the
modal mass constants. In this work, m is taken as mass plus still water added mass, (with an
added mass coefficient of 1.0) and cun as the natural frequency in still water.
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Wave propagation parameter, n£n
Vandiver (1993) defines the wave propagation parameter, n(,n to identify whether a structure is
likely to respond in a single-mode lock-in manner, or if infinite cable behaviour can be expected.
Vandiver interprets the meaning of this parameter in the following way:
1. if re£n is less than 0.2, a standing wave behaviour can be expected,
2. if n(n is more than 2.0, an infinite cable behaviour can be expected,
3. if 0.2 < nQn < 2.0, a combined response form will appear.
1.3.3 Interaction parameters
Reduced velocity, Ur
The reduced velocity concept is valuable when examining the likelihood of a structure to respond
with lock-in oscillations. For steady vibrations, the length of a path for one cycle is U/f, where
U is the free stream velocity and f is the frequency of vibration. The reduced velocity is defined
as the ratio of this number and a characteristic dimension of the structure, typically the diameter
for a cylinder,
path length per cycle
model width

(1.10)

The natural frequency entering the reduced velocity expression is found in the literature both
as the natural frequency in air and as the natural frequency in water. In this work we have used
the natural frequency in still water.
Non-dimensional amplitude, Ay/D
The width of the path from steady vibrations is 2AV, where Ay is the amplitude of the vibration.
This width is related to the dimensions of the structure by the ratio,
Ay _ vibration amplitude
D
model width

(1.11)

Strouhal number, St
The Strouhal number is defined as

(1.12)

For a fixed cylinder, there will be a relatively linear relation between the vortex shedding fre
quency fs, and the free stream velocity divided by the cylinder diameter U/D. The Strouhal
number is the proportionality constant for this relation. This definition is closely related to the
definition of the reduced velocity.
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Non-dimensional vibration frequency, /
As stated above, there is a close relationship between the Strouhal number and the reduced
velocity. This relation becomes obvious as we introduce the non-dimensional vibration frequency,
f, as the inverse of the reduced velocity.
f£
u

(1.13)
’

where / is a given frequency, not necessarily a natural frequency. This distinction makes the
difference between the non-dimensional frequency and its inverse brother, the reduced velocity.
This is also the reason why the non-dimensional frequency often is preferred to the reduced
velocity in cases with forced cylinder oscillations. In such cases, the frequency of vibration
becomes the varying parameter, keeping the others constant. In cases with responding cylinders,
the free-stream velocity becomes the varying parameter, while the natural frequency of the
cylinder, fn, only varies due to possible added mass variations. Not that / is directly comparable
to the Strouhal number St, which can be interpreted as the non-dimensional natural frequency
of the wake oscillations.
Response parameter, Sa
The response parameter Sg is defined in many different ways and presented under many different
names. Other common names for this parameter are reduced damping, mass damping, Scruton
number or the stability parameter. There is as mentioned, a variety of definitions for this param
eter, all more or less giving the same information. As this parameter is very often used to predict
the vortex-induced response of a given cylinder, and as it is being used in so many versions, a
thorough discussion of the response parameter will be given below. A consistent development
of the response parameter as found in Gopalkrishnan (1993) will help to understand what this
parameter is telling us.
Consider a cross-section of a circular cylinder with the diameter D, the cylinder mass per unit
length is to, and the structural stiffness is k. The incoming flow which excites the cylinder has
the free-stream velocity U, and the structural damping is given as the damping constant c, see
Figure 1.1.

/ / / / /

v / /

Figure 1.1: Simple structural model of a circular cylinder
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The dynamic equation of motion for this simple structure is given as
my + cy + ky = fy(t)

(1.14)

where y is the transverse displacement of the cylinder, and a dot represents differentiation with
respect to time. Hence, y and y is transverse velocity and acceleration respectively. The total
hydrodynamic force in the transverse direction due to the incoming flow, is represented by fy.
The vibrations that may occur in this dynamical system, will be a result of an exchange of kinetic
energy (in the mass term; which should account for the added mass effect of the hydrodynamic
force) and potential energy (in the spring term). The frequency of vibration is given as

(1.15)
where ma is the added mass effect of the hydrodynamic force. The cylinder vibrations are
determined by a energy balance between the damping term and the fluid excitation term. If the
work done by the exciting force is larger than the work done by the damping force, the vibration
amplitude will increase, and vice versa. If a steady state vibration amplitude is reached, the
damping term will balance the fluid excitation term exactly. Let us consider the worst case
possible, namely when the frequency of the excitation force equals the natural frequency of the
system. Under these conditions lock-in oscillations will occur. The cylinder vibration will follow
y(t) = Y„sin(wnt)

(1.16)

The excitation force may be written as

(1.17)
In this expression Clv and Cla is the component of the lift coefficient which is in phase with
velocity and acceleration respectively. The component of the excitation force which is in phase
with the cylinder acceleration will cause an added mass effect, and hence modify the frequency
of vibration. We can still consider the worst case scenario, i.e. the resonant frequency of the flow
is equal to the natural frequency of the system, included added mass. The vibration amplitude
will now be a result of the energy balance between the damping force term and the component
of the fluid excitation force which is in phase with velocity.

(1.18)
Inserting for the transverse cylinder oscillations, the velocity becomes y = a>nyncos(ivnf), and
we get

(1.19)
From the expression of the reduced velocity we have U = URbJnD/(2tt), and utilizing this we get
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(1.20)

which can be rewritten as

2mtot(2n(;y

2

pD2

(1.21)

In this case, when the vortex shedding frequency equals the natural frequency, St — 1/(7r, and
we get
2(2^%)^=C^y

(1.22)

Introducing the response parameter, or the reduced damping, we can write,

2Sg-jz;

— Clv

(1.23)

where the response parameter is given as
Sg — 27rSt2Ks,

(1.24)

and the parameter Ks is the reduced damping parameter 1 (Blevins 1990), defined as

(1.25)
The essential information in the reduced damping parameter is the product between the mass
ratio and the damping ratio. This product is often referred to as the mass damping parameter,

(1-26)

The mass ratio in Eq. (1.26) can also be found as the ratio between structural mass (m), and
the mass of the displaced fluid, (7rpD2/4). Whether it is used as the response parameter, the
reduced damping parameter, or the mass damping, this parameter is used to determine the
maximum amplitude of a cylinder responding in a lock-in condition. This parameter has very
often been misinterpreted as stated in Vandiver (1993), and used to document that low density
cables (small mass ratios) are likely to respond more than high density ones. In fact, the mass
ratio has little to do with the response amplitude. Vandiver shows this by replacing the Strouhal
number, the mass and the damping ratio with the definitions for these parameters, and ends up
with the following expression for the response parameter
1 Other names used for this parameter are: the stability parameter (Det Norske Veritas 1981) or the S eraton
number (Blevins 1990)
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(1.27)

Sg =

This ratio is independent of cylinder mass, except through the vibration frequency. According
to Vandiver, Sg expresses the ratio between dissipative forces of a cylinder to hydrodynamic
excitation forces, and that it is a statement of dynamic equilibrium between power injected
into the cylinder from the fluid through lift forces and the power dissipated by damping. This
statement compares well with the development of the expression for the response parameter as
shown by Gopalkrishnan (1993), as the component of the lift force in phase with acceleration
only will act to change the frequency of vibration, and that the amplitude of vibration is solely
determined by the balance between damping forces and the component of the exciting lift forces
in phase with the velocity. However, results from the present study as well as other recent
numerical results, are that the mass ratio may have an influence on the maximum vibration
amplitude at low values of the response parameter.
Number of excited, modes, Ns
As a final parameter important for the response of more complex structures, is the number of
possibly excited modes, Ns, or the number of natural frequencies within the range of excitation
frequencies. Vandiver (1993) defines Ns as the product of the excitation bandwidth and the
modal density of the natural frequencies of the cylinder.
The excitation bandwidth, A/, in a sheared flow is defined as

A/ =

AU
UrD'

(1.28)

where Ur is taken as the empirical value of the reduced velocity where the largest response is
found under field conditions, (Ur « 5.9). The modal density of a constant tension cable is 1/fi
modes per Hz, where fi is the first mode natural frequency.
Hence, the number of .possibly excited modes is approximately
A/
fi

AU
At7
= 0.17
hURD
fiD’

(1.29)

Chapter 2

Vortex shedding on circular cylinders

“Science is built up with facts as a house is with stones.
But a collection of facts is no more a science
than a heap of stones is a house. ”
Jules Henri Poincare, (1854-1912)

2.1
2.1.1

Vortex shedding — What is it and why does it occur?
Historic introduction on vorticity and vortex motion

An extensive review on the history of vortices in nature can be found in Lugt (1983). This brief
historical survey is based on Lugt’s book.
Vortices and vortical flows have inspired human imagination since ancient times. We can find
references to vortical flows in many religious legends and epics. From the Bible it is told that
“Elijah went up by a whirlwind into heaven” (King, (2), 2.11). In the old Norse poetry of the
Edda. one can read about the world mill. The water in the oceans may from time to time rush
down through the eye in the millstone and cause the legendary Malstr0m.
Later on as the mythological conception of the world was replaced by the mechanistic view by
the Greek philosophers, the vortical flows showed up in a different texture. The first atomists,
Leucippus and Democritus, interpreted the accumulation and order of the atoms by means of
vortices. The later philosophers did not necessarily share their views about how the atoms moved,
but several of them have tried to explain the cause, occurrence and motion of whirlwinds. In
Lugt’s review we find examples of Aristotle’s (384-322 BC) attempts to describe the vortical
flow of a whirlwind as well as the attempts of the Roman author Seneca (0-65 AD). Entering
the Renaissance, Leonardo da Vinci followed up on the efforts to try to describe Mother Natures
vortical structures. With his artistic skills he came up with some amazingly detailed sketches
of vortex shedding behind different kinds of bodies. His contributions were made without the
analytical tools of modern mathematics and mechanics, which makes his sketches even more
impressing.
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During the 16th and 17th century, new ideas developed and people like Copernicus (1473-1543)
(changed the centre of the universe from the earth to the sun), Galileo (1564-1642) (discovered
the law of free fall) and Kepler (1571-1630) (found that the planetary orbits are elliptic, not
circular) really shook the world view. Inspired by the new ideas, Descartes (1596-1650) developed
a unified philosophical system based on a mathematical foundation. Included in his tremendous
work is a general theory of physical phenomena, Descartes’ famous vortex theory. (Cartesian
vortex theory).
The next giant step was taken by Newton (1642-1727). Newton’s work marked the beginning of
the era of classical mechanics. He was soon to be followed by giants like Leibniz, d’Alembert,
the Bernoullis, Euler, Lagrange and Laplace. Euler for instance, derived the famous equations
for an inviscid fluid motion, that today bear his name. A few years later Navier (1827), Poisson
(1831), St. Venant (1843) and Stokes (1845) derived under various hypotheses the viscous term
in the equations of motion that today are called the Navier-Stokes equation. In 1858 Helmholtz
derived the vorticity theorems for the vorticity field of an inviscid fluid. These theorems say in
essence that vorticity in an inviscid fluid can neither be generated nor destroyed. In 1869 Lord
Kelvin formulated the circulation theorems as a version of Helmholtz’s vorticity laws. These laws
inspired the last philosophical attempt to try to use the vortex concept for a unified physical
theory. Similar to Democritus of the ancient Greek, Lord Kelvin tried to use the vortex concept
to explain the motion of the atoms and molecules. He used knotted and linked vortex rings
which could vibrate and thus generate the kinetic energy found in molecules. Following him, a
number of people tried to modify and change his attempts in order to get a description of the
atomic world. Towards the end of the century, Lord Kelvin realized that the nature of vortices
was instability and decay, and were thus incompatible with the stable nature of an atomic model.
Although the vortex concept failed to formulate a unifying physical theory, the development of
the vortex theory have been very valuable for the progression in classical mechanics in general
and fluid dynamics in particular. The vortex theorems of Helmholtz and Lord Kelvin (valid for
ideal incompressible fluid flow) have been very useful for the study of different kinds of vortex
configurations. It suffices to mention the Benard vortex or the von Karman vortex street. For
the early research on turbulence, vortex theory was very useful, still today, researchers tend to
believe in vortex theory in order to be able to describe the motion of coherent structures in the
form of large-scale eddies. In aero- and hydrodynamics the theory of lift (based on the bound
vortex concept) by Lanchester, Prandtl, Kutta and Joukowski initiated the rigorous development
of propellers and turbines. In acoustics the theory of aerodynamical sound generation is based
on vortical motion in an unsteady flow. Benard was the first researcher to relate the vortex
concept to sound. Closely related to vortical sound generation is vortex-induced vibration of
bodies. The sound of the Aeolian harp from the ‘olden days’ is an example of this phenomena.
Later a large number of structures have shown the ability to vibrate as a consequence of vortex
shedding. Chimney pipes, large tall skyscrapers, bridges and flare booms on offshore structures
are all examples on structures or structural elements which can be excited by vortex shedding
in air. In water, marine risers, cables and pipelines are known to be excited by vortex shedding
in a similar manner.
Before we turn our attention to the vortex shedding on slender marine structures, we shall round
off the historical survey by mentioning that the vortex concept is still used as a tool in efforts on
describing the motion of solar systems and rotating black holes. Even in quantum theory, the
vortex concept plays a role as a quantum vortex (a roton) have been introduced. Common for
both these two examples are that relativistic, and for the latter case also quantum mechanical
assumptions must be made.
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2.1.2 Early research on vortex shedding and vortex-induced vibrations
As mentioned in the previous subsection, the wind-induced vibrations of a taut string have been
known since ancient times to produce sound. The sounds generated by wind have been known as
Aeolian tones. Although Leonardo da Vinci (1452-1519) managed to draw surprisingly detailed
sketches, the work of Strouhal in the 19th century must be considered as the first scientific
research in the field. In 1878, Strouhal investigated the sound made by a tensioned string in
rotating shaft (Blevins 1990). He varied the rotation velocity and the diameter of the cylinder,
and measured the frequency of the sound which was produced. In this way he established the
relationship which later has been known as the Strouhal relation

h=

(Hz],

(2.1)

where fs is the frequency of the vortex shedding (and of the sound), U is the flow velocity, D
is the diameter of the string, and St is the Strouhal number. In the measurements of Strouhal,
the Strouhal number varied between 0.156 and 0.205. Strouhal had the impression that the
sound must be related to friction forces between the wind and the string. In 1879, Lord Rayleigh
studied the motion and sound of a wire at the top of a chimney, (Blevins 1990). He confirmed
the Strouhal relation. However, he found that the string was actually vibrating in a direction
transverse to the flow direction and not in-line with the flow as suggested by Strouhal. The
next historical step towards a better understanding of this fluid-structure interaction problem
was taken by Benard in 1908. He related the generated tones to the vortex formation and the
existence of a vortex street. Following Benard’s idea, von Karman studied the stability of a vortex
pattern, and in 1912 he managed to find a closed form solution to the vortex street problem by
applying potential vortices (Faltinsen 1990). He found that only two different arrangements were
possible. The vortices are either placed exactly opposite each other in two rows behind the bluff
body, or they are symmetrically staggered, (see Fig. 2.1). The first arrangement was shown to
be unstable, whereas the other arrangement was found to be stable for one explicit ratio of the
vortex street width, h, and distance between two adjacent vortices, l, namely
j = i cosh-1 (V2) « 0.2805.

Figure 2.1: The stable vortex street after von Karman, (Blevins 1990).

(2.2)
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There was no body involved in von Karman’s stability analysis, nor did he consider viscous
effects or turbulence, as potential theory was applied. Nevertheless, the observed wake behind a
bluff body has later been linked to his work as a Kdrman vortex street.
After the seminal work of these early researchers, a wide and deep ocean of research has evolved
in the field of vortex shedding and vortex-induced response of cylinders. Many different angles
of attack have been followed to approach the problem, and a large variety of completeness have
been achieved. A very crude classification of the different research areas can be to distinguish
between the fluid problem and the structural problem.
The fluid problem. Those who study the vortex shedding process behind a bluff body, a study
of the flow.
The structural problem. Those who study the structural response of a cylinder due to vortexinduced forces, a study of the response.
Traditionally, hydrodynamicists (or fluid dynamicists) have followed the first path, while the
other approach have been followed by researchers with a background in structural dynamics.
The bulk of the knowledge found in both camps have been built based on experimental work,
although some simple calculations applying potential theory have been helpful to some. Only
recently (since about the 1970’s) the computers have made it possible to solve the Navier-Stokes
equations which accounts for viscous effects, and also in fact to solve approximations to turbulent
flows. The numerical methods involved with computational solutions will be discussed Chapter 4.
In this chapter we will concentrate on the empirical work done in the field of vortex shedding
and vortex-induced vibrations.
A classification of the experimental methods found in the literature may be
• Flow visualization
• Flow velocity or pressure measurements
• Force measurements (on fixed or oscillating cylinder)
• Displacement measurements (of vortex-excited cylinder)
A review of flow visualization research can be found in Coutanceau and Defaye (1991), whereas
a review of the work done in the field of force measurements may be found in Gopalkrishnan
(1993).
2.1.3

Towards an understanding — Flow separation and vortex formation

A physical interpretation of flow separation from a surface may be given by introducing the
concept of the boundary layer. Boundary layer theory is extensively treated by Schlichting
(1987), and beyond the scope of this text. However, a short introduction will be given. The
boundary layer is the (thin) layer in which the flow velocity is increased from zero at the body
surface (no slip condition) to the free-stream velocity at some (small) distance away from the
surface. A boundary-layer as it appears on a flat plate is sketched in Fig.2.2.
Separation of the flow means separation of the boundary layer. This is only possible if the fluid
particles in the immediate vicinity of the body surface are reversed. The fluid particles further
away from the surface are then forced outwards, hence the boundary layer separates. The
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Figure 2.2: Development of boundary layer on a flat plate, (Newman 1977).

separation of the boundary layer is closely related to the pressure distribution in the boundary
layer. For a flat plate the pressure will be constant over the width of the boundary layer and no
separation will take place.
For a bluff body this is not so. In a potential (frictionless) flow around a bluff body, the fluid
particles will be accelerated upstream of the cylinder, and decelerated downstream. Hence,
the pressure decreases on the upstream side and increases on the downstream side. We have
introduced a pressure gradient to the problem. In a frictionless fluid, where Bernoulli’s equation
remains valid, the particles will have the same velocity at the downstream stagnation point as
at the upstream stagnation point. However, in a viscous fluid flow, the particles in the thin
boundary layer close to the surface will loose parts of its kinetic energy due to friction. The
particles in the boundary layer may then have too little kinetic energy left to meet the increased
pressure field on the downstream half of the body. Hence, a boundary layer separation will
result, (see Fig. 2.3). At the point of separation, the flow from ahead and behind will meet in
a stagnation point and subsequently advance in a different direction. This will give rise to a
vortex, which will feed on the energy loss in the wake due to the boundary layer separation.
The vortex will subsequently be converted away with the local velocity and together with other
vortices form the Karman vortex street.
An overview of the mathematical treatment on the boundary layer theory as found in Schlichting
(1987) and Newman (1977) will be given. In a laminar flow the nonlinear Navier-Stokes equations
define the motion of the fluid particles. The two-dimensional version can be written as
du
du
du
% + "ah +
dv

dv

dv

(2.3)
(2.4)

where u and v are the velocity components, p is the pressure, t is the time variable, p is the mass
density of the fluid, v is the kinematic viscosity coefficient (defined as v — fi/p where p is the
coefficient of viscosity), V2 is the Laplacian operator, and fx and fy are the force components
acting on the body (e.g. like gravity). Due to the nonlinearity of these equations, analytical
solutions exists only for certain simple cases. Among these we can mention the steady walldriven Couette flows and pressure driven Poiseuille flows, and the unsteady accelerated plane
wall and oscillating plane wall flows known as Stokes’ first and second problem, (White 1991).

CHAPTER 2. VORTEX SHEDDING ON CIRCULAR CYLINDERS

18

LOCATION

A

B

"

LL

* tL

Ld

C

hi

0

±1

5

ix.
Figure 2.3: Viscous flow around a bluff body, (Newman 1977).

Our main concern is with the flow situation in the boundary layers. At relatively large Reynolds
numbers and by using an argumentation based on the order of magnitude of each term in the
Navier-Stokes equations, it is possible to reduce the equations considerably,
du dv
6b + % - °

(2-5)

du
du
1 dp
d2u
u 6b+% = - pdx+ Vdy2'

(2-6)

These equations are called Prandtl’s boundary layer equations for a steady flow. They can be
solved for some certain cases, as will be discussed in the following. First, we will use the boundary
layer equations to establish a mathematical definition of the point of separation. At the point
of separation the physical requirement is that the shear stress is zero, or equivalently (since
rVJ — p ■ du/dy) the velocity gradient dufdy is zero at the body surface. A further requirement
for flow separation is that the flow should decelerate (dp/dx > 0). Inserting the boundary
conditions u = v = 0ati/ = 0in Eq. (2.6) gives
(d2u\

1 dp

(2-7)

Hence d2u/dy2 should be greater than zero at the wall for the flow to separate, see Fig. 2.3.
For a flat plate, the pressure gradient term in Eq. (2.6) vanishes, and the partial differential
equations in Eqs. (2.5) and (2.6) may be reduced to ordinary differential equations by assuming
similarity in the velocity profiles at all locations in the boundary layers. We seek a solution of
the velocity profile which can be written as
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(2.8)

where u is the local velocity in the boundary layer at a distance y from the surface and at a
distance x along the flat plate, 5(z) is the thickness of the boundary layer at the same location,
U is the incoming free stream velocity, and the non-dimensionalized variable y is defined as
y — y/8{x). It can be shown that 8(x) ~ yJvxjU, hence the similarity variable can be written
as y = yy/U/vx. Now by introducing a stream function
y) of the form
ip = 'JvxU • f(y),

(2.9)

where f(y) is a dimensionless stream function. By using the stream function to insert expression
for u, v, and the derivatives of these into Eqs. (2.5) and (2.6), it is possible to find the Blasius
equation of the form

//" + 2/'" = 0,

(2.10)

where the prime denotes differentiation with respect to the variable y. This ordinary differential
equation does not have an exact solution, hence numerical solutions are necessary. From the
numerical solutions of Blasius equation, the development of the laminar boundary layer of a flat
plate can be found. The boundary layer thickness is not a very precise measure. An engineering
criterion in common use, is the distance from the surface to the point where the velocity is 99%
of the free-stream velocity

— 0-99,

599%

(2.11)

Two other definitions of the boundary layer thickness exist, based on more theoretical grounds.
The displacement thickness, 8*, which is based on mass conservation,
f = ^ (l-g)dy,

(2.12)

and the momentum thickness, 6, based on conservation of momentum
*=%

^(1-^)4,.

(2.13)

With an expression for the velocity profile in the boundary layer, (as e.g. from the solution to
Blasius equation) it is possible to calculate these numbers.
In a similar way as in the development of Blasius equation, it is possible by means of a similarity
transformation (y = y((m + l)/2 ■ U(x)/(ux))3) to obtain a simplified ordinary differential
equation from Prandtl’s boundary layer equations (Eqs. (2.5) and (2.6)) for a variable free
stream velocity, (U(x) = Uoxm). This will lead to the Falkner-Skan equation
f" + ff" + P(1 - f2) = 0,

(2.14)
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where 0 = 2m/(l + m) is a measure of the pressure gradient, dpjdx, in the flow, and m is
the Falkner-Skan power-law parameter defining the flow. If 0 is positive, the pressure gradient
is negative, (or favourable) and negative 0 means positive (or unfavourable) pressure gradient.
When 0 = 0, the Falkner-Skan equation reduces to the Blasius equation. The difference between
Eq. (2.10) and (2.14) (when 0 = 0) is that a different similarity variable is used in the two cases.
The Falkner-Skan equation provides boundary layer velocities for different types of wedge flows.
Similarly, a Blasius series method can be applied for the boundary layers of a circular cylinder.
Schlichting (1987) shows how this can be applied to predict the laminar separation point in
steady flow. The result, <j>s = 108.8° (where the angle is measured from the front stagnation
point) is far from the empirical value of 82°. However, the velocity and pressure outside the
boundary layer are assumed from potential theory. The wake behind a cylinder in potential flow
is very different from the Karman vortex street of a viscous flow, hence the pressure field will be
very different.
As the applications increase in complexity, so does the mathematical difficulties in providing
exact solutions to the velocity profile in the boundary layers. The way of handling these increased
difficulties, is to consider approximate methods, in the form of an integral relation known as the
Karman integral relation, (see e.g. White (1991)). In deriving the Karman integral relation,
Eq. (2.5) is multiplied by u — U and subtracted from Eq. (2.6), this gives

Integrating this equation from the wall to infinity, and noting that both r and v vanish at infinity
in the boundary layer approximation, we get
t
c> r°°
ft
—=—
(U — u) dy+ — I
P
at Jo
ax Jo

r°°
u(U — u) dy+ -j— I (U - u) dy - Uuw.
ax j0

^ ig)

We can rewrite this equation in a more compact form by using the definitions of the displacement
and momentum thicknesses.
(2.17)
For a steady flow with an impermeable wall, we get
(2.18)
Now, to proceed from this, it is necessary to make an assumption regarding the velocity profile.
A well-known guessed profile is the fourth order polynomial proposed by Pohlhausen, which with
the proper boundary conditions is written
^ to 2t? - 2??3 + t/4 + ^[t?(1 - t/3)],

(2.19)

where A = 52(dU/dx)/v varies with the local pressure gradient and is known as the Pohlhausen
parameter. This method is e.g. used by Sarpkaya and Shoaff (1979) to determine the separation
points in their numerical simulations of the flow around a circular cylinder.
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In principle, this method applies also to turbulent flows, assuming another expression for the
velocity profile. The first approximation to the turbulent flow profile, is for a turbulent flow past
a smooth fiat plate, i.e. without roughness and pressure gradient. The form of the profile has
been identified by considering an inner layer where viscous (molecular) shear dominates, and an
outer layer where turbulent (eddy) shear dominates. In an overlapping region, both types are
important and the profile should connect the inner and outer regions smoothly. The expressions
for the velocity profiles (including the effects of pressure gradient and roughness) may be found
in text books as Schlichting (1987) or White (1991).

2.2

Steady flow around a fixed cylinder

In the first three subsections of this section, we will discuss the descriptive understanding of the
fluid flow past a circular cylinder. First we classify the different flow regimes, then we discuss how
the vortices are formed in the wake of a cylinder, and subsequently the hydrodynamic stability
of the wake flow is considered. The fourth subsection is devoted to the forces found from
experimental (and some numerical) works, and in the last subsection, parameters (additional to
Re) affecting the flow are discussed.
2.2.1 Classification of different flow regimes
We have seen in the previous section that there will be a Reynolds number dependency on the
flow in boundary layers, notably one should distinguish between laminar and turbulent boundary
layers. For the flow around circular cylinders, the Reynolds number will become more important
as it will determine whether or not separation will occur, and if it does, the position of the
separation point will be Reynolds number dependent.
For a circular cylinder, the Reynolds number, Re, is given as
Re =

(2.20)

where U is a characteristic flow velocity, D is the diameter of the cylinder and v is the kinematic
viscosity. The Reynolds number is used to classify dynamically similar flows, i.e. flows which
have geometrically similar streamlines. Based particularly on flow visualization experiments, a
classification of the different flow regimes of flow around a circular cylinder has been established
by several authors. One of the most recent works in this field is the one by Coutanceau and
Defaye (1991). This is an extensive review of flow visualization research, and gives a detailed
classification of ten different flow regimes. The following discussion of the different flow regimes
is mostly due to that impressive work.
For very low Re (Re < 0.1), the flow around a circular cylinder is indeed laminar and still com
pletely attached to the cylinder. The flow is nearly symmetric on the upstream and downstream
parts of the cylinder, and has a relatively clear stagnation point both in the front and at the
rear of the cylinder.
For 0.1 < Re < 5, the flow is laminar and no separation takes place. However, downstream of the
cylinder, the streamlines of the flow can be seen to move off from the cylinder surface, forming
a fore-aft asymmetry. This can be interpreted as a reduction in the velocity of the downstream
fluid particles compared with the upstream particles.
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From Re w 5 the reduced flow velocity downstream of the cylinder induces an unfavourable
pressure gradient on the boundary layer close to the rear stagnation point. This will lead to a
beginning boundary layer separation on each side of the stagnation point. As Re increases, the
separation points will move upstream along both sides of the cylinder surface. Correspondingly,
the two separated shear layers will meet at an increased distance behind the back of the cylinder,
enclosing two symmetrical standing vortices. The two vortices will remain attached to the
cylinder and grow linearly with increasing Re. The vortices will form a stable wake behind the
cylinder at least up to Re « 35.
For Re > 35, the first manifestations of instability occurs. Slight asymmetry can be found in
the attached bubble, and slight irregularities of its boundaries. The wake flow may start to
show signs of a wavy character, especially at some distance behind the cylinder. However, the
flow will still be stable and laminar, at least up to some critical value of Re. This critical value
will be strongly dependent upon the experimental conditions, such as the turbulence level in
the in-coming flow, and the end conditions of the cylinder. Coutanceau and Defaye (1991) have
proposed a limiting value of 60 to mark the end of this regime, Williamson (1991) shows that a
value of 50 may be more convenient.
For Re above the critical value of about 50-60, the wavy character of the distant wake, has
progressed up towards the rear of the cylinder, and shedding of alternating vortices from the
quasi-attached bubble will now take place. This laminar vortex shedding will form the famous
Karman vortex street for increasing Reynolds number up to some limiting value. Based on flow
visualization Coutanceau and Defaye (1991) have found Re « 100 to mark a limiting value for
this regime, and relates this to the end of the range where diffusion of vorticity plays a primary
role in the vortex formation. However, in a recent extensive study by Williamson (1991), it seems
as the main characteristics of the flow are retained up to Re % 180. (See also the discussion on
vortex formation in this regime in Section 2.2.2.)
Re « 150 marks the end of the range where diffusion plays the primary role in vortex formation.
However, this limit is not well defined, as experimental conditions may affect the changeover from
one state to another. This regime is characterized by shedding of alternating vortices directly
from the cylinder. The initial bubble disappears, and a progressively growing formation zone
develops, were the vortices build up. The vortices tend to be shed off in cells of length 1-3
diameters. Increased three-dimensionality of the wake flow will cause the laminar shed vortices
to develop into turbulent vortices. The transition zone will at first be found far downstream
of the cylinder, but as the Re increases, this distance will decrease, and at Re « 400-500, the
transition zone has reached the end of the formation zone behind the cylinder, the wake is now
fully developed into a turbulent wake. This flow regime ends at Re k, 2000.
For 2000 < Re < 1.5 — 2 - 10s, the wake will be turbulent, but the boundary layer at the
cylinder surface remains laminar, and separates at % 80°. Minimum separation angle is found at
Re « 2000. The fully developed turbulent Karman vortex street is characterized by a constant
Strouhal frequency, St ss 0.2. The length of the formation zone is at its greatest for Re w 2000,
and will gradually decrease as the Reynolds number increases further, until it vanishes at Re «
104. The turbulent vortex street topology is similar to the laminar regime, in that the vortex
street configuration seems to have a stable Strouhal frequency. The differences are found in that
the transverse spacing is smaller and the acceleration period is longer, than in the laminar case.
This regime marks the end of the subcritical regime.
In the critical regime, 1.5 - 2 ■ 10s < Re < 4 - 5 • 105, the boundary layer is becoming unstable
but separation occurs before turbulence sets up. The separation points moves backwards from
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an angle of 80° from the front stagnation point to an angle of about 120°. This causes a clear
decrease of the wake width and a corresponding decrease in the drag coefficient, from about
1.2 to a minimum value of 0.2-0.3 (at Re « 4 — 5 • 10s). Simultaneously, the Strouhal number
increases from about 0.20 to a maximum of 0.46.
In the supercritical regime, 4 - 5 • 105 < Re < 3.5 • 106, the separation will become turbulent,
but for Re below about 3.5 • 10s, the how will continue to undergo at first a laminar separation
(#5 « 100°), the flow then becomes turbulent and reattaches to the cylinder wall, forming
an attached separation bubble, before definitely separating downstream at &s Rd 140°. No more
regular vortex shedding is observed, and the drag coefficient slowly increases again with increasing
Re up to a limiting value of about 0.5 to 0.7.

Re < 5

REGIME OF UNSEPARATED FLOW

5 TO IS ^ Re < 40

A FIXED PAIR OF FtiPPL
VORTICES IN WAKE

40 < Be < 90 AND 90 < Re < 150
TWO REGIMES IN WHICH VORTEX
STREET IS LAMINAR

150 < Re < 300
~

TRANSITION RANGE TO TURBULENCE IN VORTEX

300 < Re ^ 3X105

VORTEX STREET IS FULLY

------------------------------------

TURBULENT

3 X 105 ^ Re < 3.5 X 106
LAMINAR BOUNDARY LAYER HAS UNDERGONE
TURBULENT TRANSITION AND WAKE IS
NARROWER AND DISORGANIZED

3.5 X 10s < Re
RE-ESTABLISHMENT OF TURBU
LENT VORTEX STREET

Figure 2.4: Flow regimes for fluid flow around a circular cylinder. (From Blevins (1990).)
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In the transcritical regime, for Re > 3.5 • 106 the separation bubbles gradually disappears, and
a fully turbulent separation occurs at 9S % 110°, this means that the wake width now increases
again, but remains smaller than the laminar wake width. The drag coefficient reaches a stable
value of approximately 0.54, likewise the relatively regular turbulent vortex shedding provides a
quasi-constant Strouhal number of about 0.3.
The different flow regimes are found to have important influence on both the force coefficients
and the shedding frequency. This will be returned to in Section 2.2.4. In Figure 2.4 the main
characteristics of six different flow regimes are shown. The figure is taken from Blevins (1990)
who credits Lienhard for having obtained the original figure. The identified regimes are defined
for a smooth cylinder. The limits defining the different regimes are not precise, and furthermore
they may be shifted due to surface roughness on the cylinder and varying relative turbulence
level of the incoming flow. In particular, the transition to turbulence in the boundary layer will
occur at a lower Reynolds number for large surface roughness or high relative turbulence.
2.2.2 Vortex formation
In studying the response problem, it is of great importance to understand how the forces acting
on the body surface are generated due to vortex shedding. The attention is thus drawn towards
the flow in the wake close behind the cylinder, and to how the vortices are formed in this vortex
formation region. The vortex formation region discussed in the following, may be thought of as
the distance from the rear of the cylinder to the position of the centre of the vortex when it is
shed. The position of maximum strength of the vorticity marks the end of the formation region,
in other words, the vortex is shed at the moment it reaches its maximum vorticity.
The vortex shedding mechanism for subcritical Reynolds numbers above 500, has been described
by Gerrard (1966). He postulates that the growing vortex remains stationary relative to the
cylinder, while it is fed by circulation from the separated shear layer. As it grows, it attracts the
shear layer from the other side of the wake. The approaching shear layer with oppositely-signed
circulation will eventually cut off the supply of vorticity to the growing vortex. The vortex is
now shed from the cylinder surface and moves downstream in the wake of the cylinder. Fig. 2.5
illustrates the idea. The vorticity of the attracted shear layer, is assumed to follow one of three
routes: a the vorticity is entrained into the growing vortex, thus reducing its strength, b the
vorticity is entrained into the developing shear layer, or c the vorticity moves back towards the
cylinder where it is cancelled in the next half of the shedding cycle. According to Gerrard’s
vortex formation model the balance between the amount of circulation that follows these routes,
controls the shedding frequency of the vortices, the strength of the vortices, and the base pressure.

Figure 2.5: The mechanics of vortex formation behind a circular cylinder, (Gerrard 1966).
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Figure 2.6: Maximum cross-flow velocity component in the wake as a function of Reynolds number, (Green and
Gerrard 1993).

The above vortex formation model is based on flow visualisation for subcritical Re > 500. At
lower Re, diffusion of the vortices becomes increasingly important, hence other mechanisms may
come into play. In a recent article, Griffin (1995) has defined Re = 350 to form the border
between low Re flows and high Re flows. The above description of vortex formation is assumed
to be valid for the high Re flows. A recent article by Green and Gerrard (1993) adds some new
insight into the low Re flows. Results from flow visualisations of two different low Reynolds
numbers are shown, Re — 73 and Re = 226. Some interesting differences are found which
corresponds to the changes in the vortex street as the Reynolds number increases. At the low
Re it is found that there is an extensive area with low vorticity between the two regions of
high vorticity emanating from the shoulders of the cylinder. The low-vorticity area is the result
of cancellation of vorticity as that of one sign diffuses into the other. At low Re the vortices
have time to diffuse, thus the area is large. At higher Re, convection of the vortices becomes
increasingly important, hence there will be limited time for vortex diffusion. In short, diffusion
is more important at low Reynolds number than at high Reynolds numbers. Supporting this
interpretation, the convection of the vortices across the wake centreline is more effective at
Re =226 than at Re — 73. This is qualitatively shown by the maximum cross-flow velocity
component, which is shown to increase with increasing Reynolds numbers, see Fig.2.6.
The shedding frequency will be determined by the time it takes for the vortex to develop enough
strength. This will be a function of the Reynolds number. Williamson (1988) defines what he
calls a universal and continuous Strouhal-Reynolds number relationship for the laminar vortex
shedding of a circular cylinder. The background for his work was that there exist a large scatter
between all the Strouhal-Reynolds number relationships that are presented over the years. The
large discrepancies found can partly be explained by the sensitivity to experimental conditions,
and especially three-dimensional effects. As discussed by Williamson (1989), there have been
reports in the literature of two different modes of the laminar vortex shedding (for 50 < Re < 150)
separated by a Reynolds number of around 100. The two modes appears as a discontinuity in the
Strouhal-Reynolds number relation. Several explanations to this have been given, one of them
coincides with the point of view given by Coutanceau and Defaye (1991) about the decreasing
importance of diffusion of vorticity in vortex formation. Among the other explanations are non
uniformities in the in-coming flow, two co-existing modes of shedding, (which may be excited
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PARALLEL SHEDDING
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Figure 2.7: Strouhal-Reynolds number relation, (Williamson 1991)

by different turbulence levels), route to chaos (interpreted as an initial stage of turbulence), and
appearance of an externally imposed frequency from the cylinder vibrations. Williamson (1989)
argues that the explanation can be found in the three-dimensionalities of the flow, which are
observed even at these low Reynolds numbers. He shows that the discontinuity of the St — Re
curve is due to different modes of oblique shedding. By carefully handling the end boundary
conditions, he is able to produce parallel shedding up to Re « 180, and to establish a continuous
St — Re relation in this range (50 < Re < 220), see Fig. 2.7. This relation can be used to
compare with two-dimensional computational results, as will be done in a later chapter.

Figure 2.8: Vortex strength as a function of Re, the numbered squares are from experimental results, and the
data points connected by lines are from computational results, (Green and Gerrard 1993)
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Figure 2.9: Amplitude of lift coefficient as a function of Re. The filled squares are from experimental results,
whereas the open circles, triangles, and crosses are from computational results. (Green and Gerrard 1993)

From plots of vorticity fields, it is possible to determine the strength of the vortices by integration.
In Fig. 2.8, from Green and Gerrard (1993), the vortex strength is shown to increase with
increasing Re. The figure includes both experimental and computational results, and (naturally)
the computational results show less scatter than the experimental. In Fig. 2.9 the amplitude of
the lift coefficient is shown as a function of the Reynolds number. Both the numerical and the
experimental results can be extrapolated down to the same starting point of Re = 40. However,
as Re increases beyond 100, discrepancies between the computational and the experimental
results occur. Comparing the computational results shown in Figs. 2.8 and 2.9, we see that
whereas the vortex strength seem to stabilize at Re around 80, the amplitude of the lift coefficient
increases linearly for Re > 80. Green and Gerrard (1993) devotes this to the changing vortex
development in the near wake. The experimental results of vortex-strength development and
lift coefficient amplitude development are not from the same set of experiments, hence different
experimental conditions may affect the results significantly. Consequently, no firm conclusions
should be drawn from these.

2.2.3

Hydro dynamic instabilities

The theory of stability of laminar flows is addressed in e.g. Schlichting (1987). The flow can be
considered as a steady parallel mean flow, U(y), plus a non-steady perturbation flow. Assuming
a two-dimensional perturbation flow, we can define a stream function p(x. y,t), of the form

where <j>(y) is the complex amplitude of the stream function for the perturbation flow, a and S are
the complex wave number and the complex frequency, respectively. The real part of the complex
frequency determines the circular frequency of the perturbations, whereas the imaginary part
determines whether the perturbation is amplified or damped. If
< 0, the perturbation
is damped and the flow is stable, if 7m(/3) > 0, the perturbation is amplified and the flow is
unstable. Introducing i>{x,y, t) into the linearized equation of motion (a linearized form of the
Navier-Stokes equations), we get, (Schlichting 1987)
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(U - c) {4? - a2<t>) - U”4> =

- 2qV' + a*4>)

(2.22)

where c= /3/» = cre-Hcjm. Eq. (2.22) is the fundamental differential equation for the perturba
tions. The equation is commonly referred to as the Orr-Sommerfeld equation. The problem of
stability is now formulated as an eigenvalue problem of Eq. (2.22) with proper boundary condi
tions. For a given flow velocity profile U(y), the solution to Eq. (2.22) provides and eigenfunction
tp(y) and a corresponding complex eigenvalue c = cre + ic,-m for each pair of a and Re.
Triantafyllou et al. (1986) have studied the laminar stability of the wake behind a stationary
cylinder. They considered a linearized unsteady flow profile on top of a measured time-averaged
flow profile, assumed to be locally parallel. The inviscid version of the Orr-Sommerfeld equation,
also known as Rayleigh’s equation was used in the stability analysis

(U - c) (<f>" - a24>) - U"4> = 0

(2.23)

The main conclusion from Triantafyllou et al. (1986) was that at Re = 34, i.e. below what would
normally give wake oscillations, only convective instabilities where found. Convective instabilities
means that even if a perturbation is found to grow with time, it is converted downstream,
leaving the wake undisturbed. At Re = 56, a region of absolute instability is found which
corresponds approximately to the vortex formation region. Absolute instability means that a
perturbation grows at a fixed position until nonlinearities have limited the growth, and a selfsustained oscillation of the wake is established. The frequency of the absolute instability mode
at Re — 56, compares well with the Strouhal number of 0.13 found from the experiments where
the flow profile was found.
At Re = 1.4 • 10s, a considerable smaller region of absolute instability is found, corresponding
to the fact that the vortex formation region decreases as the Reynolds number increases. Again,
a good comparison between the frequency of the instability mode (St = 0.21) and the observed
wake oscillation frequency (St = 0.20) is found. Meneghini (1993) argues that the use of local
properties and the assumption of parallel flow profiles, (as used by Triantafyllou et al. (1986)),
to study the stability of the flow are questionable. He claims that the global stability properties
should be accounted for. In his argumentation, he refers to the work by Monkewitz (1988)
who found a region of local absolute instability at a Reynolds number below the critical value
where vortex shedding takes place. This indicates that absolute instability is a necessary but
not sufficient condition for the onset of vortex shedding.
There are examples in the literature of researchers who have tried to connect the oscillation
of vortex street behind circular cylinders to bifurcation theory and modern understanding of
dynamical systems, including chaotic behaviour. According to Van Atta and Gharib (1987),
there have been reports (e.g. by Sreenivasan (1985)) which confirms that certain features of the
initial stages of transition to turbulence in the Karman vortex street are in essential agreement
with the transition in low-dimensional dynamical systems as described by Ruelle and Takens
(1971) and Newhouse, Ruelle, and Takens (1978). Sreenivasan concluded that the initial stages
of transition were characterized by narrow windows of chaos interspersed between regions of
order, much like what have been envisaged by the scenario of Newhouse et al., (which have been
called the RTN scenario).
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Van Atta and Gharib (1987) have performed experiments to confirm this, and found that the
chaotic behaviour most likely came from the fluid-elastic coupling between the vortex-wake
oscillations and the excited cylinder vibrations modes. The wake was shown to be very sensitive
to small cylinder vibrations. They concluded that there were no early stage of the transition that
proceeded according to the RTN scenario — contrary to the conclusion of Sreenivasan, obtained
from consideration of wake velocity spectra alone.
Following this observation, Karniadakis and Triantafyllou (1989) have performed numerical com
putations to investigate both naturally produced wakes (with fixed cylinder), and a periodically
forced wake (with harmonically moving cylinder). They found that for the unforced wake, the
vortex-street formation involved two stages. First, a quasi-steady separated flow developed.
Subsequently, unsteady effects appear — as a result of the instability of the separated flow —
and lead to the formation of the vortex street. The frequency of the vortex street is however
determined by the absolute instability of the final time-average flow, whereas nonlinear effects
determine the amplitude of the oscillation. The vortex street is an almost perfectly periodic
limit cycle, the frequency of which is a continuous function of the Reynolds number.
In forced wakes, the final, asymptotic state develops from an interaction between two compet
ing patterns, the naturally produced wave, and the forced wave. In the nonlock-in region, the
frequency content from the naturally produced wave will dominate. Hence, the Strouhal fre
quency is the dominating frequency of the wake oscillations, and the frequency of the forced
motion plays a secondary role. For the lock-in case, the forced motion dominates and the wake
oscillations tends to synchronize with the forcing frequency. In an intermediate situation, where
the importance of the absolute instability of the naturally produced wake and the nonlinear
interaction of the forced wake oscillations are of the same order, the response will have a more
broad-banded appearance. This situation may resemble a chaotic response behaviour. Conse
quently, the appropriate scenario describing the development of chaos in laminar wakes is not
the RTN scenario as suggested by Sreenivasan (1985), but the pattern competition proposed by
Ciliberto and Gollub (1984) in the context of a different physical problem.
Lock-in boundary.

Lock-in
Receptivity boundary

Figure 2.10: Qualitatively state-selection diagram for laminar wakes, (Karniadakis and Triantafyllou 1989).

Karniadakis and Triantafyllou have classified their results according to the response behaviour
at different frequencies and amplitude of oscillation. For a given amplitude they identify four
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important frequencies. The upper and lower boundaries of the lock-in region, and the upper
and lower boundaries of the receptivity region, (see Fig. 2.10). Inside the lock-in boundary, only
lock-in states are obtained; between the lock-in boundary and the receptivity boundary, quasiperiodic nonlock-in states develop. Outside the receptivity region, periodic nonlock-in states
develop. In a very narrow range around the lock-in boundary frequencies, the authors have
discovered chaotic wake oscillations.
As stated in Section 2.2.1 the wake remains laminar at Re — 100, and is more or less fully tur
bulent at Re = 500. The transition range is found for 200 < Re < 400. Although the transition
process has been intensively studied for many years, no complete explanation has been given.
The recent developments of computational techniques have provided the research community
with new and powerful tools. The onset of two-dimensional laminar vortex shedding has been
accurately predicted by several computational studies in the past, (Karniadakis et al. (1985),
Braza et al. (1986), and Herfjord (1996)). The resulting oscillating wake may be considered as
the first bifurcation from a stable wake flow.
As Re increases, discrepancies between experimental and numerical results are found to increase.
Experiments by Williamson (1989) have shown that by careful handling of the end boundary con
ditions, two-dimensional flow conditions can be retained up to Re — 180. Thus good agreement
between 2-D computations and experiments can be expected for Re up to 180. For larger Re,
three-dimensional effects are found to occur, and believed to be connected with the transition
to turbulence, (Triantafyllou 1992). The vortex street in the wake of a circular cylinder remains
two-dimensional for a small range of Reynolds numbers, and persists as the primary feature
also into the turbulent regime. Two-dimensional computations by Karniadakis and Triantafyl
lou (1992) show that for Re — 500, the primary feature of the flow is captured. However, the
turbulent behaviour reported from experimental studies at this Reynolds number, is not found.
This leads to the conclusion that 2-D computations are no longer useful as Re increases above
180-200.
Karniadakis and Triantafyllou (1992) states that the appearance of a secondary instability is
one of the main mechanisms for a two-dimensional flow to become three-dimensional. The
vortex street can be thought of as a nonlinear evolution of the absolute instability mode of
the time-average flow in the wake, (see e.g. Triantafyllou et al. (1986) and Karniadakis and
Triantafyllou (1989)). Triantafyllou (1992) has shown that the absolute instability mode cannot
take the form of a three-dimensional instability mode unless the time-averaged flow itself becomes
three-dimensional. In other words, in the wake of two-dimensional geometries — as a circular
cylinder — three-dimensionality can only be caused by the appearance of a secondary instability
mechanism. Three-dimensional instability can only develop when the time-averaged flow has
inhomogeneities along the span, (Triantafyllou 1992).
Karniadakis and Triantafyllou (1992) have investigated the transition to turbulence in the wake
of a circular cylinder. The rationale for their work was that at Re below the critical, the
two-dimensional vortex street is the only attracting limit cycle, thus the perturbed flow always
returns to it. Above the critical Reynolds number, other attracting limit cycles exist, oscillating
around span-wise modulated average flows. The perturbed flow will thus be attracted to these
three-dimensional states, in the process causing a span-wise simulation of the time-average flow.
In their numerical simulations, Karniadakis and Triantafyllou have found that at Re = 200, the
vortex street is purely 2-D, at Re = 300, they have found evidence of another attracting limit
cycle (in addition to the one from purely 2-D simulations), at Re = 333, they can report on four
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limit attracting limit cycles, and at Re = 500, the transition seems to be fulfilled and the wake
shows a very complex behaviour. They conclude that the route to chaos in the wake formed
behind circular cylinders follows the general lines of Feigenbaum’s period-doubling scenario.
In the mathematical world of nonlinear dynamics a large body of accumulated knowledge has
evolved during the last decades. In the future one may see that these techniques have brought
new insight into the problem of vortex shedding behind bluff bodies, at present there is only
indications.
2.2.4 Vortex-induced forces. Magnitude and frequency
In this section a discussion of the vortex-induced forces on a stationary cylinder is found. The
discussion is mainly based on a literature review of experimental results. Several excellent review
articles are devoted to the problem of vortex shedding, vortex-induced forces and the resulting
vortex-induced vibrations, (King (1977), Sarpkaya (1979b), and Griffin (1985)). For the purpose
of this section, the articles by Sheppard and Omar (1992) and Pantazopoulos (1994) have been
particularly valuable.
At sufficiently high Reynolds numbers, vortices start to shed from the surface of a circular
cylinder. This results in a time-varying fluctuation of the pressure field surrounding the structure.
Consequently, a time-dependent excitation force acts on the structure, both in-line with and
cross-flow to the in-coming flow. The lift force acting in the cross-flow direction, has zero mean
and an oscillating component at the frequency of vortex shedding. The in-line (drag) force has
both a mean component and an oscillating component at a frequency twice that of the vortex
shedding. The lift force can be written as
Fl = Fl sin(iv$t + <ps)

(2.24)

Fd — Fd + Fd sin (2ust + tis)

(2.25)

and the drag force is given by

where Fl and Fd are the amplitudes of the oscillating vortex-induced lift and drag forces, Fd is
the mean drag force, uis is the frequency of the vortex shedding, and <j>s and ips are phase angles
for the oscillating forces relative to the shedding. Each of the force components above can be
non-dimensionalized by the dynamic pressure head factor, pLDU2/2, (where p is the density of
the fluid, L is the length of the cylinder, D is the diameter of the cylinder and U is the flow
velocity.) The lift coefficient is thus written as

(2.26)
and the mean and the oscillating drag coefficient becomes

Cd —

Fd
\pLDU2

(2.27)

Cd =

Fd
\pLDU2

(2.28)
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Figure 2.11: Drag coefficient data for stationary cylinders, (Schlichting 1987)

Over the years extensive data have been published which presents the lift and drag coefficients of
circular cylinder as functions of the Reynolds number. Apparently, the force coefficients are likely
to be affected by several of the other identified parameters as well. Sometimes, care has been
taken to ensure that the cylinder is smooth, and that the in-coming flow is free of substantial
amounts of turbulence. Occasionally this is not ensured, and what is more important: the actual
conditions are not always reported. This makes the extensive collection less useful. However,
some general trends are seen from plots of these data.
In Fig. 2.11 from Schlichting (1987), the variation of Cg with Re is shown, (Cd is here the
mean value of the drag coefficient). In general, it is found that the drag coefficient shows less
scatter than the lift coefficient when results from different experiments are plotted against the
Reynolds number. Coming from the same set of experiment, the curve in Fig. 2.11 does not
show any scatter at all. For low Re, the drag coefficient of a stationary cylinder may show to be
very high. For Re « 0.1 it is shown to be about 80.0, decreasing for increasing Re to about 4.0
for Re ss 40, where the onset of vortex shedding is normally found. For Re above 40, Cd still
decreases with increasing Re, but with a different slope. For Re r: 4 - 500, where the wake is
found to be fully turbulent, Cd ~ 1.2. Increasing Re even further leads to only slight variations
up to Re « 2.0 ■ 105, which forms the end of the subcritical range. Entering the critical regime,
the drag coefficient shows a marked drop to a value below 0.4, before it gradually starts to
increase as it moves towards the transcritical regime where a regular turbulent shedding again
establishes a constant drag coefficient, Cd ~ 0.7.
The scatter for the lift coefficient is generally very large, and in Fig. 2.12 from the review article
by Pantazopoulos (1994), we see that it is hard to extract reliable lift coefficients for any Reynolds
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Figure 2.12: Lift coefficient data for stationary cylinders, (amplitudes) (Pantazopoulos 1994)

number. This figure is compiled from published data by several authors. Surface roughness and
turbulence levels were reported to be generally small. However, the test sections had different
aspect ratios, they were tested in different test facilities with different force measurements, and
they report the resulting lift coefficients in different ways (rms, mean, or peak amplitudes). Under
such various circumstances, it should be expected that the results would vary. Nevertheless, some
interesting observations can be made. As the Reynolds number is increased towards the critical
regime, the lift coefficient seem to be a rather constant quantity. Prom Fig. 2.12 it seems that for
Re < 104 the lift coefficient is found between 0.4 and 0.6 independent of the way it is reported
(rms, mean, or peak amplitude). As Re increases above 104, there seems to be a marked increase
in the magnitude of the lift coefficient until the critical regime is reached, although the scatter
in this range 104 < Re < 105 is formidable (values between 0.4 and 1.3 are found for the rms
coefficient). In the critical regime, where no regular vortex shedding is found, the lift coefficient
is reduced to values between 0.05 - 0.3. For Re above 106, less data are found, but the values
appear to be rather constant and below 0.4 for all reported cases.
The vortex shedding frequency ojs in Eqs. (2.24) and (2.25), is generally found from the Strouhal
relation
2irSt U
(2.29)
D
where the Strouhal number St is the proportionality constant. The Strouhal number is de
pendent upon the flow condition, hence it is a function of the Reynolds number. In Fig. 2.13
from Sheppard and Omar (1992) the St-Re curve is shown for steady flow around a fixed cylin
der. For low Reynolds number (below « 2 - 300) St is found to increase with Re, (see e.g.
w,
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Figure 2.13: Strouhal-Reynolds number relation. In the critical regime the effect of turbulence intensity (TI) of
the incoming flow is shown, (Sheppard and Omar 1992).

Williamson (1991)), for 200 < Re < 2 • 105, (in the subcritical regime), St is relatively constant
and approximately equal to 0.2, (see also Bishop and Hassan (1964a)). In the critical regime
(2 • 10s < Re < 5 • 10s) and the supercritical regime (5 • 10s < Re < 3.5 - 10s) the shedding
frequency appears less distinct, and a broadbanded spectrum is found. For supercritical values
of Re (above 3.5 • 10s) the Strouhal frequency again appears as a distinct frequency (due to
turbulent shedding), and a constant value of about 0.3 is found, (see Roshko (1961)).
A detailed study of the shedding from a fixed cylinder is reported in Schewe (1983). Fig. 2.14
shows the development of the lift coefficient (in terms of an rms value), the Strouhal number and
the mean drag coefficient, as Re increases from the subcritical regime through the critical and
supercritical regimes up to the transcritical regime. The increase in the lift coefficient indicated
in Fig. 2.12 towards the end of the subcritical regime, is observed also in the experiments of
Schewe (1983). We see from Fig. 2.14 that the increase in Cl is connected to an increase in Cy.
The Strouhal number however, is not much affected until Re reaches the critical regime — in
these experiments the critical Reynolds number seem to be about 2.8- 10s. Above this value the
flow in the boundary layer becomes turbulent, and the flow is greatly changed.
As shown in Fig. 2.14, Schewe has identified two distinct jumps for both the Strouhal number and
the drag coefficient as Re is increased. These jumps are related to the transition to turbulence
in the boundary layers. He shows that as Re enters the critical regime (Re > 2.8 • 10s) and
approaches a particular Re value, Rea (% 3 - 10s), the spectrum of lift coefficient broadens.
However, two distinct frequencies may be identified, which represents the subcritical and the
supercritical states. The situation is now unstable, since the flow jumps between these two
states, causing low frequency fluctuations in the spectrum. As Re reaches Rea, one stable state
is achieved, with a distinct drop in the drag coefficient (down to 0.5), and a jump in the Strouhal
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Figure 2.14: Lift coefficient given in terms of rms values, ((C|) = ), Strouhal number (Sr) and drag coeffident
(Cd) in the transition from subcritical to the transcritical regimes, (Schewe 1983)

number (up to 0.33). Both the lift and the drag forces oscillate at the Strouhal frequency, and
what is more, a steady lift is introduced.
The explanation to this phenomenon, is found in the transition to turbulence of the boundarylayers. At Re = Rea the boundary-layer transition occurs only on one side of the cylinder.
This forms a laminar separation bubble in the following way: laminar separation is followed
by transition to turbulence in the detached boundary-layer, the boundary-layer reattaches to
the cylinder and finally a new, turbulent separation occurs at the back of the cylinder. This
situation sets up a circulation around the cylinder which accelerates the flow on the side where
the transition has occurred, and decelerates the flow on the opposite side, which subsequently
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delays the transition. The asymmetric wake will produce a steady lift force, a reduced mean
drag force, and oscillating components of both the lift and the drag force at the vortex shedding
frequency. After a new increase in the Reynolds number, the other side will reach the transition
state and a symmetric wake will result — with two attached bubbles. The new jump is marked
with an B in Fig. 2.14, now the steady lift disappears, the mean drag is further reduced to a
value of 0.22, the rms lift coefficient is as low as 0.02, and the Strouhal number has increased to
0.48. This situation remains for the rest of the supercritical regime, Re « 10s.
The transition to the transcritical regime broadens the spectrum once more, before it settles
to a distinct shedding frequency in the transcritical range. In the transcritical range there is
no reattachment of the flow, as the boundary layers have become turbulent before separation
occurs, and the separation points have moved to the back of the cylinder. Now, a turbulent
vortex shedding has developed and the mean drag coefficient reaches a constant value of 0.5, the
Strouhal number seem to approach a value of about 0.3, and the rms of the amplitude of the
oscillating lift coefficient is about 0.05.
2.2.5 Influence from other parameters on flow-induced forces
Some additional comments regarding the relatively large scatter found in Fig. 2.12 should be
given. First of all, the compiled data were taken from experiments performed both in air and in
water, and the results were obtained with different force-measuring instruments. Experiments in
both air and water are sensitive to external disturbances, however, not necessarily to the same
degree. As mentioned above, the magnitude and frequency of the forces have been considered
as a function of the Reynolds number. Re is not the only parameter affecting the flow, and in
the following we will discuss some other parameters obviously important for the flow around a
fixed cylinder.
• Surface roughness, k/D — may cause an increase in friction forces, and is important for the
definition of the different flow regimes. Increasing the surface roughness will generally mean
that transition to turbulence in the boundary layer is triggered at a lower flow velocities,
hence the critical regime is entered at lower a Reynolds number, (Faltinsen 1990). The drag
dependence upon the Reynolds number will be smoothened, Co will increase towards the
subcritical value for all Re above the critical value.
• Relative turbulence of in-coming flow, Urms/U — may change the borders between different
flow regimes. As in the case of surface roughness, high turbulence intensity in the incoming
flow may shift the critical regime to a lower Re value, (Chen 1987). Turbulence may also
introduce lack of correlation which reduces the measured forces. Fig. 2.13 shows that
the high Strouhal numbers found in the critical regime decreases as turbulence increases.
However, at this point there are contradicting results reported in the literature, Chen
(1987) shows in a figure that the Strouhal number increases with increasing turbulence
intensity, in the critical regime. The effect of relative turbulence is more pronounced in a
wind tunnel than in a water tank.
• Aspect ratio, L/D (between length and diameter of test cylinder) — for high aspect ratios,
the lack of correlation along the cylinder will reduce the forces per unit length as compared
to low aspect ratios.•
• End effects — may cause a reduction in the measured forces by introducing three-dimensional
effects in the wake flow, hence a lack of correlation. This effect is usually more pronounced
in a wind tunnel than in a water tank, especially if end plates are present. (Note the
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relation between aspect ratio and end effects. To avoid the lack of correlation due to
three-dimensional end effects, a high aspect ratio is preferred, which may introduce lack of
correlation over the whole cylinder)
• Blockage ratio, B/D (between width of tunnel (or tank) and diameter of cylinder) — may
cause an increase in the measured lift force. For a fixed cylinder, this effect is equally
important in both air and water. For a towed cylinder in still water, blockage will not have
any effect.
• Non-uniformity of the in-coming flow — may cause sheared flow-profiles which introduces
lack of correlation and shifting of the Strouhal frequency. This effect is equally important
in both air and water.
• Carriage vibration (or rigidity of the mounting devices) — may cause increase in the mea
sured forces, especially if the unwanted vibrations have a frequency close to the shedding
frequency. This effect is more important in a water tank than in a wind tunnel, as the
inertia forces in water generally is significantly higher.
• The force-measuring instrumentation — may shift the forces in all directions. Force trans
ducers typically apply the force acting on the whole test section, and then predicts the
force per unit length. In combination with a not fully correlated section, this introduce a
too low force per unit length. A pressure transducer is generally more accurate as they
measure the pressure around the section. The measured pressure is integrated to find the
force per unit length directly. This makes the use of pressure transducers difficult and
tedious.

2.3 Steady flow around a vibrating cylinder
Whereas the problem of a steady flow around a fixed cylinder, in essence was a fluid flow
problem, the problem of a steady flow around an oscillating cylinder is a classical example of a
fluid-structure interaction problem. The balance between the flow-induced pressure-field around
the structure, and the forces imposed on the fluid from the motion of the cylinder, is a dynamical
equilibrium process. This problem is considerably more complex than the flow around a fixed
cylinder. However, it is the flow-induced vibrations that are of concern in most engineering
applications, hence the fluid-structure interaction must be accounted for.
The flow around an oscillating circular cylinder can be significantly different from that around
a fixed cylinder. In such a fluid-structure interaction process, the motion of the cylinder may
affect the flow strongly enough to make it change its behaviour significantly. On the other hand,
the fluid flow may change the natural frequency of the cylinder due to the added mass effect.
For an oscillating cylinder, the fluid flow provides a damping-force effect and an added mass-force
effect in addition to the excitation-force effect. This increases the complexity when it comes to
predicting the different force contributions in the dynamic equation of motion. As discussed by
Sarpkaya (1979b), there is no evidence from a fluid dynamic point of view, that the added mass
(nor the fluid damping, we might add) should be the same for an oscillating cylinder in still
fluid as it is for a cylinder oscillating in a flowing fluid. Experiments performed by King in 1971
(Sarpkaya 1979b) shows that the lock-in state appears to be an exception. In these experiments,
cylinders which are excited at the natural frequency both in still-fluid and by vortex shedding
in flowing fluid, vibrates at the same frequency, hence added mass appears to be constant in

38

CHAPTER 2. VORTEX SHEDDING ON CIRCULAR CYLINDERS

resonance. In general, however, both the added mass effect and the fluid damping effect will
vary with flow velocity and cylinder motion.
The dynamic equation of transverse motion can be written as

(2.30)
where m is the mass per unit length of the cylinder, k is the spring stiffness constant, un is the
natural frequency (w„ = y/k/m) and C is the damping ratio (( = c/2mun). The fluid effects
of inertia and damping character can be included in the mass and damping parameters as fluid
dynamic added mass and fluid dynamic damping. In addition an exciting fluid force component
is kept on the right hand side of Eq. (2.30). Hence, three fluid components are to be identified.
To simplify this, Sarpkaya (1978), among others, has proposed to keep all fluid effects on the
right hand side of the dynamic equation of motion. In doing so, he suggests to present the lift
force coefficient in two components, one inertia component and one drag component.

Cl = Cmh sin(cvt) - Cdh cos((vt),

(2.31)

where w is the frequency of a cylinder oscillating cross-flow to the in-coming flow.
Another way of decomposing the lift coefficient is shown in e.g. Bearman (1984). If the cylinder is
assumed to respond resonantly to vortex shedding, the cylinder oscillates with the same frequency
as the excitation force, hence

y = y sin (art)
Cl = Cl sin (ut + <f>)

(2.32)
(2.33)

where u is the frequency of oscillation and 4> is a phase angle between the force and the motion
of the cylinder. In this formulation, the phase angle determines if the lift force is an excitation
force and adds power to the oscillations, or if it is a damping force and subtracts power from
the oscillations.
One may think of three different ways of investigating the fluid-structure interaction problem,
(Staubli 1983).
1. Free vibrations of an elastically mounted system, (Feng (1968), Griffin and Koopmann
(1977), and Brika and Laneville (1993))
2. Forced-displacement method, (Bishop and Hassan (1964a, 1964b), Sarpkaya (1978), Staubli
(1983), and Gopalkrishnan (1993))
3. Force excitation method, (Larsen et al. 1996)
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Free vibrations of an elastically mounted cylinder

Experiments with flexibly mounted cylinders free to respond to vortex-excited forces, have been
used to establish amplitude, frequency and phase angle of a vibrating cylinder for various reduced
velocities Ur and with different system parameters such as mass ratio, mjpD2 and damping ratio
(, and the combined response parameter So, (see Griffin and Koopmann (1977) or Erika and
Laneville (1993)). Free vibration experiments are also useful in studying flow-visualization of
the wake behind a vortex-excited vibrating cylinder.
When an elastically mounted circular cylinder is placed in a fluid-flow, the periodic forces set
up by the vortex shedding process may cause cylinder oscillations. For regular vortex shedding,
the excitation forces are essentially harmonic with a circular frequency uis = 2wSt Uj D. Con
sequently, the vortex-induced forces excites the cylinder with the frequency u>s. The natural
frequency of the elastically mounted cylinder is given by uin = y/kjm, and it prefers to vibrate
at this frequency. If the two frequencies are sufficiently separated, the cylinder vibrates (with
small amplitudes) at us. As the shedding frequency approaches the natural frequency (e.g. due
to increasing flow velocities), the resulting vibrations can be modulated by the natural frequency
to form a beating oscillation pattern. For uis ss wn, the natural vibration mode of the cylin
der takes control of the vortex shedding process, forcing the shedding frequency to follow the
vibration frequency over a range of frequencies in the close vicinity of u>n. This phenomenon is
commonly called lock-in; the wake oscillations are locked-in with the natural vibration of the
cylinder, resulting in resonant vibrations of the cylinder. The phenomenon is also referred to as
synchronization or wake-capture.
In Fig. 2.15, the results from a cylinder free to vibrate in the transverse (or cross-flow) direction
is shown. The results show clearly the lock-in phenomenon and also the often noticed hysteresis
effect. The hysteresis effect means that the amplitude of oscillation is dependent on whether the
synchronization region is approached with increasing or decreasing flow velocities. In Fig. 2.15,
the maximum cross-flow vibration amplitude is approximately 0.5, however, oscillation ampli
tudes in the order of 1 diameter are commonly reported, (Vandiver 1993). Lock-in oscillations
may also be found in-line with the flow, these are considerably smaller than the cross-flow oscilla
tions, and the dominant frequency is equal to twice the shedding frequency. The in-line oscillation
amplitudes are approximately 1/10 of the transverse oscillation amplitudes. In Fig. 2.16, in-line
oscillations for a circular cylinder are shown as a function of the reduced velocity. We see that
two instability regions are identified. King (1977) defines the first instability region to occur
in the range 1.25 < Ur < 2.5 and the second instability region in the range 2.7 < Ur < 3.8,
these are slightly different from what appears in Fig. 2.16. The precise limits of the instability
regions, are influenced by several effects. Hence, the limits defined by King should be considered
indicative. The two regions are caused by two different shedding modes, as shown in Fig. 2.16,
the first one is related to a symmetric shedding of vortices, whereas the second one is related to
an asymmetric shedding mode.
The lock-in phenomenon in transverse vibrations is also shown in experiments by Griffin and
Koopmann (1977) and by Anagnostopoulos and Bearman (1992). The experiments by Anagnostopoulos and Bearman was performed at Re in the range of 90-150, where the wake is still
laminar. Such small Reynolds numbers are rarely found in practice. However, the fluid-structure
interaction phenomena are believed to have the same character for a wide range of subcritical
Reynolds number. Furthermore, in this Reynolds number range, the laminar Navier-Stokes equa
tions are valid, hence the experiments make a suitable benchmark test for numerical simulations
with laminar codes. Their results do not show the hysteretic behaviour found in experiments
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Figure 2.15: Oscillation characteristics for a freely vibrating circular cylinder in transverse motion. Q, vortex
shedding frequency; +, cylinder frequency; O, phase angle; x, oscillation amplitude. The results are from Feng
(1968). (Figure from Bearman (1984).)
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Figure 2.16: In-line oscillations of a circular cylinder, by Wootton (1972), (Figure from (Saipkaya and Isaacson
1981)).
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at higher subcritical Reynolds numbers. Moe and Wu (1989) have performed experiments with
both a freely oscillating cylinder and a cylinder undergoing forced displacements. Historically,
the lock-in range observed in free-oscillation tests has been larger than the ones obtained with
cylinders in forced vibrations. Moe and Wu show that this can be explained by the fact that
the actual frequency of vibration is not constant. The natural frequency entering the reduced
velocity expression is often taken as the natural frequency in air or as the natural frequency
in still water, whereas the frequency of vibration will be affected by the variation of the added
mass effect. Moe and Wu noticed that if they corrected for the actual vibrating frequency in the
reduced velocity of the freely vibrating case, they found similar lock-in ranges for the two cases.
Flow-induced vibration experiments are performed both in air and in water. The overall be
haviour can be expected similar in the two cases, however, some important differences occur. In
Fig. 2.17, (Griffin and Ramberg 1982) we see that the resonant oscillations from experiments in
both air and water occur at the same reduced velocity, and with the same amplitude. However,
the lock-in range of the experiments performed in water are wider than the lock-in range from
the in-air experiments. According to the authors, this is due to the different damping levels in
the two system. The structural damping in the in-water experiment is about ten times higher
than the structural damping in the in-air experiment. This is likely to be the explanation in this
case, however, damping is not the only factor governing the range of frequencies which allows
synchronization. As discussed in Vandiver (1993), the variation of the natural frequency of the
system due to variations in added mass may be just as important for the width of the lock-in
range. This is the same effect as discussed by Moe and Wu (1989), and means that when the
natural frequency in air (or as measured in still water) is used in the reduced velocity expression,
the lock-in range is likely to be wider than the ‘actual’ lock-in range.
Brika and Laneville (1993) have performed experiments in a wind tunnel with a cylinder free to
respond in its first natural mode. The results are compared with results by Feng (1968), which
performed free oscillation test with a flexibly mounted cylinder section in a wind tunnel. The
main characteristics are found to agree, however, Brika and Laneville points out that due to the
different experimental set up, significant differences are found in the details of the results. The
results of Brika and Laneville will be returned to in the next subsection.
Another set of free vortex-induced vibration experiments (in air) were conducted by Griffin and
Koopmann (1977). They found evidence for the seemingly obvious fact that the fluid damping
contribution is negligible in the lock-in region, and that the lift coefficient increases in the same
region. This is in agreement with the formulation of the lift coefficient as an amplitude with a
corresponding phase, Eq. (2.33). The role of the phase angle is to determine if the fluid force
acts to increase the amplitude of oscillation (excitation) or to reduce the amplitude (damping).
2.3.2 Forced-displacement method
Experiments with cylinders forced to vibrate at a given frequency and with a prescribed ampli
tude, have been performed to measure the forces acting on a cylinder for a variety of frequencies
and vibration amplitudes. Forced-displacement experiments are also useful in flow-visualization
studies.
As mentioned above, the fluid effects of inertia and damping character, can be included in the
structural mass and damping parameters. The problem is obviously to identify their contribution
accurately, hence the two formulations in Eqs. (2.31) and (2.33) have been proposed. In this
way all the fluid effects are kept on the right hand side of the dynamic equation of motion. To
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Figure 2.17: Comparison of the cross-flow vibration amplitude as a function of the reduced velocity in two different
experiments. One performed in air, while the other was performed in water. (Figure from Griffin and Ramberg
(1982).)

be useful in response prediction, the lift coefficient needs to be established, either in terms of
one drag component and one added mass component or as a lift coefficient with a corresponding
amplitude. For this purpose, experiments with a cylinder in forced vibrations, with a given
frequency and prescribed amplitude of vibration, have shown very useful. In these experiments,
one has complete control of the structural motion, and can measure the fluid response to this.
By building a database from such information, where Cl and <f> (or Cmh and C'dk) can be found
for every frequency and amplitude the cylinder may vibrate with, it is possible to predict the
response of a vortex-induced vibrating cylinder.
Bishop and Hassan (1964a, 1964b) performed an extensive set of experiments with a cylinder
forced to vibrate in a fluid flow. Their experimental set-up and the results from flow around a
stationary cylinder are reported in Bishop and Hassan (1964a). Their experiments with forced
vibrations provided very interesting and unique results at that time. Even today, their results
are very often quoted and used in qualitative comparisons. They showed clear evidence of a
synchronization range, where the vortices are forced to shed at the frequency of the cylinder
vibration in apparent violation with the Strouhal relation, accompanied by an increase in the
measured forces. Outside this range, the measured fluctuating forces where found to have two
frequency components, resulting in a beating wave-pattern of the force time-history. They were
able to reproduced the presently well-known hysteresis effect as the frequency was increased
or decreased. And, they found that the jump in the oscillation frequency of the forces were
accompanied by a jump in the phase angle between the oscillating forces and the oscillating
cylinder, (see Fig. 2.18).
The fact that this jump in the frequency of the oscillating forces occurs, is related to the nonlinear
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Figure 2.18: The synchronization region observed by Bishop and Hassan (1964b). In Fig. 2.18(a) the hysteresis
effect is shown (x, / is increasing, Q, / is decreasing). In Fig. 2.18(b) the jump in the lift force amplitude is
shown together with a corresponding jump in the phase angle between lift force and cylinder motion.

nature of the interaction mechanism. Another feature of nonlinear systems is the ability to
respond at integer multiples of the natural frequency (in this case the natural frequency of the
shedding process, fs). This frequency demultiplication is also confirmed by Bishop and Hassan.
The main drawbacks of their work are pointed out by Gopalkrishnan (1993). Firstly, their results
are given in ‘arbitrary units’, which means they can be used only for qualitative comparisons.
Secondly, their way of subtracting the magnitude of the lift coefficient from the total measured
force is questionable. The total measured force on oscillating cylinder consists of the sum of the
inertia force of the structural mass, the inertia force due to the added mass effect of the fluid,
and the vortex-induced lift force, which may have components in phase with both acceleration
(inertia effect), and velocity (drag effect). Bishop and Hassan assumed the added mass to be
constant, and subtracted the inertia force measured in still water from the total measured force.
We know now that the added mass effect of the fluid may vary in the flow around an oscillating
cylinder, hence most researchers today do not attempt to remove the added mass force. Instead
they consider all fluid force components as one holistic fluid force, with components in phase
with both velocity and acceleration, (Gopalkrishnan 1993).
A large research program was carried out by Sarpkaya (1978) in order to determine the in-phase
and out-of-phase components of the forces acting on a cylinder forced to oscillate transversely in
a uniform flow, (Re between 5 • 103 and 2.5 • 104). The motivation for these experiments was to
predict the dynamic response of an elastically mounted cylinder with known material damping
and mass parameters, through the use of measured force coefficients. In this work valuable
experimental data are found followed by an excellent discussion. He shows that the maximum
in-line force amplitude was found for frequencies slightly below the Strouhal frequency, and that
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the inertia component of the transverse force undergoes a rapid drop as the frequency approaches
the Strouhal frequency. At the same time the drag force increases rapidly. Thus, lock-in is found
to constitute a phase transform.
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Figure 2.19: Lift coefficient magnitude, Cl, and phase angle, o. as functions of non-dimensional vibration fre
quency, /, and amplitude ratio, A/D, (in the figures denoted as So and f. respectively), (Staubli 1983).

Staubli (1983) has carried out experiments similar to Sarpkaya’s, at a slightly higher Reynolds
numbers (Re « 6 -104). The lift and drag coefficients on an oscillating cylinder were evaluated
experimentally and then used to predict the response of an elastically mounted cylinder. Staubli
presents the lift force in terms of magnitude and phase angle (as shown in Eq. (2.33)) instead
of drag and inertia components as Sarpkaya did. The magnitude Cl, and the phase angle 4>
of the lift force coefficient found in his experiments, are presented in three-dimensional plots
as functions of the non-dimensional vibration frequency, /, and the amplitude ratio, A/D, see
Figures 2.19(a) and 2.19(b). This approach is again followed by Gopalkrishnan (1993).
An original experiment was carried out by Ikeda et al. (1988). They recognized that the forces
acting on a harmonically forced cylinder will have a transient component in the first few cycles.
In harmonically driven experiments this transient is neglected as its effect has died out. What
if the imposed force is not a regular harmonic oscillating force, rather an irregular oscillating
force? In that case, the transient component might be the most important one. They found that
the drag and added mass coefficients indeed where dependent upon whether the previous swing
had a larger amplitude or a smaller amplitude than the present swing.
Moe and Wu (1989) have conducted both free and forced oscillation tests. In their paper they
emphasize the importance of the possible added-mass variation within the lock-in range. They
show that the discrepancy between the narrow lock-in range of forced vibration tests and the
wider lock-in range of free vibrations, may be explained by introducing the actual vibrating
frequency in the reduced velocity expression instead of the natural frequency measured in air
or in still water. Taking this into account, they found that the lock-in ranges agree reasonably
well. Due to variations of the added mass, the actual natural frequency may vary considerably
compared to the value measured in air or still water, especially if the cylinder has a low mass
ratio. Similar variations in the natural frequency are also reported by Vandiver (1993) in fullscale experiments.
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Figure 2.20: Contour plot of the lift coefficient in phase with cylinder velocity, (Gopalkrishnan et al. 1992).

Following the line drawn by Bishop and Hassan (1964a, 1964b), Sarpkaya (1978), and Staubli
(1983), Gopalkrishnan (1993) and co-workers (Gopalkrishnan et al. (1991, 1992)) have con
ducted forced oscillation experiments of a circular cylinder in cross-flow. Their most valuable
contribution to the field was the experiments conducted with amplitude modulated forced oscil
lations. In performing these tests it is possible to investigate the effect of an additional vibration
frequency from e.g. another part of the cylinder or cable. For a complex full scale system we will
certainly have several natural frequencies. These might be excited simultaneously at different
parts of the system where the flow condition is different, resulting in a travelling wave from one
place to another. Thus, we might find competing oscillation frequencies at a particular location.
In order to have reliable data to compare with, they have also performed their own tests with a
stationary cylinder and with a sinusoidally forced cylinder. In addition to provide a reliable data
bank of rather ordinarily test data, they have interpreted and reported on important features
that can contribute to the understanding of the vortex shedding phenomena. They expressed
the lift coefficient in terms of one component in phase with the cylinder velocity, Clv, and
one component in phase with the cylinder acceleration Cha 1. The component in phase with
acceleration is the inertia effect from the fluid and performs no net work over one oscillation
cycle. The magnitude of the component in phase with velocity determines whether the flow
adds power to or subtracts power from the oscillations. In Fig. 2.20 (from Gopalkrishnan et al.
(1992)) a contour plot of the lift coefficient in phase with cylinder velocity is shown. The region
marked with the bold curve encloses a region where Ciy is positive, hence acts to excite the
cylinder. At a given frequency inside this region, the cylinder (if free to respond) will increase
its amplitude until the amplitude exceeds the limit drawn by the curve. Outside the curve, Cj^
becomes negative and acts to damp out the cylinder oscillations.
The excitation region enclosed by the zero contour of Clv> should not be confused with the
lock-in region. The lock-in region is considered as a frequency-dependent phenomenon, whereas
'Their definitions of Civ and

Cia

are precisely the negative of the coefficients defined by Sarpkaya (1978)
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Figure 2.21: Experimentally determined excitation and lock-in regions; sinusoidal motion, (Gopalkrishnan et al.
1992).

the excitation region should be considered as a phase-dependent phenomenon. In Fig. 2.21 the
experimentally determined regions from forced sinusoidal motions are plotted together. Gopalkr
ishnan et al. (1992) considers the excitation region to be far more important from the viewpoint
of engineering response prediction. From the beating (or amplitude modulated) forced oscillation
test, they have identified similar excitation regions, with the interesting modification that the
excitation regions of the beating tests seem to be lengthened in the oscillation amplitude direc
tion. This means that the fluid will act as an exciting force for larger amplitudes of oscillation,
than did the sinusoidal oscillation test. This will result in a larger peak for the lift coefficient
magnitude. The contour plot for the lift force coefficient in phase with the acceleration, Ci,a,
remained similar to the sinusoidal results. The mean drag coefficient from the beating tests is
reduced compared to the sinusoidal tests.
By analysing available flow-visualization photographs, Zdravkovich (1982) found interesting wake
patterns or shedding modes, which can explain the sudden jump found in the measured forces
in the synchronization region (or perhaps more correctly, in the excitation region, if we should
use the distinction put forth by Gopalkrishnan et al. (1992)). Zdravkovich (1982) identified
two different shedding modes. For cylinders oscillating in the lower part of the synchronization
region, the vortex formed on one side of the cylinder was shed when the cylinder was close to
the maximum amplitude on the opposite side. For cylinders oscillating in the upper part of
the synchronization regime, the vortex formed on one side of the cylinder was shed when the
cylinder was close to its maximum amplitude on the same side. This implies that the change
in phase angle observed by e.g. Bishop and Hassan (1964b) can be explained with the fact that
two different modes of vortex shedding exists.
By inspecting the locations of the excitation regions and the lock-in or synchronization region in
Fig. 2.21, it seems likely that the two shedding modes may be responsible for the two different
excitation regions observed. Williamson and Roshko (1988) have followed this thought and
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and Roshko (1988). The ratio X/D is defined as UTC/D where, Tc is the period of the cylinder oscillations. Hence,
X/D is the same as the reduced velocity, defined as Ur = U/(fnD).

performed experiments with a cylinder forced to vibrate over a large range of frequencies and
amplitudes. In Fig. 2.22, the different synchronization regions identified in their work is collected
in a plot of the (X/D, A/D) plane, (where X/D, is the same as the reduced velocity, Ur).
The different shedding modes (2S, 2P and so on), are sketched in Fig. 2.23. The two modes
corresponding to the two modes suggested by Zdravkovich are 2S (which is two single vortices
shed each oscillating cycle) and 2P (which is two pairs of vortices shed each oscillation cycle).
A detailed view of the borders found by Williamson and Roshko around the fundamental lockin region is found in Fig. 2.24. The situation leading to a hysteresis behaviour, is sketched in
Fig 2.25.
A recent experimental work by Brika and Laneville (1993) have shown that the results from free
oscillation tests can be related to results found in forced oscillation cases, both regarding the
measured forces (as in Bishop and Hassan (1964b)), and in terms of the interpretation of the
wake patterns or shedding modes (by Williamson and Roshko (1988)).
Fig. 2.26 show the results of Brika and Laneville together with the results from the free oscillation
experiments performed by Feng in 1968, and the forced vibration experiments by Bishop and
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Figure 2.23: Sketches of the different vortex patterns identified. ‘P’ means a vortex pair, and ‘S’ means a single
vortex. The dotted lines encloses vortices shed in one complete cycle, (Williamson and Roshko 1988).
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Figure 2.24: Detailed view of the borders between the different patterns in the fundamental lock-in region. The
‘critical curve’ marks the transition from one mode to another. I and II are the curves (from Bishop and Hassan
(1964b)) where the forces on the cylinder show a sharp jump. I is for decreasing wavelengths, and II is for
increasing wavelengths. (Figure from Williamson and Roshko (1988)).
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Figure 2.25: The phase jump as the vortex shedding jumps from one mode to another for variations in the
vibration frequency. A hysteresis may occur, as the frequency is increased or decreased, due to an overlap of the
two mode-regions, (Williamson and Roshko 1988)

Hassan (1964b). Qualitatively, the same phenomenons are observed in all three experiments.
However, the synchronization range and the range covered by the hysteresis loop are larger
in the results from Brika and Laneville than in the results of Feng. This may be due to the
different experimental set-up (Brika and Laneville uses a cylinder responding in its first mode,
whereas Feng uses a flexibly supported rigid cylinder section, and the structural damping of
the two set-ups differ by one order of magnitude, however, the reduced damping numbers, Ks,
are similar). The vibration amplitude found by Brika and Laneville is plotted together with
the borders between the different vortex shedding modes, identified by Williamson and Roshko
(1988), in Fig. 2.27.
2.3.3 Force excitation method
The most common way of performing experiments with oscillating cylinders, have been to con
sider only two frequency components. The vortex shedding frequency, fs, and the cylinder
frequency, either in terms of the natural frequency, fn, or as a forced vibration frequency, fc.
An underlying idea with the beating experiments of Gopalkrishnan (1993) was to investigate the
situation where an additional frequency component was present, fci and /c2. In Larsen et al.
(1996) an alternative approach is followed. They use a flexibly mounted cylinder section, with
natural frequency /n, forced at its supports with the frequency, /c, and placed in a fluid flow
providing the shedding frequency, /,. In this way, a more realistic interaction between the local
frequencies (the natural frequency, fn. and the flow-induced excitation frequency, fs), and a sec
ond excitation frequency /c, is obtained. The second excitation frequency, fc, has been excited
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Figure 2.26: Comparison of the results from Brika and Laneville (1993) (a) with the results of Feng (1968) (b), and
the results of Bishop and Hassan (1964b) (c). Qualitatively we see that the jump in lift force/response amplitude
and the hysteresis behaviour is recreated in a similar way by all three experiments. U = Uc/(lj„D), where Uc is
in-coming flow velocity, w„ is the natural frequency in rad/s, and D is the diameter of the cylinder. (Figure from
Brika and Laneville (1993).)

(possibly by vortex shedding) at a distant location, and the cylinder response has travelled along
the cylinder to its new position.
The main purpose of this experiment is to investigate how the disturbance from the support
motion is damped due to the flow, and how the vortex shedding process is influenced by the
disturbance. This work is still (December 1996) in progress, and detailed results can therefore
not be referred here.
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as in Fig. 2.26) together with the vortex shedding modes found by Williamson and Roshko (1988). (Figure from
Erika and Laneville (1993).)

2.3.4 Additional parameters in use for oscillating cylinders
Compared to the fixed cylinder case, we have introduced a number of additional parameters
which will influence the vortex shedding process on a vibrating cylinder. The following param
eters (defined in Chapter 1) will all influence the shedding process and/or the vortex-induced
vibrations
• the natural frequency,
• the mass ratio, m/pD2
• the damping ratio, C
• the response parameter, 5q, (or equivalently, the reduced damping parameter, K$)
• the reduced velocity, Ur
• the non-dimensional frequency, /
Whereas the most important parameter in a steady flow around a fixed cylinder was the Reynolds
number, (defining the different flow regimes), the most important parameter for a vibrating
cylinder in a steady flow is the ratio between the natural frequency of the vortex shedding and
the natural frequency of the cylinder vibration, fs/fnTwo important effects should be noted regarding the fluid-structure interaction:
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1. The added mass may vary with the flow velocity, (hence, the natural frequency of the
cylinder may vary)
2. The motion of the cylinder may control the wake oscillations.
Lock-in is a resonance phenomenon where the actual shedding frequency synchronizes with the
actual natural frequency of the cylinder. Due to the two effects stated above, both frequencies
may vary and adapt to the mutual frequency of vibration.

2.4 Oscillating flow around a fixed cylinder
In the marine environment, the fluid motion generated by the ocean waves, add an unsteady
contribution to the steady part from the ocean currents. Hence, the already unsolved problem of
steady flow around a fixed cylinder, becomes increasingly complex as the unsteady contribution
is added. In this section we discuss what implications the unsteadiness has, by considering a
fixed cylinder in an oscillating flow.
The in-line forces are found through the use of Morison’s equation (Morison et al. 1950). The
force per unit length of a cylinder in an oscillating flow is given as the sum of an inertia component
and a drag component

/ — Im + Id — CmP ^ U + Ct)-pD\U\U.

(2.34)

The free-stream velocity U is defined as

(2.35)
The force coefficients, Cm and Co, are functions of the Keulegan-Carpenter number, the Reynolds
number and the geometry.
• Keulegan-Carpenter number — defined as

where T is the period of oscillation and A is the displacement amplitude of the fluid,
(■Uu = (2jt/T)A).
• Reynolds number — for an oscillating flow defined as

The Reynolds number is often combined with the KC-number by the Stokes parameter,
defined as the ratio between them
(2.38)
• Geometry — the angle of inclination, the aspect ratio (i.e. length to diameter ratio; L/D)
and the surface roughness
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Like Reynolds number have been the most important parameter in determining the force coeffi
cients in steady flow, the Keulegan-Carpenter number has become the most important parameter
in oscillating flow. However, the dependency of other parameters, such as Re and surface rough
ness is also significant. The effect of Re is often included into the /? parameter which is the ratio
between Re and KC. The effect of the inclination angle between the cylinder axis and the flow
direction, may be important in the wave zone. This is normally accounted for by considering
only the flow component normal to the cylinder axis (the cross-flow principle, (Faltinsen 1990)),
when predicting the forces acting on the cylinder in the directions normal to the cylinder axis.
In steady incident flows, the normal separation criterion is that the shear stress is zero at a point
on the body surface, or in other words that the shear stress changes sign. The shear stress is
directly dependent upon the velocity gradient, hence

(2.39)
is required for separation.
For the unsteady flow, there is no generally accepted criterion for flow separation. One definition
is the Moor-Rott-Sear criterion, (see e.g. Schlichting (1987)), which require that both
u=0

and

(2.40)

at a point within the boundary layer.
A proper definition of the separation points are needed if approximate analytical expressions are
used to describe the unsteady flow, (Faltinsen 1990). Independent of what separation criteria one
chooses to apply, flow visualizations have identified some general FfC-regimes. For sufficiently
low AC-numbers, a fully attached laminar flow is formed. As KC is increased beyond some
critical value, vortex shedding is initiated. When vortices are shed, they cpm either be cancelled
locally by mixing with vortices of opposite sign, or they can be convected away with the freestream velocity. As KC increases the latter situation gradually dominates, and for KC increasing
beyond a certain value, the flow may be considered quasi-steady.
The critical values of KC defining the different flow categories, will depend on both the Re (or
/3 = Re/KC), and surface roughness. For a smooth cylinder, the following flow regimes are
defined in Blevins (1990) based on results from several researchers.
1. KC < 0.4 No flow separation and no transverse forces, inertia forces and drag forces follow
the theory presented by Wang in 1968, (see e.g. Faltinsen (1990)).
2. 0.4 < KC < 4 The symmetric regime — an attached symmetric pair of vortices is formed
in the wake. Lift forces are negligible, drag forces reaches a minimum in this range, and
starts to deviate from Wang’s theory.
3. 4 < KC < 8 The asymmetric regime — the attached vortex pair becomes asymmetric as
one of the vortices grows faster than the other. An oscillating lift force is set up at the
frequency fs twice the oscillation frequency fw. The drag coefficient increases throughout
the whole regime and has a value of « 1.8 at KC « 8. The inertia coefficient starts to
decrease from its initial value around 2.0 for KC > 8.

54

CHAPTER 2. VORTEX SHEDDING ON CIRCULAR CYLINDERS

4. 8 < KC < 15 The transverse regime — alternate shedding of vortex pairs, which are
convected away at an angle of approximately 45 degrees to the direction of flow oscillations
at a dominant frequency fs = 2fw. This shedding forms a transverse wake which has
given name to this regime. The drag coefficient reaches a maximum value of Op = 2.0 at
KC « 13, and the inertia coefficient reaches a minimum of Cm ~ 0.7 at KC % 13.
5. 15 < KC < 22 The diagonal regime — two pairs of vortices are shed each oscillation
cycle, the pairs are convected away at 45 degrees to the direction of flow oscillations. The
dominant frequency of the oscillating lift force is fs = 3fw.
6. 22 < KC < 30 The third vortex — three pairs of vortices are shed each cycle, the oscillation
lift force frequency fs = 4fw.
7. KC > 30 Quasi-steady vortex shedding — the frequency of vortex shedding is roughly
the nearest multiple of the flow oscillation frequency, (fs/fw = 2,3,4, 5,...). Inserting
for the definition of the Strouhal relation, and the Keulegan-Carpenter number, we get
/* = StKC « 0.2Um/D.
In his flow visualization study Williamson (1985) have found an additional flow regime for KC
between 32 and 40 where four pairs of vortices are shed each oscillation cycle, the lift force
frequency becomes fs = ofw. For even larger KC, it becomes increasingly difficult to identify
the vortices from one cycle to another, (Bearman 1985).
Discussions on the vortex shedding and the resulting forces acting on cylinders placed in os
cillatory flow, can be found in Bearman (1985) and Sarpkaya (1985). The effect of varying
the Reynolds number (represented by the /3-parameter) is studied in Sarpkaya (1986) for low
KC-numbers. Fig. 2.28 from Sarpkaya (1986) shows the variation of the in-line drag and in
ertia force coefficients as functions of KC. It appears that no data are found for KC < 0.4,
which corresponds to the first regime defined above. The next three regimes can be identified
by studying the force-coefficient variations found for 0.4 < KC < 15. At first, Op follows the
theory by Wang, until some critical value of KC, where an abrupt deviation occurs. Increasing
KC further, the drag coefficient follows a curve parallel to Wang’s line, but somewhat higher.
The shift of the Op curve was found to correspond to an axial instability in the flow, which
appeared as mushroom-like vortices. This instability is referred to as Honjii instabilities, after
Honji (1981) who discovered the same phenomenon. This is not considered as separation. The
drag coefficient reaches a minimum at KC « 1.6. As KC increases towards this value, the flow
begins to separate followed by transition to turbulence. Increasing KC further, Op starts to
increase and the effects of vortex shedding begins to appear. At KC > 8 the transverse wake
described above appears.
In Fig. 2.29(a) and 2.29(b), the corresponding curves for different values of /3 are shown. The
figures indicate that the effect of increasing /3 is to shift the curves to the right, (which means
that higher KC-values are required for the flow to separate as the Reynolds number increases).
Furthermore, increasing j3 means that the high Op values found for high KC decreases and the
low Cm values increases.
Surface roughness can significantly increase the drag coefficients on cylinders in oscillating flow.
The effect of surface roughness is shown in Sarpkaya (1986) and further studied in Sarpkaya
(1987). In Fig. 2.30 Op and Cm are shown as functions of KC for a cylinder with surface
roughness k/D = 1/100. The inertia coefficient is not much changed from the values found on
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Figure 2.28: Drag and inertia coefficient as a function of the Keulegan-Carpenter number, (here denoted K), for
0 = 1035. Experiments from Sarpkaya (1986): Q, CW; *, Cd\ Wang’s theory: solid line. (Figure from Sarpkaya
(1986)).
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Figure 2.29: Drag and inertia coefficient as a function of the Keulegan-Carpenter number, (here denoted K), for
0 = 1380 and #3 = 11240. Experiments from Sarpkaya (1986): Q, Cm', *, Cd', Wang’s theory: solid line. (Figure
from Sarpkaya (1986)).

a smooth cylinder. However, the drag coefficient increases significantly for KC < 10. From the
study reported in Sarpkaya (1987) it appears that for rough cylinders, both Cd and Cm becomes
independent of 0 for 0 > 4000.
From all the Figs. 2.28-2.30 we see that the limits defined above can only be considered qualita-
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Figure 2.30: Drag and inertia coefficient as a function of the Keulegan-Carpenter number, (here denoted K), for
= 1/100 and 3 = 1800. Experiments from Sarpkaya (1986):
(Figure from Sarpkaya (1986)).

k/D

Q, Cm;

*, Co; Wang’s theory: solid line.

lively. Relatively large variations can be expected as Reynolds number or roughness is changed.

2.5 Oscillating flow around a vibrating cylinder
We have moved from the seemingly simple problem of a steady flow around a fixed cylinder,
through the more complex behaviour of a circular cylinder responding to the oscillating forces
set up by the steady flow, to the unsteady flow problem in the case of a fixed cylinder in an
oscillating flow. In this section we discuss the fluid-structure interaction process as a circular
cylinder is vibrating in an oscillating flow.
For the forces acting on a fixed cylinder in an oscillating flow, we saw in the previous section,
that the forces depends upon the Keulegan-Carpenter number (KC), the scale parameter (/3 =
Re/KC), and on the surface roughness on the cylinder. For a vibrating cylinder, obviously
the structural parameters play a major role, both on the cylinder response and on the fluid
dynamic forces acting on the cylinder. An elastically mounted cylinder provides three structural
parameters, which need to be considered, the mass, m, the damping, c, and the stiffness, k.
These three parameters may be defined per unit length of the cylinder. The fluid-structure
interaction is normally modelled as
my + cy+ky = f(t)

(2.41)

If m is the structural mass (not including fluid added mass), the natural frequency in air (or
strictly in vacuo) of the dynamical system is given as cv„ = yfkjm.
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The response of the cylinder can be expressed as a function of the following non-dimensional
parameters
^=/(XC,&^,^,(,^,%)

(2.42)

^ is the ratio between the natural frequency of the cylinder (in still water) and the oscillation
frequency of the flow. The reduced velocity parameter in an oscillating flow is defined by the
maximum value, Ur = UM/Dfn, and may be combined with the Keulegan-Carpenter number
(KC — Um/D/w) to form Ur = KCfw/fn.
In an early attempt to predict the response of circular cylinder in oscillating flow, Sarpkaya
(1979a) have proposed to follow the idea of the response parameter (Sg) used in steady flow
applications. The essential information in the response parameter is the product between the
mass ratio and the damping ratio. Sarpkaya modified this product, by dividing with the lift
coefficient for a fixed cylinder in an oscillating flow.

Ftp —

(2.43)

where M is the total mass of the cylinder, L is the length of the cylinder, and C£M is the lift
coefficient for a fixed cylinder in an oscillating flow. By plotting the maximum amplitude found
for a variety of cylinders with different values of M, Q, D, kjD, and C£M, against the response
parameter, Rp, Sarpkaya (1979a) shows that a very good correlation to a fitted line is found.
Although the use of a response parameter might be useful in predicting the maximum amplitude
that may occur, little is known about the complete response characteristics. Under what flow
conditions, does this maximum amplitude occur, and what is the vibration frequency with which
the cylinder responds?
The in-line motion of a circular cylinder in an oscillating flow is governed by the same set of
parameters. In predicting the in-line response of a cylinder in oscillating flow, the modified
Morison’s equation has proven to be generally acceptable, (see e.g. Spdahl (1991) and Passano
(1994)). The modified Morison’s equation may be written as
/(f) = \pDCd\U -x\(U-x) +

[CMU - (CM - l)x

(2.44)

Bearman et al. (1992) compared their experimental results of a flexibly mounted circular cylinder
in an oscillating flow, with the response predicted using the modified Morison’s equation. In
Fig. 2.31 measured and predicted values of xrms/D is plotted against KC for four values of the
frequency ratio /„//„, where fn is the natural frequency of the cylinder as measured in still
water. We see that the agreement between measured and predicted response is good for the
frequency ratios 2.0 and 3.0. However, some unexpected deviations are found for the frequency
ratios 2.72 and 2.85. For the case when fnjfw = 2.85 the measured response can be as much
as twice the predicted response. A resonant response is expected when the natural frequency
of the system is an integer multiple of the frequency of the oscillating flow. When the resonant
response is found for the frequency ratio 2.85, it means that the natural frequency of the system
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Figure 2.31: In-line response as a function of KC for 4 frequency ratios, /„/fw, where /„ is the natural frequency
of the cylinder in still water, and fw is the frequency of the oscillating flow. Note that in the figures, the natural
frequecy of the cylinder is denoted as /ou>. □, measured; +, predicted. (From Bearman et al. (1992).)

in the oscillating flow is not the same as in still water. Bearman et al. (1992) show further that
the agreement between the measured drag and inertia coefficients in their oscillating cylinder
case approaches the values measured by Sarpkaya for a fixed cylinder, for high R'C-values. This
is shown in Fig. 2.32.
The transverse response of a circular cylinder in oscillating flow is a complex and poorly under
stood process. Whereas for in-line motion, the use of Morison’s equation is relatively established
and has provided large databases for the force coefficients (at least for the fixed cylinder case),
there is no such quantitative accumulated knowledge regarding the lift forces. However, some
qualitative information has evolved. In particular it is found that the response frequency of
the cylinder synchronizes with an integer multiple of the flow oscillation frequency, (Sumer and
Fredspe 1987). In this process the cylinder oscillation frequency can be shifted towards the near
est integer multiple of the flow oscillation frequency either above or below, presumably due to the
variation possibilities of the added mass, hence this effect is not likely for cylinders with extreme
high mass ratios. The higher the ratio of the natural frequency to the oscillation frequency is,
the higher the KC number at which the resonant transverse oscillations are found, (Bearman
et al. 1994).
Bearman et al. (1994) and (1995) have discussed three possible approaches to predict the
transverse response of a cylinder in oscillating flow. Inspired by the thoughts from the nonlinear
oscillator models used to predict the response of cylinders in steady flow, Bearman et al. (1994)
have used the equation proposed by Harden and Currie (1970) (with modifications for oscillating
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approaches the values from the fixed cylinder for large KC-values. D, vibrating cylinder; +, fixed cylinder. (From
Bearman et al. (1992))

flow) to provide the lift force coefficient for use in the transverse dynamic equation of motion.
The transverse response predicted by this model is shown in Fig. 2.33, and we see that the
response is greatly overpredicted at high ifC-numbers. Bearman et al. have abandoned further
development due to the unphysical results it provided.
Another approach followed in their article, the quasi-steady approach, is to apply the transverse
force expression proposed by Bearman et al. (1984), (a similar expression is proposed by Verley
(1982)). This model has shown to predict the forces acting on fixed circular cylinder in an
oscillating flow rather well. However, the authors found that it would overpredict the response
of a flexible cylinder significantly if used directly in a transverse equation of motion. Hence,
some additional damping due to the relative motion between fluid and cylinder, was assumed
necessary. This lead to a modified force expression including Morison type terms due to drag
and inertia from the cylinder motion. Thus their force expression consists of three terms, an
exciting force due to vortex shedding, a drag damping term, and an added mass term,

(2.45)

AW =

Note, that the drag and added mass coefficients used in the transverse motion, may not be the
same as the in-line coefficients. By applying the lift coefficient expression from Bearman et al.
(1984), the following two possible expressions were established

AW = -pDU2CL cos <j KC • St !-«»(§?) +

gP-DCWIvl - p-^-C'Ay
(2.46)

AW = ^D|U|f/CTcos {ac - # 1 - cos(g) +
(2.47)
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Figure 2.33: Transverse response predicted by the Van der Pol type lift force oscillator, and compared with
measured values for fn/fw = 1.81. The computed results have two additional peaks at twice and three times the
AC-value of the first peak. The computed response greatly overpredicts the measured response at these large
AC-numbers. (From Bearman et at. (1994).)

where Cl is the amplitude of the lift coefficient, St is the Strouhal number, Tw is the period of
the water oscillations, and ^ is a phase angle. The two force expressions differ in the way the
velocity is used to find the lift force. In Eq. (2.46) the form U2 is used, whereas Eq. (2.47) uses
\U\U. The difference between them can bee seen from the response behaviour, which appears at
either odd or even multiples at the flow oscillation frequency, depending on which form is used.
Results from response predictions using these two expressions are shown in Fig. 2.34. Bearman
et al. (1994) states that the two forms seem to be complementary, where one is failing to predict
the measured response, the other agrees reasonably well. Thus, both seem to be necessary to
predict the transverse response correctly, however, there is no general way of knowing when to
apply the U2 form, and when to use the \U\U form of the force expression.
Bearman et al. (1995) presents results from a response prediction method applying a numerical
simulation of the flow field to provide the excitation forces. This type of analysis is very timeconsuming, and only a relatively short time history is reproduced. Furthermore, computations
have not been carried out for AC-number above 12. Fig. 2.35 shows the transverse response from
the integrated flow-simulation/response-prediction analysis, compared with experimental results.
This case is the same as the one in Fig. 2.33, with a frequency ratio fn/fw = 1.81. Although
the computed AC-range is limited, the computational results obtained are remarkably close to
the experimental results. Apparently the computational method has succeeded in capturing the
complex physics of the fluid-structure interaction process.
The effect of irregularly oscillating flow is studied by Kozakiewicz et al. (1994). They define the
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Figure 2.34: Transverse response predicted by the two forms of the quasi-steady force expressions, (A, Eq. (2.46)
and □, Eq. (2.47)) and compared with measured values for

fnjfw

= 1.70, (v)- (From Bearman et al. (1994).)

reduced velocity for irregular oscillatory flow conditions as
TT
V2tru
%,irr ,

(2.48)

where a\j is the rms value of of the fluid velocity. Plotted against UptiTr, the response ampli
tude does not have any peaks, but show a relatively constant value over a large portion of the
tf.R>r~axis. The amplitude is considerable smaller than in a regular wave for values of Up^tTr
corresponding to reduced velocities which leads to lock-in in regular waves, and larger than the
amplitudes in regular waves for Ur^t outside the lock-in range. Broad-banded oscillations leads
to decreased response amplitude.

2.6 Suppression devices or flow control
The techniques used to suppress vortex shedding or in other words to control the flow around
circular cylinders, may be subdivided into two different categories, (Meneghini 1993).
• Passive control, in which externally applied perturbations are used to modifly the char
acteristics of the flow.
• Active control, in which a closed-loop feedback mechanism is used to respond to an
observed signal in order to attenuate or suppress the shedding of vortices.
Passive control of the flow around a bluff body can be obtained by proper structural design.
Two such alternatives are
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KC number

Figure 2.35: Transverse response of a circular cylinder in oscillating flow. D computed results from flow simulations,
A experimental results. (From Bearman et al. (1995).)

1. Increased reduced damping. Response amplitudes decreases with increasing reduced damp
ing. In agreement with the discussion regarding the reduced damping parameter in earlier
sections, this is obtained by increasing the structural damping of the structure.
2. Avoid resonance. If the natural frequencies of the cylinder are sufficiently far from the
excitation frequencies, large resonant vibrations are avoided. The natural frequencies can
be altered by changing the structural stiffness or the structural mass.
The other way of passively controlling the flow is to use some kind of aerodynamic or hydrodynamic devices. In classifying the different add-on devices available, Zdravkovich (1981) uses
the concepts of entrainment layer and confluence point to explain the suppression mechanism.
The vortex growth feeds on the added vorticity supplied by the entrainment layers, (free shear
layers), and the confluence point marks the region where the two entrainment layers coming
from the opposite sides of the cylinder, meet and interact. Based on these concepts, Zdravkovich
(1981) uses the following three categories.
1. Surface protrusions (strakes, wires, fins, studs). These devices are used to disrupt the
ordered two-dimensional shedding, either by forcing uncorrelated spanwise shedding, or by
introducing an artificial turbulence in the boundary layer. Helical strakes should be used
with care. If the angle of the strakes is not properly chosen, the effect may be to increase
the vortex-induced oscillations.
2. Shrouds (perforated shrouds, axial rods, axial slats). The entrainment layers are affected
by using shrouds, disrupting the vorticity feed to the growing vortex. If the shrouds are
incomplete, i.e. do not cover the whole circumference, the effect may be to increase the
vortex-induced forces and the resulting vibrations.
3. Near-wake stabilizers (splitter plates, guiding vanes, base-bleeds, slits cut along the cylin
der). These devices are used to stabilize the wake behind the cylinder
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Figure 2.36: Vortex suppression devices: (a) helical strakes; (b) perforated shrouds; (c) axial slats; (d) streamlined
fairings; (e) splitter plate; (f) ribboned cable; (g) pivoted guiding vane; (h) spoiler plates. (From Blevins (1990).)

Blevins (1990) presents a list of guidelines for optimal design of some selected suppression devices.
The devices discussed are shown in Figure 2.36.
The underlying idea with active control of the flow around a cylinder, is to add a perturbation
either to the vibrations of the cylinder or to the flow by some kind of an actuator, based on the
signal observed by a sensor in the near-wake or at the cylinder.
Several different actions can be taken by the actuators, depending on the system developed. The
following list are meant as an example of possible actions.
1. Transverse oscillations
2. In-line oscillations
3. Rotatory oscillations
4. Blowing and/or suction from slots
5. Externally added sound waves
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The idea of active control of the flow around a cylinder was in fact put forth as early as in the
mid-1960’s. Meneghini (1993) shows that Berger already back in 1967 succeeded in suppressing
the vortex wake behind a cylinder, by forcing a oscillation to the cylinder based on feedback
from a hot wire signal in the wake. Meneghini (1993) discusses the recent contributions to the
active flow control problem. Although a significant effect is shown by some researchers and in
some cases, there does not seem to be a general agreement on the applicability of active control
of VIV in the engineering world. In particular at the higher Reynolds numbers, the effect of
actively stabilizing the most unstable mode seem to destabilize other modes.

2.7 Summary of Chapter 2
In the following we give a short summary of the most important parameters identified in the
different situations discussed in Chapter 2.
1. In a steady flow around a fixed cylinder, the Reynolds number is found to be the most
important parameter. Different flow regimes were defined for varying Re.
2. In a steady flow around a vibrating cylinder, the ratio between the vortex shedding fre
quency and the natural frequency of the system becomes the leading parameter.
3. In an oscillating flow around a fixed cylinder, the Keulegan-Carpenter number which de
termines how fast the flow is oscillating, classifies the flow characteristics.
4. And, finally in an oscillating flow around a vibrating cylinder, the ratio of the natural
frequency, /„, to the frequency of oscillation, fw. becomes most important.
This being the general trend, there are several other parameters which makes the picture more
complex. For the steady flow around a fixed cylinder, we discussed briefly the importance of
both roughness {k/D) and turbulence level in the flow (urms/U) to the different established flow
regimes. The magnitude of drag coefficient, Co, lift coefficient, Cl, and Strouhal number, St,
are all sensitive to variations in the flow regimes due to either surface roughness or turbulence
level, or both. For the steady flow around a vibrating cylinder, the ratio between the shedding
frequency and the natural frequency may be most important for the resulting state of dynamic
equilibrium, however, both the mass ratio and the damping ratio are very important for the
characteristics of the response. As an example, the width of the lock-in range is determined by
these two parameters. For the oscillating flow around a fixed cylinder, the Keulegan-Carpenter
is the leading parameter, but the different flow regimes it defines, are highly governed by other
parameters as e.g. the Reynolds number (or the /? number) or the surface roughness. For the
oscillating flow around a vibrating cylinder important

Chapter 3

Vortex-induced vibrations
of slender marine structures

“Before beginning I should put in three years of intensive study,
and I haven’t that much time to squander on a probable failure. ”
David Hilbert (1862-1943)
(On why he did not try to solve Fermat’s last theorem.)

3.1 Introduction
In the previous chapter, several features of the flow around both a fixed circular cylinder and
a vibrating circular cylinder have been discussed. From this discussion it appears that the
flow is two-dimensional in the strict sense, only for laminar flow below a Re & 200. Above
this Re number three-dimensionalities appears in the flow, both as initial signs of transition to
turbulence, and in terms of correlation of the vortex shedding along the cylinder section. Thus,
three-dimensional effects of the flow characteristics soon come in to play. On the other hand,
the structural characteristics have been considered only in a two-dimensional plane.
In this chapter, we add a dimension to the structural characteristics, and consider cylinders of
some finite (or infinite) length. The study of such structures will serve at least two purposes.
Firstly, it will be used to check if the knowledge gained from the study of two-dimensional cross
sections will be relevant for cylinders of some length. Secondly, finite length cylinders may be
used in sheared flow to study what effect a nonuniform current profile may have on the flowinduced response. For the short and rigid cylinders, the expected vibration mode is a standing
wave, meaning that the oscillation will appear as a time dependent scaling of a time independent
shape function. This situation is similar to the situation considered in the previous chapter, with
a cylinder section moving in two dimensions. For the longer cylinders, the vibration mode may
appear as a travelling wave, and not as a standing wave. This means that the location at which
the maximum amplitude is found at any time, may travel along the length of the cylinder, making
response prediction even more difficult.
65
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In the following, we discuss some of the findings for the behaviour of three-dimensional slender
structures moving in a three-dimensional flowing fluid. We start out with the response charac
teristics of rigid and flexible cylinders in uniform steady flow, move on to the response of rigid
and flexible cylinders in sheared steady flow, before we proceed to the oscillating flow cases. In
the final section of this chapter the vortex-induced vibrations of marine pipelines are discussed.

3.2 Response behaviour — short or long cylinder?
The response behaviour of a cylinder, pipe or cable for marine applications depend on the
slenderness of the structure. Can the cylinder be considered a short cylinder, or does it exhibit
the typical characteristics of what we may call a long cylinder?
A short cylinder can be defined as a cylinder with well separated natural frequencies, a structure
which in principle may respond in a single-mode lock-in response form. The response of such a
structure can be described as a standing wave.
For an infinitely long cylinder, the concept of natural modes does not apply. The cylinder is
free to respond with any possible frequency, and no boundary conditions are felt. The cylinder
responds at the local excitation frequency, and the wave length of the generated response for a
tensioned dominated structure is determined from

(3.1)
where T is the tension, m is the mass per unit length (including added mass), and fs is the
excitation frequency, (see e.g. (Alexander 1981)). Increasing the bending stiffness, (El), this
may affect the natural frequency of the structure, hence also the wave length of the generated
response. The excitation frequency is the local vortex-shedding frequency determined from the
Strouhal relation. In a perfectly idealized case where the local vortex-shedding frequency is
constant over the whole length of an infinitely long cylinder, and the excitation is assumed
uniform along the cylinder, the response will be as for a short cylinder. Hence, to determine
the response of such cylinders it is necessary to consider both the structural characteristics and
the hydrodynamic excitation sources. For a long and slender marine cylinder, it is unlikely that
the incoming flow velocity should be uniform all along the cylinder length. A space-varying flow
velocity, or a sheared velocity profile, leads to excitation with different frequencies at different
locations. The local excitation frequency, fsi, at the position zi provides a response with the
wavelength, A%. At a position, z2 sufficiently far from z\, where the shedding frequency is
fs2 7^ /si, the responding waveform experiences strong hydrodynamic damping. This means
that the amplitude of vibration will be damped out at increasing distances from the location of
excitation. The resulting response behaviour can be described as a travelling wave. The ratio
L/X, where L is the (finite) length of a cylinder, equals the number of possible wave lengths
along the cylinder. This number has to be relatively large for a cylinder to be considered as an
infinite cable.
In between these two extreme cases, there exist several possible response shapes with varying
degree of slenderness. Notably, there exists a large class of structures where the natural mode
concept applies, and where the natural frequencies are close. Hence, the vortex-shedding fre
quency (which in reality is not a single distinct number, rather it will appear as a spectrum of
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frequencies gathered around the Strouhal frequency) may capture several of the natural frequen
cies of the structural system. In this situation, the resulting response form may either appear
as a lock-in response of one of the possible modes, or it may appear as a multimoded nonlock-in
response with random vibration characteristics. Vandiver (1993) reports from experiments with
a 274 m long wire rope, that the wire (at times) responded with one single, perfectly locked-in
mode shape, although it had at least ten modes within the excitation range from the sheared
flow profile. As the current velocity in his experiments gradually changed, the responding mode
shifted to another mode. While the response of the other mode developed, there were periods
with vibrations of a more random nature. A cylinder may respond with one single mode at one
instant in time, and at another instant it may shift to another mode, still vibrating with the
same frequency. This is possible due to the variation of the added mass.
The question which arise is how to determine what degree of slenderness a given case has, and
also what response form to expect from a given case. Vandiver (1993) concludes from his past
experience with vortex-induced vibrations of long flexible cylinders, that the most important
parameters in predicting whether or not lock-in is possible, are the shear fraction AU/Um(Zx, and
the number of natural frequencies, Ns, within the range of excitation frequencies.
The shear fraction, which says how much the flow velocity varies along the structure, indicates
the range of vortex-shedding frequencies involved in the given case. The potential number of
responding modes, Ns, contains information both from the variation of the excitation frequencies,
and the closeness of the structural natural frequencies. Vandiver defines Ns as the product of
the excitation bandwidth and the modal density of the natural frequencies of the cylinder. The
excitation bandwidth, A/ (Hz), in a sheared flow is defined as

A/ =

AU

(3.2)

where Ur is taken as the reduced velocity at which the largest response is found to occur under
field conditions for a variety of cylinders. The modal density of a constant tension cable is 1/fi
modes per Hz, where /i is the first mode natural frequency, (Vandiver 1993).
Thus, the number of resonant modes is approximately

'

A

(3.3)

with the empirical value Ur = 5.9, this becomes Ns = 0.17 AU/{f\D). From the values of Ns
and AU/Umax, the possibility of lock-in can be found. The precise limits determining if lock-in
occurs or not, are not known. However, indications are that a shear fraction of 30-40 %, and a
number of resonant modes above approximately 10, would prevent lock-in from occurring. These
limiting values will be mutual dependent; if the shear fraction of the flow increases, AU/Umax,
then the limiting value of Ns, decreases. Under lock-in conditions, the vibration amplitude may
be effectively determined by using the response parameter, So, (see Chapter 1).
Vandiver proposes the wave propagation parameter, n(n, where n is the mode number and (n is
the damping ratio (including hydrodynamic contributions) as a key parameter if lock-in is not
likely to occur. The decay of a linearly damped structure follows the factor exp(-27r(X/A). For
the case of uniform cables or beams with pinned ends and constant tension, the factor 2£L/A
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5 0 x 10-’

Figure 3.1: Response behaviour for different values of the wave propagation parameters. (From Vandiver (1993).)

reduces to n(n. Fig. 3.1 shows the response of a cable to a unit harmonic exciting force at a
given location, in terms of the Green’s function for the cable. The response is shown for three
different values of the wave propagation parameter, nC,n. In the first case, Fig. 3.1 (b), the
excitation frequency equals the natural frequency of the fifth mode, and the damping is 1 % of
the critical damping, hence nQn = 0.05. We see that the response takes the form of a standing
wave with constant amplitude. The damping is here low enough for the vibration amplitude
to reach the ends of the cable without loosing strength, and is then reflected back and forms
a resonant single mode response. In Fig. 3.1 (c) the 99th mode is excited and the damping
ratio is 0.1, hence n£ra = 9.9. This case shows the response behaviour of an infinite cable, the
vibration amplitude due to excitation at a given location, will never reach the ends of the cable
because of the strong hydrodynamic damping. In the last case, Fig. 3.1 (d), shows the response
behaviour when the wave propagation parameter,
= 0.9. In this case, the dynamic behaviour
is somewhere between the standing wave and the attenuated infinite cable behaviour. Vandiver
have interpreted the meaning of the wave propagation parameter in the following way. For values
of n£n less than 0.2, a standing wave behaviour is expected over the entire cylinder. For values
above 2.0, infinite cable behaviour is to be expected, and for values of nC,n between 0.2 and 2.0,
a combined response form appears.

3.3 Uniform, steady flow
From the discussion in the previous chapter, it is clear that vortex shedding is not a steady,
harmonic two-dimensional process. Variations occur both of the shedding frequency and in the
spanwise correlation. Vortex shedding does not in general, occur at a single distinct frequency,
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rather it will appear as a narrow-banded spectrum of frequencies gathered around the Strouhal
frequency. For Re in the transitional regime the spectrum may have a broader appearance.
Furthermore, vortex shedding exhibits spanwise variations. Even for short cylinder sections it
appears that the vortices shed from the cylinder surface are not always fully correlated. The
correlation length is a direct measure of the spanwise correlation of the oscillating lift-forces
acting on the cylinder. For a long correlation length, the correlation of the forces are high. Hence,
a large net force is imposed on the cylinder. The correlation length is a derived parameter, which
can be assessed by investigating the spanwise variation of an unsteady quantity related to the
vortex shedding. Such an underlying variable can be fluctuating pressure, sectional lift force, or
a fluctuating velocity close to the separation points. The correlation length can be defined as,
(Bearman 1984)

(3.4)
where R(e, z) is the correlation between two points a distance z apart, e is the quantity under
consideration, and z\ and z% are locations along the cylinder at a distance z apart. Note that
e2, which means that the correlation R(e, z) is equal to 1.0 if Zi and Z2 are
located at the same point. The correlation length is governed by the Reynolds number, the
turbulence level, the aspect ratio (L/D), the surface roughness, and the cylinder motion. It
is commonly quantified by a multiple of the cylinder diameter. For a fixed, smooth cylinder
examples of typical correlation lengths for varying Reynolds numbers are given in Table 3.1,
(King 1977).
Table 3.1: Examples of correlation lengths for a fixed, smooth cylinder for different Reynolds numbers. The
experimental results are from different researchers. (Compiled by King (1977)).

Reynolds number
40 < Re < 150
150 < Re < 105
1.1 x 104 < Re < 4.5 X 104
Re > 105
Re = 2 x 105

Correlation length
15 D - 20D
2D - ZD
ZD - 60
0.50
1.560

A compilation of empirical correlation lengths with varying Reynolds numbers is also found in
Pantazopoulos (1994). The results in Table 3.1 indicates that the correlation is very strong
in the laminar Reynolds number regime (Re < 150), mild in the subcritical regime (Re <
105), and low in the critical and supercritical regimes (Re > 105). Presumably, the correlation
increases somewhat in the transcritical regime, where the development of a turbulent vortex
street increases the regularity of the wake flow.
A typical cylinder for marine applications will have an aspect ratio larger than the correlation
length. Hence, the vortex-generated lift forces are not in phase all along the cylinder length.
The lack of correlation results in a reduced net force acting on the cylinder. This is important
for the force measurements on not fully correlated cylinders as well as in force prediction, or
response prediction, procedures.
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Figure 3.2: The spanwise variation of vortex shedding from a fixed cylinder. (From Koopmann (1967).)

Figure 3.3: The spanwise variation of vortex shedding from a vibrating cylinder. (From Koopmann (1967).)

3.4. SHEARED, STEADY FLOW

71

In Fig. 3.2 the lack of correlation of vortex cells in a wake shed from a fixed cylinder is shown. A
fixed cylinder is placed at the extreme right of the figure, and the vortices are shown to have a
slanted angle as they shed from the cylinder. The wake behind a vibrating cylinder may be forced
into a more stable oscillation, if the vibration amplitude is above a certain threshold amplitude.
The spanwise correlation of the vortex shedding increases, the vortex strength may increase and
the shedding frequency may lock-in to the cylinder frequency. In short, the cylinder motion takes
control over the wake oscillations. Fig. 3.3 shows the more correlated vortex shedding which may
appear behind a vibrating cylinder.
Stationary long cylinders will have a smaller oscillating lift force per unit length than stationary
short cylinders, due to the lack of correlation. As the vibration amplitude is increased above the
threshold amplitude, the force per unit length increases more rapidly for a long cylinder than
for a short cylinder, until they become approximately equal at some amplitude, (King 1977).
The intuitive explanation is that the cylinder motion must organize the not correlated vortex
shedding, and that a stationary long cylinder has many regions of vortex cells out of phase with
each other.
For a short cylinder with well separated natural frequencies, placed in a uniform steady flow,
the conditions are well suited for lock-in oscillations to occur. When the cylinder responds in
a single mode lock-in manner, the response at an arbitrary location along the cylinder length
follows the response of a flexibly mounted rigid cylinder section. The vibration problem is
completely described by the amplitude of vibration, the frequency, and the shape of the lockedin mode. Hence, the only additional information needed (compared to the cross-sectional model)
is the mode with which the cylinder responds. The amplitude of a responding mode is found
from the amplitude of a responding flexibly mounted section by multiplying with a mode shape
factor as suggested by Iwan (1975), (see further discussion in Chapter 5).
For a long cylinder where the natural frequencies are closer, and where more than one natural
frequency may be captured by the lock-in range, the problem is not well-posed. It is not obvious
whether the cylinder takes a lock-in response form or not, and if a lock-in mode is the correct
response form, it is not obvious which mode the cylinder should respond in.

3.4 Sheared, steady flow
Slender marine structures are normally found in environments where the incoming flow velocity
cannot in general be considered uniform. In deep waters several mechanisms contributes in
generating the current velocities. Wind-driven currents (restricted to the upper levels of the
water column), tidal variations, and large scale ocean currents all interact to form the complete
flow velocity profile. The possible spanwise variation of the incoming flow velocity, raises the
need for information about vortex shedding and vortex-induced vibrations in sheared flow. A
review of related research was performed by Griffin (1985), he discusses the characteristics of the
shear flow in both stationary and oscillating cylinders. The new parameter which adds to the
list of governing parameters, is the steepness parameter. This parameter has commonly been
defined as
D dU
P = Urej dx

(3.5)
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where dU/dx is the velocity gradient, D is the cylinder diameter, and Ure/ is a reference velocity
often taken as the velocity at the midspan, another choice is the maximum velocity, Umax- For
linear shear flow profiles, the steepness parameter can be written

13 =

D AU
T Umax

(3.6)

where the reference velocity is chosen as Umax. As pointed out by Vandiver (1993), the shear
fraction AU/Umax is directly useful, whereas the aspect ratio L/D does not contribute to the
information about the steepness of the shear. The aspect ratio is important in determining
whether end effects will be important, however, for L/D > 20 - 30 this ratio actually obscures
the information provided by the shear fraction, to cite Vandiver.
By assuming that the vortex-shedding frequency is proportional to the flow velocity, Vandiver
defines a local steepness parameter
in terms of the local vortex-shedding frequencies,

x

_ Z> dws _ D dU
dx
U (z) dx "

(3.7)

A low j3x indicates long correlation-lengths, which decreases with increasing shear.
Additional important parameters for the shear flow cases are Reynolds number, Re, surface
roughness, k/D, and turbulence level, Urms/U. The importance of the Reynolds number is
similar to the previous cases. Increasing surface roughness has shown to increase the average
cell length of the shed vortices, (Griffin 1985). High turbulence in the incoming flow reduces the
critical Reynolds number at which the flow enters the critical regime. Griffin (1985) reports that
the critical Re is reduced from approximately 10s in a smooth flow to about 104 in a flow where
Urms/U « 0.05. The same decrease is found in uniform flows.
Stansby (1976) has performed experiments with a finite length cylinder in a fluid flow forced
at its ends to vibrate transversely with an amplitude, A/D, and a frequency, fc. The forcing
frequency was chosen to correspond to the natural frequency of the cylinder *. The experiments
of Stansby was performed both with a uniform incoming flow, and with a sheared profile of the
incoming flow.
The uniform flow case served as a base case for comparison, and shows the well-known features
such as lock-in, phase shift, hysteresis, and the threshold amplitude. The sheared flow case shows
that vortices are shed from the cylinder in cells. In Fig. 3.4(a) the frequency spectrum at various
spanwise positions for a stationary cylinder in the sheared flow is shown. The corresponding
distribution of the Strouhal number is shown in Fig. 3.5(a). From these figures we see that
the shedding is not fully correlated, but two vortex cells are observed towards the ends of the
cylinder.
As the cylinder is forced to vibrate at a frequency close to the shedding frequency at the midspan,
dramatic changes occur. According to Stansby the frequency of the shedding is locked on to
the vibration frequency, and the local shedding frequencies still appears but at a lower level.
‘This is strictly not possible as the natural frequency in a flow is dependent upon the varying added mass
effect. However, as the experiments were performed in air, the added mass is small, hence the natural frequency
is not much affected by added mass variations.
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Fig. 3.4(b) shows the frequency spectra at positions along the cylinder length, and Fig. 3.5(b)
shows the corresponding Strouhal numbers. Fig. 3.6 shows frequency spectra for a stationary
and vibrating cylinder from another set of experiments due to Woo et al. in 1981. This figure is
from Griffin (1985).
The response of a circular cylinder in a sheared flow, depends on the parameters discussed in
Section 3.2, in short the slenderness of the structure and the steepness of the shear. Vandiver
(1993) presents three different sets of experiments.
• Castine 1981 experiments. A relatively short cable.
• Castine 1976 experiments. A wire of intermediate length.
• St. Croix experiments (1983). A very long cable.
The main governing parameters from the three experiments are collected in Table 3.2.
These experiments span the whole range of possible response characteristics. The short cables
used in the Castine 1981 experiments, where allowed to lock-in at a natural mode. This cable
was situated in a practically uniform current, and the structure had well separated natural
frequencies. Hence, lock-in was a frequently observed response form. For cases where Ns is
less than 1.0, the possibility of lock-in to occur is large. The Castine 1976 experiments had
a considerable shear (AU/Umax = 0.20) and the natural frequencies of the wire were closer.

(a) Stationary cylinder

(b) Vibrating cylinder,

y/D

= 0.06,

fc

= 0.198

Figure 3.4: Frequency spectra at various spanwise positions for a stationary and a vibrating cylinder in sheared
flow j) — 0.025 where L/D = 16. The vibrating cylinder is forced to vibrate at a nondimensionalized frequency of
fc = fcDfVm,d = 0.198. The spectra are found from a hot wire probe in the wake. (From Stansby (1976))
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(«)

0-20
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(a) Stationary cylinder

0-16

0-18

(b) Vibrating cylinder,

'

y/D =

0-22

0.06,

fc

0-24

= 0.198

Figure 3.5: Spanwise distribution of the Strouhal number for a stationary and a vibrating cylinder in sheared
flow, 3 = 0.025 where L/D — 16. The vibrating cylinder is forced to vibrate at the nondimensional, frequency
/c =

fcD/Umid

= 0.198. The Strouhal number is defined as S, =

faD/Uu-

(From Stansby (1976))

Table 3.2: The governing parameters for the experiments performed by Vandiver (1993).

Case
Castine, 1981
Castine, 1976
St. Croix, 1983

L
22.9 m
274 m
290 m

D
3.17 cm
0.711 cm
0.406 cm

l//i
1.0 modes/Hz
5.24 modes/Hz
10.6 modes/Hz

Nu/umax
0.06
0.2
0.91

A/
0.24 Hz
1.8 Hz
12.5 Hz

Ns
0.24
9.9
135

Although N3 « 10, the case did respond in a single-mode lock-in behaviour at times. This case
had very low turbulence and structural damping. Hence, lock-in was relatively easy established.
The shear fraction was not high enough to totally abandon the lock-in response behaviour.
However, Vandiver comments that half of the time lock-in was not found, indicating that with
a slightly stronger shear, lock-in would not have occurred. The St Croix case (1983) had a large
shear fraction (MJ/Umax) and a very dense set of natural frequencies. Ns was found to be
around 135. This provided infinite cable behaviour.
In a later experiment (Lawrence 1986) Vandiver investigates the intermediate cases, in order to
improve the understanding of the role of the wave propagation parameter, 7i(n, or the related
2£L/\. In these experiments the shear fraction varied between 0.3 and 1.125 2 and the number
of potentially responding modes varied from 2 to 11. The wave propagation parameter was
predicted to values between 0.2 and 0.7, indicating that the response form should be of a com2 the flow velocity was reversed at the low velocity end, making the shear fraction larger than 1.0
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j y/ix

FREQUENCY/HZ

(a) Stationary cylinder

(b) Vibrating cylinder,

y/D

= 0.235, /„ = 0.198

Figure 3.6: Frequency spectra at various spanwise positions for a stationary and an oscillating cylinder. LjD = 40;
D — 0.635 cm; Re = 735; 8 = 0.016. Experiments by Woo, Peterka and Cermak (1981) (Figure from Griffin
(1985))

bined type (between a standing wave and an infinite cable) allowing some spatial attenuation,
in agreement with the observed response. The characteristics of the observed response is best
described as seemingly random oscillations centred around a dominant shedding frequency, and
with attenuated variations in space.
As stated by Vandiver (1993) the precise limits of the combination of Ns and A(7/Umax which
defines the boundary between lock-in and nonlock-in behaviour are not known, neither is the
importance of turbulence level quantified.
For the infinite cable case, some interesting features appears. As discussed previously, natural
modes does not apply for an infinite cable, hence the local response at a given position would
depend directly on the local shedding frequency. Full-scale experiments performed at Woods
Hole Oceanographic Institution, (Triantafyllou et al. (1988),Yoerger et al. (1991), Grosenbaugh
et al. (1991), and Grosenbaugh (1991)), have shown that the response at each point along
the cable is amplitude-modulated in both space and time. This can be explained as follows:
The infinite cable behaviour suggests that local response is due to a local excitation, and this
response will travel along the cable for some distance before it decays. This means that response
at one location with the frequency /sl, reaches another location with local excitation frequency
fs2, hence the resulting vibration has two frequency components which results in the amplitude
modulated beating oscillations.
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In a linearly sheared velocity profile, fs varies linearly along the cylinder. How can two dis
tinct frequencies appear and interact? (one should probably expect a continuous spectrum of
frequencies) Triantafyllou et al. (1994) states that the vortex-shedding process seems to be fully
correlated over one half a wavelength of a travelling wave. The correlation is destroyed between
each of this half wavelengths, due to the oscillation amplitudes being smaller than the threshold
amplitude.
A reasonable assumption is to use the Strouhal relation at the antinodes, deducing a wavelength
from A = 1/fs\jT/m, and building up the different ‘modes’ subsequently. Each of these waves
will travel to a nearby location (where they are damped out, power-out region) interacting with
the local excitation frequency. Hence, a two-frequency beating response form may develop. This
concept is applied in the response prediction method proposed by Triantafyllou et al. (1994)
and discussed in Section 5.2.3.

3.5 Oscillating flow
In steady flow the correlation of vortices shed from a circular cylinder have been studied for
several years. The knowledge about the spanwise variations of shedding along the cylinder length
has improved. However, there are still questions to be answered before a thorough prediction of
the vortex-induced response of a full length cylinder in a steady flow can be performed. In an
oscillating flow, on the other hand, the knowledge is less established. The correlation of vortices
along a cylinder in oscillatory flow have been studied by Kozakiewicz et al. (1992) for a cylinder
in forced vibrations, and Fredsee and Sumer (1994) for a flexibly mounted cylinder.
From the forced vibration experiments (Kozakiewicz et al. 1992) the authors found that the
correlation length at first increased as the vibration amplitude was increased, but as the vibration
amplitude reached some limit value the correlation decreased. The precise limits for this change
in behaviour varied for varying ifC-numbers, for KC = 6 the change appeared around y/D =
0.1, whereas for KC = 20, the limiting value was w 0.15, see Fig. 3.7 3.
This behaviour was a bit unexpected since the increase of vibration amplitude leads to a strictly
increasing correlation in steady flow experiments. In Fredspe and Sumer (1994) the authors
therefore performed a similar set of experiments with a flexibly mounted cylinder. This time
the correlation coefficient do show a strictly increasing tendency as the vibration amplitude is
increased also in oscillatory flow, see Fig. 3.8.
The explanation for the discrepancy in these two experiments, can be found in the nature
of the forced motion. In the forced vibration experiments, the amplitude of the motion may
be different from what a flexibly supported cylinder will have at the same flow velocity and
oscillation frequency. Fig. 3.9 show that the phase angle actually is a function of the reduced
velocity. As the reduced velocity was changed (through the maximum flow velocity) the response
amplitude and the phase angle were changed correspondingly, thus the correlation of the vortices
along the cylinder seemed to develop in a natural way.
The response characteristics for full length cylinders does not seem to have been studied in
any detail yet. The only work to this authors knowledge are some fullscale tests reported in
Grosenbaugh et al. (1991). This is an experiment with a long tow cable with an ROV at
the lower end, the cable is towed from a ship following a oscillatory trajectory. The resulting
motions show a decrease in the drag coefficient as compared to the steady state towing condition
3Note that in the figure the double amplitude is used as the x-axis
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Steady current

2 AtD

Figure 3.7: The correlation coefficient for a cylinder in forced vibrations in oscillatory flow at different
/fC-munbers, and in a steady flow. (Figure from Kozaldewicz, Sumer, and Freds0e (1992).)

3) Forced vibrations

b) Self-Induced vibrations

KC=2Q
0 .62 04 06 08

0 02 04 06 08

Figure 3.8: The correlation coefficient for a freely vibrating cylinder in oscillatory flow at
Freds0e and Sumer (1994).)

KC —

10. (Figure from

reported in Yoerger et al. (1991). The drag coefficient is assumed to decrease due to the
amplitude-modulated response observed in the unsteady motion. The unsteady motion causes
different velocities at different sections along the cable, thus introducing an artificial shear which
subsequently causes the increased amplitude-modulated motion.

3.6 VIV on marine pipelines
The discussion so far has considered single cylinders only, with no restrictions on the flow from
surrounding walls. In this section we consider the flow-induced forces on a free-spanning pipeline,
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hence the effect of wall proximity becomes of major importance. Forces acting on a circular
cylinder in steady flow are influenced by the proximity of the wall if the cylinder is close enough.
The parameter which governs the effect of the wall is the gap ratio, g/D, the ratio of the gap
between cylinder and wall to the diameter of the cylinder. As a rule of thumb, for the effect
of this parameter, no vortex shedding is found for g/D less than about 0.3. As a consequence
a steady lift force away from the wall is found in the transverse direction for low gap ratios.
Furthermore asg/D is increased beyond 1.0, the effect from the wall is found to be negligible. In
the following subsections, the effect of the gap ratio is discussed for a stationary and a vibrating
cylinder in steady flow as well as in oscillating flow.
3.6.1

Stationary cylinder

Steady flow
For a cylinder placed on a plane wall, potential theory predicts an increase in flow velocity on
the top of the pipe, accompanied by a pressure reduction. This results in an upwards directed
lift force. As the pipe is lifted a small distance away from the wall, fluid is allowed to flow
past the cylinder on both sides of the pipe. In this case potential theory predicts a higher
velocity below the pipe than above, which means that the resultant pressure force points in the
downward direction. Another effect appears, as the stagnation point moves from the middle of
the cylinder towards the wall, this adds an upward component to the lift force. The resulting lift
force according to potential theory points in the negative direction, (FredsOe and Hansen 1987).
This is in contrast to experimental measurements of the lift force on a stationary cylinder near a
wall. By simple argumentation Fredspe and Hansen (1987) explains the failure of the potential
theory in predicting the resulting steady lift force. They argue that in a real viscous flow, the
pressure inside the wake is nearly constant, and that outside the wake Bernoulli’s equation is
valid. Hence, the velocities near the separation points will be almost equal, and as the separation

KC=20

Figure 3.9: The phase angle between lift force and cylinder displacement for a freely vibrating cylinder in oscillatory
flow. (Figure from Fredsde and Sumer (1994).)
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points occur very close to the top and bottom points of the cylinder, there is only a negligible
lift force component in the downward direction.
Experimental work on the forces acting on a stationary cylinder in a steady flow has been
carried out by several authors; Wilson and Caldwell (1971), Bearman and Zdravkovich (1978),
and Zdravkovich (1985). From these experiments it is found that the effect of the wall is observed
as the gap ratio decreases below approximately 1.0. However, the precise limit will be influenced
by the shape and appearance of the boundary layer flow. Both the velocity gradient and the
turbulence intensities of the flow can shift the value of the gap ratio at which the wall effect starts
to influence the fluid flow. The vortex-shedding frequency increases as the gap ratio decreases,
and a maximum is found at g/D « 0.5, (Angrilli et al. (1982) and Grass et al. (1983)). For
further reduction of the gap ratio, the shedding frequency decreases, and is suppressed for gap
ratios below 0.3.
The lift force coefficient is a function of the gap ratio. The steady lift coefficient, Cl is found to
increase as g/D decreases below 1.0, (e.g. Wilson and Caldwell (1971)). However, as noted by
Zdravkovich (1985), a different behaviour can be found if the incoming boundary layer flow is
altered. From his experiments with one particular boundary layer profile, Zdravkovich observed
that the lift coefficient became negative for a range of gap ratios, (see Fig. 3.10). With the
two effects pointed out by Fredsqe and Hansen in mind, and by considering the shape of the
boundary layer profile, a reasonable explanation is that the stagnation point is not moved far
enough towards the wall to make the resulting lift force point upward. The oscillating component
of the lift force decreases and at g/D sa 0.3 that part of the lift force is negligible. The steady
component on the other hand increases to a maximum value as g/D = 0. This maximum value is
not uniquely established. Brown (1966) found maximum values in the range 0.8 to 1.3, dependent
upon the Reynolds number (Re varied from 6 X 104 to 3 x 10s), Zdravkovich (1985) reported
maximum values in the range 0.3 to 0.5, for Re between 4.8 X 104 and 1.5 X 10s.

MESH WIRE

a 1-17

0* 65mm
XIYA (14)
ROSHKO (6)

(a) Boundary layer generated with a tripping rod

(b) Boundary layer generated with a rough mesh

Figure 3.10: Variation of the steady lift coefficient with gap ratio g/D for two differently generated boundary
layers. Note that Cl became negative for a certain range of gap ratios in Fig. 3.10(b). (From Zdravkovich
(1985).)

The drag-force coefficient is found to be more dependent on the thickness of the boundary layer
than the clearance between the cylinder and the wall. In Fig. 3.11(a) Cd is plotted against
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g/D for various experimental conditions, and although a similar trend is found, no consistent
relation between C'd and g/D appears. However, the gap where the sudden decrease in the drag
coefficient occurs, corresponds with the thickness of the boundary layer thickness as pointed out
by Zdravkovich (1985). In Fig. 3.11(b) drag coefficient is plotted against the ratio of gap to
boundary layer thickness.
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Figure 3.11: Variation of drag coefficient with gap ratio,
g/S.
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(From Zdravkovich (1985).)

Oscillating flow
For a stationary cylinder in an oscillating flow, the main governing parameters are the gap ratio
g/D and the Keulegan-Carpenter number KC. In addition, the flow is influenced by the relative
roughness number and the turbulence intensity. The proximity of the wall influences the vortexshedding process and alters the flow regimes defined for the wall-free case in an oscillating flow.
Consequently, the forces acting on the cylinder are also influenced.
Sumer et al. (1991) have studied how the different flow regimes are influenced by the proximity
of the wall. They found that as g/D becomes less than 1.0, the flow is influenced by the wall
proximity for all values of KC. The suppression of vortices, which for a steady flow is found for
gap ratios less than approximately 0.3, (Bearman and Zdravkovich 1978), appears at lower gap
ratios for decreasing /fC-numbers. Fig. 3.12 shows that at low ffC-numbers vortex shedding
occurs even for gap ratios as low as 0.1. An explanation to why vortex shedding is maintained
at low gap ratios for the low A'C-numbers, may be that the jet flow formed beneath the cylinder
provides an increased fluid discharge in an oscillating flow as compared to a steady flow. Another
general trend from the experiments of Sumer et al. is that the shedding frequency is increased
as the gap ratio decreases, this is consistent with the results found in steady flow by e.g. Grass
et al. (1983) for gap ratios larger than 0.5. For gap ratios smaller than 0.5, the steady flow
results show a decrease in the shedding frequency.
The variation of the forces acting on a stationary cylinder in an oscillating flow due to the wall
proximity, has been studied by several researchers. Jarno-Druaux et al. (1995) found three
different flow regimes depending on the gap ratio.
1. Gap ratios above 1.0. The flow situation resembles that of a wall-free case.
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2. Gap ratios in the range 0.25 - 1.0. Large lift forces towards the wall combined with
relatively small lift forces away from the wall may result in a time-averaged net force toward
the wall. The drag force is continuously increasing with decreasing gap ratio toward the
maximum value at g/D fid 0.25. The inertia coefficient remains constant until g/D fid 0.5,
where it starts to increase with decreasing gap ratio and continue to increase also into
lower gap ratio range.
3. Gap ratios in the range 0.04 - 0.25. The lift force toward the wall decreases as the gap
ratio reduces, whereas the component away from the wall increases, hence the resulting
net force points away from the wall in this range. The drag force decreases as the gap ratio
reduces, and the inertia coefficient reaches a maximum at g/D fid 0.05 — 0.1
Jarno-Druaux et al. compared their own force measurements with the results of Sarpkaya (1976)
and Sumer et al. (1991). In this process Jarno-Druaux et al. found it convenient to present the
results in terms of the ratio between the gap and the thickness of the boundary layer, g/S, also
used by Zdravkovich (1985).
In Fig. 3.13 the variation of the drag- and inertia coefficients is shown against the g/S ratio, and
in Fig. 3.14 the variation of the two lift coefficient components is found.
The three flow regimes can be identified in the figures. The regime formed by the small gap
ratios is related to the thickness of the boundary layer, and the upper limit of this range in terms
of the g/S ratio is 1.0. Furthermore, the wall-free situation seems to be found for g/S > 4.0.
3.6.2 Vibrating cylinder

Steady flow
The effect of wall proximity on the vibration of a cylinder is to delay the onset of large flowinduced vibrations, (lock-in oscillations), and to reduce the response amplitude and frequency,
(Tsahalis and Jones (1981) and Tprum and Anand (1985)). On the other hand it appears that

Vortex
shedding

Vortex
shedding
suppressed
O

A

(Steady
current)

Figure 3.12: Diagram which shows at which values of g/D (denoted e/D in the figure) and KC vortex shedding
is suppressed. Filled symbols: vortex shedding exist, open symbols: vortex shedding is suppressed. (Figure from
Sumer et al. (1991).)
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(a) Variation of drag coefficient,

(b) Variation of inertia coefficient,

Co

Cm

Figure 3.13: Variation of drag and inertia coefficients with the ratio of gap to thickness of the boundary layer,
(in the Figure this ratio is termed e/6). Q, data from Jamo-Druaux et al. (1995), KC = 4.9; *, data from

g/6,

Sarpkaya (1976),

KC —

5; A, data from Sumer et al. (1991),

(a) Variation of lift coefficient away from the wall,

KC

= 10. (From Jamo-Druaux et al. (1995))

(b) Variation of lift coefficient toward the wall,
Cl-

Figure 3.14: Variation of lift coefficients away from and toward the wall with the ratio of gap to thickness of the
boundary layer, g/6, (in the Figure this ratio is termed e/5). Q, data from Jamo-Druaux et al. (1995), KC = 4.9;
*, data from Sarpkaya (1976), KC = 5; A, data from Sumer et al. (1991), KC = 10. (From Jamo-Druaux et al.
(1995))

the lock-in oscillations remains for higher values of Ur when the cylinder is close to a wall
boundary. The response of the vibrating cylinder is affected by the wall proximity at gap ratios
considerably larger than 1.0. In Tsahalis and Jones (1981) the response characteristics for gap
ratios as large as 6.0 are changed as compared to the wall-free case, g/D = 50.0. The consequent
effect on the fatigue life and safe lengths of free-spanning pipelines is to increase the fatigue life
of a given span length and to increase the required design span length, (Tsahalis 1983).
Jensen et al. (1993) have performed forced oscillations, and found that the presence of the wall
is felt for cylinders forced with large amplitudes and for low Z/r-values. In-line forces increase
with y/D, as the apparent projected area becomes larger. However, this effect is reduced for
high Ur, at which the frequency is small. The incoming flow experience an almost horizontal lee
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wake, thus the projected area is the area of the cylinder alone. For forced vibrations the energy
transfer at small amplitude vibrations is found to take place from the flow to the cylinder, in
particular in the lock-in range. For large amplitudes, the energy transfer is from the cylinder to
the flow, in agreement with the self-limited nature of flow-induced vibrations.

Oscillating flow
The response of a pipeline in a combination of steady current and waves close to the seabed will
be influenced by both the oscillating flow from the waves and the proximity of the seabed. In
experiments with a vibrating cylinder in oscillating flow Tsahalis (1984) found for the proximity
effect that the maximum amplitude is greatly reduced, both in-line and transverse to the flow
direction. Furthermore, he found that the onset of lock-in oscillations was found for higher Ur
due to the wall effect, (Ur rs 3 for g/D = oo and Ur % 5 for g/D = 1), and that the vortexinduced vibrations persisted for a higher values of Ur. The effect of the oscillating flow from the
waves was primarily to increase the range of Ur at which the cylinder responds.
Sumer et al. (1994) have performed experiments with a pipe section forced to vibrate in an
oscillating flow close to a wall, and with varying gap ratios, Sumer et al. show that their force
measurements from the forced vibrations experiments corresponds with force measurements from
a freely vibrating cylinder. In-line forces were presented in terms of the inertia coefficient, Cm,
and the drag coefficient, Cr. For a cylinder with relatively large gap ratio (g/D = 1.0), the
inertia coefficient is found to increase with increasing KC, see Fig. 3.15, whereas for smaller gap
ratios the increase is clear only for the highest IfC-number. The drag coefficient shows a general
decreasing trend as the A'C-number is increased, and an increase as the vibration amplitude
increases. The lift forces increase with increasing amplitude and decreases for increasing KCnumber. The latter effect is more pronounced at small gap ratios, (see Fig. 3.16). A general
conclusion from their experiments is that the forces increases with increasing vibration amplitude,
and with decreasing gap ratio.
3.6.3

Effect of uneven seabed

The effect of an uneven seabed on the flow around a stationary cylinder has been investigated
by Jensen et al. (1988) (in steady flow) and Jensen et al. (1989) (in oscillating flow). Their
experiments were performed with a cylinder in a scoured trench with varying profile, to indicate
the case of a gradually eroded seabed. One of their findings from the steady flow case is that the
mean lift force is negative throughout the scour process. In the beginning, the negative lift force
is due to the higher velocities underneath the pipe, in the later stages, the negative lift force
can be explained by considering the position of the stagnation point. The stagnation point has
moved from a position just below the middle of the pipe in the early stages, to a position above
the middle of the pipe in the later stages of the scour process. For the oscillating flow case, they
found that vortex shedding were maintained for gap ratios as low as 0.1, in agreement with the
recent findings of Sumer et al. (1991) and Jarno-Druaux et al. (1995).
Sumer et al. (1988) have performed experiments with both a stationary and a flexibly mounted
cylinder near an erodible seabed. They studied the effect of cylinder vibration on the erosion
of the seabed, as well as the effect of the scoured trench on the cylinder vibration. They found
that the cylinder vibration induced extra erosion, both the scour depth and the scour width were
larger than what was observed with a fixed cylinder. Furthermore, they found that the effect of
the scoured trench was to maintain vortex shedding for practically every gap ratios considered.
This resulted in cylinder vibrations of a quite different nature than in the case of a plane wall.
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Figure 3.15: In-line force coefficients as functions of vibration amplitude,
gap ratios. (Figure from Sumer et al. (1994).)
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Figure 3.16: Lift-force coefficient as a function of vibration amplitude,
gap ratios. (Figure from Sumer et al. (1994).)

(b) Gap ratio, g/D = 0.35
A/D,

and ffC-number for two different

The response curve (response amplitude against reduced velocity) resembles that of the wall-free
case.
Sumer et al. (1989) have performed experiments with a pipeline in a scoured trench in both
regular and irregular waves. For low R'C-numbers, (low wave periods) the cross-flow vibrations
appears to be determined by the wave motion. The frequency ratio f/fw (where / is the cylinder
vibration frequency and fw is the wave frequency) equals 2 for KC = 10, for all considered gap
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ratios and reduced velocities. For higher KC-numbers, the characteristics of the vibrations
appears somewhat different. For large gap ratios, the vibrations are due to the rapid vortexshedding frequency. For small reduced velocities, this result in a relatively large frequency ratio,
f/fw ~ 10, and small vibrations amplitudes. As Ur increases, fjfw reduces and the amplitude
of vibration increases. For gap ratios around g/D = 0 and slightly below, the vortex shedding
is not the driving mechanism. The pipe experiences a lift force at twice the wave frequency,
resulting in small vibration amplitudes. For lower gap ratios, the cylinder is protected from the
flow in the scour hole. Vortex shedding reappears and induces vibration amplitude as in the
large gap ratio case, but at approximately half the amplitude.
The main conclusions when compared with the plane wall case is that as the gap ratio is large
enough (e.g. g/D — 2.0) the form of the wall does not influence the response by very much, and
that as the gap ratio is small the pipe in the scoured trench is protected from the flow resulting
in lower amplitudes and frequencies compared to the plane wall case. In irregular waves the
transverse response amplitudes are slightly increased as compared to the regular wave case. The
frequency of vibration is the natural frequency of the system, and the vibrations start as soon
as the shedding frequency comes close to fn. The force coefficient (particularly Cd and Cm)
are significantly changed as the pipe vibrates. Large cross-flow vibrations increases the drag
coefficient, whereas Cm decreases and even becomes negative (for increasing reduced velocities).
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Chapter 4

Numerical methods for
flow simulation

“Although this may seem a paradox,
all exact science is dominated by the idea of approximation. ”
Bertrand Russell (1872-1970)

In this chapter the different available methods for numerical simulation of fluid flow around bluff
bodies are discussed and compared. Computational methods in fluid mechanics are discussed in
many text books, e.g. Patankar (1980), Anderson et al. (1984), and Fletcher, (1991a, 1991b).
In these books the subject is discussed in detail, hence only a brief introduction and a general
overview will be given in the present text.
We start by giving a motivation for performing numerical computations of the flow around bluff
bodies. Information about fluid-flow processes can be obtained by using two different approaches:
experimental investigations and theoretical calculations, (Patankar 1980).
1. Experimental investigations are often the most reliable way of obtaining information. Fullscale experiments will show how identical copies will perform under given environmental
conditions. A more economical alternative is to use model-scale experiments, which intro
duce the cumbersome scale effects where sources of error may be present. In both cases,
serious difficulties in measuring the wanted quantities may arise. '
2. Theoretical calculations are superior to experiments regarding cost, time and completeness
of information. Neither do the scale effects represent any problem. However, in the theo
retical calculations, the reality is represented by a mathematical model. The validity of the
mathematical model thus limits the applicability of the numerical results. In some cases,
the mathematical model is sufficiently close to reality to trust the numerical results. In
other cases, the assumptions taken in the numerical model are too important to neglect in
practical applications, and experimental investigations are necessary. However, numerical
calculations may still provide useful additional information.
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Mathematical models, or equations, governing the fluid flow around a bluff body, can be put
into two different main categories. The difference between the methods lies in how the frame of
reference is defined. The fundamental laws of fluid mechanics (conservation of mass, momentum
and energy) are defined in terms of individual particles and in a reference frame following the
particles — a Lagrangian approach. For solid mechanics problems, this is often the natural way
to describe the problems. However, for fluid mechanics problems it is more natural to define a
frame of reference fixed with respect to the observer, and allow the fluid to pass through this
control volume — the Eulerian approach. The different theoretical and numerical methods used
in fluid-flow simulations may be classified into the following three groups of methods.
1. Eulerian methods
2. Lagrangian methods
3. Mixed Eulerian/Lagrangian methods
In this chapter we will discuss the differences of the methods and some of the existing implemen
tations, for each of the three classes of methods. In order to recognize the numerical methods
in a more general numerical context, and to see more clearly the differences of the methods dis
cussed, a section discussing the general world of numerical methods is included. The discussion
is based upon textbooks as White (1991), Patankar (1980), Fletcher (1984, 1991a, 1991b), and
Zienkiewicz and Taylor (1989, 1991).

4.1 General background to numerical methods
The process of modelling and approximating a physical problem by use of numerical calculations
is illustrated in Figure 4.1, (Ottosen and Petersson 1992). A physical problem is modelled by
a modelling equation, very often some kind of a differential equation. In order to solve this
equation and find an approximate solution, a numerical method is required in general.

Physical
problem

Model

Differential

equation

Approximation

Numerical
method

Figure 4.1: The process of modelling and approximating a physical problem by numerical methods

The way a numerical method works is illustrated in Figure 4.2. Discretization is the process of
replacing the continuous information provided by the exact solution of the differential equation
into discrete values at grid points (with or without assumptions regarding the behaviour between
the defined grid points). This process consists of establishing the discretization equation or the
set of discretization equations which can be solved by some kind of equation solver to obtain an
approximate solution.
To obtain the discretized approximation to the governing differential equation, two different
approaches can be used, the direct approach (differential formulation) or the variational approach
(variational formulation), (Bathe 1982). These two approaches will be discussed in the following.
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Approximate
solution

Figure 4.2: The different steps of a numerical method

4.1.1

Differential formulation

In the direct approach, the state variables of a differential element is considered, and the govern
ing differential equation is found from the equilibrium requirements of the state variables. As an
example: the total flow into an element must be equal to the total flow out of the element (mass
conservation). By applying the constitutive relations between the flow velocity and the flow
potential, the equilibrium of the fluid mass transport through the element leads to the Laplace
equation which is of fundamental importance in fluid mechanics. To complete the modelling of
the physical flow problem, boundary conditions must be specified. In general the resulting differ
ential equation will only have exact solutions for very simple problems. Depending on the form
of the differential equation, exact solutions are found by e.g. techniques of integration, separation
of variables or in some cases by the use of Green’s functions. In order to solve more complex
problems, numerical approximations are needed. A numerical method works on a discretization
equation which in turn is generated from the governing differential equation obtained from the
direct approach. Two different procedures exists for establishing the discretization equation
• Taylor series formulations
• Weighted residuals method
The Taylor series expansion is used to approximate the continuous derivative of the differential
equation by finite differences. An algebraic equation is generated to approximate the differential
equation simply by substituting the continuous derivatives by finite differences. This is the Finite
Difference Method (FDM), see e.g. Anderson et al. (1984). The discrete solutions found from the
solution of the algebraic equation are known only at the grid points, and no information about
the solution in between the grid points is available. However, by assuming a smooth variation of
the solution between the grid points, the solution at a point different from the grid points may
be found by interpolating. As we will see later, such an interpolation is automatically built into
the finite element method.
The weighted residual method is by nature different from the Taylor-series formulation (or the
FDM), as an analytic solution is assumed.

(4.1)
2= 1

where a,- are unknown coefficients and <p.; are known analytic functions, commonly called trial
functions. The trial functions can be chosen as polynomials or trigonometric functions, e.g.
cpi{x) = x‘ 1

or

<pi(x) = sin(i7rx),

(4.2)

90

CHAPTER 4. NUMERICAL METHODS FOR FLOW SIMULATION

the coefficients o;(t) are determined by solving an equation, or a set of equations, generated
from the governing equation. The coefficients might be time dependent, which will give a set of
ordinary differential equations. For steady problems the coefficients are constants and we will
have a set of algebraic equations. The variable x might be a one-dimensional coordinate or a
vector of arbitrary dimension.
Given a differential equation, which for the sake of simplicity is written as

-C(tt) = 0,

(4.3)

then by inserting the approximate solution u we get a residual
C(u) = R.

(4.4)

Now, the method of weighted residuals consists of making a weighted average of the residual
vanish, thus

where Wj(x) is the weighting function, rn is the number of unknown parameters (m < n), and
fi is the computational domain. In this sense the method will satisfy the governing equation in
an integrated manner, and not only at a set of discrete points. The weighting function may be
chosen from a large set of functions, and depending on which type of function is used, a different
name is attached to the method. Some of these methods are, (Zienkiewicz and Taylor 1989;
Fletcher 1991a).
1. Point collocation method. Wj(x) — 8(x — xj), where 8 is the Dirac delta function,
meaning that Wj = 1 for x = Xj and Wj = 0 for x Xj. This procedure is equivalent to
making the residual zero at m discrete points within the domain, thus the Finite Difference
Method may be considered a point collocation method, however without the assumption of
an analytic approximate solution.
2. Subdomain collocation method. The computational domain, fi, is split into m subdomains, fij (j — 1, m). In each subdomain the weighting function Wj = 1 and outside
the subdomain, Wj = 0. The procedure ensures that the residual is zero over a specified
subdomain or control volume. In this way the conservation properties of the governing
equation turns out to be preserved, and the method coincides with the Finite Volume
Method except that the FVM has no explicit formulation of an approximate solution as in
Eq. (4.1). Details about the FVM might be found in (Patankar 1980).
3. Least squares method. In this technique the integral of the square of the residual is
minimized with respect to the unknown coefficients,
(4.6)
and the corresponding weighting function becomes
dR

(4.7)
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4. Galerkin method (Bubnov-Galerkin). uij(x) = fa(x) Here, the weighting functions are
chosen to be the same as the trial functions. Now, this method may be considered as
a general form of the Finite Element Method (FEM). The computational domain is then
divided into a number of finite elements, and the approximate solution is written in terms
of the nodal unknowns of the element.

where it, are the local nodal point solution. The known trial functions are also called in
terpolation functions or shape functions, and represent the assumed profile of the solution
in between the grid points. The FEM is described in a great number of text books, exam
ples are Zienkiewicz and Taylor (1989,1991) (from a structural engineering point of view),
Pironneau (1989), (for fluid dynamics problems), and Hughes (1987) (mathematically ori
ented). Formulated like the FEM, the Galerkin method is a local method. However, in its
traditional form the Galerkin method is a global method. The so-called spectral method
can be considered a global Galerkin method, where the weighting functions and the trial
functions are non-zero throughout the computational domain. The restriction put on the
spectral method which makes it different from the traditional Galerkin method, is that
the weighting functions and the trial functions are orthogonal. An orthogonal trial (or
weighting) function is defined as
0,

when i = j,

— 0,

when i ^ j,

(4.9)

As examples of orthogonal functions we have Fourier series, Legendre polynomials and
Chebyshev polynomials, which all are examples of functions that can be used in a spectral
method.
The concept of weighted residuals are much older than the finite element method, furthermore
the finite elements are restricted to locally based functions whereas the weighted residuals have a
more general meaning. Nevertheless, it is common to embrace all the weighted residual approx
imations under the name of generalized finite element method, (Zienkiewicz and Taylor 1989).
In cases where the weighting functions are different from the trial functions, w, fa, the name
Petrov-Galerkin is often associated with the methods.
4.1.2 Variational formulation
The variational formulation of the governing equation is a more abstract mathematical approach.
A physical interpretation might be found in the principle of minimum total potential. This
approach is closely connected to the fundamentals of the finite element method.
In the variational approach the functional, H, is introduced. In the principle of minimum energy,
the functional will represent the total potential of the system. Hence, the method is formed by
requiring a minimum of the functional, i.e. <HI = 0. In general a functional of a problem, if
it exist, is a function of a function and is defined in an integral form, (Zienkiewicz and Taylor
1989),
(4.10)
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where u is the unknown function, F and G are specified operators, and ft and F are the compu
tational domain and the boundary of the computational domain, respectively. The solution u is
found by requiring the functional of the problem to be stationary with respect to small changes,
5u; again

<5n = o.

(4-U)

In solving this, the solution u is approximated by

(4.12)
inserting this into Eq. (4.10) and differentiating, we get
m
dui

(4.13)

The equations are now of an integral form,
(4.14)
This is a convenient and necessary form for finite element approximations, and the unknowns
can now be found from these equations. The procedure of finding stationarity with respect to
the unknowns
is called the Rayleigh-Ritz method or just the Ritz method, (Zienkiewicz and
Morgan 1983).
To conclude, the relation between the variational formulation of the FEM and the Galerkin
formulation of the FEM will be considered briefly. Given a problem which has a functional as
in Eq. (4.10). The variational principle (5H = 0) applies, and the differentiation leads to an
expression of the form given in Eq. (4.14). This expression may be considered the variational
(or weak) form of the problem. If this expression is true for all variations Su, we have
A(u) = 0

in ft,

B(u) = 0

on F.

(4-15)
Eq. (4.15) is the Euler-Lagrange equation of the functional. If A corresponds to the classical
(or strong) form of the differential equation governing the problem, and B to its boundary
conditions, then the variational principle is a natural one. A different variational principle called
the constrained variational principle, occurs if the problem has additional constraints added to
the governing equation. To solve such problems, two widely used procedures are available, the
Lagrangian multiplier method and the Penalty method, (Zienkiewicz and Taylor 1989). Given
a functional it is always possible to obtain the Euler-Lagrange equations. However, given a
differential equation (strong form of a problem), this equation need not be the Euler-Lagrange
equation for a functional. Or to put it differently, a given problem does not need to have a
corresponding functional. Hence, in many cases the weak form of a problem is obtained only
from the strong form of the problem by the Galerkin method (differential formulation), and not
from the functional of the problem by the Rayleigh-Ritz method (variational formulation).
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4.2 Eulerian methods
4.2.1

Governing equations

In the Eulerian formulation of motion, the velocity field is predicted (in a frame of reference
fixed with the observer) as a function of time. In other words, the flow velocity at every fixed
grid-point in a computational domain is predicted as a function of position and time. Such a
formulation is fundamentally different from a Lagrangian formulation of motion, in which the
motion of each individual particle is followed as a function of time. The fundamental equations
in mechanics — conservation of mass, momentum, and energy — are formulated for particles of
fixed identity, hence they are Lagrangian in nature. This means that the equations relate the
fluid properties to fixed particles. In order to transform this to an Eulerian frame of reference
where the fluid properties are solved for in a fixed grid, the concept of the substantial derivative
or the particle derivative is introduced. Applying Newton’s second law to a fluid particle we get

(4.16)
where the external forces acting on the fluid particle are split into two components, one being
the body forces (e.g. the gravity) and the other the surface forces formed by the fluid viscosity.
p is the density of the fluid particle and Dn/Dt is the substantial derivative of the fluid velocity
vector u(x,y,z,t) = (u, v, w) defined as

The term dn/dt is called the local derivative, and the three last terms of the expression for the
substantial derivative are called the convective derivative and will vanish if the velocity of the
particle is zero or if u has no spatial change. By neglecting the gravity forces, and splitting the
surface forces into the pressure forces and the viscous forces in a laminar flow, we can rewrite
Eq. (4.16) as follows
fjf + (u • V)u = -|Vp + z/V2u.

(4-18)

Eq. (4.18), which we recognize as the Navier-Stokes equation in primitive variables (veloc
ity/pressure formulation), represents the conservation of momentum in the fluid. The con
servation of mass will give us the continuity equation, which for an incompressible flow will
read

V • u = 0.

(4.19)

Note that the pressure is not a fluid-dynamic variable which can be found by satisfying an
equation of state, rather it is an implicit dynamic variable which adjusts itself instantaneously in
a time-dependent flow to satisfy the incompressibility condition. From the mathematical point
of view, it may be considered as a Lagrange multiplier that ensures the kinematical constraints
of incompressibility (Canuto et al. 1988).
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The last of the three fundamental laws, conservation of energy, will for most fluid flow problems
consider only the kinetic energy, which means that the work done by the gravity forces and by
heat is neglected, (an exception is the motion of gravity waves). Conservation of energy is often
used to ensure that the numerical implementation has a realistic representation of the energy
content of a fluid flow.
As an alternative to the primitive variables, velocity and pressure, the Navier-Stokes equation
may be written in terms of the vorticity and the stream function. The vorticity of a flow is
defined as
tv = V x u,

(4.20)

and represents the rotation of the fluid. In an irrotational flow, the vorticity is zero. A dynamical
equation for the transport of vorticity may be derived by taking the curl of Eq. (4.18)

+ u • Vw — w • Vu + vV2u>.

(4.21)

The stream function is related to the the flow velocity by, (cfr. e.g. Newman (1977)).
u = Vxf.

(4.22)

where $ is the vector stream function.
Combined with the vorticity, the stream function makes a concise description of a two-dimensional
flow. In two-dimensional flows, the term u> -Vu in Eq. (4.21) is identical to zero, the vorticity w
— (0, 0,u), and the velocity u = (u. v, 0). Furthermore, the vector stream function has only one
component, W = (0,0, V’), thus the velocity is defined through the scalar stream function
u = V x ipk,

(4.23)

where k is the unit vector along the 2-axis. The k component, w, of the vorticity (v, can now be
defined from the scalar stream function as
V"V =

— w.

(4.24)

Eq. (4.21) can be rewritten as
(4.25)
Eqs. (4.24) and (4.25) now forms the Navier-Stokes equations in vorticity/stream function for
mulation. Note that the pressure is not needed in the mathematical description of the flow
field.
The above formulations of the Navier-Stokes equations constitute the mathematical representa
tion of a steady laminar flow. The turbulent counterpart to the laminar Navier-Stokes equations
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may be formed by substituting the laminar flow velocity u with a turbulent flow velocity Ut
where it is assumed that rapid and random fluctuations about the mean value are present. The
turbulent flow velocity can be written as

ut = u + u/

(4.26)

where u is the mean value, and the u' represents the turbulent fluctuations. Additional terms
arising from this operation are the so-called Reynolds stresses. In the present text these terms
are neglected and will not be further discussed.
4.2.2 Numerical Algorithms
In the following we will discuss briefly the existing discretization methods for solving the NavierStokes equation in an Eulerian frame. The governing equations defined in the previous subsection
are discretized in many different ways. With the discussion in Section 4.1 in mind, a rough
distinction can be made between the following three methods:
• Finite Difference Method (FDM) — differential formulation based on Taylor series
expansions
• Finite Element Method (FEM) — differential formulation based on weighted residuals
and local trial and weighting functions
• Spectral Methods — differential formulation based on weighted residuals and global
trial and weighting functions
Over the years many different algorithms of the outlined methods have evolved, and alternative
ways of deriving the algorithms have been discovered. The FDM may be considered a weighted
residual method (point collocation) without the assumption of an analytic approximate solution.
Following this, a weighted residual method based on subdomain collocation can be considered
as a Finite Volume Method (FVM), (with the assumption of an analytic approximate solution).
The Spectral element method is a spectral method which applies the concept of finite elements
on which the global trial and weighting functions are introduced. Furthermore, the FEM may
be established using variational formulations. Hence, the distinct borders between the different
numerical methods, which may have been there initially, are no longer clear. An updated, but
by no means complete, list of methods may now look like
• Finite Difference Method (FDM)
• Finite Volume Method (FVM)
• Finite Element Method (FEM)
• Spectral Methods
• Spectral Element Method (SEM)
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Finite Difference Method
The Finite Difference Method applied on computational fluid dynamics (CFD) in general is ex
tensively treated by e.g. Anderson et al. (1984) and Sod (1985). For the more specific case
of solving the Navier-Stokes equations used to model the flow around a bluff body, an elab
orate discussion can be found in Lecointe and Piquet (1985). Several numerical schemes are
discussed and results from many different cases are compared in this work, including the case of
vortex shedding on a fixed cylinder and on a harmonically oscillating cylinder. In later publi
cations the authors have used the implemented scheme to study the wake behind an oscillating
cylinder, (Lecointe et al. (1987),Lecointe and Piquet, (1988, 1989)). The numerical solution
is based on the vorticity/stream function formulation, hence the method will be restricted to
two-dimensional computations. The advantages with the vorticity/stream function formulation
is that the problems associated with the pressure are avoided, and that the method saves the
required amount of data storage when compared with a primitive variables formulation.
Chilukuri (1987b) has chosen the velocity/pressure formulation for solving the Navier-Stokes
equations, and reports that the motivation for this choice was to ease a future implementation
of a turbulence model in the computer code. In addition, this formulation is not restricted
to two-dimensional flows. Results from impulsively started cylinder, stationary cylinder and
harmonically vibrating cylinder are presented and compared with experimental results found in
the literature. The agreement is in general good.
Justesen (1991) has used an FDM in a detailed study of the oscillating flow around a circular
cylinder. The Navier-Stokes equations are solved in the vorticity/stream function formulation at
small KC numbers (KC < 26). The results in terms of force coefficients and wake structure are
compared with asymptotic theories and experimental results. As KC —)■ 0, the force coefficient
results seem to follow Wang’s asymptotic theory (see e.g. Faltinsen (1990)). The structure of the
flow field in the wake of the cylinder have been studied in the interval 7 < KC < 26, and four
vortex shedding regimes have been identified. These are the transverse street, the single pair,
the double pair, and the three pair regimes as classified by Williamson (1985).
From the aeronautical sciences we have found examples of FDM implementations for higher
Reynolds number without any turbulence models, (Kawamura and Kuwahara (1984) and Tsuboi
et al. (1989)). In Kawamura and Kuwahara (1984) the flow field is compared with flow visual
ization from experimental work reported in the literature, and the identified drop in Cd at the
critical Reynolds number is qualitatively related to experimental work. In a similar way Tsuboi
et al. (1989) have computed high Re number flows around an elastically mounted cylinder in
order to predict vortex-induced vibrations. Computations for two Reynolds numbers were per
formed, Re = 105 (subcritical) and Re = 6T0D (supercritical). The method has predicted a lower
drag force coefficient in the supercritical regime than in the subcritical regime, in accordance
with well-known results from flows around a fixed cylinder.
Finite Volume Method
The FVM in fluid mechanics is discussed in Patankar (1980), a well-written book with emphasis
on heat transfer applications. For application of the FVM to our problems, a convenient and more
specific reference would be the paper by Braza et al. (1986). In this paper a velocity/pressure
formulation of the Navier-Stokes equation is discretized by a finite volume method. The force
coefficient and the vortex shedding frequency have been studied for a fixed cylinder at three
different Reynolds numbers (Re = 100,200, and 1000). These results are also reported in the
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comparison with the present flow calculations (see sect. 6.12). Braza et al. (1986) use the FVM
to study several interesting physical processes such as the interaction of the velocity and pressure
fields inside and outside the wake, the interaction of the pressure fields in the wake near and
distant to the cylinder, and the different types of flow structures developing as the Reynolds
number increases.
Rumsey (1987) works on the complete form of the compressible Navier-Stokes equations, and
like Kawamura and Kuwahara (1984) and Tsuboi et al. (1989), Rumsey have performed high
Reynolds number (Re = 1200) computations without using any form for turbulence model.
The three-dimensional nature of the flow becomes increasingly important as the Reynolds num
ber increases. As the transition to turbulence follows the onset of three-dimensionality, twodimensional numerical calculations without any turbulence model will only give qualitatively
correct results. However, the computational results do compare rather well with experimental
results, indicating that the main characteristics of a flow at Re = 1200 is taken care of also in a
laminar computation.
In the paper by Cheng and Armfield (1994) a finite volume scheme is used for solving the twodimensional Navier-Stokes equation in a velocity/pressure formulation. The presented method
employs a subgrid scale (SGS) turbulence model to approximate the effect of turbulence at
high Reynolds numbers. The turbulence stress in the subgrid scale is modelled with an eddy
viscosity model. Results from a channel flow and from a wave and current induced flow around
a circular cylinder is presented in the paper. The computational results are not extensively
reported but they seem to be in reasonable agreement with experimental data. However, the
main contribution of this paper is to show the possibilities of a turbulence model.
Finite Element Method
The Finite Element Method in fluid mechanics is discussed in e.g. Baker (1983) and Pironneau
(1989).
Herfjord (1996) has presented a FEM for solving the two-dimensional laminar Navier-Stokes
equations in velocity/pressure formulation. The method is also described by Kovacs and Kawahara (1991), and it is the same method as is used in the FEM computations in the present text.
The method is solved in time by the explicit forward Euler method with the aid of the velocity
correction method. This is a split operator technique proposed by Chorin back in 1968, according
to Herfjord and Faltinsen (1994). The technique is discussed in Zienkiewicz and Taylor (1991)
and applied also by Brooks and Hughes (1982) (who called it a predictor-corrector method) and
Donea et al. (1982) (who called it a fractional step method). For the spatial discretization a
traditional Galerkin procedure is applied in combination with the Balancing Tensor Viscosity
(BTV) concept. The BTV is needed to overcome the problem of underdiffuse solutions, occurring
when explicit Euler is used together with a Galerkin procedure (Gresho et al. 1984). A different
approach to handle the problem of artificial diffusion is the Streamline-upwind/Petrov-Galerkin
(SUPG) method proposed by Brooks and Hughes (1982).
For efficient handling of the computational domain, Lohner et al. (1984) have proposed a method
for splitting the domain in order to have high resolution at critical parts of the domain. In Lohner
(1987) an adaptive refinement procedure is added to the method, increasing the efficiency of the
method even further. A more thorough discussion on an adaptive remeshing method may be
found in Wu et al. (1990).
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The problem of a body moving in a fluid is traditionally been handled by assuming an infinite
fluid, and solving the equations on a grid fixed to the moving body. In case of a moving body close
to any fixed boundaries, this will obviously not work. Chilukuri (1987a) have used continuously
deforming space-time elements to model the flow in an annulus in which a moving cylinder is
placed. This procedure may be well suited also for modelling the problem of a cylinder close to
a fixed wall. In a more recent contribution, Tezduyar et al. (1992) and Tezduyar et al. (1992)
have presented another method which allows for moving boundaries and interfaces. This method
is called the deforming-spatial-domain/space-time (DSD/ST) method. In Mittal and Tezduyar
(1992) the same method has been used to study the flow around an oscillating cylinder and a
pitching air-foil.
All the above presented implementations have used the velocity/pressure formulation of the
Navier-Stokes equations. However, the FEM may also be used to discretize the vorticity/stream
function formulation of the equations. In Anagnostopoulos (1989, 1994) this is shown for a
cylinder undergoing vortex-induced motions.
Spectral Method
Spectral methods in computational fluid dynamics are extensively treated in the book by Canute
et al. (1988), and together with other weighted residual methods also in the books of Fletcher
(1984, 1991a, 1991b). Another source of information is the texts by Gottlieb and Turkel (1985),
Gottlieb (1985), and Gottlieb et al. (1985).
As mentioned earlier, the advantage of the spectral methods is the high accuracy with which
the computations are performed. However, when using global trial functions, a relatively crude
restriction is put on the cases for which the method can be used. This drawback is overcome in
the spectral element method, thus these methods are more flexible and adaptable.
Spectral Element Method
For a general reference on these methods consider Chapter 13 in Canuto et al. (1988). The
spectral element concept seems to have increasing popularity during the recent years, and sev
eral researchers have applied this method in the study of flow around bluff bodies. The spectral
methods have originally been used as global methods, which means that the trial functions have
been chosen to approximate the solution in the total computational domain. A set of related
methods combines the spectral approach with decomposition of the computational domain. Sev
eral methods of decomposition exist, Canuto et al. (1988) have classified the different methods
in the following two groups:
1. Patching methods. These methods take a classical (point-wise) view of the governing
differential equation. Given an equation of order p, then the function and all its derivatives
up to order p - 1 must be continuous on the border between the specified subdomains. In
a patching method this becomes the boundary conditions for each subdomain.
2. Variational methods. When a variational formulation (weak form) of the differential equa
tion is posed, the continuity of the function and its derivatives is implicitly assumed. Thus
the choice of the trial functions will have to satisfy this assumption, and no particular
boundary conditions will be given for each subdomain.
The spectral methods are in general said to have very high accuracy, but with a very poor
flexibility. By applying domain decomposition techniques, it is possible to combine the high
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accuracy from the spectral representation with the high flexibility that a domain decomposition
method will give. Patera (1984) has presented a spectral element method for fluid dynamic
problems. The method combines the generality of the finite element method with the accuracy
of the spectral techniques. The emphasis is put on the method and algorithms. However,
results from a one-dimensional inflow-outflow advection-diffusion equation and a laminar twodimensional separated flow in a channel expansion are also presented.
Karniadakis et al. (1985) have extended the proposed spectral element method to handle more
complex problems, and have presented results from applications of the method. Three differ
ent cases are studied, the flow in pipe expansions, flow past a cylinder, and flow past threedimensional roughness elements. Triantafyllou and Karniadakis (1989) have used the same
spectral element method to carefully study the forces on a circular cylinder vibrating trans
versely to a steady incoming flow. The cylinder has been forced to vibrate both harmonically
and with an amplitude-modulated motion. The conclusion to be drawn from this study is that
an amplitude-modulated oscillation decreases the mean drag force on the cylinder, but increases
the fluctuating part of the drag force. This means that experimental data from harmonically
vibrating test cylinders is not representative for modelling the vortex-induced vibrations of large
marine structures, unless they too follow harmonic motions. This work is further examined by
Gopalkrishnan (1993) in his Ph.D. thesis.
Blackburn and Karniadakis (1993) have performed simulations with both free and forced vibra
tions of a circular cylinder in two-dimensional laminar flow using the spectral element method.
In a recent work Newman and Karniadakis (1995, 1996) have presented results from the same
two-dimensional problem, and in addition some results from a three-dimensional problem. The
results seem promising, and we will return to this work in later chapters.
Again using the spectral element method of Patera (1984), Copeland and Cheng (1995) have
studied a transversely oscillating cylinder in order to identify the synchronization region. They
were able to reproduce the hysteretic behaviour of the hydrodynamic forces as the frequency
is varied up or down. They have also found indications of chaotic behaviour for frequencies of
oscillation just beyond the lock-in range.
4.2.3

Discussion of the different algorithms

A brief discussion of the different numerical method presented above, will be given. The discus
sion is based upon Fletcher (1984).
The finite difference formulation is a more straightforward and easy-to-understand way of dis
cretizing the differential equation to be solved. Thus the main advantage of this method is that
it is in general easy to code. However, difficulties may arise if the boundary conditions are
complex. Another point worth mentioning is that a finite difference code is difficult to change
from one problem to another. A complete new program will in most cases be necessary, but the
new program will of course also be as easy to code as the initial one.
Regarding the finite element method and the spectral method, these are both derived by a
weighted residual technique. The use of local trial functions in the finite element method means
that if a small change is introduced at an unknown coefficient in one part of the domain, the
disturbance will need some time to affect the whole domain, as only the nearest neighbours will
feel the immediate effect. In the global trial functions of the spectral methods, the disturbance
will be transported to the whole domain immediately.
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In the finite element method, the boundary conditions are either implicitly assumed through the
trial function or in case of a Dirichlet boundary condition at a post-element level. No equation
is required at the node where the Dirichlet boundary condition applies. In the spectral method
the boundary conditions are also satisfied by the trial functions, but since these are global, a
problem may arise if a complex boundary condition is applied. When it comes to the finite
difference method, the boundary condition is already pointed out to be a problem, and is mainly
the reason for why the wider use of higher order FDM is restricted.
Computational efficiency has two objectives, economy and accuracy per degree of freedom. Con
sidering the economy per degree of freedom, the methods can be ranked in the following order
— FDM, FEM, and Spectral methods. When it comes to accuracy per node, the reverse order
can be used — Spectral methods, FEM, and FDM. Thus the individual ranking of the three
methods for a given problem may depend on the problem, meaning that no general conclusion
on the relative efficiency of the programs can be drawn.
Finally, for the time dependent problems, there have been examples applying both the spectral
method and the FEM in the time domain, but no particular advantages have been found. Thus,
the more straightforward FDM is a proper choice in the time domain.

4.3

Lagrangian methods

The Lagrangian approach to fluid flow analysis was first followed by Helmholtz as early as 1858
(see e.g. Lugt (1983)). He derived what is commonly known as the vorticity theorems for the
vorticity of an inviscid fluid. These theorems state that the flow of vorticity out of any closed
area at any instant of time is zero, and that a fluid element without vorticity will remain without
it. This means that a vortex line in an inviscid fluid will remain composed of the same fluid
elements and with the same constant vorticity. Hence, an inviscid fluid flow can be modelled
as a potential flow with vortices of appropriate circulations and infinitely small cross-sections.
With this underlying assumption the Lagrangian methods are formed; the flow is considered
irrotational except at a number of singular points, or vortices, in which the vorticity is confined.
4.3.1 Governing equations
In the Lagrangian approach one seeks to follow every single fluid particle (or vortex particle) in
time, and to account for the interaction between the particles. When solving the Navier-Stokes
equations it is convenient to formulate the equations in terms of the vorticity and stream function
as formulated in Eqs. (4.24) and (4.25). For a two-dimensional flow we have
V2V> = —tv.

(4.27)

— + u ■ Vtv = z/V2(v.

(4.28)

Eq. (4.28) represents the transport of the vortices in the flow field, while Eq. (4.27) relates the
vorticity to the stream function and thus determines the velocity field. The transport of vorticity
is governed by two different processes, convection of the vortices with constant strength, and
diffusion of the vortices. Strictly speaking, as the Helmholtz’s theorems are valid only for inviscid
fluids, the Lagrangian approach is restricted to inviscid flow only. In an inviscid fluid, the right
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hand side of Eq. (4.28) is zero, and the equation then represents only the convection of the
vortices in the field. This situation is the one the Lagrangian approach immediately covers, in
that vorticity will be constant and confined to the same fluid element for ever.
The process of viscous diffusion is inherent in most real fluid flows, hence it is a natural goal to
account for this effect. In the Lagrangian methods this has mainly been done in two different
ways, by using vortices with an expanding vortex core, or by perturbating the convection of the
vortices with a random motion (random walk).
The solution of Poisson’s equation (Eq. (4.27)) in a flow field with vorticity is given by BiotSavart’s law, (Newman 1977)

(4.29)
where the vortex filament of strength T follows the line C in space, and R is the vector to the
point (x,y, z) from each point along the curve of integration. Biot-Savart’s law is derived in
electro-magnetic theory, where the magnetic field intensity (corresponding to u) induced by an
electric current in a conducting filament (corresponding to F) is determined by this expression.
Assuming the vorticity in a flow field is confined to filaments with circulation F,, and considering
a two-dimensional flow, the integral in Eq. (4.29) can be approximated by a summation, (Blevins
1990),

(4.30)
where u and v are the two components of the flow velocity in a two-dimensional flow, z is a
complex coordinate, and i is the imaginary unit % — \f—\. This is the velocity induced by the
vortex filaments in the flow field, and is superimposed on the velocity field from the irrotational
potential flow. In the two-dimensional flows we consider, the vortex filaments are projected
into the considered plane, and forms the so-called discrete point vortices. The vorticity-induced
velocity components are defined everywhere except at the vortex centres, where the velocity is
singular. The velocity at a given vortex centre is therefore determined by not including the
velocity induced from its own circulation.
Inherent computational difficulties by applying the Biot-Savart’s law is that the singular be
haviour of the discrete point vortices induces large velocities in their neighbourhood. Vortices
which comes close to each other may behave badly as a consequence of this. Furthermore, the
method is computationally demanding. As the simulation proceeds, more and more vortices are
added, and hence the number of vortices, N, may be large if a long simulation is required. The
velocity at the N vortices are calculated from N—1 vortices, which means that the computational
costs increase as N(N — 1) « N2.
The vortex formation in a separated flow from a bluff body have motivated the modelling of
the separated shear layers as vortex sheets. Unfortunately, the vortex sheets have shown to be
inherently unstable. This is known as the Helmholtz instability for a continuous vortex sheet,
and Moore (1981) has shown that a discretized version of this instability will occur in the case
of a discretized vortex sheet. Together with the singularity in Eq. (4.30), this has lead to the
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need of some smoothing techniques. Mainly three different techniques exist, (Meneghini 1993),
the use of vortices with a core, the amalgamation of two or more point vortices into one single
point vortex, and rediscretization of the vortex sheet.
Before we close this subsection, some words about the body representation when using the vortex
methods will be given, (Sarpkaya 1989). The physical fact that the fluid flow may not cross the
line forming the body boundary, can be satisfied in a number of ways. The resulting flow may
be required to be parallel to the body surface, the body may be defined as a streamline, or
the normal velocity relative to the body may be required to be zero. This condition may be
satisfied everywhere on the body surface or at a number of discrete points. Some of the existing
numerical algorithms which apply the Lagrangian approach in modelling separated fluid flow,
will be presented and briefly discussed in the next subsection.
4.3.2

Numerical algorithms

A comprehensive review of the vortex methods is found in Sarpkaya (1989).
The vortex methods can be classified into different sophistication levels
1. Single point vortex method. Large scale rolled-up vortices are modelled with one single
point vortex. According to Graham (1979) this method was first suggested by Brown and
Michael in 1955. The method has minor importance today.
2. Discrete vortex methods. A large number of small discrete vortices are being generated on
the surface of the cylinder to satisfy the no-slip condition. The vortices are convected in
the flow field by the local velocity. The velocity induced by the collection of N discrete
vortices is given by
TV

(4.31)
Several versions exist, and can be classified in the following two classes
(a) discrete point vortices
(b) vortex cores, or vortex blobs.
3. Vortex sheet methods. A multi-point vortex method, where the vorticity is assumed to be
distributed along a line from the separation point, a line which rolls up as the vortex is
being shed. The velocity induced from a vortex sheet is given by
(4.32)
The distribution of vorticity can be performed in many ways
(a)
(b)
(c)
(d)

discretized vorticity at points along the sheet
distributed vorticity, 7 (z) constant over a segment of the sheet
linear distributed vorticity, 7 (z) varies linearly over a segment
higher order distribution functions

4. Vortex-in-Cell methods. A mixed Eulerian-Lagrangian approach which will be discussed
in the next section.
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Single point vortex method
A single point vortex method like the one proposed by Brown and Michael (see Graham (1979))
is the simplest approximation, a large scale rolled-up vortex is here approximated by one single
point vortex. Alone this method is no longer as appealing as it once was, because of the increasing
capacity of the modern computers. However, together with some of the other methods it can
still be used to model vortices shed at earlier shedding cycles.
Discrete vortex method
Gerrard (1967) have formulated a discrete vortex method based on a physical foundation, but
neglecting the modelling of transition to turbulence and the effect of viscosity in the wake.
According to Sarpkaya (1989), Gerrard was the first to apply the discrete vortex model on the
problem of flow around a circular cylinder. He was forced to introduce new vortices in a rather
arbitrary way, this influenced his results severely. Even if he only obtained a relatively crude
approximation of the vortex street and the lift and drag force traces, he did point out all the
major difficulties to be faced by future investigators. By using a discrete point vortex method
in two dimensional flow such as Gerrard did, the scalar vorticity field u has the representation,
(Leonard 1980)

(4.33)
where S is the Dirac delta-function, Xj = (xj.
are the locations of the N vortices, and E,
are their respective circulations. As previously mentioned, the discrete vortex methods have an
inherent difficulty in the singular behaviour of the induced velocity in the neighbourhood of a
vortex centre. This can be overcome by using vortices with finite cores, or vortex blobs. The
vorticity field is in this case represented by

(4.34)
where jj is the vorticity distribution of the vortex located at Xj. By using distributed vortex
cores, the resulting vorticity distribution and induced velocities have been found more realistic,
according to Leonard (1980). Several core distribution functions exists, one of these is the
Gaussian core, given as
7(x) = ~2 exp(—|x|2/cr2)

(4.35)

where a represents the core size of the vortex. Chorin (1973) has presented a discrete vortex
method, which includes an alternative core distribution function with the behaviour
1

(4.36)

in order to obtain a constant induced velocity inside the core. The motivation for applying
vortex cores in the method of Chorin has apparently been to avoid the high induced velocities
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in the neighbourhood of point vortex centres. An additional motivation may be found in the
use of Gaussian vortex cores increasing in size with time, which has been suggested to model
the viscous diffusion process. The method presented by Chorin includes an alternative way of
handling viscous diffusion. This is done by splitting the vorticity transport equation into one
convective and one diffusive part, the two resulting equations are solved sequentially. In solving
the diffusive part, Chorin adds a random walk to the vortex cores at each time step. The idea
is that the viscous effects should be correctly modelled in a statistical sense. This method is
known as the Operator Splitting Technique (OST) with random walk, and has been adopted by
several researchers in many different methods.
Tiemroth (1986), has presented a method based on OST, with vortex cores to avoid the singular
behaviour of the point vortices and which uses the random walk concept to model the viscous
diffusion. At the body surface, Tiemroth (inspired by Chorin (1978)) introduces a boundary
layer where Prandtl’s boundary layer equations are assumed to be valid. This is done in order
to determine the separation points. Then, vortex sheets with a vorticity distribution determined
from the no-slip condition, are generated. As the vortex sheets are convected and reach the sheet
layer boundary, they turn into vortex blobs with their circulation conserved. Furthermore, as
the vortex blobs are convected, a potentially large number of vortices are temporarily replaced
by a single vortex at each time step. The underlying idea is that sufficiently far away the
velocity induced from a number of vortices may be approximated by one single vortex blob with
the necessary circulation. This method is called the Discrete-Vortex-in-Cell (DVIC) method.
Although this method has similarities with the Vortex-in-Cell method, it is important to notice
that while the VIC method is a mixed Eulerian/Lagrangian method, the DVIC method is a
purely Lagrangian method, which preserves the grid-free character of the vortex methods.
Vortex sheet method
The method presented by Chorin (1978) and adopted in Tiemroth (1986) uses vortex sheets to
model the separated flow on a bluff body by confining the vorticity to thin sheets, which are
shed from the cylinder surface. According to Sarpkaya and Shoaff (1979) the first to connect
the vortices in an array for better representation of the vortex sheet, was Fink and Soh in 1974.
The vorticity distribution along the vortex sheets can be approximated in many ways, e.g. as
a finite array of point vortices, (Chorin and Bernard 1973). Like the use of vortex cores, the
introduction of the vortex sheets is a way of avoiding the singular behaviour of the discrete point
vortices. However, a common problem regarding the vortex sheets, is that as the sheet rolls
up, the curvature of the sheet increases and the vortices can approach each other resulting in
singular velocities. This can be avoided by certain techniques, as e.g. by introducing a vortex
core at the tip of the rolled up sheet. This core can grow in time and asymptotically approach
Brown and Michaels single point vortices. Chorin and Bernard (1973) has introduced another
alternative using vortex cores instead of point vortices in the array approximating the vortex
sheet.
Sarpkaya and Shoaff (1979) have presented a version of the vortex sheet method. The vortex
sheet in their method is approximated by an array of discrete vortices, and the only smoothing
technique they use is rediscretization of the vortex sheet at each time step. In determining the
separation points, they have used boundary calculations (Pohlhausen’s method). Sarpkaya and
Shoaff have analysed both a fixed and an elastically mounted cylinder in a fluid flow, using their
proposed method. They have pointed out the need for a reduction of the circulation of the
vortices as the time increases, in order to represent the viscous diffusion in real flows better.
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Faltinsen and Pettersen (1987) have proposed a vortex sheet model to calculate the hydrodynamic
forces from a separated flow. Their method differs from what has been called the discrete vortex
method (DVM) by e.g. Sarpkaya and Shoaff (1979), in that the vortex sheet being shed frdm the
structure is modelled by a continuous distributed line of sources and dipoles. A boundary layer
calculation procedure involving finite difference approximations, has been used to determine the
separation points. Their method has the advantage over discrete representation of the shear
layer, from its ability to handle the shear layer even close to the separation points. Difficulties
are encountered with secondary separation, prediction of separation points (the boundary layer
calculation) and returning vorticity in oscillatory flow.
A similar method has been suggested by Yang and Moe (1988). The wake flow follows the
scheme by Sarpkaya and Shoaff (1979), while the boundary layer calculations are performed by
using a Palkner-Skan transformation. The Falkner-Skan similarity transformation is performed
to obtain a solvable set of ordinary differential equations (ODE) from the original partial dif
ferential equations representing the boundary layer. The resulting set of ODE’s are solved by a
finite difference method. According to the authors, this is an improved version of the method
implemented by Aarsnes (1984), in which a finite difference method with the so-called triple-deck
model was used.

4.4 Mixed Eulerian/Lagrangian Methods
This approach is as the name says a mixed formulation, combining the two approaches into
another numerical procedure. The concept may be thought of as individual particle elements
(preferably vortices) that are followed in time (which constitutes the Lagrangian approach),
but whose effects are considered all throughout the flow field and the velocities at every gridpoint are calculated based on the contribution from every single particle. The transport of
vortices is based on the Lagrangian approach, thus the governing equations for convection and
diffusion are identical to the purely Lagrangian methods. The calculation of the local velocities
with which the Lagrangian particles are moved, is performed in an Eulerian frame. The Mixed
Eulerian/Lagrangian methods have been developed as a means of reducing the computer costs
involved with the vortex methods. In the class of Mixed Eulerian/Lagrangian methods, we
should also mention the arbitrary Lagrangian-Eulerian (ALE) methods, (Nomura 1993). In this
approach, the Lagrangian approach is retained at the moving boundaries of the computational
damain. As the boundaries move, the original (FEM) mesh is updated. Hence, this approach
does not involve Lagrangian fluid particles, rather it is the boundary conditions which are mixed
between the Lagrangian approach (at the moving boundary) and the Eulerian approach (at the
far field).
Among the Mixed Eulerian/Lagrangian methods there are mainly two classes of techniques
(Scolan 1991), and they differ in the way the Eulerian frame is defined.
• Grid-based techniques: Cloud-in-Cell (CIC) or Vortex-in-Cell (VIC) method. Stansby and
Dixon (1983), Skomedal and Vada (1987a), Meneghini (1993), and Scolan and Faltinsen
(1994).•
• Grid-free techniques: variationally optimized vortex tracing methods; they consist in min
imizing the energy contained in the fluid. Buneman (1973) and (1974), van der Vegt and
Huijsmans (1984), and van der Vegt and de Boom (1985).
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To start with the grid-free techniques, van der Vegt and Huijsmans (1984) and van der Vegt
and de Boom (1985) have presented a vortex method which is based on the work of Buneman
(1974). In their method, the body is represented by a source and vorticity distribution. They
use the OST, with the random walk concept for the diffusion part, and a variational method for
tracing the vortex cores. In van der Vegt and de Boom (1985) the authors claims that the Chorin
scheme (Operator Splitting on the Navier-Stokes equation in Lagrangian formulation) becomes
more accurate at increasing Reynolds numbers. It is uncertain at which Reynolds number level
they consider here, but they also state that a good description of the Karman vortex-street at
subcritical Reynolds numbers can be obtained.
According to Sarpkaya (1989) the history of the grid-based vortex methods starts at Los Alamos
in 1955, where the Particle-in-Cell (PIC) or the Marker-in-Cell (MIC) method was developed.
These methods combined some of the best features of both the Lagrangian and the Eulerian
approaches. The Lagrangian particles representing the elements of fluid move through a fixed
Eulerian mesh which in turn, is used to characterize the field variables. Subsequently the PIC
method has been used in plasma simulations, using the name Cloud-in-Cell (CIC) method. In
the study of interaction of vortices, Christiansen (1973), and later Stansby and Dixon (1983)
have used it, now under the name of Vortex-in-Cell (VIC) method. The grid-based techniques
are all versions of the Vortex-in-Cell method.
In recent years, researchers have used the VIC method to study the separated flow from fixed
cylinders and cylinders forced to oscillate at various amplitudes and frequencies, (Meneghini
1993), for the flow around two bodies in various arrangements, (Scolan and Faltinsen 1993),
and for separated flows from bodies with sharp corners, (Scolan and Faltinsen 1994). Twodimensional force calculations using the VIC method have also been integrated with a threedimensional structural response calculation procedure of marine risers in a strip-theory manner
by Hansen et al. (1989) and Skomedal et al. (1989).
The vortex methods have been said to represent the flow at high Reynolds numbers better than
the Eulerian methods. The reason is that the viscous diffusion becomes less important as the
Reynolds number increases, thus the assumption of the vorticity to be confined in a vortex line is
closer to the reality, (at least as long as turbulent diffusion has not grown to an important level).
This is not the experience gained in the present work, see Chapter 6. The VIC method with OST
and random walk diffusion, does increase its accuracy with increasing Reynolds number below
Re — 100, but for Re > 1000 the results does not seem to be reliable. The high computational
costs involved with the vortex methods (both purely Lagrangian and Mixed Eulerian/Lagrangian
methods) is an important drawback with these methods. However, the most annoying drawback
as reported by Sarpkaya (1989) is the large number of input parameters entering the problem in
a typical vortex method. This is also experienced by the present author, and may well be the
reason for the unrealistic results at Re > 1000. Furthermore, Sarpkaya states that, due to the
need of adjusting suitable parameters until the wanted features are obtained, each application
turned out to give birth to a new model. Due to all the disadvantages with the vortex methods,
Sarpkaya sighs, “It is entirely possible that vorticity does not like to be discretized.”

4.5 Nonlinear oscillator models
A number of researchers have had considerable success in modelling the behaviour of transversely
vibrating cylinders in steady flow by applying a nonlinear wake-oscillator (or fluid-oscillator)
model coupled to the motion of the cylinder. This approach is motivated from the thought
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that it may represent both fluid and structural behaviour in an integrated manner, and that it
is a simple solvable alternative to this, in general, very complex problem. The objections, or
questions, raised to this model are related to the relatively modest theoretical foundation upon
which the fluid flow expressions are built. The following requirements must be satisfied by a
nonlinear oscillator model; self-exciting and self-limited behaviour, the natural frequency of the
oscillator should correspond to the vortex shedding frequency, and the motion of the cylinder
must be related to the motion of the wake (or fluid) and vice versa, (the added mass may change
the natural frequency of the cylinder).
Hartlen and Currie (1970) have presented such a model, based on a Van der Pol equation for
the oscillating lift force,
Cl —

omqCl

+ —(Cl)3 + ojq = by,

(4.37)

where a and y are non-negative parameters, the forcing function by is arbitrarily chosen to be
proportional to the transverse cylinder velocity y, and wo is a nondimensional frequency. The
nonlinear damping term can be both negative (acts as a forcing function) and positive (acts as
a damping function). The equation may be arranged so that the damping term will be positive
for large amplitudes of vibration and negative for smaller amplitudes of vibration. Thus the
equation is able to reproduce self-excited and self-confined vibrations. The cylinder motion is
represented by an ordinary linear dynamic equation of motion, however it is coupled to the
nonlinear Van der Pol equation for the lift coefficient,

(4.38)
The parameters are chosen to reproduce lock-in oscillations. No attempt is made to base the
model on known fluid dynamic behaviour. According to Hartlen and Currie (1970), the ones who
introduced the wake-oscillator concept was Birkhoff and Zarantello in 1957, and the idea was
confirmed with experimental support by Bishop and Hassan (1964b). Skop and Griffin (1973)
have modified the model of Hartlen and Currie, and report good agreement with experimental
results. Landl (1975) adds a fifth order aerodynamic damping term to the method of Hartlen
and Currie.
Iwan and Blevins (1974) have presented a similar model, with the important difference that they
have tried to derive their expressions from basic fluid dynamic behaviour. They introduce a
control volume which includes the cylinder and calculates the momentum changes which takes
place inside this control volume. However, they need to introduce several assumptions in the fluid
dynamic behaviour, in order to end up with a similar equation as Hartlen and Currie assumed.
The equation for the fictive fluid variable, z, which represents the wake oscillations, reads,

(4.39)
K , alt a2, 03, and a'4 are all dimensionless constants to be established from experimental results,
in order to tune the model. ut is the translational velocity of the vortex street, y is cylinder
motion, w, is vortex shedding frequency, and U is free stream flow velocity. The interaction
between the wake oscillator and the dynamic motion of the cylinder is found from
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(4.40)
where
is the total effective damping coefficient, ivn is the vibration frequency of the cylinder.
Although the model is based on some fluid dynamic considerations, too many proportionality
constants appear, with little or no physical meaning. The dynamics of the Iwan-Blevins wake
oscillator in more complex problems have been studied by Hall and Iwan (1984) and Poore et al.
(1986).
Recent use of the wake-oscillator concept is found in Goswami et al. (1993), they have introduced
a fluid-elastic excitation term in addition to the fluid-elastic damping term commonly used in the
other wake-oscillator models. However, the model has no closer relationship with the real fluid
dynamic behaviour, than the previously proposed wake-oscillator models. Another application
of the wake-oscillator model is found in Bearman et al. (1994), who tried to predict the vortexinduced oscillations of a cylinder in an oscillatory flow. The have stated that this kind of
procedure does not seem appropriate in oscillatory flow.
Benaroya and Lepore (1983) have presented an alternative method involving a stochastic version
of the wake-oscillator model. The basis is the method of Hartlen and Currie (1970) and the
modified version of Landl (1975). By assuming the lift coefficient as a stochastic process, the
Fokker-Planck equation is derived for the stochastic process. This development is criticized by
Sotberg (1983), who states that some basic errors are made in establishing the equations, and
new errors are introduced in order to end up at something reasonable.
The numerical models discussed in this chapter have all been used to simulate the flow, and
from the flow field determine the hydrodynamic forces which acts on a given structure. Based
on experience partly from numerical calculations, but mainly from experimental data, a number
of relatively simple response prediction methods have been proposed. These response prediction
methods, works generally the way that a few appropriate nondimensional parameters, (which
regards both the structure, the fluid, and the interaction between the structure and the fluid), are
calculated for the given case, and these parameters are subsequently used to determine the flowinduced response of the structure. The wake-oscillator model may be thought of as something in
between the numerical simulation of the flow and the response prediction methods. In the next
chapter, we will discuss some of the existing response prediction methods, and compare some
results obtained with these methods on given examples.

Chapter 5

Response prediction methods
“Though this be madness,
yet there is method in it.”
Hamlet, 2, 2.
W. Shakespeare, (1564-1616)

This chapter discusses some of the available approaches for prediction of vortex-induced vibra
tions (VIV) of slender marine structures. The numerical methods discussed herein differ from
the previously discussed numerical methods, in that the vortex shedding process as such is not
considered, except for some of the methods where a numerical calculation of the flow field is an
integrated part of the response prediction. The only concern regarding the flow is the flow veloc
ity, and sometimes the amount of turbulence present in the incoming flow. The hydrodynamic
forces, are given through empirical load formulations and force coefficients. The main issue in
the response prediction methods is the dynamics of the structural components.
The methods discussed in this chapter have been used in a comparison study to analyse four
predefined cases — each with different dynamic characteristics. The results from the analyses
were first presented at a workshop on vortex-induced vibrations of marine risers and cables in
Trondheim, May 1994. The comparison study is reported by Larsen and Halse (1995).

5.1

Single-mode lock-in response

As a first approximation to predict the dynamic response of slender marine structures due to
vortex-induced forces in a steady uniform flow, one can assume a single mode lock-in behaviour.
In this case the frequency of the vortex shedding, and hence the oscillating lift force, synchronizes
with one of the natural frequencies of the structure. The resulting structural vibrations will
correspond to one of the natural modes of the structure. Following this approach, the response
is defined by the mode shape, a characteristic amplitude, and the natural frequency of the excited
mode. The resonant amplitude of transverse vortex-induced vibrations is limited to about 1.0
diameter for typical marine structures.
The single-mode lock-in response behaviour can be successfully modelled with a one-degree-offreedom system as shown in Figure 5.1. Inserted in a fluid with density p, the natural frequency
cvn of the dynamical system can be written as
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Figure 5.1: A flexibly mounted cross-section of a circular cylinder, modelled as a one-degree-of-freedom system

k
m+ma

(5.1)

where k is the stiffness of the spring, m is the mass of the cylinder, and ma(= CapirD2/4) is
the fluid added mass per unit length of a circular cylinder. The frequency of the oscillating lift
force increases as the flow velocity increases, following the Strouhal relation, fs = St ■ U/D.
As the excitation frequency approaches the natural frequency, the vortex shedding frequency
synchronizes with the natural frequency and locks on to the cylinder vibration frequency over a
range of flow velocities. The added mass coefficient Ca may vary with flow velocity and cylinder
motion, hence the natural frequency of the oscillating cylinder may change within certain limits.
The resulting resonant transverse vibrations will oscillate at a frequency which may change
gradually throughout the lock-in region. Cylinders with a low mass ratio (m/(pD2)) will be
more susceptible to variations in the added mass, than would the high mass ratio cylinders.
For a one-degree-of-freedom system, the reduced velocity is the governing parameter which de
termines if lock-in oscillations will occur or not.

Inserting the expression for the vortex shedding frequency (the Strouhal relation) into Eq. (5.2),
we get

which expresses that when the reduced velocity equals 5.0, transverse lock-in oscillations should
be expected. According to King (1977) the actual range for the reduced velocity at which
transverse lock-in vibrations occur is 4.5 <Ur< 10. Others have proposed lock-in ranges with
slightly different bounds.
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The sign of the transverse lift force changes as the vortices are shed from alternate sides, hence
the lift force oscillates at the shedding frequency. The in-line force component oscillates at twice
the shedding frequency, as a maximum is reached each time a vortex is shed (on either side of
the cylinder). As a consequence of the oscillating in-line force, lock-in oscillations may also occur
in-line with the direction of the flow. King (1977) has reported two distinct ranges which produce
in-line vibrations. In the range 1.5 < Ur < 2.5, two vortices are shed symmetrically from the
cylinder surface, whereas in the range 2.7 <Ur< 3.8, the vortices are shed from alternate sides
of the cylinder at twice the Strouhal frequency (2fs). The maximum in-line amplitudes are found
to be one-tenth of the corresponding maximum cross-flow amplitudes.
The frequency of oscillation and the oscillation amplitude of a cross-section are inherent parts
of the solution to the response of the system in Figure 5.1. In order to use the model in a
response analysis where e.g. the stress level in the structure is wanted, it is necessary to relate
the oscillation amplitude of the section to an oscillation amplitude of the mode shape in question.
Iwan (1975) have presented a way of doing this, known as Iwan’s method and later adopted by
other researchers, e.g. by Moe and Overvik (1982) and Larsen and Bech (1986) in the so-called
NTH model}. The relation between a sectional response amplitude and the amplitude of a
corresponding mode shape is given as

(5.4)
where 7„ is the amplification factor for mode n, (Ay/D)sectjon is the maximum amplitude found
from the section tests, and (Ay/D)attna,x is the resulting maximum amplitude for mode n. The
amplification factor for mode n, yn is also known as the mode shape factor, and defined as

(5.5)

where 4>n{x) is the mode shape function and x is the coordinate along the cylinder length. In
case lock-in oscillations are present, the amplitude for the mode shape can be found in a num
ber of ways. In the NTH model, the sectional oscillation amplitude has been determined from
experiments, and the maximum oscillation amplitude of the mode shape have been determined
according to that. Other models have established empirical expressions for the maximum oscil
lation amplitude. Some of the existing expressions for maximum resonant amplitude are found
in Eqs. (5.6)- (5.9).

D
[l + 9.60(prC,)]i-so
Ay _
1.297k

D

(1 + 0.43%)^

Iwan (1975)*2

(5.6)

Skop et al. (1977)

(5.7)

'In the comparison study by Larsen and Raise (1995), the method proposed by Moe and Overvik (1982) and
Larsen and Bech (1986) is discussed under the name NTH model.
2Note that it is reported by Iwan (1981) to be a misprint in the original reference (Iwan 1975)
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&
D
Ay
D

0.32%
y/OM + Sl
3.827nCi

Sarpkaya (1978)

(5.8)

Brown & Root formula (Rudge et al. 1992)

(5.9)

In all the expressions a response parameter is used in one way or another. In Eq. (5.6) the mass
damping
is used, where pr is a mass ratio defined as m/(pirD2/4), and Cn is the damping
ratio for mode n. In Eqs. (5.7) and (5.8) the response parameter Sq defined as 2~St2K$ is
used and in Eq. (5.9) the Scruton number K$ — 2tt( • 2m/(pD2) is used. As discussed in the
introduction, the mass and damping ratios are defined in a number of ways and consequently
not uniformly used. In Eqs. (5.6) and (5.7) the fluid effects are included in the damping ratios
entering the expressions, whereas in Eqs. (5.8) and (5.9) only the structural contribution to the
damping is considered. This should be kept in mind as the different expressions are compared.
Iwan (1975) have also used Eq. (5.4) to relate the amplitude of the nth oscillation mode of a
structure to the amplitude of a single-degree-of-freedom system predicted by the Iwan-Blevins
wake-oscillator model (Iwan and Blevins 1974), discussed in Section 4.5. It is shown that for a
single-mode response, the results from such an analysis are in good agreement with empirical
results. This is not a surprise, as the solution to the Van der Pol-like equation of the wakeoscillator consists of a limit cycle with a corresponding frequency and amplitude. Thus, by
tuning the four dimensionless parameters entering the problem (a'v... , a^), the frequency and
amplitude of the limit cycle should easily be adapted to a single-mode lock-in response.
Blevins (1990) has shown a way of determining the amplitude of vibration for a system responding
in a single mode. Assuming the vortex-induced force to be harmonic we can write the force in
the form
Fl = ^pDU2CLsm(^st).

(5.10)

Applied to a spring-mounted, damped rigid cylinder, the equation of motion becomes
(5.11)
where
is the structural damping contribution as a fraction of the critical damping. The
solution to this equation is found by assuming the steady state response of this system to be
harmonic with amplitude, Ay, frequency, w„, and phase <f>,
y = Ay sin (unt + <f>)

(5.12)

Inserting this into Eq. (5.11), we find
Ay _

D

^pU2Cz sin(nj5t + cf)

&(/[! - («./«n)2]2 + (2Wu>n)2

(5.13)
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where the phase angle is defined as

(5.14)
The maximum response is found when u>s = u>n, the amplitude-to-diameter ratio then becomes
A,
D

4K

Cz,
4nSt2Ks

(5.15)

From this exercise the response is found to be a function of both the lift coefficient, Cl, and the
reduced damping, Ks, as in the Brown & Root formula, (Eq. (5.9)). Note that the lift coefficient
in general will be a function of both the amplitude and the frequency. As the cylinder starts
to vibrate under lock-in conditions, the cylinder motion will organize the wake and increase the
spatial correlation, hence an increase in the lift force coefficient will result. As the vibration
amplitude reaches a certain level, (about half a diameter), the lift coefficient begins to decrease.
The explanation is that as the cylinder oscillates with increasingly large amplitudes, the regular
vortex wake is gradually disrupted, and the lift coefficient approaches zero. Hence, there will be
an amplitude-limiting effect in the fluid-structure interaction.
The main problem with the single-mode response model, is the uncertainty regarding the choice
of the responding mode shape when more than one mode is possible to excite. The method has
no inherent way of selecting one or the other of the possible mode shapes. Thus, all the modes
should be analysed, and a conservative result would be to choose the one with largest response.
This may be overly conservative, because when more than one mode is possible to excite, there
is no evidence for either of the modes to get all the energy. A multimoded response will be
expected in such cases, and methods to analyse such responses are discussed in the next section.

5.2

Multimode response

In general a slender marine structure subject to flow-induced forces, will be complex enough to
have more than one mode shape which is possible to excite. Moreover, the flow velocity will in
general vary along the length of the structure. Thus, the single-mode lock-in response model
will not be a suitable way of predicting the response. In such cases the response at one location
will not be found at only one frequency, neither can the maximum amplitude be expected always
to occur at the same location at different time instants. Response at more than one frequency
may e.g. lead to a beating response pattern (in the case of two frequencies). The presence of
two (or more) competing frequencies may be due to different flow conditions at two different
locations along the structure, or it may also be due to a different structural characteristics at the
two locations. The response at one location may then travel along the structure with the local
frequency, and at one point interact with the local response at another location with a different
local frequency, to form a multimode beating response.
5.2.1 Sum of single-mode lock-in responses
In the previous section it was implicitly assumed that the system undergoing lock-in oscillations
was uniform. Both the flow velocity and the structural characteristics were assumed constant
along the length of the structure. This means that the reduced velocity (Ur = U/fnD) was

114

CHAPTER 5. RESPONSE PREDICTION METHODS

constant along the length of the structure. In general, both the flow velocity and the diameter
may vary, thus the reduced velocity for the nth mode should be written

(5.16)
Following the approach from the single-mode response-model, the nth mode would be excited
if 17b,n is in a given interval between Ur,min and UR,max. As both U and D are functions of
x, there can be regions along the structure which do excite the nth mode, and others which do
not. The regions without excitation, will add damping to the system, hence the response will be
reduced as compared to a fully locked-in single-mode response. Furthermore, as the structure
has more than one possible responding mode, there can be regions where a different mode is
excited, say the mth mode.
Iwan (1981) has proposed a method which accounts for the regions where the vortex shedding
is not locked-in to the structural motion. This method is an extension of the scheme proposed
in Iwan and Blevins (1974) and Iwan (1975), in which the fluid effects are predicted by a wakeoscillator model. The method uses modal analysis to account for different excited modes in
the total response of the structure. However, the method assumes a uniform response along
the structure, even if the excitation and/or the structural characteristics are nonuniform. The
motion of a tension-dominated structure can be modelled with the following equation

(5.17)
where y(x, t) is the transverse structural displacement, dz(x, t) jdt is transverse flow velocity,
m(x) is mass per unit length, c(x) is the damping per unit length (both structural and hydrodynamic contributions), T is tension, a is a flow-model parameter, and s(z) is a function which
defines the portions of the structure where the vortex shedding is locked-in to the structural
motion. The function s(z) is defined as
1 for those portions of the structure
where vortex shedding is locked-in to the structural motion,
0 for those portions of the structure
where vortex shedding is not locked-in to the structural motion.

(5.18)

An eigenvalue problem is solved to identify the natural frequencies and mode shapes of the
structure. A solution of the problem may then be expressed in the form
N

(5.19)
71=1

N

(5.20)
where Yn(t) and Zn(t) are time-dependent modal coefficients for the transverse motion of the
structure and the fluid respectively. The damping of the system is assumed to be represented by
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a modal fraction of the critical damping, hence using the orthogonality properties of the mode
shapes the equations of motion can be decoupled into the modal equations

(5.21)
where

(5.22)
Jo
dx
Jo s{x)<j>l{x) dx

(5.23)

Cf is the structural damping ratio for mode n, a/un accounts for the damping contribution from
the fluid, and L is the length of the cylinder. So far the method is identical to a traditional
modal analysis (to be discussed in the next subsection). At this point however, Iwan makes the
assumption that the structure is oscillating harmonically in its rath mode.
y{x,t) = Y»(z) cos(ivnt + <),

%,(%) « <MX)

(5.24)

where Y„ and tpn are the amplitude and phase of the oscillation. The amplitude of the rath mode
is determined by accounting for the locked-in portion. The expression proposed by Iwan for the
amplitude of the rath mode is

where D is the diameter of the structure, Fn is an amplification factor, and In is a mode shape
factor. The amplification factor is found from the empirical relation given in Eq. (5.6), and the
mode shape factor is given as
j _ Jo
dx
Jil m(z)#(s)

(5.26)

This approach is valid under the assumption that the response is in the form of one particular
mode, i.e. as a standing wave. This is pointed out by Iwan (1981) and he adds: “If the extent
of the vortex-induced excitation is small in comparison to the length of the system and if the
damping of the system is large, travelling waves in the system may die out before they have a
chance to combine and form standing waves.”
Iwan seemed to develop this scheme for cases likely to respond with one single mode, but without
being locked-in along its full length. Thus, a reduced response amplitude would be expected.
Lyons and Patel (1989) have adopted this scheme in a more general application, in which they
analyse marine risers subject to sheared current as well as ocean waves and top vessel motion.
This will in general lead to a number of excited modes, a problem in contrast to what Iwan
correctly limited his scheme to, namely a single-mode standing wave vibration. Lyons and Patel
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have tried to account for this by giving priority to the highest excited mode. The amplitude
of this mode shape is reduced according to the relative portion of the structure that is excited.
In cases with varying excitation (wave and/or top motion), a time history is developed which
takes into account both the amplitude from the present excited mode and the damped motion
from a previously excited inactive mode. As pointed out in Larsen and Raise (1995) this method
may give reasonable results in cases with only a few possible responding modes, but will provide
unrealistic results in cases with many possible modes. As the number of possible modes increases,
it becomes more and more uncertain which mode to give priority. Furthermore, as stated in the
above citation from Iwan (1981), a spatially decaying amplitude may be found in cases with a
relatively short portion of the structure excited by vortex shedding, and correspondingly strong
damping. Such a spatially attenuated response form is not predictable with this approach.
In a later publication Iwan and Jones (1987) have proposed a method to predict the response
of long and slender structures with closely spaced modes, structures which are not correctly
modelled by the traditional modal analysis approach. The method is based upon the equation
for a travelling wave, and the solution is found by applying the Green’s function approach. In
this approach, an excitation with a given frequency which acts over a portion of a given cable,
will cause a relatively large response amplitude at that particular portion of the cable, but the
amplitude of vibration will decay as we move away from the excitation zone along the structure.
Ottesen Hansen (1982) has proposed an alternative method with some of the same assumptions
as in the method used by Lyons and Patel. The governing equation in the case of Ottesen
Hansen, is the equation for a vibrating beam

(5.27)
where y is the transverse displacement of the beam, x is the coordinate along the length of the
beam, El is the bending stiffness, T is the tension and F(z, t) is the excitation force. As in the
case of Lyons and Patel, the solution to the vibration problem is sought in terms of orthogonal
eigenfunctions.
N

(5.28)
The equation of motion for the nth mode according to Ottesen Hansen is

(5.29)
where ion is the natural frequency of the nth mode, (n is the damping ratio of the nth mode,
and Fn is the modal excitation load. The damping ratio,
(5.30)
includes structural damping, Cns, and hydrodynamic damping, (nh, as well as a negative hy
drodynamic damping due to the fluid-structure interaction. Both the hydrodynamic excitation
force and the hydrodynamic damping components are found from complex expressions for each
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mode. These expressions are substituted into Eq. (5.29), and the resulting ordinary differential
equation (ODE) is solved for each mode applying a singular perturbation technique to find the
modal amplitude. The modal loads are assumed to excite only the associated mode, thus the
resulting response shape will be similar to the one found by Lyons and Patel, one dominating
mode with constant amplitude of vibration 3. The amplitude will be a function of how large a
portion of the cylinder length is locked-on.
Both the method of Ottesen Hansen and the method of Lyons and Patel can be applied to
time-varying problems such as a risers in waves. In such cases the total response is found as
a sum of the responses of the active modes and the remaining part of the decaying response
from inactive modes. In principle the method proposed by Ottesen Hansen is different from the
method used by Lyons and Patel, because an excitation force is applied and a set of ODE’s is
solved by a traditional method, whereas in the Iwan's scheme adopted by Lyons and Patel the
amplitude of the responding mode is determined from an empirical expression. However, both
methods fail to predict spatially attenuated response, as e.g. in cases where a relatively short
portion of a long, slender cylinder is excited, and where the damping is strong enough to make
the oscillation amplitude decay as the distance from the excitation zone increases. Together with
the uncertainty related to identification of active modes, this is the most important shortcoming
of the two methods. Obviously, these two methods should be used with care as the number of
possible modes increases.
5.2.2

Response prediction applying modal analysis

The methods discussed in the previous subsection introduce the concept of orthogonal eigen
functions which can be used in a linear combination to form any arbitrary deformation
N

(5.31)
However, the loads associated with one mode is assumed to give response only in the same mode.
This is only correct if the shape of the excitation force is identical to the mode shape, hence it
will be orthogonal to all other mode shapes and consequently not excite these. Moreover, the
modal load will excite the mode shape in all its length, i.e. the resulting oscillation amplitude will
be constant along the length of the structure. In fact, this model assumes that the multi-mode
response can be found as a sum of single-mode responses.
A more correct way of applying modal analysis would be to let the modal loads, (or the excitation
force associated with one of the natural frequencies of the system) act on all modes but with
the actual natural frequency. In this way the overall response shape from a relatively short
excitation zone, may be combined into the correct spatially attenuated response shape by a
linear combination of all modes. Vandiver and Li (1994) have proposed a model which works in
this way. The governing equation in their model is
mt§ + cy-Ty" = F(x,t)

(5.32)

3The amplitude of the responding mode will be constant in time. However, due to varying tension along the
structure, the mode itself is not necessarily uniform. The amplitude at the top of a riser may be different from
the amplitude near the bottom of the riser.
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where mt includes both structural and added mass, c is the damping per unit length and includes
both structural and hydrodynamic contributions, T is the tension and F(x,t) is the excitation
force per unit length. Inserting the displacement according to Eq. (5.31) into the governing
equation, the modal equation of motion becomes

Mr%. (t) + Cr% (() + XrX. (*) = .% (f),

(5.33)

where Mr, Cr, Kr, and Fr are the modal mass, damping, stiffness and force, respectively. The
response from the force Fr (t) which has the frequency wr is found as a sum over all the N modes
used to describe the dynamic response. The total response is found as a double sum over all
the active modes R providing the modal loads, and over all modes used to describe the global
response N.
R

R

N

y(x) = ^2«(z,Wr) = 5353<f>n(a:)Fnr-ffn7-(—),
r=l

r=l

71=

1

(5.34)

W”

where 4>„{x) is the mode shape of mode number n and w„ is the corresponding natural frequency.
The modal load Fnr acts at the rth frequency and is found for mode number n, from the
expression

Fnr=

fLr
sgn[4>r{x)}<t>n(x)Fr(x) dx,
Jo

(5.35)

where Fr(s) is the distributed lift force for frequency number r, and Lr is the excitation length
for this particular frequency component. The distributed lift force is defined as
#(3) = ^,ZW:(z)C6(z,Wr).

(5.36)

The frequency response function Hnr(ujr/un) is given as

fW-)

Kn

(5.37)

where Kn is the generalized stiffness for the nth mode.
The distributed lift force Fr(x) and the damping ratio
is found iteratively by requiring a
balance between input and output power. Vandiver and Li (1994) assume the lift force with
frequency ujr to be given as
Fr(x,t) — ^pDI7^(z)Ci.(z, w,.) sin(w,4)

(5.38)

where Ci(x, cvr) is the lift coefficient amplitude for mode r. The modal velocity for mode r is
assumed to be
Yr{t) = Arvrsin(cvrf)

(5.39)
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where Ar is the modal displacement amplitude for mode r. The rth modal input power is the
rth modal excitation force times the rth modal velocity:

II™ =

f

\pDU2{x)CL(x-,Ur)AruTsm2(urt)\4>r{x)\dx
Jlt 1

(5.40)

where the integration is performed over the length of the power-in region Lr for the rth mode.
The time-average of the input power over one period T is
< nr >= 1 jT lira = ^ pD[f:(z)% (x>r)Arwr\4>r{x)\ dx

(5.41)

The output power for the rth mode is found as the rth modal damping force times the rth modal
velocity.

=

(5.42)

The time-average of the output power over one period T is

< nrout

(5.43)

where c(z) is damping per unit length and includes both the structural and the hydrodynamic
contributions. The oscillation amplitude is found mathematically as the input and output power
are in balance, < IT)71 >=< II°ut >, which leads to
Ar _
D

fl-Lr

2 Lr pU2(x)CL(x,Ur)\Mx)\^
%(z)#(z)wr dx + Jg cs(x)<t>?(x)ur dx ’

where the damping has been separated into one hydrodynamic part Ch(x) and one structural part
cs(x), and L — Lr defines the length of the power-out region. Vandiver and Li (1994) performs an
iteration to establish the set of lift and damping coefficients which gives a convergent oscillation
amplitude.
5.2.3 Response prediction applying the frequency-response method
In the modal analysis approach discussed in the previous subsection, a large number of modes
may be necessary to predict the correct response shape in cases where spatial attenuation is
found. More accurate results could be provided with less computational effort if an analytic
solution to the problem was established. The Green’s function approach (described e.g. by
Keener (1988)) may be used to find an analytic solution to the problem. The response found
using a Green’s function would be equivalent to the response found by using an infinite number
of mode shapes. Two different methods are found in the literature utilizing the Green’s function
approach in different manners. One method is due to J. K. Vandiver and is described in Vandiver
and Chung (1988), the other is due to M. S. Triantafyllou and is described in Triantafyllou et al.
(1994) and Triantafyllou and Grosenbaugh (1995). Even though both methods use the Green’s
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function approach to establish the displacement of a circular cylinder from a vortex-induced
excitation force, the methods are completely different.
In a sheared flow, conditions are not favourable for lock-in oscillations to occur. Consequently,
the correlation between lift forces and cylinder motion is low. Under these assumptions Vandiver
and Chung proposed to use a linear random process model of the exciting forces, without any
feed-back from the cylinder motion. The resulting response form appears to be a multimoded
nonlock-in response with a stochastic character. The fundamental equation is the expression for
the displacement response spectrum
Syy(x,w) = JJ’ sjftf,t',u)G{x,€)G*(x,z') <%<%',

(5.45)

where Syy(x,u) is the displacement response spectrum at location x, £//(£, ?\ «) is the lift force
spectrum, C?(x,{) is the Green’s function due to excitation at the location x = f, and C?*(x,£')
is the complex conjugate of the Green’s function due to excitation at the location x = £ .
The solution to the above equation is found in the frequency domain. The excitation of the
dynamic system is a lift force spectrum formulated as

■s7/(£>£,>u)

Sex (£,£', tv)

(5.46)

where [/(£) and U(£) are the flow velocities at locations x = £ and x — f' respectively, p is the
water density, D is the cylinder diameter and ScL(£,£ , w) is the lift force coefficient spectrum.
The excitation spectrum is centred around the dominant vortex shedding frequency, and has
additional peaks at higher order harmonics. In addition, the excitation spectrum accounts for
the relatively short correlation length which is present in a nonlock-in case. The lift force
coefficient spectrum requires better experimental verification. The hydrodynamic damping is
obtained as a linearization of the quadratic drag damping, and is formulated as to account for
the portions along the cylinder in which the vortex shedding frequency coincides with a natural
frequency of the structure. In these portions, the hydrodynamic damping contribution should
be small. The damping is mathematically expressed in terms of a modal damping ratio for each
mode, and included in the Green’s function together with the structural characteristic of the
cylinder. The same response prediction method as described in Vandiver and Chung (1988),
however, with a finite element model representing the structural characteristics, is described in
Andreassen (1990), Halse (1992) and Vikestad (1992).
The method by Triantafyllou, is primarily intended for very long and slender marine cables;
cables whose dynamic behaviour may be modelled as an infinite cable, without discrete natural
frequencies and corresponding mode shapes. The local response will then be determined by the
local vortex shedding frequency, and occasionally with a contribution from a not yet decayed
amplitude of a travelling wave excited at another location. This situation may lead to a two (or
more) frequency response at a given location.
The local excitation due to vortex shedding is determined from
(5.47)
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Cantilever PVC (King 1977)
Cantilever stainless steel (King 1977)
Pivoted brass (Vickery and Watkins 1962)

Figure 5.2: The lift coefficient in-phase with velocity as a function of the amplitude-to-diameter ratio, (from King
(1977)).

where Flv(x, t) is the component of the force which is in phase with the cylinder velocity.
Based on results from experiments with forced harmonic cylinders, Triantafyllou suggests to
formulate the lift coefficient in phase with velocity as a function of the cylinder amplitude

(5.48)
where Flv is the force amplitude, and C-lo and A are curve-fitting constants, found from plots
as the one shown in Figure 5.2.
For a simple harmonic response, the excitation force can be assumed as a harmonic function,
and given as
W) =

- A^) sinM

(5.49)

where the lift coefficient Clo represents the excitation and the term AA/D represents a linear
hydrodynamic damping. Eq. (5.49) can be written in a simpler form,

FLv(t) = Fu{t) - Chv{t),

(5.50)

where the pure excitation force jFie(t), the hydrodynamic damping coefficient c&, and the cylinder
velocity v(t) is given as
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Clo sinM),

FlS) =
bk —-

(5.51)

(?'Dy2) A'

(5.52)

v{t) = y(t) = cvAsin(ivt).

(5.53)

The lift coefficient in Eq. (5.48) can be considered a function of not only the amplitude-todiameter ratio, but also the frequency. A more general expression for the lift coefficient is then
given as
Clv = H(uj)Cio - A(w)A^.

(5.54)

More research remains to establish better understanding of the frequency dependency of the
coefficient Clo and A, thus the frequency dependent functions H(u) and A(w) are not firmly
established. Triantafyllou and Grosenbaugh (1995) suggest to use the coefficients as found from
harmonic experiments, thus H(lo) — 1.0 and A(cv) = 1.0.
The lift force in phase with cylinder velocity can for a narrow-band response be written as

Flv (i) -

'«£)■
Fu - chv(t).
."(4.

(5.55)

The governing equation for a vibrating cable is

where s is the coordinate along the cable, T (s) is the spatially varying tension in the cable, m
is the mass per unit length, and cs is the structural damping per unit length. The force F(s,t)
can be inserted from Eq. (5.55) to form

(m +

(f, +

^=A

+ IpD^Cw

v(t)
Mt).

(5.57)

The solution to this equation is obtained using a Green’s function approach

/

+oo

v(t)

(5.58)

■oo

where the Green’s function, G(s, () accounts for the structural parameters as tension, T(s), mass,
m(s), and wave number, K(s). G(s,£) is given as

C(s,()

1
T(()
2Wf(()T(f) [T(s)\

d<r

(5.59)
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the wave number K (s) is given as

A'(s) =

o>|(m + ma) - *w,(c, + |p-DU2;^p)
_

(5.60)

The method proposed by Triantafyllou can be used both in a time domain calculation as well as
in a frequency calculation. In the case of a frequency domain technique, the vibration amplitude
of the cylinder must be determined iteratively to ensure that the excitation corresponds to the
actual cylinder velocity. In the time domain this is implicitly handled as the envelope of the
velocity must be calculated at each time-step before using Eq. (5.55).
5.2.4 Response prediction applying direct time integration methods
Time domain methods include the modal analysis approach discussed in Section 5.2.2. Fur
thermore, a direct time integration may be performed on a structure described by the Green’s
function approach. As an alternative to the Green’s function approach and the modal analysis,
the dynamic response of a finite element model of the structure can be found by direct time
integration of the mass, damping and stiffness matrices. The hydrodynamic loads excites the
discretized structures at the nodes of the finite element model. In a finite element analysis,
the mode shapes necessary in a modal analysis is avoided, however a correct representation of
spatially attenuated response behaviour may require a relatively large number of elements and
time steps. At the same time, the number of elements is wanted as low as possible, as it is the
crucial parameter for the computational effort needed in the calculations.
Lie (1995) has used a finite element model to represent the structure in his calculations. The hy
drodynamic forces in this model are found from experiments with cylinders in forced oscillations
(Sarpkaya 1978). The response found using Lie’s approach is totally dependent upon the force
coefficients used. In the comparison by Larsen and Halse (1995), it is found that Lie in general
gets less response than e.g. Triantafyllou. The hydrodynamic loads in Triantafyllou’s model are
based on another set of experiments. This should be kept in mind when comparing the methods.
Another way of establishing the hydrodynamic load is to use computational fluid dynamics
(CFD) methods. Hansen et al. (1989) use a VIC approach to calculate the hydrodynamic forces,
and then perform a direct time integration of the finite element model to obtain the structural
response. This is similar to the approach followed in the present work, where an FEM approach
is used to calculate the hydrodynamic forces. Both methods simulate a two-dimensional flow
around the cylinder at sections along the structure, and let the forces found in these sections be
constant over a portion of the cylinder equal to the distance between the hydrodynamic section.
At present neither of these methods are able to handle high Re number flows, hence realistic
flow conditions are not yet reproduced. Another important aspect of the CFD methods is the
enormous computational efforts required to obtain the hydrodynamic excitation. Undoubtedly,
CFD will become a more and more powerful tool as the computers increase their speed, and
the researchers improve their experience with using CFD in structural response problems. At
present it is felt that we should restrict ourselves to the simplest type of fluid-structure inter
action problems, and get comfortable (or feel confident) with these before we proceed to more
demanding tasks. One of the simplest fluid-structure interaction problems among the slender
marine structures is the free-spanning pipeline. In this case it is not too unrealistic to consider a
time-invariant current velocity, as the waves will not affect the situation at larger depths. Hence,
this is the problem sought to analyse in Chapter 9 of the present study.
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The present model

In this section a description of the present model is found. In the first part the implemented twodimensional response model is discussed. Subsequently, the response of the three-dimensional
beam is described.
5.3.1 Response of a two-dimensional mass-dashpot-spring system
As a first approximation to find the response of a circular cylinder in a fluid flow, we may
consider only a flexibly mounted cross-section of the cylinder, see Figure 5.3. Mathematically
this dynamical system may be modelled as a linear harmonic oscillator. The characteristic
structural parameters enter the dynamic equation of motion on the left hand side, and all the
hydrodynamic effects are included in the excitation force on the right hand side. The dynamic
equation of motion is given as
mx(f) + cx(t) + fcx(t) = f (f)

(5.61)

where m, c and k are the structural mass, damping and stiffness coefficients, respectively. All
the fluid effects are collected in the fluid force f on the right hand side.

U

Figure 5.3: A flexibly mounted cross-section of a circular cylinder

The excitation force is calculated using the finite element method implemented in Navs2d by
Herfjord (1996). The finite element grid used to discretize the equations, moves with the cylinder.
This means that the equations are solved in an accelerated coordinate system fixed to the body.
To solve the dynamic equation of motion in Eq. (5.61), we need to relate the forces to an earthfixed coordinate system. Herfjord formulated the Navier-Stokes equations in a way which made
it possible to solve the equations in the accelerated coordinate system, and referred the solution
to the earth-fixed coordinate system, (see also Appendix A). To solve the two-degree of freedom
system in Figure 5.3 for in-line and transverse displacement a method based upon numerical
integration and the assumption of constant mean acceleration at each time step is used. The
method is described in Langen and Sigbjornson (1979). The method is known as the trapezoidal
method or Euler-Gauss method for second order problems. The method is implicit, but may be
formulated explicitly as in the present application. The acceleration and velocity at the next
time step is then formulated as
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Free-spanning pipeline

Hydrodynamic sections
Pipeline

Seabottom profili

Figure 5.4: The principle of the implemented response prediction procedure. Hydrodynamic forces are calculated
from two dimensional Navier-Stokes simulations at the hydrodynamic sections. The forces are applied to the
free-spanning pipeline modelled as a three-dimensional finite element beam, and the dynamic response is found
through a linear analysis procedure

X*+l — , . ,S2 (Xfc+l — Xfc) — -T-X& — Xfc

(At)'

Xfc+i =

At

(Xfc+l - Xfc) - Xfc

(5.62)

(5.63)

Inserted into Eq. (5.61) we get
4

2

Xfc+l — ffc+I +

4
, 2 '
(Aipm+A?C

Xfc + ( —m + c ] xfc + mx*

(B.64)

Solving Eq. (5.64) for the unknown displacement Xfc+i, we can find the acceleration x*+1 and
the velocity x*+i from Eqs. (5.62) and (5.63) respectively.

5.3.2

Response of a three-dimensional finite element beam

A detailed description of the three-dimensional structural response model is found in Appendix B.
The main idea is already presented in Section 5.2.4, where the method of Hansen et al. (1989)
was briefly discussed. The situation is sketched in Fig. 5.4
The hydrodynamic forces are calculated in two-dimensional sections at predefined positions along
the cylinder length. These forces are assumed constant over a portion of the cylinder which
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corresponds to the distance between the sections. As for the two-dimensional response model, all
hydrodynamic effects are included in this force expression, leaving only the structural information
to the left hand side of the dynamic equation of motion.
Mx(f) + Cx(t) + Kx(t) = F(t)

(5.65)

Initially, a nonlinear static analysis is performed to ensure a proper static configuration of the
pipeline and to provide realistic stiffness characteristics of the structure for the dynamic analysis.
The nonlinear static solution is found according to a modified Newton-Raphson iteration scheme
(Zienkiewicz and Taylor 1991). In the modified Newton-Raphson scheme, the tangential stiffness
matrix is updated at each incremental step and kept constant during all the iterative steps.
The hydrodynamic forces are computed using the same two-dimensional computer code as used
for the two-dimensional version, (Navs2d). From the pressure distribution in the flow field, a
force per unit length is found. After multiplying by the length between the nodes, the force is
applied at the nodes of the finite element model.
The implemented solution of the dynamic equation of motion is based on the Newmark integration
method, in which the increments in acceleration and velocity is expressed as a linear function of
the increments in displacements, (Langen and Sigbjornson 1979). The dynamic equilibrium at
time k + 1 can be written as
Mxfc+i + Cxi+i + Kx*+! = Ffc4.i
By expressing xt+i and

(5.66)

as linear functions of x*.+1, Eq. (5.66) may look like
Kxfc+i = Fjfc+i

(5.67)

where K is an effective stiffness matrix which is a linear combination of the stiffness, damping
and mass matrices, and where F&+i is an effective load vector which is a linear combination of
the computed hydrodynamic force vector, and the structural damping and mass matrices.
The Newmark integration method covers a wide range of time integration methods, dependent
upon the choice of the input parameters. In the present work, the trapezoidal method, described
in the discussion of the two-dimensional response model, has been applied. This method assumes
the acceleration at each time step to be constant and equal to the mean acceleration between
two succeeding time steps.

Chapter 6

Simulation of flow around fixed
cylinder

"... it would be better for the true physics
if there were no mathematicians on earth. ”
Daniel Bernoulli, (1700-1782)

Numerical computations of the flow around a fixed circular cylinder have been performed by
using both a Finite Element Method (FEM) program called Navs2d (Herfjord 1996) and a
computer program applying the Vortex-in-Cell (VIC) approach (Sedan 1991).
Parameter variations are performed at a Reynolds number of 200 for both methods. In the
FEM case, different element grids are applied in order to study the effects of the extent of the
computational domain and the density of the element mesh, furthermore one of the element grids
has been analysed using different time steps. For the VIC case, the following parameters have
been varied; grid-size and density, time step, method of vortex generation and the coalescence of
vorticity at distances far from the cylinder surface. The results from these parameter variations
are found in the two following sections, subsequently a section where the results are compared
to other numerical and experimental work is found.
The flow has been varied from Re = 5 to Re = 1200. The FEM code can handle purely laminar
problems only, and since the wake becomes turbulent for Re % 400-500, the results obtained
with this program for higher Re numbers may therefore have significant errors. On the other
hand, due to the random walk of the individual vortices, the VIC code is not well suited for the
lower Re numbers, hence uncertainties are present for Re < 60.
The final section of this chapter contains the results from a study of a fixed cylinder close to a
wall boundary. The cylinder has been placed at different distances from the wall and the effect
of the proximity of the wall has been studied.
127

128

CHAPTER 6. SIMULATION OF FLOW AROUND FIXED CYLINDER

Figure 6.1: The element mesh for grid K. The number of element in this mesh is 11040, and the thickness of the
innermost layer of elements is As = 0.014D. The mesh is 20D x 20-D in dimensions.

6.1

Parameter variation with a Finite Element Method (FEM)

In this section a parameter variation of the simulated flow around a circular cylinder at Re = 200
is performed using the Finite Element Method (FEM). The FEM approach is implemented in a
computer program called Navs2d and is described in detail by Herfjord (1996).
The mesh of finite elements used to solve the Navier-Stokes equations, is of crucial importance for
the accuracy of the results. The element meshes are made by use of the commercially available
software package Patran. A large number of different meshes are used in this study, in order
to identify the effects that may occur if the mesh is poorly chosen. However, we do not claim to
have found the most optimized element mesh possible, rather we have eliminated some dubious
choices. In Fig. 6.1 an example of the applied meshes is shown, and in Fig.6.2 a close-up view
of the mesh close to the cylinder is shown.
The parameters which are varied are the extent of the computational domain (width and height),
density of the mesh (especially close to the cylinder surface) and the time step. In all the cases
below, an artificial perturbation of the flow field is used to initiate the oscillations. In general
the perturbation have been started at T=0.05 s and have been active for 0.1 s (which means for
20 to 200 steps depending on the size of the time step).

6.1.1 Variation of the width of the computational domain
The boundary condition on the upper and lower sides of the computational domain is given as
zero vertical velocity. This is a friction free wall boundary and is clearly an approximation to
the cylinder in an infinite fluid domain. In order to examine the effect of these boundaries, flow
simulations around the circular cylinder are performed using different element grids.
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Figure 6.2: Closeup view of the element mesh in grid K.

Several different cases are compared in this part of the parameter variation. Results from eighth
of the cases are listed in Table 6.1, where also the size of each of the grids used in the computations
can be found. The results considered are the vortex shedding frequency represented by the
Strouhal number, the lift force coefficient represented by both an rms value (for direct comparison
with the VIC computations) and an amplitude value, and the drag force coefficient represented
by a mean value.
Table 6.1: Results for the flow about a circular cylinder at
computational domain.

Grid no.
B
A
J
N
K
R
S
T

Length
3D + 10D
3D + 10D
10D + 10D
10D + 10D
10D + 10D
10D + 10D
15D + 15D
15D + 15D

Re

Width
3D + 3D
5D + 5D
5D + 5D
10D + 10D
10D + 10D
15D + 15D
15D + 15D
10D + 10D

= 200, summarizing the effects of the width of the

St
0.218
0.210
0.204
0.197
0.197
0.193
0.195
0.197

Cjjjrms
0.605
0.564
0.518
0.493
0.494
0.483
0.479
0.484

Cl
0.855
0.800
0.742
0.702
0.704
0.67
0.68
0.69

CD
1.571
1.474
1.409
1.341
1.340
1.296
1.313
1.328

The time histories of the force coefficients for the eighth cases in Table 6.1, are shown in Fig. 6.3.
The effect of varying the width of the computational domain is not large, as can be seen from
both Table 6.1 and Fig. 6.3. Keeping the length of the computational domain constant, it can
be seen from Table 6.1 that increasing the width of the domain leads to decreasing forces acting
on the cylinder. Both the force coefficients (drag and lift) and the Strouhal number decreases
slightly as the width increases. This effect reduces as the width becomes large enough, and as the
width of the domain has reached 20D (10 diameters on each side of the cylinder), further increase
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(a) Grid B (solid) and A (dashed)

(b) Grid J (solid) and N (dashed)

(c) Grid K (solid) and R (dashed)

(d) Grid T (solid) and S (dashed)

Figure 6.3: Effect of varying the width of the computational domain on the drag and lift force coefficients as
functions of time. In 6.3(a) the length in front of the cylinder is 3D and the length behind the cylinder is 10D,
and the width is changed from 6D to 10D. In 6.3(b) the length both in front of and behind the cylinder is 10D,
and the width is changed from 10D to 20D. In both the subfigures 6.3(c) and 6.3(d) the width is changed from
20D to 30D, the difference between them is the length of the grid, which are 20D and SOD respectively.

of the width seems inappropriate. The number of elements in the analyses will increase with the
size of the domain, if the density of the mesh (and thus the accuracy of the computations) is to
be kept constant. Hence, an increased cost in computational time will result if the domain is to
be increased any further. The conclusion is that a width of 20D is appropriate and necessary for
obtaining sufficient accuracy in the simulations.
6.1.2 Variation of the length in front of the cylinder.
The effect of the length of the computational domain in front of the cylinder is studied in some
detail, and the results from six of the cases in this part of the study are summarized in Table 6.2.
From Fig. 6.4, where the effect of the length in front of the cylinder is shown by comparing two
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(d) Grid K (solid) and U (dashed)

Figure 6.4: Effect of varying the length of the computational domain in front of the cylinder on the drag and lift
force coefficients as functions of time. In all the grids C,D,E and F the width of the domain is 10 D (5D+5D) and
the length behind the cylinder is 15D. The length in front of the cylinder is 3D, 5D, 10D and 15D respectively for
the four grids. In 6.4(d) the length in front of the cylinder is varied between 10D and 15D, while the width of the
domain is 20D and the length behind the cylinder is 10D.

and two different grids, it is seen that the magnitude of the forces is not much affected by varying
this distance. Only a very small decrease in the forces is found as the length of the computational
domain in front of the cylinder is increased. Correspondingly, the shedding frequency decreases
slightly as the domain in front of the cylinder increases. However, it seems as if a limit is
reached when the distance between the front boundary and the centre of the cylinder equals
10D. In Fig. 6.4(c), where the results from increasing the length in front of the cylinder from
10D to 15D are shown, there is no difference of practical significance on the time histories of the
force coefficients for this case, hence both the magnitude of the forces and the Strouhal numbers
are almost identical for these two cases.
The variation of the length in front of the cylinder does not lead to large variations in the
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Table 6.2: Results for the flow about a circular cylinder at
of the computational domain in front of the cylinder.

Grid no.
C
D
E
F
K
U

Length
3D + 15D
5D + 15D
10D + 15D
15D + 15D
10D + 10D
15D + 10D

Re

= 200, summarizing the effects of varying the length

Width
5D + 5D
5D + 5D
5D + 5D
5D + 5D
10D + 10D
10D + 10D

St
0.208
0.206
0.203
0.203
0.197
0.196

CL,rms
0.552
0.526
0.515
0.514
0.494
0.487

CL
0.785
0.752
0.735
0.734
0.70
0.69

CD
1.457
1.421
1.398
1.396
1.340
1.328

computed forces. Nevertheless, a small decrease in the force coefficients is observed when this
length is increased. The decrease disappears as the distance between the front boundary and
the cylinder is increased beyond 10D, thus the conclusion is that 10 diameters is a reasonable
length in front of the cylinder.
6.1.3 Variation of the length behind the cylinder.
The length of the computational domain behind the cylinder is assumed to have importance for
the development of the wake in the numerical simulations around the cylinder, and hence for
the forces acting on the cylinder surface. Results from eight of the cases analysed in this part of
the parameter variation are summarized in Table 6.3.
Table 6.3: Results for the flow about a circular cylinder at
of the computational domain behind the cylinder.

Grid no.
A
C
D
H
G
E
K

O

Length
3D + 10D
3D + 15D
5D + 15D
5D + 30D
10D + 10D
10D + 15D
10D + 10D
10D + 30D

Re =

Width
5D + 5D
5D + 5D
5D + 5D
5D + 5D
5D + 5D
5D + 5D
10D + 10D
10D + 10D

200, summarizing the effects of varying the length

St

^L,rms

0.210
0.208
0.206
0.202
0.203
0.203
0.197
0.198

0.564
0.552
0.526
0.535
0.516
0.515
0.494
0.486

CL
0.800
0.785
0.752
0.755
0.737
0.735
0.704
0.690

cD

1.474
1.457
1.421
1.427
1.397
1.398
1.340
1.340

In Fig. 6.5 the results from cases having comparable grids are grouped together. In each subfigure,
two cases with the length behind the cylinder as the only difference, is shown. From the previous
subsections it seems as if a distance of 10D between the cylinder and the boundary of the
computational domain, is a limiting value of the extent of the domain in the other directions.
However, due to the development of the wake, it is assumed that the computational results would
benefit from a longer distance down-stream of the cylinder. In all the cases presented in Fig. 6.5,
the length behind the cylinder is 10D or more. In the grids A, C, D, and H the distance from
the cylinder to the boundary of the domain is less than the limit of 10D both in front of the
cylinder and above/below the cylinder, i.e. smaller than what is found to be sufficient.
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Figure 6.5: Effect of varying the length of the computational domain behind the cylinder on the drag and lift force
coefficients as functions of time. All the grids used in subfigures 6.5(a), 6.5(b), and 6.5(c) have a width of 10D
(5D+5D). In 6.5(a) the length in front of the cylinder is 3D and the length behind the cylinder is varied between
10D and 15D. In 6.5(b) the length in front of the cylinder is 5D and the length behind the cylinder is varied
between 15D and SOD. In 6.5(c) the length in front of the cylinder is 10D and the length behind the cylinder is
varied between 1QD and 15D. In both the grids K and O, the distance between the cylinder and the boundary of
the computational domain is equal to or larger than the limiting value of 10D, in all direction.

Table 6.3 and the Figs. 6.5(a) and 6.5(b) show that a tiny deviation of both the magnitude and
frequency of the force coefficients is found as the length behind the cylinder is increased from
10D to 15D and from 15D to SOD, in these cases. In Fig. 6.5(c), where the width of the domain
is still less than what was found to be sufficient, but where the length in front of the cylinder
is increased to 10D, there are no signs of any deviations as the length behind the cylinder is
increased from 10D to 15D. For the grids K and O, the extent of the computational domain in
all directions exceeds the lOD-limit, hence no evidence for any changes in the computed forces
is found as the length of the domain is increased beyond 10D.
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After examining a relatively large number of element grids, in which the size of the computational
domain varies, the conclusion is to use a quadratic mesh of size 20D x 20D around the circular
cylinder, cfr. grid K.
6.1.4 Variation of element mesh density.
The density of the element mesh is important for the computational results. The effect of
changing the element mesh density is studied in some detail in this subsection. The results from
this part of the study, are summarized in Table 6.4.
Table 6.4: Results for the flow about a circular cylinder at Re = 200, using different density of the element grids.
Two different extents of the computational domain are considered, one where width equals 10D and length equals
20D (grids G, I, and J), the other is a square mesh where the sides are 20D in length, (grids K, L, M, and N). As
is the thickness of the innermost layer of elements.

Grid no.
I
G
J
K
L
M
N

No. of elements
8960
9120
16200
11040
17400
19800
21000

As
0.014 D
0.014 D
0.01 D
0.014 D
0.014 D
0.012 D
0.009 D

St

0.202
0.203
0.204
0.197
0.197
0.197
0.197

CL,rms
0.529
0.516
0.518
0.494
0.495
0.492
0.493

CL
0.745
0.737
0.742
0.704
0.704
0.700
0.702

CD
1.418
1.397
1.409
1.340
1.337
1.337
1.341
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Figure 6.6: Drag and lift force coefficients as function of time, with different element meshes. In 6.6(a) the length
in front of and behind the cylinder is 10D, the width of the computational domain is 10D, and the number of
elements is varied between 8960, 9120 and 16200. In 6.6(b) the length in front of and behind the cylinder is 10D,
the width is 20D, and the number of elements is varied between 11040 and 17400.

The number of elements in grid I, G, and J is 8960, 9120, and 16200 respectively. The most
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critical part of the grid is close to the cylinder surface. In these three grids, the thickness of
the innermost layer of elements is about 1.4 % of the diameter for grid G and I and about 1.0%
of the diameter for grid J. Grid G has a smooth transition from the inner region — where the
element grid is very dense — to the outer region where the grid is more sparse. Both grid I and
J have constant element size in the outer region. The results from these three grids are shown in
Fig. 6.6(a). A small deviation may be found in the results from grid I (solid line) as compared to
the results from the other two grids, which probably is due to the discrete jump in element size
which occurs at the boundary between the inner and the outer region of the domain for grid I.
It seems that by gradually increasing the element size in the outer region, as in grid G, a lower
number of elements can be used.
The grids K, L, M, and N have all the same extent of the computational domain. The difference
between them is the number of elements, which is 11040, 17400, 19800 and 21000 respectively.
The thickness of the innermost layer of elements is about 1.4 % of a diameter for grid K and
L, about 1.2 % for grid M and about 0.9 % for grid N. In Fig. 6.6(b) the effect of varying the
element mesh density is shown for grid K and L. No difference in the resulting forces or shedding
frequency is observed.
Thus it seems likely that using grid K is the obvious choice for our further simulations. This
grid covers a computational domain large enough to satisfy the requirements stated in previous
sections. The analyses using this grid will run faster than grids having more elements.
6.1.5

Variation of the time step

For a given grid, varying the time step will in general affect both the stability and the accuracy
of a given method. In this case, grid K has been used, and the solution algorithm follows
an explicit Euler method with the assistance of a balancing tensor viscosity (BTV) procedure
(Herfjord 1996) to account for the underdiffusivity known to be present in the forward Euler
method. The time step variation in the analysed cases, shows to have very little influence on the
results. By plotting the curves from the five analysed cases, it is seen from Fig. 6.7 that they lie
almost on top of each other and form one slightly broadened curve. Table 6.5 also shows that
a minor increase in both the force coefficients and the shedding frequency (represented by the
Strouhal number) is noticeable as the time step decreases.
Table 6.5: Results in terms of force coefficients and shedding frequency (St) for the flow about a circular cylinder
at Re — 200, using different time steps on grid K. The maximum occurring Courant number in the computations
is also presented.

Time step
0.007
0.005
0.003
0.001
0.0005

St
(-'L,rms
0.195 0.486
0.196 0.490
0.197 0.493
0.197 0.498
0.198 0.500

CL
0.685
0.692
0.698
0.705
0.707

CD
1.343
1.343
1.342
1.342
1.343

Courant no.
« 0.50
% 0.35
« 0.20
« 0.07
% 0.035

In analysing the stability of a method, at least two different approaches exist, the matrix method
and the von Neumann method, (see e.g. Mitchell and Griffiths (1980), or for the present applica
tions Herfjord (1996)). The matrix method, leads to an expression which says that the spectral
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Figure 6.7: Drag and lift force coefficients as function of time, with different time steps.

radius (or the largest eigenvalue) of a matrix C (which is characteristic for the equation to solve
and the method used) needs to be less than or equal to 1.0 in order for the method to be stable.
The von Neumann method or the Fourier approach, is based on a harmonic decomposition of
the error at the grid points at a given time step. Using this approach for the stability of a
convection-diffusion equation in one space dimension, leads to an explicit requirement for the
time step through the element Courant number,
C<

4-= 0.577,

forPeCl.O
forfe»1.0

^

where C — uAt/Ax, u is the velocity, At is the time step, and A* is the length of the element
in question. The Peclet number, Pe = uAx/u, gives information about the relative importance
between convection and diffusion. Small values of Pe means that the flow is diffusion dominated,
whereas large Pe values means that the flow is convection dominated. Because the detailed
stability analysis of the Navier-Stokes equation in 2-D or 3-D is not yet tractable (Gresho et al.
1984), the requirement found for the one-dimensional convection-diffusion equation is applied,
sometimes together with trial an error.
As a conclusion from the study of time step variation, we can state that the other parameters
(such as the size of domain and elements) in a way determined the allowable time step. Thus
the effect of changing the time step was more to make the solution converge, than to increase
the accuracy.

6.2 Parameter variation with a Vortex-in-Cell Method (VIC)
In this section a parameter variation of the simulated flow around a circular cylinder at Re = 200
is performed with a Vortex-in-Cell method (VIC). The Vortex-in-Cell approach is implemented in
a computer program by Scolan, (Sedan (1991), and Sedan and Faltinsen,(1993,1994)). First the
importance of the two different force calculation methods used in the Vortex-in-Cell computations
is discussed. Subsequently the effect of the time step, grid size, vortex generation and coalescence
of vortices far away from the cylinder are considered in some detail.
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Force calculation algorithms

Two different ways of calculating the fluid forces acting on the cylinder surface are implemented
in the VIC program. These two are
1. direct integration of the Cauchy Stress Tensor
2. alternative method using the scalar product in the Hilbert space1 L2(Q) .
The first method, the direct integration, performs a numerical integration over the cylinder
surface of the pressure acting in a direction normal to the cylinder surface and the viscous
friction acting in a tangential direction to the cylinder surface.

(6.2)

where n and t are the normal and tangential unit vectors, respectively. The integration is
performed over the cylinder surface, B.
The second method was first presented by Quartapelle and Napolitano (1983) and the funda
mental idea is to multiply the Navier-Stokes equations by a well chosen test function (Vr?) and
to integrate this product over the computational domain,

£2

Ja

Then the volume integral of the pressure term in Eq. (6.3) is transformed into a surface integral
over the cylinder surface and the outer surface of the computational domain. By choosing a
proper test function, the contribution from the surface integral on the outer boundary vanishes,
hence the remaining parts of Eq. (6.3) forms the contribution of the integration of the pressure
over the cylinder surface. In this way, it is possible to predict the forces acting on a cylinder
without actually knowing the pressure. In the present application, the velocity is substituted by
the generated vorticity in the computational domain, thus it is important that fi is large enough
to include all the vorticity generated at the time of the force calculation.
The integration of the pressure acting on the cylinder surface, has a lot more noise connected to
its results than have the alternative method. The pressure is expressed in terms of the circulation
of the vortices, or actually the derivative of the circulation. The Lagrangian representation of
the vorticity field is by nature very noisy. There are two reasons for this. The point vortices are
singular at their centres and may cause irregularities when individual vortices come too close.
In addition a random walk is given to the position of each of the vortices, which intuitively may
bring vortices together. The gradient of the vorticity close to the wall will consequently behave
very noisy. The large amount of noise will affect the accuracy of the evaluation of the forces.
On the other hand, these results are independent of the resolution of the computational field far
away from the cylinder.
The second method uses information from all over the computational domain, this means the
results are much smoother but also that the results are dependent upon the size of the cells
at large distances from the cylinder. In practice this method performs a summation of the
this space contains the functions whose square is integrable over the whole computational domain ft.
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Figure 6.8: Lift force coefficient time histories for
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Re

= 200, the different performance of the two force calculation

procedures is demonstrated. For these results the time step is At = 0.05, the grid size used is 128 x 200, 3 vortices
are generated each time step, and no coalescence of vortices is performed.

circulation of every single point vortex in the computational domain to establish the forces
acting on the body.
These two methods are described in detail by Scolan (1991). In Fig. 6.8 the different performances
of the two force calculation procedures are shown. The mean drag and rms lift force coefficients
for the base case are shown in Table 6.6. In general the first method predicts slightly larger
forces than the alternative method. A closer examination of the force signals reveals that the
significantly larger standard deviations from the first method of both lift and drag force signals,
must be devoted to the inherent randomness of the force prediction. Furthermore the first
method predicts a mean value of the lift force significantly different from zero.
Table 6.6: Results for the flow about a circular cylinder at Re = 200, demonstration of the different force calculation
algorithms.

Force calculation algorithm
Direct integration of the Cauchy tensor
Alternative force calculation

6.2.2

CD

CD,rms

Cl

1.292
1.269

0.104
0.045

0.108
0.004

0.493
0.470

Variation of the time step

The following time steps have been considered, At = 0.05, 0.025, 0.01 and 0.005. The results
from the simulations with these time steps, are included in Table 6.7. For the first two time
steps, the analyses are performed without coalescence of vorticity, for the two smallest time
steps however, the simulations reached the maximum of number of vortices in the program and
a coalescence of the vorticity was performed to overcome this, (cfr. Section 6.2.4). For all cases,
the response parameters in Table 6.7 are calculated after the simulations have reached a steady
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state. To be specific, the mean values of the drag coefficient and the rms values of the lift
coefficient are calculated based on t > 60.
Table 6.7: Results for the flow about a circular cylinder at Re = 200, using different time steps. The results are
obtained using only the ‘stationary’ part of the simulated time series, i.e. 60 < t < 200

Time Step
At = 0.05
At = 0.025
At = 0.01
At = 0.005

St
0.195
0.195
0.195
0.195

Cl-,rms
0.470
0.467
0.472
0.488

Cl
0.665
0.660
0.667
0.690

CD
1.269
1.260
1.246
1.248

In Fig. 6.9 the time series of lift and drag force coefficients are shown for both the force calcula
tion algorithms. What appears clearly from the results applying the Cauchy tensor integration
method is that decreasing the time step, leads to more noisy force coefficient time series. This is
due to the randomness of the random walk method as discussed previously. For the remaining
results from the VIC method, the alternative force prediction method using the scalar product
in Z2(fZ), is applied due to its smoother appearance.
The power spectra for the three cases, reveals that decreasing the time step means increasing
the peak of the spectra, as expected. Looking at the response parameters (mean drag, rms
lift and the St number) in Table 6.7 it is clear that both the Strouhal number and the force
coefficients are relatively constant over the time step variation. The drag force coefficient, shows
a tendency towards decreasing with the time step, whereas the lift force coefficient shows first a
small decrease, but then it increases again for the two shortest time steps. This is probably an
effect of the coalescence performed with these two cases. However, due to the increased noise at
small time steps, this can introduce inaccuracies in the rms estimates as well.
Thus, the conclusion from varying the time step is that too small time steps should be avoided
for two reasons
1. The number of vortices in the domain may become too large, which increases the compu
tation time and may require coalescence of vortices far from the cylinder. Combined with
the alternative force prediction, this may introduce inaccuracies.
2. The noise in the force signals increase as the time step decreases, which may destroy the
rms estimation.
For the remaining of the results from the VIC computations, a time step of At = 0.05 is used.
6.2.3 Variation of grid size
Simulations have been performed with a grid having 128 nodes in the circumferential direction,
and 200 nodes in the radial direction, (128 x 200). This is the ‘basic’ grid used in most of the
later computations. However, to check the influence of grid size, six other grid sizes have been
tested: 128 x 128, 128 x 85, 64 x 128, 64 x 85, 64 x 64 and 32 x 64. The results in terms of
Strouhal number, and lift force coefficients are shown in Table 6.8.
The Strouhal number seems to be remarkable stable for the different grids, only for the 128 X 85
and the 32 X 64 cases did the St values deviate from earlier results. The force coefficient values,
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Figure 6.9: Force coefficient time histories for both force calculation algorithms, and for two different timesteps,
(At = 0.05 and At = 0.01), Re 200

on the other hand seem to more affected. This is consistent with what Lecointe and Piquet
(1985) found, using a FDM method with a similar domain discretization as in the present use
of the VIC method. They stated that the force coefficients were more influenced by the grid
resolution than the shedding frequencies were. Comparing the present results with the variation
Lecointe and Piquet had in their computations, an interesting difference occurs. While Lecointe
and Piquet found a decrease in their shedding frequency as the grid size decreased, the present
results indicate an opposite effect.
In a more recent work, Meneghini (1993) supports the results found by Lecointe and Piquet, as
he also reports a decrease in shedding frequency as the grid size is decreased. In the present
results, however, the Strouhal number decreases as the grid size increases. This discrepancy is
not clear, it may be due to differences in calculating the Strouhal number. Lecointe and Piquet
seem to base their Strouhal calculations upon the drag force coefficient time series. In the present
computations, the Strouhal number is found from the time history of the lift force coefficient,
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Table 6.8: Results for the flow about a circular cylinder at Re = 200, at different grid sizes. The response
parameters are found using the stationary part of the time series, i.e. 60 < t < 200

Grid size
128 x 200
128 x 128
128 X 85
64 x 128
64 X 85
64 X 64
32 X 64

St
0.195
0.195
0.190
0.195
0.195
0.195
0.186

£L,rms
0.470
0.504
0.523
0.475
0.472
0.511
0.411

CL
0.665
0.713
0.739
0.671
0.667
0.722
0.581

CD
1.269
1.294
1.305
1.262
1.269
1.306
1.228

due to a rather ragged and unreliable drag force signal.
Meneghini’s work include also an analysis of the force coefficients for all the grid sizes. He found
an increase in the force coefficients as the grid size decreased from 64 x 85 to 128 x 170, this effect
is not as clear in our results as it seems to be from the work of Meneghini. Considering grid sizes
comparable to his analysis, an increase in the number of nodes from 64 x 85 to 128 x 128 leads
to an increase in the force coefficients, even though it is not as large as from Meneghini’s work.
However, increasing the number of nodes further to 128 x 200 (as compared to Meneghini’s 128 x
170) leads to a small decrease in the force coefficients, contrary to what Meneghini found. From
our results one can identify a pattern in which the form of the cells will be the decisive factor
for the accuracy of the results. The three cases with 128 nodes in the circumferential direction
show that decreasing the number of radial nodes, leads to higher force coefficient predictions,
and for the coarsest mesh a lower Strouhal number. For the 128 x 85 case, the force coefficient
spectrum showed a broader peak and the mean value from the spectrum is somewhat lower than
for the two other cases. Using 64 nodes in the circumferential direction, it is once more shown
that the force coefficients seem to increase with the mesh size. Now, however, 85 nodes in the
radial direction does not indicate any overprediction of the force coefficients as compared to the
finest mesh. Thus, the form of the cells seem to be more important than the number of nodes.
The 32 x 64 grid, which underpredicted the St number also underpredicts the force coefficients.
As mentioned in the beginning of this subsection, the grid size used for the later calculations is
the 128 x 200 grid. The results from the 64 x 128 case or the 64 x 85 case both show results
close to the 128 x 200 case, hence these grids could have been chosen for the later applications.
However, the CPU time is not so much dependent upon the number of nodes as the number of
vortices, hence the extra CPU consumption required with the 128 X 200 grid case is acceptable.
6.2.4 Variation of vortex generation
Vorticity generation is controlled in two different ways, either by specifying a constant number
of the generated vortices per segment or by specifying the maximum circulation a vortex may
have. The number of vortices generated at each time step will then be determined by the total
amount of circulation needed to satisfy the no-slip condition on the body surface. The effect of
these two vortex-generation control methods have been checked to some extent, and the results
are gathered in Table 6.9. The difference between generating three or five vortices at each node
every time step is found to be very small.
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Table 6.9: Results for the flow about a circular cylinder at Re = 200, at different vortex generation parameters.
Nv is the number of vortices generated at each time step and at each node, GmaI is the maximum circulation
of one vortex. The results are found using only the ‘stationary’ part of the simulated time series, this means for
60 < t < 200.

Vortex generation method
Nv = 3
Nv — 5
Gmax = 0.005
Gmax — 0.002
Gmax = 0.001
Gmax — 0.0005

St

£L,rms

Cl

CD

0.195
0.195
0.195
0.195
0.195
0.195

0.470
0.486
0.478
0.476
0.482
0.473

0.665
0.687
0.676
0.673
0.682
0.669

1.269
1.269
1.278
1.275
1.277
1.271

In the four cases where a maximum circulation is defined, the drag coefficient seems to be
overestimated as compared to the the drag coefficient from the the two cases where the number
of generated vortices is fixed. Decreasing the maximum circulation allowed at each time step, the
drag coefficient seems to approach the values from the first two cases. However, decreasing the
amount of circulation a vortex can have, means that the total number of vortices will increase.
This in turn opens for the possibility of reaching the limits of the computer program. For the
two cases with lowest maximum circulation, the number of generated vortices had grown to a
too large number before the simulation was completed. Thus the coalescence of vorticity was
activated in these two cases, and the results in Table 6.9 reflects this. The coalescence is applied
to the vortices which have reached a distance of 10 radii from the cylinder, and is performed
with 10 nodes at every 10th time step.
For the lift force coefficient the trend is similar. However, for the case Nv — 5, the lift coefficient
is somewhat larger than the general trend seem to be. The reason for this is not clear, but it
may be due to the randomness of the lift force amplitude signal. If the time record had been
sufficiently long, one might have seen that the differences vanished. This was not investigated
further. A side effect of the coalescence is that it generates a peak at every time step where the
coalescence is performed, which may affect the overall results to some extent. For the case where
Gmax is 0.001, both the lift and the drag coefficient have increased slightly, a deviation from the
general trend which indicates a gradual decrease of the forces as the maximum circulation per
vortex is reduced. This may be due to the mentioned side effect of the coalescence.
As the vortices are convected away from the cylinder, their effect on the fluid flow close to the
cylinder and consequently on the fluid forces acting on the surface becomes more and more
negligible. Therefore, the program opens for lumping together vortices at a given distance from
the cylinder. This process, which is called coalescence of vortices, is controlled by the following
parameters;
1. Radius of coalescence, or the distance from the cylinder the vortices should have convected
before merging several vortices into one.
2. Number of radial nodes defining the coalescence annulus.
3. Number of time steps between each occurrence of the coalescence.
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In Table 6.10, results from varying these parameters are presented to show the effect of coa
lescence of vortices. For the present case, the radius of coalescence is shown to be the most
important one, and have been varied between the following values: 50, 20, 10, 5 and 3 R (where
R is the radius of the cylinder). Table 6.10 shows that the variation of the response parameters
is not large. In fact, varying the length of the time record included for estimating of the response
parameters, will generate deviations of the same order as the variations due to the coalescence
parameters.
Table 6.10: Results for the flow about a circular cylinder at Re = 200, at different values of the coalescence
parameters. Rcoa is the radius at which coalescence begins, M-.coa is the number of radial nodes defining the
coalescence annulus and

Ndt,coa

is the number of time steps between each time the coalescence is performed.

Coalescence parameters
Rcoa

50
50
20
20
10
10
5
5
5
3

Nr,coa

Ndt,coa

No coalescence
10
10
5
10
10
10
10
20
10
10
5
5
10
10
10
5
10
20
10
10

S't

0.195
0.195
0.195
0.195
0.195
0.195
0.195
0.195
0.195
0.195
0.195

CL,rms
0.470
0.484
0.494
0.483
0.475
0.486
0.479
0.473
0.472
0.486
0.477

Cl

CD

0.665
0.684
0.699
0.683
0.672
0.687
0.677
0.669
0.668
0.687
0.675

1.269
1.274
1.283
1.273
1.267
1.274
1.277
1.268
1.274
1.277
1.273

The above discussion about generating vortices shows that only small deviations occur as the
different parameters are varied. For the rest of the computations with the VIC approach a
constant number of vortices is generated each time step, (Nv = 3), and the coalescence process
is avoided.

6.3 Validation of computational results
In this section the results from the present numerical simulations of viscous flow around a fixed
circular cylinder are compared with other numerical and experimental results found in the liter
ature. First we compare the computing time required using the two different implementations of
the FEM approach and the VIC approach discussed in the two preceding sections. Subsequently
we present the results found at Re — 200, this is found to be the highest Re number where
two-dimensional flow conditions of the wake can be obtained (Williamson 1991).
In Table 6.11 the computational time required for three different simulation lengths are found
for both computer-codes. The FEM approach needs a shorter time step in order to converge,
than the VIC approach does. In this comparison the time step is 0.005 in the FEM computations
and 0.05 in the VIC computations. This is not optimized time steps for any of the two cases
considered, but it should reflect the relative difference in time step requirement. When using a
time step of one order of magnitude larger in the VIC approach, one should believe that the VIC
approach would benefit from this when the total computation time is considered. As shown in
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Table 6.11: CPU-time required for the FEM and the VIC approach used in the present work

Length of time-simulation
10s
50s
150s

FEM, At = 0.005
18 min.
lh 28 min.
4h 21 min.

VIC, At = 0.05
15 min.
lh 44 min.
9h 16 min.

Table 6.11 this is not the case. For the short simulation length of 10 sec. the VIC approach do
spend less computing time than the FEM, but only marginally, and this short simulation length
is actually far too short for a practical purpose as the transients by no means have vanished.
For the 50 sec. case the FEM approach has shown better than the VIC method even though the
difference is not striking. For the 150 sec. simulations however, the difference in computation
time, has grown to a very significant amount. The VIC method needs more than twice the time
of the FEM approach. This is due to the generation of vortices in the VIC method. In the FEM
approach the time required for each time step is constant, resulting in a total computing time
growing linearly with the simulation length. The VIC method, on the other hand, generates
at each time step new vortices that needs to be followed, resulting in an almost exponentially
growing total computing time.
Table 6.12: Results for the flow about a circular cylinder at

Be =

program and the VIC computer program. The results in terms of
other computational results as well as experimental results.

Present FEM calc.
Present VIC calc.
Other numerical results
Herfjord (1995)
Meneghini (1993)
Blackburn and Karniadakis (1993)
Karniadakis and Triantafyllou (1989)
Lecointe and Piquet (1989)
Lecointe, Piquet, and Plantec (1987)
Lecointe and Piquet (1985)
Braza, Chassaing, and Minh (1986)
Experiments
Williamson (1989)
Norberg (1993) 0

200, obtained with both the FEM computer
St, Ci.rma,

Cl, and

Cd

are compared with

St
0.197
0.195

£L,rm$
0.49
0.47

CL
0.70
0.66

CD
1.34
1.26

0.195
0.200
0.205
0.195
0.2
0.190
0.20

0.570

0.806

1.395

0.424

0.60
0.55
0.74
0.750

1.29
1.27
1.32
1.38

0.389
0.523
0.53

0.197
1.30

“The results of Norberg is found in Meneghini (1993)

In Table 6.12 results from the present calculation with both the FEM and the VIC method
are found, together with some other existing numerical and experimental results. These results
show that the Strouhal number is predicted with a reasonable agreement (about 6 % difference
between highest and lowest prediction). A Strouhal number of approximately 0.195, seem to be
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the best estimate for Re =200. This is what is found using the St — Re relation established
by Williamson (1989) based on experimental results, and this is what most of the numerical
results seem to agree on. Both the FEM and the VIC approach used in the present work
managed to predict this rather accurately. In Table 6.12 Karniadakis and Triantafyllou (1989)
had the results with largest discrepancy from the suggested value of 0.195. This is discussed in
Karniadakis and Triantafyllou (1992) and they found that by playing around with different sizes
of the computational domain, they could improve their numerical results significantly. For Re =
100, they found that by increasing the computational domain they decreased their St value by
approximately 6 percent, which is consistent with experimental results at this Re number. This
indicates that their corrected value at Re = 200, is more like 0.192, thus the spread between the
predicted St values is even less than 6 %. A slightly larger spread (about 9 % ) appear for the
drag coefficient, while the rms values of the lift coefficients varies by as much as 25 % . Lecointe
and Piquet (1985) pointed out that the prediction of the force coefficients was more influenced
by the grid resolution than was the shedding frequency. This can be an explanation to why
the differences appear to be larger for the force prediction than for the frequency at which the
vortices are shed. The mean value of the drag coefficient from the numerical results is around
1.32, and compared to the experimental results of the drag force coefficient, 1.30, this is a good
estimate. The amplitude of the lift coefficient is found to be approximately 0.69, unfortunately
we are in lack of experimental results for Cl at this Re number.
To investigate the effect of Re number variations, a number of numerical calculations have been
performed over the range 5 < Re < 1200 with the FEM approach, and over the range 2 < Re <
12000 with the VIC approach. Time histories of lift and drag force coefficients from some of
these simulations are presented in Figs. 6.10 and 6.11. The corresponding frequency content of
the lift force coefficients are shown in Figs. 6.12 and 6.13.
First of all, note the markedly different behaviour between the results from the FEM simulations
and the VIC simulations. The results from the FEM calculations are smooth and stable as
soon as the transients disappear, (expect for the higher Reynolds numbers, where the laminar
assumption taken in the computer code fails), whereas the results from the VIC calculations
have a lot more noisy performance even for the very low Re. Furthermore, the amplitude of the
oscillating lift force is not as constant for the VIC calculations as it is for the FEM calculations.
The reason for this is as discussed previously, related to the random walk concept applied in the
actual VIC approach. In comparing the results from the two approaches, the rms values of the
oscillating lift force is found. In cases where the lift force amplitudes are presented for results
applying the VIC approach, these amplitudes are found based on the rms values and using the
conversion between rms values and amplitude values valid for harmonic oscillations.

=

(6.4)

Based on the results from the FEM calculations, the first steady state oscillations seem to occur
at a Re number between 40 and 50. This is in accordance with experimental work by Coutanceau
and Defaye (1991). Due to the randomness of the VIC method, the rms value for the lift force
coefficients will never become equal to zero. Even for very low Re, where no oscillating lift force
occurs, a non-zero value appears. Hence it is difficult to decide exactly at what Re number
the oscillating lift force starts in the VIC results. However, the results for Re = 50, indicates
an oscillating lift force component distinct from the noisy oscillations which are always present.
This component is supported by the lift force coefficient spectrum in 6.13(a). As Re increases,
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Figure 6.10: Force coefficient time histories for different Reynolds numbers. The numerical calculations are
performed with the Finite Element Method code and the computational grid was a 20D x 20D mesh with 11040
elements, At = 0.005
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Figure 6.11: Force coefficient time histories for different Reynolds numbers. The numerical calculations are
performed with the Vortex-in-Cell code and with a 128 x 200 mesh, At = 0.05
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Figure 6.12: Power spectra of the lift force coefficient for different Reynolds numbers. The numerical calculations
are performed with the Finite Element Method code and with a 20D x 20D mesh with 11040 elements, At =
0.005
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Figure 6.13: Power spectra of the lift force coefficient for different Reynolds numbers. The numerical calculations
are performed with the Vortex-in-Cell code and with a 128 x 200 mesh, At = 0.05
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the ift force coefficient amplitude increases correspondingly, and at Re % 80 the oscillating
component of the drag force coefficient from the FEM calculations becomes visible. Again the
noisy time series of the force coefficient from the VIC calculations makes it difficult to pinpoint
the Re number where the oscillating drag begins in these results. From plots of the power
spectrum for the drag force coefficient it was possible to identify peaks at 2 ■ fs for Re > 160.
However, the oscillating drag component is very sensitive to the numerical noise present in the
VIC computations, hence the peaks are not very distinct. Fig. 6.11(c) shows that the oscillating
drag is present for a Re of 200. At Re = 800 instabilities starts to develop in the time-series of
the lift and drag force coefficients from the FEM calculations. For Re > 1200 these instabilities
have grown to a significant level, and the results from the laminar FEM code used in this work
rapidly becomes questionable. The results from the VIC calculations show signs of unsteadiness
for all Re numbers, as discussed above. However, as the Re number increases beyond 1200, the
unsteadiness becomes more and more unrealistic, and we do not find comfort in trusting the
results from the VIC calculations at these Reynolds numbers any more than the results from the
FEM calculations.
The vortex shedding frequencies represented by the Strouhal number found in the numerical
simulations are presented in Fig. 6.14 as a function of the varying Re number. Note that the
diameter used in the FEM computations is 1.0, whereas in the VIC computations the diameter is
2.0. Hence, the vortex shedding frequency differ in the results from the two computer programs
as shown in Figs. 6.12 and 6.13, even if the Strouhal numbers correspond. The variation of the
mean value of the drag force coefficient and the amplitude of the oscillating lift force coefficient
with the Re number is also presented in the figure. Fig. 6.14 shows that the prediction of the
Strouhal number with the two approaches starts to deviate somewhat at a Re number of 500.
The laminar assumption is no longer valid for these Re numbers, and thus the numerical results
are questionable in both cases. Results from experiments in the subcritical range of the Re
numbers (below 1.5 — 2.0 x 105) show that a relatively constant value for the Strouhal number is
found, St Rd 0.2. (See e.g. Schewe (1983)). This number is almost identical to the value found at
Re = 200, which raises the question: Can we use the results found from numerical simulations
in the laminar regime in more practical design applications?
This question will be returned to in later chapters, now we consider the force coefficients predicted
with the laminar codes used in the simulations. Fig. 6.14(b) shows that the overall behaviour of
the force coefficients with varying Re number is very similar for the two approaches. However,
some deviations are found; the drag force coefficient predicted by the VIC code is in general lower
than the results from the FEM code for Re below 400, the lift coefficient on the other hand is
overpredicted by the VIC method as compared to the FEM approach for Re number larger than
400, except for Re = 1200, where a very high lift coefficient amplitude is found with the FEM
code. Compared with the subcritical force coefficients found by Schewe (1983) the numerical
predicted values are generally too high. The drag coefficient in the experiments of Schewe is for
the subcritical range about 1.1-1.3, whereas the rms value of the oscillating lift coefficient was
found to be approximately 0.3-0.4. Using the conversion between rms values and amplitudes
valid for harmonic oscillations, a corresponding range for the amplitude of the oscillating lift
coefficient is found at about 0.4-0.55. The drag force coefficient shown in Fig. 6.14(b) is about
1.4 for Re « 400. For Re values below 400, the drag coefficient is lower, and thus not far from the
coefficients found in the experiments of Schewe. The lift coefficient predicted by the numerical
simulations is even higher compared to the experimental values. For Re above 200 the amplitude
of the oscillating lift coefficient is 0.6 and larger. For 100 < Re < 200 the amplitude of the lift
coefficient is similar to the amplitude found from experiments in the subcritical regime.
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Figure 6.14: Reynolds number dependence of both the Strohal number St = fsD/U, and the force coefficients.
The numerical calculations are performed both with the Vortex-in-Cell code applying a 128 x 200 mesh, At =
0.05 and with the FEM code applying a 20D x 20D sized domain with 11040 elements.

A more detailed investigation of the Reynolds number dependence can be found on Fig. 6.15, here
the Re range from 40-220 is enlarged. Experimental results found by Williamson (1989), and
numerical results by Karniadakis and Triantafyllou (1989) and Meneghini (1993) are included
for the Strouhal number. Note that the relatively high values of Strouhal numbers found by
Karniadakis and Triantafyllou (1989) have been discussed by the authors in a later paper (Kar
niadakis and Triantafyllou 1992), where they explain the deviations from experimental values
with the computational domain used in the analysis. Using a larger domain in the 1992-paper
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Figure 6.15: Reynolds number dependence of both the Strohal number St = fsD/U, and the force coefficients.
The numerical calculations are performed both with the Vortex-in-Cell code applying a 128 x 200 mesh, At =
0.05 and with the FEM code applying a 20D x 20D sized domain with 11040 elements.
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they found that the first effort overpredicted the shedding frequency, by 6 percent for Re = 100.
The other numerical results compare well with the experimental results of Williamson (1989)
over the Re number range in question.
Looking at the details of the enlarged range, there seem to be a discontinuity in the VIC results
at Re number 150, a small drop in St number, and corresponding small changes in the lift and
the drag coefficients as well. The reason for this small discontinuity is not known. However, it
may be due to a limited number of cycles of the vortex shedding. Approximately 15 cycles are
simulated, and the amplitudes of the oscillating lift force are varying somewhat from cycle to
cycle (see Fig. 6.11(c)), thus the prediction of the lift force coefficient amplitude as well as the
frequency of the oscillating lift force, may have random variations in different cases. For the Re
below 60, the lift coefficient of the VIC computations are higher than for the FEM computations.
This is explained above, and is due to the more noisy behaviour of the time series of the force
coefficients from the VIC simulations. As the time series from the VIC calculations shows a rapid
fluctuation around the mean value of the calculations, there will always be a non-zero value for
the lift coefficient at the low Re number where this mean value is zero.
Both Williamson (1988) and Hammache and Gharib (1989) have established relationships for
the Strouhal-Reynolds number behaviour based on experimental results. The expressions are
presented in Eqs. (6.5) and (6.6), respectively.
St =

+ 0.1816+ 1.600 • 10~4.Re

St = 0.212-^

(6.5)

(6.6)

In an early set of experiments Roshko derived in 1953 the following expression for the StrouhalReynolds number relationship.
St = 0.212(1 - %

(6.7)

This expression is found in Anagnostopoulos and Bearman (1992). All three expressions are
included in Fig. 6.16, together with the numerical results from the present calculations. Again,
the Strouhal numbers are quite accurately predicted by the numerical simulations.
As a conclusion to the Re number variation,
• Overall comparison between FEM results and VIC results appears to be good for the
Reynolds number between 60 and 4-500.
• For low Re (below 60) the VIC results are questionable.
• For high Re the theoretical foundation fails for both programs, (i.e. the laminar NavierStokes equations are no longer valid). 2
^Although it has been mentioned e.g. by Stansby and Dixon (1983) that the VIC approach is suited for high
Reynolds numbers, this occurs to be in conflict with its foundation.
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Figure 6.16: Strouhal number (St = f„D/U) variation as function of the Reynolds number (Re = UD/v). The VIC
calculations are performed applying a 128 x 200 mesh and with At = 0.05, the FEM calculations are performed
applying a 20D x 20D sized domain with 11040 elements and with At = 0.005. The fitted Strouhal-Reynolds
number relationships are found in Hammache and Gharib (1989),Williamson (1988) and Anagnostopoulos and
Bearman (1992).

This means that for high Reynolds number, the laminar Navier-Stokes equations are not suitable
for representing the flow around a cylinder. To overcome this, it is necessary to account for
the turbulent part of the velocity as mentioned in Chapter 4. There exists a large number of
turbulence models (see e.g. White (1991)) which can be considered as an extension to the present
laminar codes. However, that is another story.
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6.4 Effect of wall proximity
Numerical simulations are performed with the FEM computer program for the case of a cylinder
close to a wall. At present the limitations of the computer program makes it necessary to
perform the simulations with a cylinder at a fixed distance from the wall, see Fig. 6.17. For each
of the gap to diameter ratios on this study, a new finite element mesh had to be generated in
advance. In this section, results from a number of gap-to-diameter ratios (gjD), are shown. In
the first examples the incoming velocity is uniform over the computational domain, in the later
examples, a boundary profile is assumed and the effect of a shear profile on the vortex shedding
is investigated.

u

Figure 6.17: A cross-section of a cylinder dose to a wall boundary, g is the gap between the cylinder and the wall,
D is the diameter of the cylinder, and U is the velocity of the incoming flow.

Figure 6.18: The element mesh for the case where g/D = 1.0.
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Uniform velocity profile

The computational domains used for the numerical simulations in the present section, are based
on the previous domains established for the cylinder without the wall boundary. The simula
tions were performed with varying distance between the cylinder and the plane wall. In total
nine different gap-to-diameter ratios (g/D) were analysed, each of which required an individual
element mesh. In Table 6.13 the number of elements and the size of the computational domain
for each of these cases are included. New meshes were generated by moving the wall closer to
the cylinder for each new case. A relatively large number of elements was used for all cases,
especially the area between the cylinder and the plane wall needed a finer mesh, but also all
along the wall boundary a finer mesh was used. This was necessary as the velocities near the wall
have a relatively large gradient. The three cases with smallest gap, was furthermore extended
behind the cylinder in order to make the solution converge.
Table 6.13: Number of elements and size of computational domain for the nine different element grids used in the
simulations for the cylinder close to a wall. The size of the computational domain is given as (width of domain)
x (length of domain)

Gap ratio
g/D=3
g/D=2
g/D=1
g/D=0.8
5/5=0.6
g/D=0.5
g/D—0.4
g/D=0.3
5/5=0.25

No. of elements
21600
19600
17600
17600
17800
17800
21400
21400
21400

Size of computational domain
(3.5D+10D) x (10D+10D)
(2.5D+10D) X (10D+10D)
(1.5D+10D) x (10D+10D)
(1.3D+10D) x (10D+10D)
(1.1D+10D) x (10D+10D)
(1D+10D) x (10D+10D)
(0.9D+10D) x (10D+20D)
(0.8D+10D) x (10D+20D)
(0.75D+10D) x (10D+20D)

Table 6.14 contains a summary of the results from the simulations. Simulations were performed
with nine different gap-to-diameter ratios, and with a time step of At = 0.001.
Table 6.14: Results for the flow about a circular cylinder close to a wall at
gap-to-diameter ratios, g/D. The simulations were performed with At = 0.001.

gap-to-diameter ratio
g/D = 3.0
g/D = 2.0
g/D = 1.0
O
O

II

O

O)

Q

g/D =
g/D =
g/D =
g/D g/D =

0.6
0.5
0.4
0.3
0.25

St
0.207
0.208
0.216
0.207
0.196
0.184
0.177
0.0
0.0

Cl

0.80
0.79
0.751
0.562
0.327
0.216
0.029
0.0
0.0

CL
0.04
0.048
0.067
0.042
0.010
0.011
0.036
0.09
0.14

Re

= 200, for nine different

CD
1.46
1.45
1.48
1.34
1.17
1.07
0.93
0.86
0.82
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Figure 6.19: Time history of lift and drag force coefficients for two different gap ratios.

The results show that the lift stops oscillating as vortex shedding is suppressed around g/D =
0.3. This is also confirmed in Fig. 6.19 where the time history of the lift and drag force coefficients
are found for the two gap ratios, g/D = 1.0, and 0.3. Decreasing the gap ratio further leads to
an increase of the steady lift force away from the plane boundary. For the smallest gap ratio
analysed, g/D = 0.25, a steady lift coefficient of 0.14 is found. This means that the steady
lift force acting on the cylinder in the direction away from the plane wall, does not become
important before the regular shedding of vortices has vanished (at g/D < 0.3). This observation
is supported by several experimental results, e.g. by Bearman and Zdravkovich (1978) who have
performed experiments with a fixed cylinder close to a plane wall at a Reynolds numbers of
2.5 x 104 and 4.8 x 104.

6.4.2

Effect of sheared velocity profile

Due to friction forces the current velocity at the sea bed obviously will approach zero. In
the bottom boundary layer the velocity gradient will be rather large and presumingly become
important for the forces acting on a circular cylinder placed in the bottom boundary layer. In
this section the effect of simulating a more realistic current velocity profile for the pipe close to
the sea bed is considered. Before we proceed, note that for the previous case, where the inlet
flow at left boundary of the computational domain is uniform, the boundary condition at the
wall requires zero velocity and thus a velocity gradient will be present also for this case. In the
uniform case, however, the gradient is confined to a smaller region, and will thus not affect the
forces on the cylinder to the same extent as in the case with a sheared boundary velocity profile
at the inlet of the computational domain.
The current velocity profile used to describe the incoming flow characteristics is a common
logarithmic profile
U(z) = 2.5 1/C’ioo Uioo In

<

(6.8)

where Cioo is the drag coefficient for the seabed at a distance 1 m from the bottom, Z7ioo is the
flow velocity at the same location, z0 is the roughness length of the bottom type and z is the
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distance from the seabed. In Table 6.15 values for Cioo and
types (Soulsby 1983).

zq

are found for various bottom

Table 6.15: Typical values of the roughness length zo and the drag coefficient Cioo for various bottom types. The
values in the table have been extracted from a table in Soulsby (1983).

Bottom type
Mud
Mud/sand
Silt/sand
Sand (unrippled)
Sand (rippled)
Sand/shell
Sand/gravel
Mud/sand/gravel
Gravel

zo (cm)
0.02
0.07
0.005
0.04
0.6
0.03
0.03
0.03
0.3

Cioo
0.0022
0.0030
0.0016
0.0026
0.0061
0.0024
0.0024
0.0024
0.0047

To define the velocity profile for use in the present simulations the values valid for a combination
of sand and gravel are used, i.e. zq = 0.03 cm and Cioo = 0.0024. The current velocities were
tuned in order to have velocities comparable to the uniform current case. However, the same
velocity profile is used for all gap-to-diameter cases, hence the velocity at the centre of the
cylinder varied somewhat between the analysed cases. The Re numbers based on the velocity at
the position of the centre of the cylinder can be found in Table 6.16 together with a summary
of the results from these analyses.
Table 6.16: Results for the flow about a circular cylinder close to a wall with a sheared current velocity profile.
The simulations are performed with the cylinder placed at different distances from the bottom, hence the
number will be varying.

Time Step
g/D — 3
g/D = 2
g/D = 1
g/D — 0.8
g/D = 0.6
g/D = 0.5

Re
206
199
188
185
181
179

St
0.206
0.204
0.209
0.203
0.194
0.183

Cl
0.84
0.74
0.54
0.376
0.209
0.107

CL
0.01
0.005
0.005
-0.009
-0.014
0.0

Re

CD
1.52
1.38
1.22
1.09
0.94
0.85

Fig. 6.20(a) shows the variation of St as the gap-to-diameter ratio is varied. Results from two
different time steps are included in the figure. The most important observation to be made from
this plot is the rather sharp discontinuity found at g/D = 1. The effect of the wall seem to be
almost negligible at g/D > 1, for smaller gaps the shedding frequency is reduced gradually. This
effect is found for both velocity profiles and for both the time steps used in the analyses. For
At = 0.001, there is a small increase in St for both velocity profiles at g/D = 1. This effect
is not understood, it seems unrealistic. From Fig. 6.20(b) where the mean values of the drag
coefficient is shown, it seems as the logarithmic boundary current velocity profile affects the drag
force on the cylinder at larger y/D-values than the uniform profile. This is obviously due to
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Figure 6.20: Variation of the Strohal number, St = faD/U, and the mean of the drag force coefficient, Cc,
(denoted Co,mean in the figure) with varying gap-to-diameter ratio, g/D. In the simulations, we have used both
a uniform velocity profile and a logarithmic boundary velocity profile. The analyses have been performed with
two different time steps, At = 0.003 and At = 0.001.

small velocities over a larger distance from the wall in the boundary velocity case than in the
uniform current case. Still, there is a discontinuity at g/D = 1 for both velocity profiles. For
the drag coefficient, there is no significant difference between the two time steps used.
In Fig. 6.21 the variation of both the amplitude and the mean of the lift force coefficient is
shown. The variation of the amplitude of the lift coefficient with varying g/D looks very much

At = 0.003, uniform —
Z, At = 0.001, uniform....
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'Lamp, At = 0.001, boundary
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Figure 6.21: Variation of the amplitude, Cl and the mean value Cl (denoted Cl,amp and Cl,mean respectively
in the figure) of the oscillating lift force coefficent with varying gap-to-diameter ratio, g/D. In the simulations,
we have used both a uniform velocity profile and a logarithmic boundary current profile. The analyses have been
performed with two different time steps, At — 0.003 and At — 0.001.
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like the variation of the drag coefficient. The boundary current shows again that it will have
an effect on the forces on the cylinder at larger distances away from the wall than the uniform
current had. The mean value of the lift coefficient is very small in the analysed cases, and based
on the experience from experimental results one should not expect the steady lift force to be of
importance before g/D < 0.2. Gaps this small have not been successfully modelled at present,
but in the uniform velocity case, at g/D = 0.25 the steady lift coefficient is 0.14, which is a
significant increase as compared to the larger gaps. For the boundary velocity case the lift is
much smaller. However, due to convergence problems no results for g/D ratios less than 0.4 are
available from the present study.

6.4.3 Comparison with experimental data
In Jones (1971) tests were carried out with a cylinder resting on the bottom and with a fixed
cylinder at various heights off the bottom. Two different current profiles were used. The tests
were carried out with Re number around 105, providing results in both the subcritical, critical,
and the supercritical regimes. Jones found that the lift coefficient was extremely sensitive to
the gap between the cylinder and the bottom. A supercritical lift coefficient of 0.85 was found
for the cylinder resting on the seabed. This value had decreased to 0.6 when the gap was only
2 percent of the cylinder diameter. For the corresponding subcritical values the situation was
dependent upon the actual current profile. For the pipe resting on the seabed, Cl was found as
2.0 for both profiles, whereas with a g/D ratio of 0.02, the profile from a smooth bottom (close
to uniform profile) gave a Cl of about 0.6, and the profile from a cobblestone bottom (a sheared
profile) gave Cl % 2.0. This indicates that with the cobblestone bottom, the pipe is in fact still
considered to rest on the seabed as far as the fluid effects are concerned, hence the steady lift is
not reduced from the case where it actually rests on the seabed. For the largest gap analysed,
g/D = 0.16, the supercritical lift coefficient was found to be in the range 0.1 - 0.15.
Wilson and Caldwell (1971) presents results which shows that the steady lift coefficient for a gap
ratio of 0.25 is in the range 0.2 - 0.4 depending on the Reynolds number, (5.66 -104 and 3.32
•104, respectively). The lift coefficient in their experiments increases to be in the range 0.3 - 0.6
as the g/D ratio is about 0.02.
Fredspe and Hansen (1987) present results from varying gap ratios and both uniform and sheared
flow profiles. From their results with uniform flow profile, the steady lift coefficient varies from
0.2 at g/D = 0.25 to about 0.9 at g/D = 0.02, much like the variation found by Jones (1971).
However, the results from the sheared current profile, starts to deviate from the uniform current
results as the gap ratio becomes less than about 0.1. At this gap ratio, Cl is about 0.4. For the
uniform current, the lift coefficient increases as the gap is further reduced, while for the sheared
profile the lift decreases with decreasing gap ratio until a sharp increase is found as the pipe
rests on the seabed. According to this, a sheared velocity profile will decrease the lift force on
the cylinder for small gap ratios, this is consistent with the present results.

6.5

Conclusion

The following conclusions can be drawn from the present analysis
• Both programs were found to provide good agreement with other computational as well
as experimental results, both regarding force coefficient prediction and vortex shedding
frequency (Strouhal number) for Reynolds numbers in the range 40 < Re < 250.
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• From the parameter variation with the FEM computer program, we found that a 20D
X 20D grid was necessary and sufficient for accuracy and that a time step of 0.005 was
required for convergence.
• The parameter variation with the VIC approach, show that a time step of 0.05 was suffi
cient. By this method it is very important to keep the time step as large as possible, as
the number of vortices is growing continuously. Furthermore, it was found that the shape
, of the cells in the computational domain seemed to be more important than the number of
cells. The VIC program had several parameters controlling the generation of new vortices.
However, no significant differences were observed between cases analysed.
• The study of the cylinder close to a plane wall, revealed the established facts that
1. A cylinder at a distance of 1 diameter or more from the wall does not feel much of
the effect of the wall.
2. Vortex shedding is suppressed on a cylinder at a distance of 0.3 diametres or less from
the wall. Hence, the oscillating lift force is also suppressed.
Furthermore, the effect of a sheared current profile, is found to reduce both the steady and
the oscillating components of the lift force as compared to the uniform current case.
As a consequence of these conclusions, we can state that both programs are capable of simulating
the flow around a cylinder in the flow range we are investigating. However, the FEM approach
has a simpler structure, hence it was easier to integrate with a structural response program.
The FEM program is more straightforward in its application, as there are fewer parameters to
play with. Finally, the FEM approach is easier to expand to three dimensions and it is easier
to include a turbulence model in it. Consequently, for the remaining part of this work, the flow
problem is solved with the FEM approach.

Chapter 7

Case study —
A high mass ratio cylinder

“The whole is more than the sum of its parts. ”
Aristotle, (384-322 BC)

In this chapter numerical results of the flow-induced vibrations of a circular cylinder are com
pared with the experimental and numerical results found by Anagnostopoulos (1989, 1994) and
Anagnostopoulos and Bearman (1992). After the introductory first section follows a section with
a presentation of the work of the above authors and a discussion of their numerical approach as
compared to the approach used in the present calculations. Results from the present calculations
with a purely two-dimensional system are presented in Section 7.3. Firstly, the development of
the response parameters are shown and discussed in terms of time series. Secondly, the response
parameters at steady state are discussed, both regarding magnitude and frequency content.

7.1 Introduction
Dynamic oscillations of cylinders used in offshore engineering, (such as free-spanning pipelines
or flowlines of any kind) are caused by a highly complex interaction between flow-induced forces
and structural response. Many factors are acting in concert and the task of predicting every
aspect of such a problem is still beyond our capability, even with the generous help of today’s
supercomputers. A complete description of this problem would include the prediction of various
flow structures developing in the fluid, (e.g. transition to turbulence) and would require a threedimensional representation of the fluid. Our primary goal is to predict the response of circular
cylinders, mainly excited by vortices shed from the cylinder surface. In other words, we are more
concerned about the response of the structure than the structure of the fluid flow causing the
exciting forces. Hence, in the following we will discuss and demonstrate a response prediction
method.
In a given response prediction method, mathematical models are used to represent reality both
in the excitation process and in the structural characteristics. For the structural part, the
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mathematical model is usually found to be sufficiently accurate, whereas the validity of the
remaining excitation model is more questionable. In particular, the flow characteristic at higher
Reynolds numbers induces large uncertainties due to the poorly understood turbulent flow.
Nevertheless, numerical predictions offer economic benefits compared to expensive full scale
experiments, and even low Reynolds numbers calculations may add useful information to a
practical problem. In other words; even small steps will bring us further, and by developing
research oriented numerical tools for idealized cases (read: academic purposes), we may see some
day that CFD tools will be applicable to more realistic problems (read: engineering purposes).
In the present chapter we discuss what happens with a cylinder undergoing flow-induced vi
brations at unrealistically low Reynolds numbers, (i.e. Re < 150). Numerical simulations are
performed with both fixed and responding cylinder. The structural part of the dynamical system
in the responding case is defined as a two-dimensional mass-spring model. The excitation part
both in the fixed case and in the responding case, is found by solving the Navier-Stokes equations
for laminar flow around a circular cylinder by using a finite element method (FEM) approach.
This FEM approach is implemented in a computer program called Navs2d, (Herfjord 1996).
The laminar Navier-Stokes equations used in the present work, are not valid under the normal
environmental conditions most marine structures are exposed to. However, useful information
may still be added from such analyses provided they are used as a complement to experimental
evidence. The experimental evidence should clearly be found from realistic flow cases in the
actual Reynolds numbers range. The low Reynolds number computations however, should not
be judged on the basis of experiments performed at high Reynolds numbers. This would be
unfair to the numerical procedure, as well as scientifically wrong. The correct way of verifying
the numerical procedure would be to compare it with experiments performed under the same
conditions as the modelling equations represent. By relating the results from high Re number
experiments to the results of low Re number experiments, one would subsequently know how
important the low Reynolds number assumption would be.
In this chapter low Reynolds number calculations will be compared with low Reynolds number
experiments, as well as some other low Reynolds numbers calculations. In a series of papers,
(Anagnostopoulos 1989; Anagnostopoulos and Bearman 1992; Anagnostopoulos 1994) the au
thors have presented both experimental and numerical results on the response characteristics of
a circular cylinder at low Reynolds numbers. Their experimental results are well suited for com
parison with a numerical solution of the laminar Navier-Stokes equations as they are performed
at sufficiently low Reynolds numbers, (90 < Re < 150) for the flow to remain laminar.

7.2

Outline of the work of Anagnostopoulos and Bearman

7.2.1 Experimental set-up
A detailed description of the experimenal conditions in their experiments can be found in Anag
nostopoulos and Bearman (1992), hence only a brief presentation of the experimental set-up is
included here. The experiments were carried out in a water channel 60 cm wide by 70 cm deep at
Imperial College in London. A smooth metal cylinder of 1.6 mm diameter was mounted vertically
on a horisontal shaft. The cylinder had a submerged length of 12 cm, hence the aspect ratio was
75. The blockage in the channel was negligible, however the turbulence level of the water flow
was rather high, equal to 1 %. The characteristic parameters for the dynamical system used in
the experiments are as follows.
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Spring stiffness, (N/m)
Mass of moving parts not inch fluid mass, (g)
Natural frequency in air, (Hz)
Mass ratio, fj. = mj (pD2)
Damping ratio
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69.48
35.75
7.016
116.37
1.20- 1.52-10~3

In the numerical computations performed in Section 7.3, these values are used to form the
dynamical systems1. The experiments were performed with a fixed cylinder as a reference case,
and subsequently with an oscillating cylinder. They also performed experiments where they
both increased and decreased the flow velocity when the cylinder was still oscillating.
7.2.2

Outline of the numerical procedure used by Anagnostopoulos

Governing equation
The numerical results reported by Anagnostopoulos (1989, 1994) are obtained by using a finite
element method to solve the Navier-Stokes equations. In his approach, Anagnostopoulos uses
the stream function ip and the vorticity « as field variables. With these variables, the governing
equations takes the form
V2ip =

—tv,

(7.1)

(7.2)
The velocity components (u and u) are found through the definition of the stream-function, ip.
In the traditional primitive variables (p and u) approach to solve the Navier-Stokes equations,
there are significant difficulties associated with determining the pressure field. As discussed
in Patankar (1980), this has led to methods which eliminates the pressure from the governing
equations. The two momentum equations are then transformed to a vorticity-transport equation,
which when combined with a stream function for steady two-dimensional situations makes the
basis for the stream function/vorticity approach.
The advantages with this method is firstly, that the pressure variable is avoided, hence no addi
tional complexity is added to solving the equations. Secondly, some of the boundary conditions
are easily specified. For instance, the vorticity at the boundaries of an irrotational incoming flow
field may be set to zero. On the other hand, the vorticity at the wall is difficult to specify and
may cause convergence problems. Furthermore, the pressure is very often a desired value in the
computational results. Hence, the computational savings gained in solving the Navier-Stokes
equations with the stream-function/vorticity approach, may very well be lost when extracting
the pressure from the vorticity. In the method used by Anagnostopoulos (1994) the pressure
field is calculated from the following Poisson equation,

(7.3)
'The actual modelling parameters are given per unit length, hence they differ from the physical parameters
given in the text. The actual input parameters are included in Appendix C.
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where p is the unknown pressure.
However, the most important shortcoming of the stream-function/vorticity approach appears
when the flow problem is extended to three dimensions. In this case, the stream function
concept does not apply, and an approach based upon the vorticity uses six dependent variables,
three vorticity components and three velocity potential components. In this case, the primitive
variable approach which only involves four dependent variables, clearly is a more attractive
approach.
Boundary conditions
The boundary conditions in the numerical solution by Anagnostopoulos, are denoted to the
stream function ip and the vorticity w and not to the primitive variables velocity u and pressure
p. As already mentioned above, this introduces some differences as compared to the boundary
conditions used in the present work.
Table 7.1: Comparison of the boundary conditions used by Anagnostopoulos and the boundary conditions in the
present Navs2d computations.

Anagnostopoulos, (1994)

Body
Boundary
dip/dn = Uc cos 6
dip/ds — Uc sin 6
II

o o

a

Outflow
boundary
dip/dx = 0
div/dx = 0
p= 0
dv/dx — 0

II

Top and bottom
boundaries
dip/dx - 0
u> = 0
du/dy=0
v=0

s

Navs2d

Inflow
boundary
dip/dy - U
u=0
u=U
u=0

In Table 7.1 the boundary conditions used by Anagnostopoulos (1994) and in the present Navs2d
computations are shown. Applying the definition of the stream function, we see that the speci
fication of the free stream velocity gives the same boundary condition. The Dirichlet condition
Anagnostopoulos puts on the vorticity, (w = 0), corresponds to a Neumann condition on the
primitive variable v, (dv/dx — 0). In Navs2d, the corresponding boundary condition is v = 0.
For the top and bottom boundaries, we find that the specified conditions are equal. For the
outflow boundary however, the conditions differ, the condition dip/dx = 0 corresponds to v — 0
in primitive variables, as compared to the condition, dv/dx = 0 used in the present Navs2d
computations. The boundary condition put on the vorticity by Anagnastopoulos, is difficult to
compare with the pressure condition used in Navs2d. The body boundary condition is obviously
the same no-slip condition.
The solution algorithm
The solution algorithm consists of the following steps
1. Evaluation of the stream function ip at time t + At using the values of vorticity calculated
at the previous time step. This means, solving Eq. (7.1).
2. Vorticity is introduced on the cylinder surface to ensure no-slip and impermeability of the
flow on the surface. This implies a correction of the vorticity values.3
3. The values of vorticity at time t + At are calculated by solving Eq. (7.2)
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Figure 7.1: The finite element mesh used in Anagnostopoulos (1994)

4. The pressure distribution in the flow field is obtained from the solution of Eq. (7.3)
From the pressure distibution, the resulting force acting on the cylinder is found. In addition,
the force contibution from the shear stresses on the cylinder surface is calculated.
Finite element mesh
The finite element mesh of the computational domain is generated by using triangular elements.
An example of the finite element mesh in Anagnostopoulos (1994) is shown in Fig. 7.1. The mesh
is based upon the equipotential lines for irrotational flow past a circular cylinder, and consists
of 2189 nodes and 4126 elements. At the cylinder surface, the thickness of the innermost layer
of elements is 5 % of a diameter. The computational domain reached out 20 diameters behind
the cylinder, while the ratio of the cylinder diameter to the width of the domain was 15 %. The
length of the computational domain in front of the cylinder was approximately the same as to
either side of the domain.
Correction for blockage effects
The computational domain is smaller than what is found to be necessary in the present work.
However, Anagnostopoulos uses some empirical formulations to compensate for the proximity of
the boundaries, (Anagnostopoulos 1994).

jf, — 1 +

+ 0.82(—)2

(7.4)

where U and U' are the corrected and real values of the flow velocity, C'D is the drag coefficient
without blockage correction, and h is the width of the passage. For the correction of the drag
coefficient a similar expression was used,

(7.5)
Anagnostopoulos found a ratio U/U' of 1.07, and corrected the Reynolds numbers of his com
putations according to this. Using the above expressions for the computational domain in the
present work, a ratio U/U' of 1.02 is found {D/h = 0.05).
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Results from a two-dimensional response analysis

7.3.1 Definition of the dynamical system
A responding circular cylinder in a fluid flow may be approximated as a flexibly mounted cross
section, as shown in Fig. 7.2. To validate the approach, the numerical results from this case
are compared with the experimental results by Anagnostopoulos and Bearman (1992), and with
the numerical results of Anagnostopoulos (1994) and Nomura (1993). This particular case has
a very high mass ratio, thus the resulting simulations needs a very long computational time to
develop a steady state response.
U

Figure 7.2: Model of the 2-dimensional mass-spring-dashpot system

A mathematical model of this simplified structural component is defined by a mass m, spring
stiffnesses (ki and fc2), in both x- and y-direction and dash-pot damping constants in both
directions (ci and c2). The rotatory degree of freedom of the 2-dimensional problem is neglected,
hence we have only two degrees of freedom. The hydrodynamic forces are found by solving the
laminar Navier-Stokes equations and the response is calculated following the scheme discussed
in Section 5.3.1. The governing dynamic equation of motion is given as
mx(t) + 2ro£uox(t) + U(mx(l) = f (t).

(7.6)

The displacements in both the in-line and the transverse directions are found by a time inte
gration of the governing dynamic equation of motion, assuming a constant mean acceleration
at each time step. This method is called the trapezoidal method or the Euler-Gauss method,
(Langen and Sigbjornson 1979). It is an unconditional stable and implicit method. However, in
the present application the method is expressed explicitly, see Section 5.3.
The simulations were performed at Reynolds numbers ranging from 80 to 150. In the simulations
the cylinder diameter was given as D = 1.6 mm, the kinematic viscosity v = 9.95 • 107 m2/s and
the velocities used in the computations covered the range 0.050 — 0.093 m/s. As a basis for the
responding cross section cases, simulations with a fixed cylinder were performed. In Section 7.3.2,
time histories of the response are shown, and in Section 7.3.3, the response parameters at steady
state are presented.
7.3.2 Time histories of cylinder displacements and hydrodynamic forces
By varying the flow velocity-so that the Reynolds number varies from 80 to 150, the reduced
velocity, Ur = U/fnD, (based on the natural frequency in still water) varies between 4.5 and 8.3.
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The lock-in range is found for Ur between 5.5 and 6.4 corresponding to the Reynolds numbers
100 and 115. These limits are not precise, since we have only a limited number of different flow
velocities.
For this particular case, the large mass ratio leads to very long simulation times in order to reach
a steady state. We have therefore simulated the oscillations starting both from rest and from an
initial amplitude of 0.1 D. Due to the high mass ratio of the cylinder, the hydrodynamic forces
are small compared to the inertia of the cylinder. Hence, a very long simulation time is required
to reach the steady state oscillations. Inside the lock-in region, the cylinder reaches a steady
state faster if it is released from an initial amplitude of 0.1 D than if it starts from rest. This
is due to the relatively low hydrodynamic excitation. Outside the lock-in region a steady state
is reached faster if the cylinder oscillations starts from rest. The explanation is that the high
mass ratio cylinder has considerable kinetic energy as it is released from an initial amplitude,
and as the hydrodynamic forces are relatively low compared to the inertia forces, the cylinder
oscillations are very slowly damped. In the following we will take a closer look at the time
series for the cylinder response and the corresponding hydrodynamic forces for three different
situations:
1. A cylinder oscillating below the lock-in range. (Re = 80-95 or
2. A cylinder oscillating in the lock-in range. (Re = 100 - 115 or

Ur

Ur

3. A cylinder oscillating above the lock-in range. (Re = 125 - 150 or

= 4.5 - 5.3)

= 5.6 - 6.4)
Ur

= 6.9 - 8.3)

In addition we examine in some detail the oscillation characteristics for flow velocities near the
lower and upper boundaries of the lock-in range. (Re = 98 and 120 or correspondingly, Ur =
5.4 and 6.7).
Below the lock-in range,

(Ur

= 4.5, 5.0, and 5.3)

Re = 80

lift-coeff
y/d

0.8

p
1>N

lift-coeff

0.6
0.4

s
*o

5
o

0.2
0
-0.2
-0.4
46

46.4

(a)

Ur

46.8
47.2
time, (s)
= 4.5, steady state

47.6

48

36 36.5 37 37.5 38 38.5 39 39.5 40
time, (s)
(b)

Ur

= 5.3, steady state

Figure 7.3: Time history of cylinder response and lift force coefficients at steady state for flow velocities below
the lock-in range.
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For flow velocities below the lock-in range (Ur < 5.3), the cylinder responds by oscillating at
the frequency
with which the vortices are shed from the oscillating body. This frequency is
again close to the frequency found for a stationary cylinder, fs. In Fig. 7.3, the time histories
for the cylinder response and the corresponding hydrodynamic lift force coefficient are shown
for two typical reduced velocities below the lock-in range. The lift force is non-dimensionalized
by the factor (1/2)pDU2 to form the lift force coefficient. In Fig. 7.3(a) the lift force coefficient
shows a perfectly sinusoidal variation, with a constant amplitude and frequency. The cylinder
response, y/D, to this excitation follows the same frequency as the lift force coefficient, but the
motion characteristics does not have a sinusoidal appearance. The amplitude of the oscillation
varies from cycle to cycle in an unpredictable manner.
As the reduced velocity increases and approaches the lock-in range, the time history of the cylin
der oscillations changes its appearance sligthly. Fig. 7.3(b) shows that the lift force coefficient is
still a perfect sinusoid with a slightly increased amplitude, whereas the cylinder oscillations take
the form of a beating wave. By close inspection of the time history of the cylinder oscillation, the
frequency of the slowly varying amplitude is found to be approximately 0.9 Hz. This corresponds
well with the difference between the natural frequency of the cylinder (« 7.0 Hz) and the vortex
shedding frequency (% 6.1 Hz).
A similar beating behaviour is found in the experimental work by Anagnostopoulos and Bearman
(1992) and in the computational work reported in Anagnostopoulos (1994). However, the fre
quency of the cylinder oscillations in these works (both the experimental and the computational)
is found to deviate only slightly from the natural frequency of the cylinder for all the Reynolds
numbers studied. The cylinder oscillation frequency does not, at any Reynolds number, deviate
from the measured natural frequency (in air) by more than 2 %. The reason for this is not
known. A possible explanation can be that neither the computations nor the experiments were
performed at reduced velocities far enough from the lock-in range.
In the present computations, the natural frequency of the cylinder begins to show its presence
as the lock-in range is entered, and fn takes control over the oscillation frequency. The results
of Nomura (1993) resembles the same behaviour as found in the present computations, and the
cylinder oscillation frequency outside the lock-in range is found to correspond with the vortex
shedding frequency.
In the lock-in range,

(Ur

= 5.6, 5.9, 6.1, and 6.4)

As Ur increases above 5.6, significant changes takes place to the fluid-structure interaction. The
vortex shedding frequency, /„, has increased to a level close to the natural frequency of the cylin
der, fn, and the natural mode of the dynamic system is triggered. This results in a gradually
growing oscillation amplitude due to the resonance between the excitation frequency and the
natural frequency of the cylinder. We have now reached the state of lock-in oscillations: the
cylinder starts to oscillate with its natural frequency, and the vortex shedding process synchro
nizes with the cylinder oscillations. This interdependent oscillatory motion is kept for a range of
reduced velocities. In the present simulations lock-in is observed for Ur = 5.6, 5.9, 6.1, and 6.4.
Due to the large mass ratio of the cylinder used in the experiments of Anagnostopoulos and
Bearman, and consequently in the computational models, it takes many oscillation cycles to
reach a steady state solution for the oscillating cylinder. Fig. 7.4 shows the development of the
lift force coefficient and the cylinder oscillations. By comparison with the results by Anagnos
topoulos and Bearman (1992) it is found that the build-up of the oscillation amplitude is slower
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Figure 7.4: Time series of cylinder vibration, and corresponding lift and drag force coefficient for
Re =100

Ur

= 5.6.

Re = 115

Cl and y/d

lift-coeff
y/d-displ.

-0.5 :-

0.6

-

time, (s)
(a)

Ur

= 5.6, steady state

time, (s)
(b)

Ur

= 6.4, steady state

Figure 7.5: Time history of cylinder response and lift force coefficients at steady state in the lock-in range.

in the computational results than in the experimental results. This is in agreement with the
observations made by Anagnostopoulos (1994) in his numerical study. Obviously, the computed
energy input from the fluid per oscillation cycle is lower than the experimental one. Another ob
servation made, is that both the mean value and the oscillatory component of the drag coefficient
increases as the oscillation amplitude of the cylinder increases.
The increase in the mean drag as the oscillation amplitude increases can be interpreted as an
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Figure 7.6: Time history of cylinder response and lift force coefficient with the corresponding phase angle as the
response develops for for two different reduced velocities in the lock-in range.

increase in the projected area on which the drag force acts. The increase in the oscillatory drag
component as the cylinder oscillations increases its amplitude can be related to the fact that
the cylinder motion increases the strength of the shed vortices. Hence, the fluctuating velocities
in the wake is increased. Subsequently, this leads to an increased fluctuation of the pressure
field and the resulting drag force variations. Fig. 7.5 shows the time histories of the cylinder
oscillations and the corresponding lift force coefficient for two different reduced velocities inside
the lock-in range. We see that for Ur = 5.6, (Fig. 7.5(a)), the cylinder oscillation amplitude
has grown to approximately 0.4 diameters, from a numerical value of 0.004 diameters at Ur
= 5.3. The maximum amplitude of the cylinder oscillations is found at the lower boundary of
the lock-in range. Fig. 7.5(b) shows that the cylinder oscillations for Ur = 6.4 stabilizes at an
amplitude just below 0.3 diameters.
In Fig. 7.6 the development of the cylinder oscillations and the lift coefficient are shown as a
function of time, together with the phase angle between them. The phase angle is defined so
that for positive angles the lift force is ahead of the cylinder motion. The phase angle is found to
have a higher value as the response builds up, and then to decrease towards a steady state value
as the lock-in oscillations stabilize. The effect is most pronounced at the upper end of the lock-in
region, where the build-up of the cylinder oscillations are slower, this is shown in Fig. 7.6(b).
Above the lock-in range,

(Ur

= 6.9, 7.2, 7.8, 8.1 and 8.3)

As the reduced velocities increase above 6.9, the cylinder is outside the lock-in range, and the
simulations show that the cylinder vibrations are forced by the Strouhal frequency. However,
the natural mode seems to be excited by the transient loads, and due to the high mass ratio, this
motion is very slowly damped. This means that in a time-limited response simulation there will
still be signs of the natural frequency in the time history. This can be seen as a lightly amplitudemodulated cylinder vibration in the time series, (see Fig. 7.7), or as a small peak around the
natural frequency in the displacement spectrum, (see Fig. 7.13(1)). Computed response spectra
for reduced velocities of about 6.7 and above, show in general two peaks. One for the Strouhal
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Re = 150
y/d-displ. -----

Figure 7.7: Time series of lift force coefficient and cross-flow displacement for

Ur

= 8.3.

component and one for the natural frequency of the vibrating cylinder. The natural frequency
must be connected to transient loads as indicated previously. Hence, as the simulations proceed,
the peak at the natural frequency is becoming smaller and smaller. If the simulations were long
enough the peak at the natural frequency of the response spectra will vanish. Due to the high
mass ratio, the vibrations are very lightly damped and extremely long simulations are required
to reach the state where only the Strouhal component is found.
At the boundaries of the lock-in range,

(Ur

= 5.4 and 6.7)

The behaviour of the cylinder response and the corresponding hydrodynamic lift forces for re
duced velocities near the boundaries of the lock-in range, is particularly interesting. The dynamic
characteristics changes continuously due to two competing frequencies. For the lower boundary,
the natural frequency of the cylinder is higher than the ‘natural’ vortex shedding frequency (shed
ding frequency for fixed cylinder). Thus the cylinder controls the shedding of vortices and the
lift force will therefore oscillate at a higher frequency than what is natural. At a certain instant
in time, the vortex shedding provides a lift force which interacts with the cylinder vibration in a
positive manner, providing a large resulting force. After some time this interaction will change,
due to the difference in frequencies for the two phenomena, now the lift force from the vortex
shedding counteracts with the cylinder motion. This behaviour leads to beating oscillations.
In Fig. 7.8 the beating behaviour of both the cylinder oscillations and the lift force coefficient
is shown for the case where the cylinder is released from an initial amplitude of 0.1 D at Ur =
5.4, (Re = 98). The lift force coefficient which had a constant amplitude for Ur = 5.3, has now
a clear beating appearance. This is directly related to the initial conditions. As the cylinder
starts to oscillate with a given amplitude and with its natural frequency, the kinetic energy of
the high mass ratio cylinder is too large for the relatively modest hydrodynamic forces. Hence,
the cylinder motion completely controls the lift forces, resulting in a beating lift force history. At
Ur = 5.3, only the cylinder oscillations had a beating oscillation characteristic, which indicates
a flow velocity too far from the lock-in region. For the cylinder starting from rest at Ur = 5.4,
the build-up of the cylinder motion was extremely slow, and a steady state was not reached.
The upper boundary of the lock-in range is found at about Ur = 6.7. Simulations performed
at this flow velocity with the cylinder placed in different initial positions before it is allowed
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Figure 7.8: Time history of cylinder response and lift force coefficients for
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Figure 7.9: Time history of cylinder response and lift force coefficients at steady state for
released from y/D = 0.0 and 0.1.
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to respond to the excitation, have shown dramatic changes in the oscillation characteristics.
Figs. 7.9(a) and 7.9(b) show time histories of the cylinder vibrations and the lift and drag force
coefficients for the situation where the cylinder is released from y/D = 0.0 and y/D = 0.1,
respectively. Starting from rest, the cylinder vibrations show a beating response characteristic,
where the two involved frequency components are the natural frequency of the cylinder, /„, and
the vortex shedding frequency, /„. However, the response spectra show that the peak at /„, is
reduced as compared to the peak at fv for the last parts of the time history. This means that
the excitation of the natural mode comes from transient loads and that as simulations proceeds
this contribution is being damped out, although very slowly.
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Fig. 7.9(a) shows the beating oscillations of the cylinder together with the almost harmonic
oscillating lift force coefficient. Note that the cylinder vibration amplitude is multiplied by 40
in this figure to make the comparison between y/D and Cl possible on the same plot.
Fig. 7.9(b) shows the results from the simulation where the cylinder was released from an initial
position of y/D = 0.1. Now, the response characteristics are significantly changed. The cylinder
vibrations are greatly increased, and have an almost harmonic appearance, whereas the lift force
coefficient in this case exhibits beating oscillation characteristics. The amplitude of the cylinder
vibrations is in fact maintained at a level just below the amplitude it was released from (0.1 D).
The explanation is most likely connected to the very high mass ratio in this case. Significant
inertia forces are involved as the cylinder vibrations start from an initial amplitude of 0.1 D. The
flow velocity is right at the border between an excitation region and a damping region. Hence,
the fluid forces are too small to affect the motion of the cylinder, either way. The displacement
spectrum shows that the natural frequency component is clearly the dominating frequency of
the cylinder vibrations, (see Fig. 7.13).
7.3.3 Excitation and response parameters at steady state
In the previous subsection we discussed the development of the response as time increased. The
simulations have been performed long enough for the dynamical system to reach a steady state
behaviour. In this section we will examine the steady state excitation and response parameters
such as the amplitude of the oscillating lift force coefficient, Cl, the mean value of the drag force
coefficient, Cjj the amplitude of the cylinder oscillations, y/D, and the corresponding oscillation
frequencies.
Fig. 7.10 shows the variation of the cylinder vibration amplitude in the cross-flow direction and
of the frequency of the vibrations, as the velocity has been varied over the range of reduced
velocities capturing the lockin range. For the response amplitude, the experimental results by
Anagnostopoulos and Bearman (1992) and the numerical results by Anagnostopoulos (1994)
and Nomura (1993) are included for direct comparison with the present results. We see that
the computational results by Anagnostopoulos (1994) compare very well with the experimental
study by Anagnostopoulos and Bearman (1992). A bit disappointing then, to discover that
the present computational results are not as close to the experimental results as the results of
Anagnostopoulos were. However, the present set of results do reflect the same characteristic
response behaviour as the experimental results, even though some discrepancies are found. The
lock-in range is more narrow in the present calculations, the onset of lock-in oscillations seem
to occur more gradually, and in general the response is somewhat lower than the experimental
results. The computations by Nomura on the other hand, shows an even lower response than
from the present results.
Table 7.2 shows a summary of the frequency contents of the excitation and response parameters
for all Reynolds numbers with corresponding reduced velocities in the present computations.
The force coefficients were not measured in the experiments due to the small scale of the experi
mental set-up. The comparison is therefore only performed between the computational results of
Anagnostopoulos (1994) and the present computations. The results from the present calculations
are tabulated in the Tables 7.3 and 7.4, for the fixed and vibrating cylinders respectively.
In Fig. 7.11(a) we see the development of the amplitude of the lift force coefficient, Cl, as
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Vortex shedding freq., fixed cyl.
Vortex shedding freq., responding cyl.
Cylinder vibration freq.

‘ Anagnostopoulos and Bearman (1992)
Anagnostopoulos (1994)
Nomura (1993)
Present results

Re = UD/v

Ur = U/4D

Figure 7.10: Cylinder response parameters. The lower part of the figure shows the response amplitude in the
cross-flow direction for the range of Reynolds numbers examined. The present computational results are com
pared with the experimental results of Anagnostopoulos and Bearman (1992) and with computational results by
Anagnostopoulos (1994). The upper part of the figure shows the frequency behaviour of the predicted cylinder
response and of the vortex shedding process in the present computations. For comparison the computed vortex
shedding frequency for a fixed cylinder is included.

the velocity varies 2. The comparison between the two computational results is not altogether
convincing, but it more or less reflects the response amplitude behaviour discussed above. The
amplitude of the lift coefficient increases abruptly at a Reynolds number between 95 and 98
(corresponding to Ur between 5.3 and 5.4) in the present calculations and decreases gradually
for Re > 100, until a minimum is found at a Reynolds number around 110 - 115. At Re = 120,
{Ur = 6.7), the amplitude of the lift coefficient is approximately equal to the lift coefficient on a
fixed cylinder. In the work of Anagnostopoulos the lift coefficient starts to increase at Re « 100,
and reaches its maximum at a Reynolds number of about 103. At higher Reynolds number the
lift coefficient drops gradually, and with a more constant gradient than in the results from the
present work. No values are known for Reynolds numbers above 130, but it may seem as the
lift coefficient amplitude for the vibrating cylinder is approaching the lift coefficient amplitude
for the fixed cylinder. Although there are differences in variation of the lift coefficient variation
2The results are plotted as a function of Reynolds number to be directly comparable with the fixed cylinder
case.
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Table 7.2: Summary of the frequency content of the cylinder oscillations and of the vortex shedding process.
/., and ft are the vortex shedding frequencies for the fixed and responding cylinder respectively, St and Stv
are the corresponding Strouhal numbers, /c is the oscillation frequency of the cylinder vibrations, and /„ is the
non-dimensional oscillation frequency defined in the same way as the Strouhal number.

Re
80
90
100
110
120
130
140
145
150

Ur
4.45
5.00
5.59
6.11
6.67
7.23
7.78

8.06
8.34

Fixed cylinder
A
A
4.94
0.158
5.67
0.162
0.167
6.47
7.31
0.172
8.25
0.176
9.11
0.180
0.182
9.90
10.25
0.182
0.185
10.75

Oscillating cylinder
fv
Stv
4.88
0.156
5.68
0.162
7.10
0.183
7.10
0.167
8.22
0.175
9.00
0.178
0.182
9.90
0.182
10.25
0.185
10.75

Cylinder oscillation
A
A
0.156
4.88
5.68
0.162
7.10
0.183
0.172
7.10
7.10"
0.151
9.00
0.178
9.90
0.182
10.25
0.182
10.75
0.185

"Beating oscillations occurred, indicating more than one frequency, the natural frequency (in flowing water)
= 7.10 is the dominating frequency from the response spectrum, whereas the other component is the vortex
shedding frequency or the Strouhal frequency, f„ = 8.22.

Lift coefficient am plitude

fn

Present results, fixed cylinder-----Present results, responding cylinder -®—
Anag. computational, fixed .......
Anag. computational
—

Reynolds number

(a) Amplitude of Cl

Present results -<
Anagnostopoulos, (1994)

Reynolds number

(b) Phase angle

Figure 7.11: Amplitude of Cl and phase angle between lift force and cylinder vibration as functions of Re.

as the Reynolds number is varied, the characteristic behaviour for the lift coefficient is found to
agree. An abrupt increase in Cl as the lock-in range is approached from below, a maximum Cl
when the vortex shedding has synchronized with the cylinder oscillations, and a gradual decrease
of the lift coefficient through the lock-in range. Finally, as the flow velocity is increased to values
above the lock-in range, the lift coefficient is predicted to be approximately as for a fixed cylinder
in both the computations. The change in the lift force is associated to the phase angle between
the lift and the cylinder motion. In Fig. 7.11(b) the phase angle between the lift force and the
cylinder vibrations is shown. From both the computations it is clear that as the flow velocity
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Table 7.3: Results for the flow about a fixed cylinder at different Reynolds numbers, the timestep used in the
computations is At = 0.0001.

cL

Re
80
90
100
110
120
130
140
145
150

^L,rms
0.181
0.213
0.241
0.269
0.301
0.326
0.353
0.364
0.376

0.26
0.30
0.34

0.38
0.43
0.46

0.50
0.52
0.53

&D,rm$
0,003
0.005
0.007
0.009
0.012
0.014
0.016
0.018
0.019

CD

1.38

1.36
1.35
1.35
1.34
1.34
1.34

1.33

1.33

Table 7.4: Results for the flow about a cylinder undergoing free vibrations in a uniform flow field at different
Reynolds numbers, the timestep used in the computations is At = 0.0001.

Re
80
90
95

4.45
5.00
5.28

100
106
110
115
120
130
140
145
150

5.45
5.59
5.89
6.11
6.39
6.67
7.23
7.78
8.06
8.34

98

Ur

y/a
0.001
0.003
0.004
0.080

0.413
0.377
0.350
0.285
0.007
0.004
0.004
0.003
0.003

CL
0.26
0.31
0.33
0.68
0.50
0.25
0.20
0.19
0.41
0.45
0.49
0.50
0.52

Cx,rms
0.183
0.217
0.236
0.389
0.336
0.181
0.151
0.126
0.287

0.316
0.343
0.356
0.368

Cd
1.38
1.36
1.36
1.38
1.92
1.76
1.67
1.51
1.34
1.33
1.33
1.33
1.33

CD,rms

0.003
0.005
0.006
0.058
0.277
0.207
0.168
0.101
0.013
0.015
0.017
0.018
0.019

increases inside the lock-in region, the phase angle increases accompanied by a decreasing lift
force. Furthermore, the value of the phase angle at both the lower and upper lock-in boundaries
are found to be approximately the same. However, the lock-in range is wider in the work of
Anagnostopoulos, hence the curve of the phase angle has a smaller gradient than in the present
results. The phase angle is also related to the change in added mass, which may introduce slight
variations of the natural frequency in the lock-in region. Hence, the vibration frequency is not
perfectly constant in the lock-in region, although in the present case added mass variations are
negligible compared to the high mass of the cylinder in determining the natural frequency.
In Fig. 7.12(a) the development of the mean drag force coefficient, {Co), is shown as a function
of the Reynolds number. The mean drag follows the same characteristics as the variation of the
vibration amplitude does. This is an expected trend as the increase in drag is a result of the
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(b) Fluctuating drag force component.

Figure 7.12: Mean value and fluctuating component of the drag force coefficient as a function of

Re.

apparent increase in cross-sectional area due to the increased vibration amplitude. The lock-in
range is reflected in the drag coefficient curve as it deviates from the drag coefficient on a fixed
cylinder. It is found that this range is perfectly consistent with the range over which the large
vibration amplitudes are found. The same behaviour is found in the results by Anagnostopoulos
(1994). However, the increase in Cd is much larger in the present results than in the results of
Anagnostopoulos, even though the vibration amplitude is found to be less than in his results.
The large discrepancy in the mean drag coefficient is confusing. Experimental data for this case
is not available, and firm conclusions as to what is the most reliable result cannot be drawn.
The reason for not immediately accepting the results of Anagnostopoulos (1994), is that experi
mental data from other cases show a much larger increase in the drag coefficient as the oscillation
amplitude is increased. In Tanida et al. (1973) results from experiments performed at Re = 80
with a cylinder forced to oscillate with an oscillation amplitude of only 0.14D show a maximum
in the mean drag coefficient of about 1.9. In Blevins (1990) a best fit curve is made from three
different sets of experimental data, this curve predicts a mean drag coefficient of approximately
2.2 x C'no at an oscillation amplitude of 0.6D, (Cdo is the drag coefficient on a fixed cylinder).
The three sets of data were performed at higher Reynolds numbers, 4000, 8000 and 15 000, and
are not representative for this actual case. However, these experimental results does indicate
that the high drag coefficient predicted in the present calculations, are not unrealistically high.
Another support for the large increase in mean drag at lock-in is found in Newman and Karniadakis (1995) where computations are performed for a cylinder oscillating in a flow at Re = 200.
They found an increase in Cd from about 1.4 outside the lock-in range to about 2.1 inside the
lock-in range. On the other hand, the mean drag coefficient for the fixed cylinder, is reported by
Tritton (1959) to be around 1.24 for a fixed cylinder in air at Re around 100. This is less than
the value predicted in the present case, (about 1.35).
Fig. 7.12(b) shows the variation of the fluctuating drag force coefficient, (Ci>,rms), as the Reynolds
number is varied over the lock-in range. The fluctuating drag component is found to be much
larger in the computations by Anagnostopoulos than in the present computations. In fact, the
maximum drag coefficient, CD,max, (found as the sum of the mean value and the amplitude of
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Figure 7.13: Power spectra of lift-force coefficient and cross-flow displacement for the reduced velocities 5.3,
5.4, 5.6, 6.7, and 8.3. In Subfigures 7.13(g) and 7.13(h), the cylinder is released from
Subfigures 7.13(i) and 7.13(j) the cylinder is released from y/D = 0.1.
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the fluctuating component), is found to be approximately the same in the two computations.
The process of synchronizing the vortex shedding frequency with the natural frequency of the
cylinder is documented in Fig. 7.13, where the power spectra of the lift force coefficient and
the cylinder oscillations are shown for a number of flow velocities. For velocities below the
lock-in range, (Ur — 5.3), we see that the natural vortex shedding frequency — the Strouhal
frequency — is the dominating frequency component in both the lift coefficient spectrum and the
displacement spectrum. In the displacement spectrum there is a small peak around the natural
frequency of the cylinder (ss 7.0 Hz) in addition to the Strouhal component. This explains the
beating oscillations found in Fig. 7.3(b). For Ur = 5.4, the natural frequency of the cylinder
has become the dominating frequency for the cylinder oscillations, and only a tiny peak is found
at the Strouhal frequency. The variation of the lift force coefficient is also greatly influenced
by the cylinder oscillations, the power spectrum in Fig. 7.13(c) show three peaks. The natural
frequency, the Strouhal frequency, and an additional small peak at a third frequency which is
found by subtracting the difference between fn and fv from fv. The presence of the additional
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frequencies explain the strong beating characteristics found in Fig. 7.8(b). Entering the lock-in
range, the cylinder oscillations completely controls the characteristics of the dynamical system.
Both the lift force coefficient spectrum and the displacement spectrum show one single peak at
the natural frequency of the cylinder, as shown in the subfigures 7.13(e) and 7.13(f).
At a reduced velocity of about 6.7, the upper boundary of the lockin range is found. A very
different behaviour is found as the cylinder starts to oscillate from rest as compared to the
situation where the cylinder starts at an initial oscillation amplitude of 0.1 diameters. For the
case when the oscillations starts from rest, the displacement spectrum shown in Fig. 7.13(h) has
two peaks. The cylinder vibration frequency is found at fc to 7.0 Hz, and the vortex shedding
component at fv to 8.22 Hz. The lift coefficient spectrum, shown in Fig. 7.13(g) is centered
around the vortex shedding component. In this case, the cylinder vibrates with very small
amplitudes. For the case when the oscillations starts with an initial amplitude of y/D = 0.1,
the dominating frequency for the displacement spectrum is fc to 7.0 Hz, see Fig. 7.13(j). The
dominant frequency in the lift force coefficient spectrum is found to be fv to 8.0 Hz, with two
additional components at 7.0 and 9.0 Hz, (Fig. 7.13(1)). In this situation, the cylinder maintains
its oscillation amplitude.
For flow velocities above the lock-in range, the dominating frequency component is again found
to be the vortex shedding frequency. One single peak at fv to 10.75 Hz is found in the lift force
coefficient spectrum for the case when Ur = 8.3 as shown in Fig. 7.13(k). In the displacement
spectrum an additional small peak is found at the cylinder natural frequency indicating that a
beating behaviour can be detected from a time history plot of the cylinder motion.

7.4 Discussion and conclusion
The results from the flow simulations have shown a clear lock-in region, where the cylinder
motion controls the vortex shedding process. In terms of reduced velocities this range is found
in the range 5.5 < Ur < 6.5.
Inside the lock-in region, the oscillation amplitude reaches a maximum of about 0.4 D. The
cylinder motion is compared with the experimental results of Anagnostopoulos and Bearman
(1992) and the numerical results of Anagnostopoulos (1994). Their amplitude is found to be
about 0.55 D. which makes the present results about 30% lower. Furthermore, the lock-in region
in the present results is narrower than in the results of Anagnostopoulos and Bearman. Nomura
(1993) has also validated his computational method with the experiments of Anagnostopoulos
and Bearman. The oscillation amplitude from his results is found to be about 0.3 D.
The computed lift force coefficient is compared with the results of Anagnostopoulos (1994),
and the comparison reflects the results from the cylinder motion. The maximum and minimum
values of Cl are relatively close, and found at the lower and upper part of the lock-in region,
respectively. However, due to the narrow lock-in region in the present results, the curve of Cl as
a function of Re (or Ur) has a larger gradient than the curve from Anagnostopoulos. The drag
coefficient has some significant discrepancies between the two set of results. The mean value of
Cd inside the lock-in region is much larger in the present computations than in the results of
Anagnostopoulos. On the other hand, the fluctuating part of Co is correspondingly small in the
present results. The maximum Co is found to be approximately the same.
Outside the lock-in region the cylinder oscillations are very small, and the oscillation frequency
is found to correspond to the vortex shedding frequency, fv, which in turn is very close to the
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shedding frequency on a fixed cylinder, fs. The computed force coefficients are found to be very
close to the values found on a fixed cylinder. For flow velocities in the vicinity of the lock-in
region, the natural frequency of the cylinder may in some cases complicate the response and/or
the computed forces. This may show up as beating oscillations in both the cylinder motion and
the lift force. A boundary has been detected between the lock-in and the nonlock-in regions. In
this region, two different oscillation amplitudes were found. One if the cylinder starts to oscillate
from a position at rest, (very small oscillations) and another if the cylinder starts to oscillate
with an initial amplitude, (the oscillation amplitude was maintained at approximately the initial
value). As a general observation it is found that due to the very high mass ratio, the cylinder
convergences very slowly towards steady state oscillations. Hence, for the simulations started
with an initial oscillation amplitude, the inertia effects may be very hard to damp out.
The different numerical approaches referred to in this chapter "deserves a brief discussion. The
present application uses the primitive variable approach and solves for pressure and velocity on
an element mesh fixed to the cylinder. However, the Navier-Stokes equations are formulated so
as to account for the accelerated coordinate system, thus the solution is referred to an earth-fixed
coordinate system. The time integration is performed with a simple forward Euler method. The
underdiffusivity of the Galerkin methods in combination with forward Euler is accounted for by
adding diffusion through the balancing tensor viscosity (BTV) concept.
Anagnostopoulos (1994) has used a vorticity/stream function approach as described in Sec
tion 7.2.2. Hence, the difficulties associated with the pressure — encountered when solving the
Navier-Stokes equations in primitive variables — is avoided. The pressure is subsequently de
rived from the established flow field to find the forces acting on the cylinder. The equations are
discretized in a finite element method. The element mesh used by Anagnostopoulos is coarser
than in the present case, but the mesh is cleverly established from the equipotential lines for irrotational flow around a cylinder. The computational domain is more narrow than in the present
case, but Anagnostopoulos accounts for this by introducing a correction for blockage effects. The
time integration appears to be a simple forward Euler integration, and he uses a mesh which
follows the cylinder. Anagnostopoulos accounts for the translation of the mesh by interpolating
the field variables to new grid locations at each time step.
Nomura (1993) solves the Navier-Stokes equations in the primitive variables by applying an
arbitray Lagrangian-Eulerian approach (ALE), in which a deformable element mesh is possible.
The outer boundary of the computational domain can be fixed, and as the inner boundary
(the cylinder) moves, the element mesh deforms continuously. Nomura uses the streamline
upwind/Petrov-Galerkin method (Brooks and Hughes 1982) for the finite element discretization,
and a predictor-multicorrector time integration. Intuitively, this method should predict the
response of the cylinder at least as good as the present approach. Both the time integration
method and the ALE approach are more sophisticated than the approch followed in Navs2d.
As a conclusion: compared to the experimental results, the numerical approach by Anagnos
topoulos (1994) provides by far the most correct results of these three methods. The results by
Nomura (1993) and the results in the present work reflects the lock-in behaviour, but fails to
predict the amplitude with the accuracy of Anagnostopoulos, and predict also a more narrow
lock-in region than Anagnostopoulos.

Chapter 8

Case study —
Low mass ratio cylinders

"... treat the Nature by the sphere,
the cylinder, and the cone ...”
Paul Cesanne, (1839-1906)

In the previous chapter the analysed cylinder had a mass ratio of about 116. In this chapter we
analyse the response of cylinders with considerably lower mass ratios, (10 and below). Initially,
the cylinder response is predicted by pure two-dimensional simulations as in the previous chap
ter. Subsequently, we present the results from response prediction of a three-dimensional finite
element beam, excited by independent hydrodynamic forces found from two-dimensional CFD
simulations at predefined cross-sections along the span of the cylinder. The cylinder response
is compared with the two-dimensional results, and with numerical results by Blackburn and
Karniadakis (1993) and Newman and Karniadakis (1995, 1996).

8.1 Introduction
Blackburn and Karniadakis (1993) have performed numerical analyses of both a cylinder forced
to vibrate with a given frequency and amplitude in a fluid flow, and a cylinder freely oscillating
in the fluid flow. These analyses are performed with a two-dimensional model both regarding
the structural characteristics of the cylinder and the fluid flow computations. However, the
method used by the authors, (a spectral element method) is later extended to account for the
third space dimension. This is overcome by a Fourier expansion in the direction of the cylinder
axis. This means they assume the fluid variables and the cable variables to be periodic in
the spanwise direction with some length Lz. This three-dimensional spectral element/Fourier
expansion method is described in Newman and Karniadakis (1995) where also results from the
response analysis can be found. Additional results are found in Newman and Karniadakis (1996).
The simulations were run at Re = 200 both by Blackburn and Karniadakis (1993) and Newman
and Karniadakis (1995). In Newman and Karniadakis (1996) results for Re = 100 are also
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included. Due to the small mass ratio, a faster convergence to the steady state oscillations was
obtained in this flow-induced vibrations case than in the previous chapter. Hence, for the twodimensional case, the cylinder was released from rest, and simulations were performed until a
steady state was reached. However, in the three-dimensional case, the increased computational
time required, lead Newman and Karniadakis (1996) to start the simulations with an assumed
shape and amplitude. The natural frequency of the cylinder was chosen equal to the vortex
shedding frequency on a fixed cylinder in both the two- and the three-dimensional simulations.
The Strouhal number at Re — 200 was found to be St = 0.2. The flow velocity U and the
diameter of the cylinder D, were both equal to unity, making the vortex shedding frequency /s
equal to the Strouhal number St. Two different mass ratios were used in the two-dimensional
computations, m/pD2 — 1 and 10. In the three-dimensional computations, the mass per unit
length for the analysed cable was 2 and the tension was 3.18, (the authors use dimensionless
variables). The natural frequency of a cable is given as / = (2T)~1v/T/m, where L is the
length of the cable, T is tension, and m is mass per unit length including added mass. The
results from both the two-dimensional and the three-dimensional simulations will be returned to
in later sections.
In the present computations, the shedding frequency for a fixed cylinder at Re = 200 results in a
Strouhal number of 0.197. Hence, the natural frequency of the present system is tuned according
to 0.197 and not 0.2. Two different mass ratios are analysed, m/pD2 = 1 and 10. With p = 1025
kg/m, and D = 1.0 m, the mass per unit length in the two cases becomes m\ — 1025.0, m2 =
10250.0. The spring stiffness of the system is found through the relation uin = \Jk/m. where m
is the structural mass plus the still water added mass. The added mass in still water is found as
CapnD2/4, where Ca — 1.0. Following this, the two spring stiffnesses becomes k\ = 2800.9 and
6% = 16920.4. The computational mesh used in the Navier-Stokes computations is the same as
used in the previous chapter.

8.2

Results from a two-dimensional response analysis

8.2.1 Introduction
Flow-induced vibrations of a cylinder were simulated by using a two-dimensional mass-spring
system released from rest in an established flow field. The two-dimensional computations works
as a benchmark test for the response analysis of the three-dimensional beam in the next section.
The case considered corresponds to the case analysed by Blackburn and Karniadakis (1993).
The results of their free-vibration simulations are presented in terms of the double cross-flow
maximum vibration amplitude for varying damping properties for two different mass ratios.
Their results agree reasonably well with the experimental results compiled by Griffin as shown
in Fig. 8.1. The amplitude-limiting effect as damping is reduced to nearly nothing is reproduced,
even though some discrepancy is found in the actual vibration amplitude. Considering the
difference in Reynolds number between the computations {Re = 200) and the experiments (300 <
Re < 106) the observed discrepancy is not very large. At large damping ratios, the computed
response amplitudes are larger than the experimental ones. Blackburn and Karniadakis relates
this to the three-dimensional wake in the experimental flows, which acts to reduce the spanwise
correlation of the vortex shedding for small oscillation amplitudes. This effect is obviously not
reproduceable in two-dimensional computations.
In the present study the structural damping is varied from around the critical damping ratio
(( = 1.0) and down towards zero, to try to reproduce the results shown in Fig. 8.1. The results
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Figure 8.1:

Maximum values of the cross-flow vibration amplitude of a freely vibrating circular cylinder

as functions of the response parameter So or the reduced damping parameter (as defined by the authors)
Ca/p = 8ir2 St2
/ pD2. The experimental results are compiled by Griffin, the computational results are by
Blackburn and Karniadakis. (Figure from Blackburn and Kamiadakis (1993).)
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Figure 8.2: Cross-flow vibration amplitude of a freely vibrating circular cylinder for two different mass ratios
(m/(pD2) = 1 and 10) shown as functions of the response parameter So = &x2St?m$/pD2.

are gathered in Fig. 8.2, and the figure shows that an amplitude limited response is indeed
predicted as the damping ratio is reduced. The maximum response amplitude is found to be
about 0.55 diameters. The response of the high mass ratio cylinder is vaguely smaller than the
response of the other cylinder, particularly for small values of SgAs discussed in Chapter 1, the response parameter is not uniquely defined throughout the re
search community. Some like to use the reduced damping parameter, Ks = (2irQ • 2m/(pD2),
while others prefer the response parameter Sg = 2xSt2Ks- This distinction is not important.
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However, the meaning of the mass parameter, m, and the damping ratio, £, entering the expres
sions, is of major importance. In the present use of these parameters, the mass means structural
mass plus an added hydrodynamic mass, which is considered as the inertia effect in still water
and obtained using an added mass coefficient of 1.0. The hydrodynamic contribution to the
inertia effect will vary with flow velocity and cylinder motion, and may even become negative,
thus the use of the still water added mass is to establish a fixed reference mass different from the
dry mass. The total damping of the system has contributions from both the structural material
and from the hydrodynamic flow field. In a situation where the cylinder is expected to lock-in
over its entire length, the hydrodynamic damping is negligible (Vandiver 1993), and the damping
ratio is established using the structural damping only. The damping ratio is then found as

^

2(ms + ma)u ’

where cs is the structural damping constant, ms and ma are the structural and added masses
respectively, and w is the natural frequency of the system in water. In situations involving strong
hydrodynamic damping this definition will be wrong. However, lock-in vibrations are considered
when forming the response curve shown in Fig. 8.2, hence the hydrodynamic damping may be
neglected. The definition of what is included in the mass parameter, is then the only remaining
source of discussion. For low mass ratio cylinders, the added mass represents a large part of
the total mass, and may affect the response parameter significantly, hence the response curve
may be shifted if the mass is erroneously included in So- Vandiver (1993) has argued that the
response parameter, So, is better written as
(8.2)

where the definitions for mass ratio, damping ratio and Strouhal number is used to form the ratio
of dissipative forces to hydrodynamic exciting forces. Hence, it is conceivable that the response
reduces for increasing values of the response parameter, as the response parameter mainly is
controlled by the damping constant, c, and is not so much dependent upon the mass ratio.
However, the mass ratio is not unimportant. Small mass ratio cylinders are more susceptible to
variations in the added mass, hence the natural frequency in water is easier changed than for
high mass ratio cylinder. This means that the flow velocity range leading to lock-in oscillations
may be larger for low mass ratio cylinders than for high mass ratio ones.
In the present simulations, the flow velocity is varied around the expected synchronization value.
The natural frequency of the system corresponds to the shedding frequency for a fixed cylinder
at Re — 200, or correspondingly a reduced velocity of Ur = 5.1. Simulations are performed at
Re = 160, 180, 200, 220, and for some damping ratios also for Re = 240, to capture the lock-in
region. The maximum vibration amplitude for different damping levels are shown in Fig. 8.3 as
a function of the Reynolds number. In Fig. 8.4 the vibration amplitudes for the two mass ratios
are shown as a more detailed function of the reduced velocity. Two different sets of simulations
were performed, one where the Reynolds number was kept constant as the velocity varied1, and
another where the Reynolds number varied with the flow velocity. The Reynolds number varied
in the range 100 < Re < 400, and in this range the vortex shedding frequency is a function of
the Reynolds number. Thus, an effect of the changing shedding frequency could lead to different
results in the two cases. However, no significant effect was found on the response curve. The
'To keep the Reynolds number,

Re = UD/v,

constant as

U

varies, the kinematic viscosity

v

must be varied

8.2. RESULTS FROM A TWO-DIMENSIONAL RESPONSE ANALYSIS

185

results from the large mass ratio cylinder show clearly the increase of the vibration amplitude
as the synchronization frequency is approached from both sides of the lock-in range. The results
from the low mass ratio cylinder, appears to have broadened the lock-in range significantly.
Hence, with the range of flow velocities analysed, we have not been able to capture the decrease
of the vibration amplitude above the lock-in range.

8.2.2 Results from the cylinder with m/(pD2) = 1.0
As stated above, the vortex shedding from a low mass ratio cylinder is allowed to synchronize
with the cylinder vibration over a wider range of flow velocities than for a high mass ratio
cylinder. In the following, we first discuss the situation for very low damping ratios, (( = 0.75
%), and then proceeds with what happens as the damping ratio increases.
In Pig. 8.5 and 8.6 we see the time series and the power spectra of the cylinder displacement for
m/pD2 = 1.0 and ( = 0.75 % for varying reduced velocities and Re.
Fig. 8.5 shows that the cylinder vibration is locked-in with the vortex shedding for all the three
reduced velocities 4.6, 5.1 and 5.6. In Table 8.1 the peak frequency fp of the displacement and lift
force coefficient spectra, and the dimensionless frequency of the cylinder vibration / are shown.
In Figs. 8.5(a), and 8.6(a) the results from Ur = 4.1 show that this is not a lock-in condition.
For this case the frequency in Table 8.1 is simply the frequency at which the highest peak in
the power spectrum occurs. In general we see that the non-dimensional frequency is relatively
constant at / « 0.22, while the actual vibration frequency fp increases with the flow velocity.
As the damping ratio increases, the vibration amplitude decreases for all flow velocities. For
the damping ratio ( = 0.75 %, the vibration amplitude is large enough to control the shedding
process for Ur = 4.6, as shown in Fig. 8.5(b). However, as the damping ratio increases, and
the vibration amplitude decreases, the situation at Ur — 4.6 gradually changes. In Fig. 8.7 the
power spectra for displacement and lift force coefficient are shown for Ur = 4.6 and for four
different damping ratios. For low damping ratios the response spectra are centred around one

(a)

mj pD2

= 1

(b)

m/pD2 —

10

Figure 8.3: The cylinder vibration amplitude is shown as a function of the Reynolds number for different damping
levels, and for two different mass ratios, (m/(pD2)) = 1.0 and 10.0. The Reynolds numbers 160, 180, 200, 220,
and 240 correspond to reduced velocities (Ur) of 4.1, 4.6, 5.1, 5.6, and 6.1.

186

CHAPTER 8. CASE STUDY — LOW MASS RATIO CYLINDERS

Ur variation, Re=200 -<
Re variation
Mass ratio = 1.0-

Mass ratio -10.0

Reduced velocity, Ur

Figure 8.4: Cross-flow vibration amplitudes of a freely vibrating circular cylinder for two different mass ratios
[m/pD2 = 1 and 10) shown as functions of the reduced velocity, Ur. The damping ratio is here £ — 0.75 %.
Table 8.1: Frequency content of the cylinder vibration and the vortex shedding for the case when m/(pD2) = 1,
and for three different values of the damping ratio (. jp is the peak frequency as found from the spectra, / is
defined as fcD/U.

Re
160
180
200
220

Ur

4.1
4.6
5.1
5.6

c = 0.75 %
/
fp [Hz]
0.176
0.220
0.195
0.217
0.225
0.225
0.242
0.220

c = 3.7%
/
0.161
0.201
0.176
0.196
0.220
0.220
0.239
0.217
fp [Hz]

c = 37%
fp [Hz]

f

0.159
0.183
0.205
0.227

0.199
0.203
0.205
0.206

single frequency, the cylinder vibration frequency. As the damping ratio increases, the frequency
bandwidth broadens, and the corresponding time series becomes inharmonic. In Fig. 8.7(c), the
spectra have three clear peaks, and the corresponding time series have a well-established beating
appearance.
An interesting observation is made at the lower flow velocities for the damping ratios ( = 3.7
% and ( = 7.5 %. In Fig. 8.8 the time series and power spectra for ( = 3.7 % are shown.
The results from this case show that the oscillating dynamical system may have two states of
dynamic equilibrium, separated by a nonlock-in situation.
• Lock-in first occurs at Ur — 4.1, although the amplitude of vibration is modest. For Ur
= 4.1 the single-peaked spectrum show a peak frequency of about fp = 0.161 Hz.
• For Ur — 4.6, three peaks appears, the highest peak is found at about fp = 0.176 Hz.
• For Ur — 5.1, the cylinder is again in a lock-in condition, with a single-peak spectrum at
about fp — 0.22 Hz.
The dimensionless frequencies (/ = fD/U) in these three cases are 0.20, 0.20 and 0.22, for Ur
= 4.1, 4.6 and 5.1 respectively. For damping ratios above ( = 7.5 %, / seem to approach 0.20,
also for the higher flow velocities.
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Figure 8.5: Time histories of y/D and Cl for varying reduced velocities and Reynolds numbers. Mass ratio mjpD2
= 1.0 and damping ratio ( - 0.75 %.

An explanation to the two states of dynamic equilibrium occurring for the dynamical system,
may be that two different shedding modes are present. In Williamson and Roshko (1988), the
authors present several possible vortex shedding modes behind a cylinder undergoing forced
vibration. In a recent publication (Khalak and Williamson 1996), this has been closer connected
to the two branches of resonance which are found as a hysteresis loop in several free-vibration
experiments. They indicate that the results found by Blackburn and Karniadakis (1993) for the
low damping ratios, may be identified as amplitudes found at the lower branch of the response
curve. This may explain the discrepancy between the computed results and the experimental
results, as the experimental results are assumed to follow the upper branch of the response curve.
For large damping ratios ({ > 15.0 %) the vibration amplitude for Ur = 4.6 has decreased to
about 0.3 diameters. As a consequence, both the cylinder vibration and the vortex shedding

188

CHAPTER 8. CASE STUDY — LOW MASS RATIO CYLINDERS

Re=160

Re=180
solid: 10*y/D
dashed: cl

solid: 20*y/D

dashed: cl

1
0.15
0.2
frequency, (hz)

(a) Power spectrum,

Ur

0.25

0.05

= 4.1

0.1
0.15
0.2
frequency, (hz)

(b) Power spectrum,

Ur —

4.6

.
0.1
0.15
0.2
frequency, (hz)

j

Re=220

Re=200

500
solid: y/D
dashed: cl

400

300

200

100

Q _______
0

(c) Power spectrum,

Figure 8.6: Power spectra for
ratio ( = 0.75 %.

yjD

Ur

= 5.1

and

Cl

0.05

(d) Power spectrum,

for Ur = 4.1, 4.6, 5.1, and 5.6. Mass ratio

mjpD2

Ur —

1\_______

0.25

5.6

= 1.0 and damping

have become regular harmonic processes. The vibrations are controlled by the vortex shedding,
and the shedding process approaches the fixed cylinder case. The non-dimensional frequency
of the cylinder vibrations, /, approaches the values of the Strouhal number for the shedding
process from a fixed cylinder, which in this Reynolds number range increases almost linearly
with velocity, (see Section 6.3).

8.2.3 Results from the cylinder with m/(pD2) = 10.0
For higher mass ratios, the natural frequency obviously becomes less dependent on the added
mass contribution. In Fig. 8.9, the time histories and power spectra for cylinder displacement
and lift force coefficient are shown for the case where mass ratio m/pD2 = 10, the damping ratio
( = 0.1 %, and for three different values of Ur. The peak frequency of the power spectra /p and
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Figure 8.7: Response spectra for cylinder displacement and lift force coefficient at
low mass ratio cylinder for four different damping ratios.

Ur

= 4.6 (or

Re —

180) for the

the non-dimensional frequency / are listed in Table 8.2.
A significant difference is found in the cylinder vibration amplitude as the flow velocity varies.
For Ur — 4.1, the vibration amplitude is very small, and the oscillations are mainly controlled
by the vortex shedding. The dominating frequency of the cylinder vibrations corresponds to
the shedding frequency from a fixed cylinder. However, a small contribution from the natural
frequency of the cylinder results in a beating time history of the cylinder displacement, although
it cannot be seen from the figure.
For Ur = 4.6, the vibration amplitude has increased significantly, and the dominating frequency
has changed from the Strouhal frequency to the natural frequency. However, the time series
of the cylinder motion reveals a weak two-frequency beating behaviour. A maximum vibration
amplitude of about 0.53 D is found at Ur = 5.1. From Table 8.2 the peak frequency is found
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Table 8.2: Frequency content of the cylinder vibration and the vortex shedding for the case when
and for three different values of the damping ratio (.
II

Vv-

s

0.154
0.190
0.203
0.205

<

0.154
0.190
0.203
0.205

1.0%
/
0.192
0.212
0.203
0.186

&

4.1
4.6
5.1
5.6

0.1%
/
0.192
0.212
0.203
0.186

II

II

Ur

<

Re
160
180
200
220

0.154
0.183
0.203
0.211

m/(pD2)

= 10,

5.0%
f

0.192
0.203
0.203
0.191

to be relatively constant for reduced velocities above 4.6. This means that the change in added
mass is not large enough to shift the natural frequency of the cylinder enough to maintain the
natural shedding frequency, as it did in the low mass ratio cylinder case.
The situation is not much changed as ( increases, contrary to the situation for the low mass
ratio cylinder. However, the clear border found at Ur = 4.6 — between the lock-in cases and the
nonlock-in case — gradually disappears as the damping increases and the cylinder approaches
the fixed cylinder case. For Q = 5 % the time histories of both the cylinder displacement and lift
force coefficient are regular and harmonic for all flow velocities. At this damping level, there is
no lock-in of the frequency as the velocity varies. This is confirmed by the vibration frequency.
From Table 8.2 we see that the frequency increases with velocity, as in the fixed cylinder case.
8.2.4

Effect of in-line vibrations

So far, all the presented results are found from simulations where the cylinder is restricted to
vibrate in the cross-flow direction only. To investigate the importance of the combined in-line
and cross-flow response on the maximum vibration amplitude, some of the cases were reanalysed
with computations where the cylinder was allowed to respond both in-line with and normal to
Vibration amplitude, mass ratio = 1.0

1
Cross-flow only -e—
Cross-flow and in-line

0.8

0.6

t
0.4

0.2

0
200
Reynolds number

Figure 8.10: Vibration amplitude for the low mass ratio cylinder. The four damping ratios used are £ = 0.75 %,
3.7 %, 15 %, and 75 %■ The Reynolds numbers 160, 180, 200, and 220 correspond to the reduced velocities 4.1,
4.6, 5.1, and 5.6.
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the flow. These results indicate that the cylinder which is allowed to respond in both x- and
y-directions, seems to have larger maximum vibration amplitudes, which is in agreement with
the experimental results found by Moe and Wu (1989). The results by Moe and Wu also indicate
that the velocity range over which large vibration amplitudes are found, is wider in the case when
the cylinder is allowed to respond in-line than when the response is restricted to purely cross-flow
vibrations. The present numerical results do not indicate this. However, the flow velocities used
in the analysis cover only a small range of reduced velocities, 4.1 < Ur < 5.6, (based on the
natural frequency in still water, fr — 0.197 Hz). Moe and Wu (1989) found the large vibration
amplitudes in the range 5.0 <Ur < 7.5. Hence, the full range of the large response amplitudes
is not covered in the present analysis, and we cannot draw any firm conclusions about the width
of the lock-in range.
Fig. 8.10 shows the vibration amplitude both from purely cross-flow vibrations and from the case
when the cylinder responds in both cross-flow and in-line directions. For the low damping ratio
results the vibration amplitude is larger inside the lock-in range in the case when the cylinder
responds in both directions than in the case when the cylinder responds in the cross-flow direction
only. At the same time the vibration amplitude below the lock-in range is significantly lower
for the cylinder responding in both directions than for the cylinder responding only cross-flow.
Hence, the lock-in effect is more pronounced for the cylinder responding in both directions. This
is also confirmed by the power spectra for the two cases. Below the lock-in range (Re = 160)
the dominating frequency is almost constant for all damping ratios. It varies from / = 0.159
Hz for C = 0.75 % to / = 0.154 Hz for ( = 75 %. Inside the lock-in range the non-dimensional
frequency for the cylinder responding in both directions, is constant for a given damping ratio,
as is the case for the other cylinder. However, / is in general somewhat lower in the first case.
As the damping level is increased the situation approaches the fixed cylinder case, like it did for
the cylinder vibrating in the cross-flow direction only.

8.3 Modelling and preliminary analysis of the FEM beam
The three-dimensional beam is modelled with finite elements. Three different cases where es
tablished initially as shown in Fig. 8.11. Case I is a simply supported beam with lateral loads,
in Case II an additional tension force is applied at the translational free end. In Case III, both
ends are fixed against translations, requiring a nonlinear solution. The structural parameters
shown in Table 8.3 are chosen to correspond to the two-dimensional case. In the static analysis,
the number of elements and the static solution procedure are varied to ensure the model to be
correct. The natural frequency of Case II is tuned to correspond to the shedding frequency by
adjusting the tension force. This case is used in the dynamic analyses.
Table 8.3: Structural information for the model used in the three-dimensional computations.

Length
Diameter
Wall thickness
Mass
Bending stiffness
Axial area

L = 100 m
D = 1.0 m
t = 5.0 mm
m = 1025.0 kg/m
El = 4.0619- 10s Nm?
A = 1.5629 • 10-2 m2
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Figure 8.11: The three different cases established for verification of the static analysis and the eigenvalue analysis.

The number of elements in the finite element model is varied and a negligible difference is found
between cases having more than about 20 elements, both regarding static configuration and the
natural frequencies of the first 6-7 modes. Furthermore, the static solution procedure is varied,
and for the simple cases considered here, the difference between a linear and a nonlinear solution
is very small. In particular, the results from a linear and a nonlinear analysis of Case II are
almost identical.
8.3.1

Results from the static analysis

The static shape of the beam model is obtained by a nonlinear static analysis. A nonlinear
static solution is necessary to obtain the correct static configuration of a free-spanning pipeline,
as bottom contact may occur at various positions and lengths along the pipeline depending on
the bottom profile. The static analysis of the beam works as a simple test of the nonlinear
solution implemented in the computer code. The nonlinear solution is compared with the linear
solution and with analytical solutions of some simple test cases. Case I is a simply supported
beam with one end fixed against translations and the other free to move axially. The deflection
of such a beam is found e.g. in Young (1989),

(8.3)
The maximum deflection is found at the mid span,

(8.4)
Case II is a simply supported beam with an axial tension in the free end, the tension applied is
T = 2.45 • 106 N. The deflection is in this case given as (Young 1989)

(8.5)

where k — y/T/EI, and where the maximum deflection is found by inserting x = E/2.

8.3. MODELLING AND PRELIMINARY ANALYSIS OF THE FEM BEAM

195

Case I - hinged beam, one free end
non-linear solution,
ir solution —+•
analytical........

-6.0 -

(a) Case I
Case I - hinged beam, one end fixed, one end tensioned

0.2

-

non-linear,
linear
-

-0.6 -

(b) Case II
Case HI - hinged beam, both ends fixed
non-tin, n = 2, no it
non-tin,
ivu-uu, a
n—
= iv,
10, nu
no u
it
non-tin, n = 2, w/ it ■*•+•

1.0

-

2.0

-

-

-

(c) Case III

Figure 8.12: Static configuration of three different cases. Comparison between non-linear analysis, linear analysis
and linear analytic solutions. (Units are in metres.)
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Case III is a simply supported beam fixed against translations in both ends, the maximum
deflection is determined through the following equation
,

^ ..3

5gL4

y-max + ^jV-max ~

4^4£/'

This is a nonlinear relation, which is solved numerically to find the maximum deflection. In
Table 8.4 the computed maximum deflection is compared with the analytically obtained values.
The computed linear solutions is identical to the analytical values (to three decimals accuracy)
for Case I and II. This reflects the fact that the analytical expressions are of linear order, and
verifies the algorithm used for the linear static solution in the computer code. In Case II, the
initial stiffness of the beam is increased due to the axial force, hence the linear stiffness accounts
for the geometric stiffness in an approximated manner, and the linear solution is almost identical
to the nonlinear solution. Case III does not have a linear solution, or in other words, the linear
solution of Case III is equal to the linear solution of Case I, as the increased tension due to the
deflection of the beam is a nonlinear effect. The numerical solution of the analytical expression
in Eq. (8.6) is close to the computed solution as shown in Table 8.4.
Table 8.4: Maximum static deflection of three different beams. Case I is a beam with hinged ends, and with one
end free to move axially, Case II one is hinged in both ends, one end fixed axially while a tension force of 2.45 • 106
N acts in the other end. In Case III, the beam is restrained against horizontal displacement at both ends.

Case I
6.759 m
6.917 m
6.917 m

Non-linear solution
Linear solution
Analytic expression

8.3.2

Case III
1.381 to
no sol.
1.390 to

Case II
0.960 m
0.961 m
0.961 m

Results from the eigenvalue analysis

In the dynamic analysis we have used Case II as the case to analyse. The natural frequency of
this case is easy to tune to the shedding frequency simply by adjusting the tension. The natural
frequencies of all the cases are shown in Table 8.5. To verify the results from the Naviv computer
program, the beams in the three cases are also modelled using the general finite element program
Abaqus, and the results are compared with the results from Naviv. Simple analytic expressions
exist for the natural frequencies of a cable/string, where the tension (T) dominates the stiffness
characteristics of the structure, and for a straightlined beam where the bending stiffness (El) is
dominating

fn

n
2L

fn =

m + ma

2L2

El
V m + ma'

(8.7)

For a pipe with stiffness contributions from both the tension and the bending stiffness of the
structure, the natural frequency for mode n is given as

fn

=

n
2L

t

+ (■st)2ei
m+m,

(8.8)
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Figure 8.13: The first three natural modes in the cross-flow direction, together with the first natural mode in the
in-line direction.

These analytic expressions may be used as approximative results of the natural frequencies of
Case I and Case II. Table 8.5 shows nearly perfect agreement between the results from the FEM
computations (Navjv and Abaqus) and the theoretical values. As a conclusion, both the static
configuration and the computed eigenvalues must be considered correct.
Table 8.5: Natural frequencies for the three cases analysed. The natural frequencies are compared with numerical
values from Abaqus and by analytic expressions for comparable idealized cases. (All frequencies in

Naviv
Abaqus

Analytic

Case I
1. mode
2. mode
0.075
0.296
0.074
0.293
0.074
0.296

Case II
1. mode
2. mode
0.197
0.470
0.197
0.470
0.197
0.471

Hz.)

Case III
1. mode
2. mode
0.417
0.265
0.265
0.417

Lock-in is a resonance phenomenon, hence the structure is generally expected to respond in one
of its natural modes if it is in a lock-in condition. The first three natural modes in the cross-flow
direction (in-plane motion) are shown in Fig. 8.13 together with the first natural mode in the
in-line direction (out-of-plane motion).

8.4 Dynamic response analysis of the FEM beam
The results from the dynamic analyses of the simply supported beam are compared with the
results from the analyses of the flexibly mounted rigid section. This requires analyses of both a
low mass ratio beam (m/{pD2) = 1.0) and a high mass ratio beam (m/(pD2) = 10.0). Due to
the increased simulation time required to obtain steady state oscillations for the high mass ratio
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Figure 8.14: Dynamic displacement of the beam both in the cross-flow and in the in-line directions at selected
time steps for

Ur

= 5.1 and

Ur

= 6.1 for the beam with mass ratio

m/(pD2) =

1.0.

case, relatively few cases are analysed with this beam. Hence, the discussion will concentrate on
the results found for the low mass ratio beam. However, results are included for the high mass
ratio beam for reference and comparison. The dynamic analyses were performed with a constant
Reynolds number of 200.
8.4.1

Response form of the vibrating beam

As mentioned previously the natural frequency of the first mode is tuned to correspond to the
vortex shedding frequency of a fixed cylinder at a flow velocity corresponding to Re — 200. Hence,
the expected response form of the three-dimensional beam is a single mode lock-in oscillation of
the first mode. However, the weight of the beam forms an initial sagging configuration. In the
cross-flow direction, the beam will oscillate about this static position and this may complicate
the dynamic characteristics. For the low mass ratio case the static displacement at the mid
point of the beam is about 0.96 m, which is less than one per cent of the length of the beam. In
Fig. 8.14, the dynamic motion of the beam is shown at selected time steps for both cross-flow
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Figure 8.15: Dynamic displacements of the beam in the cross-flow and in-line directions for the beam with mass
ratio 10.0 and at

Ur —

5.1.

and in-line vibrations. The response shape is shown for two different reduced velocities,
5.1 and 6.1.

Ur —

For the cross-flow vibrations, the first mode is as expected the dominating response form. A
relatively clear lock-in response of the first mode is observed. At Ur = 6.1, it is not possible to
distinguish between the response shapes of the beam at two subsequent maxima, whereas at Ur
= 5.1, a small deviation is found. Together with the fact that the maximum amplitude is found
at Ur = 6.1, this indicates that the beam is not perfecly locked-in at Ur = 5.1.
The dominating part of the in-line displacement is found to be the static part, which may be
approximated as the dynamic mean position. On top of this, additional dynamic displacement
is found. The dynamic part of the in-line displacement is shown in Figs. 8.14(b) and 8.14(d). At
Ur — 6.1, the first mode dominates the dynamic in-line motion as well, whereas at Ur = 5.1,
the in-line motion becomes more assymmetric and indicates contribution from the second mode.
The vibration frequency in the in-line direction is twice the frequency of the vibrations in the
cross-flow direction, in agreement with the expected in-line vortex-induced forces.
In Fig. 8.15 the dynamic part of the cylinder motion for the high mass ratio beam is shown both
in the cross-flow and the in-line directions at Ur = 5.1. In the cross-flow direction, the first
mode is as expected the dominating response form, whereas the in-line motion appears to be
more affected by vibrations of the second mode than the lower mass ratio case was. However,
the oscillation amplitudes are very small and additional results with longer simulations should
be analysed before any firm conclusion can be drawn.
The shedding of vortices from the cylinder is initialized by adding a vertical perturbation velocity
to the incoming flow velocity at a given time step and with a given duration. This perturbation
was added at different time steps for each of the hydrodynamic sections to simulate lack of
correlation in the shedding along the beam at start-up. The effect of this uncorrelated shedding
on the response of the beam, was expected to be larger in cases with many hydrodynamic
sections, than in cases with fewer sections. For the case where the number of hydrodynamic
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Figure 8.16: Response spectra for cylinder displacement and lift force coefficient at

Ur
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= 7.1
= 4.1, 5.1, 6.1, and 7.1 for

the low mass ratio beam. The spectra are found at the mid-span of the beam.

sections was 9, the initial response of the beam did have local variations due to the uncorrelated
hydrodynamic forces. However, after a few oscillations the motion of the beam controls the wake
oscillations at all sections. Hence, under lock-in conditions the response shape of a beam with
several hydrodynamic sections appeared to be not very different from the response shape of a
beam having only one hydrodynamic section at the mid span of the cylinder.
The response spectra for the low mass ratio cylinder are shown in Fig. 8.16 for four different
flow velocities. The spectra are shown for both cross-flow displacement and lift force coefficient
for the mid span section. We see that the peak frequency of the response spectra increases with
the reduced velocity in accordance with the Strouhal relation (fs — St ■ U/D), but in apparent
contradiction with the natural frequency of the beam. The explanation is that the added mass
effect varies with the reduced velocity, thus the natural frequency, and consequently the cylinder
vibration frequency, adjusts to the shedding frequency in the lock-in region. In Table 8.6 the
vibration frequency and the non-dimensional frequency are shown for all the reduced velocities
analysed in this study. We see that the non-dimensional frequency / is relatively constant in the
lock-in region, but reduces as Ur increases above the lock-in region.
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Table 8.6: Cylinder vibration frequency and non-dimensional frequency for the case when

m/(pD2)

= 1, and for

all the reduced velocities analysed in this study.
Ur

3.1
4.1
5.1
6.1
7.1
8.1

[Hz]
0.12
0.17
0.21
0.24
0.25
0.26
fc

/
0.20
0.21
0.21
0.20
0.18
0.16

The peak frequencies of the lift force and the displacement are found to agree well in the lock-in
region. An exception is for Ur — 7.1, where the lift force coefficient spectrum shows two peaks.
Evidently, the peak at the low frequency is from the cylinder vibrations, whereas the peak at the
high frequency is from the natural frequency of the shedding process. Note that the spectra are
predicted at the mid span of the beam, where the larger cylinder oscillation amplitude is found.
This means that the cylinder oscillations in a hydrodynamic section at the mid span is larger
than at the remaining hydrodynamic sections. As a consequence, the fluid-structure interaction
will be different at the mid span than towards the ends. In other words, the synchronization may
be easier destroyed at a hydrodynamic section at the mid span than at a section closer to the
ends. This is likely to be the reason for observing an additional peak in the power spectrum of
the lift force coefficient at a reduced velocity which is considered to be inside the lock-in region.
The lock-in region of the high mass ratio beam is found to be much more narrow than for the
low mass ratio beam. This is indicated in Fig. 8.17 where the response spectra for the high mass
ratio beam is shown for Ur = 5.1 and 6.1. The cylinder displacements are very small for Ur
= 6.1, and the displacement spectrum is multiplied by a factor of 50 to be able to present it in
the same figure as the lift force coefficient spectrum. This is a direct consequence of the reduced
significance of the added mass effect for the high mass ratio beam.

M = 10.0, Ur = 6.1

M = 10.0, Ur = 5.1
solid: y/D

solid: 50'y/D

dashed: cl

dashed: cl

0.05

0.1
0.15
0.2
frequency, (hz)

(a)

Ur

= 5.1

0.25

0.05

0.1
0.15
0.2
frequency, (hz)

(b)

Ur

0.25

= 6.1

Figure 8.17: Response spectra for cylinder displacement and lift force coefficient at Ur = 5.1 and 6.1 for the beam
with m/(pD2) =10.
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Figure 8.18: Time histories of transverse motion at three different locations along the low mass ratio beam for the
reduced velocities 4.1, 5.1, 6.1, and 7.1. ‘sets’ is the position at the mid span of the beam.

8.4.2

Time history of the cylinder displacement

Time series of the transverse response of the finite element beam model are shown in Fig. 8.18
for four different reduced velocities and at three positions along the length of the cylinder. We
see that the cylinder oscillation at Ur = 4.1, is not a steady state harmonic oscillation, rather
an amplitude-modulated beating oscillation. Note, however, that a longer simulation is required
to make any conclusions in this case. Even at Ur = 5.1, where a perfect lock-in oscillation was
expected, a varying oscillation amplitude is observed. Again, a longer simulation is required
before firm conclusions can be drawn.
Steady state harmonic oscillations are reached relatively fast for the reduced velocities of 6.1
and 7.12. The maximum oscillation amplitude is found at Ur = 6.1, and observed to be Ay/D
2Note that the simulation for Ur = 7.1 is shorter than the other simulations, due to computer problems while
simulating.
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Figure 8.19: Time histories of transverse motion at three different locations along the high mass ratio beam for
the reduced velocities 4.1, 5.1, 6.1, and 7.1. ‘sets’ is the position at the mid span of the beam.

= 0.77. A large oscillation amplitude is maintained over a relatively wide lock-in region for the
low mass ratio beam. The vibration amplitude at Ur — 7.1 is still as high as 0.74 of a diameter.
The situation is significantly different for the case when m/(pD2) = 10.0. In Fig. 8.19 the
cross-flow vibration of the high mass ratio beam is shown for varying reduced velocities. It is
clear that longer simulations are required to reach steady state in these cases. However, the
oscillation amplitudes in the cases where Ur = 4.1 and 7.1, do not seem to grow any further.
The results for Ur = 5.1 indicate that high amplitude lock-in oscillations will occur, and an
amplitude level about 0.6 seems likely. For Ur = 6.1, the situation is more uncertain. A beating
oscillation pattern appears, but the amplitude is still growing and might reach a higher level
(with harmonic steady state oscillations) if longer simulations were performed. In any case, the
indications are clear that a more narrow lock-in region appears for the high mass ratio beam
than it did for the low mass ratio beam.
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Figure 8.20: Trajectory path for the section at the midpoint of the low mass ratio beam for four different reduced
velocities.

Fig. 8.20 shows the trajectory paths for the displacement of the mid-span section of the low
mass ratio beam at varying reduced velocities. The trajectory path at Ur = 6.1 and 7.1 show
relatively clear figure-8 shapes. The vibration at Ur = 4.1 and 5.1, has not yet settled in a
steady state, as discussed previously. Note also that the increase in steady in-line displacement
as Ur increases is a direct consequence of the increased flow velocity, as the in-line drag force is
proportional to velocity squared.
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Figure 8.21: Time history of lift coefficient at three different locations along the low mass ratio beam for the
reduced velocities 4.1, 5.1, 6.1 and 7.1.

8.4.3 Time history of the force coefficients
We have seen that the beam vibrations indicate a state of lock-in for the reduced velocities 6.1
and 7.1. In the following, the force coefficients are studied to verify that all aspects of a lock-in
condition are found. For a cylinder oscillating under lock-in conditions, the vortex shedding and
hence the lift and drag force coefficients are expected to synchronize with the cylinder vibrations.
In Figs. 8.21 and 8.22 the force coefficients are shown at three different sections along the low
mass ratio beam, and for varying reduced velocities.
Initially the lift force is uncorrelated for all reduced velocities, as the cylinder response develops,
the cylinder motion controls the wake oscillations in one way or another for all Ur. Below the
lock-in region, at Ur = 4.1, the oscillating lift force has relatively large amplitudes. The lift force
appears to have little or no phase differences along the beam. However, Cx(t) has a different
beating behaviour at the different sections. Entering the lock-in region, at Ur = 5.1, the lift
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Figure 8.22: Time history of drag coefficient at three different locations along the low mass ratio beam for the
reduced velocities 4.1, 5.1, 6.1 and 7.1.

force seems to be best correlated. Close to the ends the amplitude of the lift force coefficient
Cl is larger, and the oscillation pattern is more harmonic than at the mid span. Increasing the
reduced velocities to 6.1, a clear phase lag between the lift force at the different sections appears.
This situation is even more pronounced at Ur = 7.1. At this reduced velocity the lift force at
the mid section is actually 180° out of phase with the lift force close to the ends. Hence, it acts
in the opposite direction. Note, however, that the magnitude of Cl has dropped significantly at
the higher reduced velocities.
In Fig. 8.22 the drag force coefficient is shown for three sections along the beam and for varying
reduced velocities. Both the mean and the oscillating part of the drag force is directly influenced
by the large cross-flow motion found in the lock-in region. In particular, the drag force increases
at the mid section where the larger amplitudes are found.
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Figure 8.23: Time history of lift coefficient at three different locations along the high mass ratio beam for the
reduced velocities 4.1, 5.1, 6.1 and 7.1.

Fig. 8.23 shows the lift force coefficient for the high mass ratio beam. Corresponding to the low
amplitudes of the cylinder oscillation, the oscillating lift force does not seem to be controlled by
the cylinder motion to the same extent as the case was for the low mass ratio cylinder. However,
an adjustment of the phase angle of the lift force is observed as the cylinder oscillations start to
increase. For Ur — 4.1 and 7.1, the lift force oscillations between the different sections apparently
develop a constant phase difference, after the initial oscillations where a forced random phase is
present. This situation is somewhat different for the other two reduced velocities analysed. As
the cylinder amplitude develops for Ur — 5.1, the lift force amplitude at the mid section reduces
and a two frequency performance appears, much like what was found in the lock-in region of the
low mass ratio cylinder. At Ur — 6.1, we can also see a reduction in the lift force amlitude as
the cylinder oscillations develop, but as the amplitude is smaller, the effect is not as pronounced
as at Ur = 5.1.
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8.4.4

Comparison with existing guidelines

The response of the three-dimensional finite element beam is compared with the response of the
two-dimensional flexibly mounted section as well as other results reported in the literature in
Section 8.5. As an additional comparison, we compare the predicted response values with the
response as found from the Rules for submarine pipeline systems provided by DNV (Det Norske
Veritas 1981).
The DNV rules say simply that fatigue due to vortex shedding should be avoided. DNV applies
the reduced velocity, Ur = Uf (fnD), and the stability parameter,

(8.9)

where 5 is the logarithmic decrement of the damping, (6 =
per unit length of the pipe defined as

and me is the effective mass

Here, m is the mass per unit length and includes structural mass, added mass, and mass of any
fluid inside the pipe, y(x) is the mode shape of the actual pipe span, and d is the submerged
length of the pipe.
According to the DNV code, in-line oscillations may occur when 1.0 < Ur < 3.5 and Ks < 1.8.
For 1.0 < Ur < 2.2 the shedding will be symmetric, and for Ur > 2.2 the shedding will be
antisymmetric. The amplitude of oscillations can be found from Fig. 8.24.
0.2

0

0

0.5

1.0

1.5

2.0

Ks

Figure 8.24: Amplitude of in-line oscillations as a function of Ks, as presented in the DNV 1981 rules, (Det Norske
Veritas 1981).
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The DNV rules states further that cross-flow oscillations may occur for K$ < 16 and for values
of Ur between 5.0 and 6.0 in the subcritical Reynolds number regime. In the supercritical regime
the boundary values of Ur between which cross-flow oscillations may occur, are changed to 4.0
and 5.0. This change starts at the critical Reynolds number of around 1.0 • 10s. The amplitude
of vibration is found from simple diagrams of response amplitude vs. the stability parameter,
KsTable 8.7: Comparison of the response amplitude as predicted with the present computations and the response
amplitudes according to the DNV rules, x/D: Dimensionless in-line vibration amplitude,

y/D:

Dimensionless

cross-flow vibration amplitude.

DNV code (1981)
2D section model
3D beam model (Re = 200)

x/D
0.16-0.18
0.05
0.06

y/c
1.2 -1.3
0.55
0.77

In this case Ks is found to be about 0.2, and based on this a table of corresponding response
amplitudes can be established, comparing the response from the present computations with the
response according to the DNV rules. As shown in Table 8.7, there is not a good correspondence
between the predicted amplitudes from the present calculations and the DNV code, although the
lock-in region is found to agree reasonably well. Generally the computed response amplitudes
are found to be too small. There can be several reason for this discrepancy:
• Difference in the Reynolds number between the computed results and the experimental
results which the DNV rules are based upon. The Reynolds number in the laminar com
putations is well below any practical values.
• The use of the DNV code for an actual free-spanning pipeline may be overly conservative
if the predicted fluid-structure interaction for the pipeline has the indicated importance.

8.5 Discussion and conclusion
A discussion of the present results should focus on the following topics
1. Why are the response amplitudes of the flexibly mounted section only half a diameter?
2. How does the response of the three-dimensional finite element beam compare with the
flexibly mounted section?
3. What is the effect of increasing the mass ratio?
4. What is the relevance of these results as compared to other results reported in the litera
ture?
First of all, are the response amplitudes for the flexibly mounted cylinder realistic? This question
is discussed in more detail in Chapter 7 where the numerical results from analysing a high mass
ratio cylinder are compared with experimental results at a corresponding Reynolds number.
Experimental results in the laminar flow regime and with comparable low mass ratio cylinders
are not found in the literature, and the present results are compared with other numerical
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results only. Analyses by Blackburn and Karniadakis (1993) at Re = 200, and by Newman and
Karniadakis (1996) at Re = 100 have shown response amplitudes of about 0.6 D and 0.52 D,
respectively. The vibration amplitude observed in the present two-dimensional computations
at Re = 200 is about 0.55 D, which compares well with the two above references. Hence, the
response amplitude of the flexibly mounted section appears to be reasonably well predicted.
Next, what is the expected relation between the response of a flexibly mounted section and
a three-dimensional beam with corresponding first mode dynamic characteristics? The mode
shape factor defined in Section 5.1, 7„, relating the response amplitude of a flexibly mounted
rigid section to the amplitude of a corresponding mode shape, is for a tensioned cable, or a
simply supported beam, equal to 1.155. This indicates that the response of a vibrating beam
should increase somewhat as compared to the response of a two-dimensional mass-spring system.
Note, however, that this factor is valid when the response is found as one single mode only and
with a fully correlated modal load. From the results of Newman and Karniadakis (1996) at Re
= 100, the corresponding ratio between the three-dimensional standing wave response amplitude
and the two-dimensional response amplitude is 1.29. Even if this is large as compared to the
theoretical mode shape factor, the increase in response amplitude can partly be explained from
this fact.

Mass ratio: 1.0, 2D section
Mass ratio: 10.0, 2D section
Mass ratio:"!.0, 3D beam
Mass ratio:10.0, 3D beam

0.6

—
....
a
*

-

0.4 -

0.05

0.1

0.2
0.5
1
Reduced damping, Sg

Figure 8.25: The maximum cross-flow vibration amplitude as a function of the response parameter, So- Results
are shown both for the two-dimensional flexibly mounted rigid section and for the three-dimensional beam model.

In Fig. 8.25 the maximum cross-flow vibration amplitude for the finite element beam model is
shown as a function of the response parameter Sg, and compared with the corresponding results
from the two-dimensional response prediction. The maximum vibration amplitude of the low
mass ratio beam was found to be 0.77 of a diameter. The ratio between the amplitude of the
beam to the amplitude of the flexibly mounted section thus becomes 1.4, which is considerably
higher than the expected 1.155. For the heavier beam the exact steady state vibration amplitude
is not reached, but if the response develops nicely the way it started, a maximum amplitude just

8.5. DISCUSSION AND CONCLUSION

211

2D section
3D beam

t
i
I
©

Mass ratio

=

1.0

Mass ratio

=

10.0

-

I
>

I
o

Reduced velocity, Ur

Figure 8.26: Comparison of the cross-flow vibration amplitude as a function of the reduced velocity,
2D and the 3D response models.

Ur,

for the

above 0.6 can be expected. Thus, the ratio between the amplitude of the beam to the amplitude
of the flexibly mounted section is about 1.15.
In Fig. 8.26 the vibration amplitudes of the finite element beam and the flexibly mounted section
are shown for both the two mass ratios analysed, and for varying reduced velocity. The figure
shows that the lock-in region is entered at the same reduced velocity for both the 2D section and
the 3D beam. For the high mass ratio cases, the extent of the lock-in region is also relatively
consistent. For the low mass ratio cases, on the other hand, the response curve for the 3D
beam has the same gradient as the lock-in region is entered, but continues to increase above the
reduced velocity at which the maximum amplitude was found for the 2D section. This is not
obvious.
A possible explanation can be found in the previously observed phase lag between the lift forces
at the different hydrodynamic sections. For a beam oscillating in the first mode, the vibration
amplitude is larger at sections positioned towards the mid span of the beam than towards the
ends. Hence, even though the beam is found to have a first natural frequency equal to the
natural frequency of the flexibly mounted section, and the observed oscillation frequency is close
to this natural frequency, the flow situation in a hydrodynamic section towards the mid span of
the beam is different from the situation in the sections towards the ends. In fact, the situation
can be compared to flow simulations on a cylinder in forced motion. The oscillation frequency is
a naturally selected one, but it does depend on the full structural model and not only on a given
cross section. The prescribed motion of the sections close to the ends is smaller than the motion
of the flexibly mounted section, and furthermore, the motion at the mid section is larger than
the motion of the 2D section. In Table 8.8 the maximum cross-flow amplitude of the cylinder
and the corresponding lift coefficient for varying Ur are shown for the flexibly mounted section,
the finite element beam with only one section positioned at the mid span, and for three different
sections in the case when nine sections where applied along the beam.
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Table 8.8: Comparison, of the response amplitudes as predicted with the two-dimensional flexibly mounted section
and with the different section along the three-dimensional finite element beam.

Ur
Ur
Ur

— 3.1
ii

•F

Ur

= 5.1
— 6.1
— 7.1

2D
C = 0.75 %
CL
4,/a
1.03
0.05
2.25“ 0.48“
0.87 0.55
0.54
0.26
0.07 0.50

3D
1 section
CL
4,/a
0.12
1.1
2.2“ 0.5“
1.16 0.65
0.47 0.67
0.23 0.65

_________________ 3D_____________
sctl
sct3
sct5
CL
4,/a CL
4,/a Cl
4,/a
0.75
0.01“ 0.55 0.03“ 0.80 0.04“
1.35“ 0.14“ 2.1“ 0.35“ 2.3“ 0.43“
1.3
0.20
0.5 0.5
0.5 0.64
0.92 0.24
0.42 0.63
0.73 0.77
0.42 0.74
0.45 0.23
0.25 0.60

“Beating motion, maximum amplitude reported

For the two-dimensional case, it appears that the largest lift coefficient is found at the Ur = 4.1,
where the lock-in region is entered. Increasing the reduced velocity further, the lift coefficient
decreases. For the beam the situation is sligthly different. The lift coefficient at the mid-span
section is very close to the value at the flexibly mounted section at Ur — 4.1. In fact, both
the response amplitude and the lift coefficient for the two different cylinder models are close as
the cylinder enters the lock-in region. Note, however, that the reported values are maximum
values in a beating oscillation, and that in the 3D beam case, the simulations have not reached
a steady state which means that the beating may or may not continue. Both Cl and Ay/D
are smaller than the 2D values at the other sections along the beam. At Ur = 5.1, where the
maximum amplitude is found in the 2D case, the lift coefficient at the sections near the ends
of the beam are larger than in the 2D case, whereas the lift coefficients found at the sections
towards the mid span are smaller. Increasing the reduced velocity further, the lift coefficient
continues to decrease in the 2D case, whereas the lift coefficient at the mid section increases and
reaches the maximum at Ur = 6.1, where the maximum vibration amplitude also is found. The
situation at the other sections is more like in the 2D case, with decreasing lift coefficient as Ur
increases, though Cl is generally larger for the sections along the beam than for the 2D section.
This shows that the fluid-struture interaction along the beam is significantly different from the
fluid-structure interaction of the flexibly mounted section.

To investigate this, a test case with only one hydrodynamic section positioned at the mid span of
the beam was analysed. More important for the fluid-structure interaction than the magnitude of
the lift coefficient is perhaps the phase angle between cylinder motion and lift force. In Fig. 8.27
the time histories of the cylinder displacement and the corresponding lift force is shown for the
flexibly mounted rigid section (Fig. 8.27(a)) and for the finite element beam model at Ur = 5.1.
In Fig. 8.27(b) the results from a beam simulated with only one hydrodynamic section at the
mid span is shown, and in Figs. 8.27(c) and 8.27(d) the results from two different sections along
a beam which is simulated with nine hydrodynamic sections are shown. The results from the
simualtions with one hydrodynamic section at the mid span of the beam compares reasonably
well with the results from the purely 2D section. The lift force and the cylinder motion appears to
be well synchronized in harmonic oscillations, although a small asymmetry of the lift coefficient
is observed for the beam case. Note that the ratio between the amplitude of the 3D beam to the
amplitude of the 2D section is 1.18, close to the mode shape factor of 1.155.
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Figure 8.27: Comparing results from the flexibly mounted rigid section (2D) and results from the finite element
beam (3D) with only one section positioned at the mid-span as well as results from two different section of a beam
with nine sections at Ur = 5.1.

Turning to the beam with nine sections, the situation is very different. The lift force history
has a two frequency performance. This behaviour is found for the 2D section at higher reduced
velocities (e.g. at Ur = 6.1), which indicates that the mid section of the beam is leaving the
lock-in region while the sections towards the ends are still in a state of excitation. Considering
the relatively high lift coefficient at the position of ‘sctl’ and the fact that the lift force leads
the cylinder motion confirms the theory that the sections away from the mid span acts to excite
the beam more than the section at the mid span can handle. This implies that the situation at
the mid section is no longer a perfectly locked-in cylinder.
Fig. 8.28 shows the situation at Ur — 6.1 where the maximum vibration amplitude of the beam
with nine sections is found. The response of the 2D section and the beam with only one section
has changed. The cylinder amplitude is not much changed, but the lift coefficient has got the
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Figure 8.28: Comparing results from the flexibly mounted rigid section (2D) and results from the finite element
beam (3D) with only one section positioned at the mid-span as well as results from two different section of a beam
with nine sections at Ur = 6.1.

two frequency appearance which was found at the mid section in the Ur = 5.1 case. For the
beam with nine sections along the span, the situation is comparable to the situation at Ur =
5.1, but the lift coefficient at ‘sctl’ is lower for Ur = 6.1, and the two frequency lift force at
‘sct5’ has the larger peak following the cylinder motion instead of leading it as it did at Ur =
5.1.
The effect discussed above is assumed to be a consequence of the numerical approach. The
discreteness added to the problem by applying independent hydrodynamic sections, is not con
sidered to be a physical phenomenon. The three-dimensionality of the fluid flow should not be
neglected, and two-dimensional sections along a three-dimensional beam appears not to be a
fully satisfactory alternative.
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Table 8.9: Comparison of the response amplitude as predicted with the present computations and from other
numerical simulations (Newman and Kamiadakis and Hansen et al.) as well as experimental results, (Brika and
Laneville: flexible string vibrating in the first mode, and Feng and Khalak and Williamson: flexibly mounted rigid
section), r/D: Dimensionless in-line vibration amplitude,

Present case
Present case
Newman and Kamiadakis (1996) a
Newman and Kamiadakis (1996)
Newman and Kamiadakis (1996)
Newman and Kamiadakis (1996)
Hansen et al. (1988)
Brika and Laneville (1993)
Feng (1968)
Khalak and Williamson (1996)

y/D:

Dimensionless cross-flow vibration amplitude.

2D section model
3D beam model
2D
3D, standing wave
3D, travelling wave
3D, unconstrained
3D beam model
flexible string
rigid section
rigid section

Re
200
200
100
100
100
100
3.6-106
subcrit.
submit.
subcrit.

z/D
0.05
0.06
0.05
-

0.09
0.2-0.56
-

-

y/D
0.55
0.77
0.52
0.69
0.50
0.67
1.7
0.4-0.54c
0.3-0.5 c
0.63-0.95 c

“Additional results from Newman (1996)
In-line motion had not reached a steady state
“Results from the lower and upper branches, respectively

The effect of increasing the mass ratio is shown to be twofold. Firstly, there is the expected
effect on the lock-in region, where a low mass ratio cylinder is more susceptible to variations
in the added mass effect, than the high mass ratio cylinder is. Hence, the natural frequency of
the light cylinder may adjust and synchronize with the shedding frequency over a large range of
Ur values. This is confirmed by Fig. 8.26. Secondly, there appears to be a small effect on the
maximum amplitude. Fig. 8.25 shows that increasing the mass ratio, while keeping the response
parameter Sg constant, reduces the maximum vibration amplitude somewhat. This effect is
stronger at low damping values. Recently, both numerical (Newman and Kamiadakis 1995) and
experimental (Khalak and Williamson 1996) results have suggested that there is such an effect
of the mass ratio. From their experimental results Khalak and Williamson noted that this effect
appeared only in the so-called lower branch of the response curve.
Table 8.9 shows both the in-line and cross-flow vibration amplitudes from the present work as
well as other numerical and experimental studies. In the cases were no in-line amplitude is
given, the in-line motion was restrained (except in the case of Feng, where the details about
the experiments are not known to the present author). The two-dimensional results in the
present case compare well with the results from Newman and Kamiadakis (1996) for the results
at Re = 100. The response of a 3D beam is as discussed previously larger than for a flexibly
mounted section, and Table 8.9 shows that the predicted response in this work is comparable
to the predicted response of the standing wave in the work by Newman and Kamiadakis. The
observed difference can be due to the difference in the Reynolds number of the flow, but perhaps
more likely is the different numerical approaches followed. Newman and Kamiadakis assume
both the fluid variables and the structure to be periodic in the spanwise direction. Thus, they
make an assumption regarding the three-dimensionality of the fluid flow which is neglected in
the present work. In the travelling wave case, the response amplitude drops to about 0.5 D.
In the case where the cable is allowed to respond in-line in addition to the cross-flow direction,
the response amplitude increases again to a value of about 0.67 D. This is consistent with the
results from the present work for a flexibly mounted rigid cylinder section, (see Section 8.2.4).
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The results by Hansen et al. (1988) which are found at supercritical Reynolds numbers with a
Vortex-in-Cell code integrated with a finite element model of a riser indicate a relatively large
response amplitude. The results in this work are not further discussed here due to the very
different Reynolds number used.
Khalak and Williamson (1996) have discussed the importance of the lower and upper branches
of the response amplitude curve as presented e.g. in Fig. 2.26. They show that the results of
Newman and Karniadakis (1995) correspond with the lower branch of the response amplitude,
and suggest that this explains the low amplitudes found in their numerical simulations. They also
indicate that the distinction between these two branches may explain why some experimental
results have given relatively small response amplitudes as well. In the cases of Feng (1968)
and Brika and Laneville (1993), Fig. 2.26 shows that they indeed have captured both these
branches, and that the reason for their low response amplitudes must be found elsewhere. One
possible explanation can be found in the large difference in mass ratio between the experiments
of Feng (1968) and Brika and Laneville (1993) on one side and the experiments of Khalak and
Williamson (1996) on the other side. Feng and Brika and Laneville performed their experiments
in air, whereas Khalak and Williamson performed the experiments in water. However, the effect
of the mass ratio has not been found strong enough to explain all the difference between the
experimental results.
When comparing the numerical results with the experimental results, we see that the response
amplitudes appear to be reasonably well predicted by the numerical simulations. However,
several researchers have reported on response amplitudes of about 1 diameter (i.e. larger than
the ones obtained in this work), see e.g. Vandiver (1993). This is in general the most accepted
result from VIV analysis, see e.g. Fig. 8.1.
As a conclusion we can state that the numerically predicted response of the two-dimensional
section as well as the three-dimensional beam agree well with other numerical results, and also
with some of the experimental results reported. However, predicted response is relatively low
compared to the generally accepted VIV response. This difference is most likely due to the
laminar assumption taken in the computations.

Chapter 9

Case study —
A free-spanning pipeline
“Betweem reality and dreams. ”
From the song “To a man jivin’ in the wind”
by Fair Play and Elin Rosseland

9.1 Modelling and preliminary analyses
The flow-induced response of a submarine pipeline in a free span is studied in this chapter. Being
one of the simpler structures among the variety of existing slender marine structures, the freespanning pipeline is still a more complex dynamic system than an idealized simply supported
beam, not to mention a flexibly mounted section. Thus, a correct representation of the pipeline
configuration is required when analysing the flow-induced vibrations of a free-spanning pipeline.
A pipeline may have a configuration as shown in Fig. 9.1. The case analysed in this chapter is
a selected part of the pipeline configuration shown in Fig. 9.1. The free-spanning pipeline was
modelled with 50 beam elements, and the key parameters of the model are shown in Table 9.1.
Table 9.1: Characteristic parameters for the selected pipeline case. The case is defined as a part of the configuration
shown in Fig. 9.1.

Horizontal coordinates, (m)
Vertical coordinates, (m)
Diameter, (m)
Mass, {kg/m)
Axial stiffness, EA (kN)
Bending stiffness, El (kNm2)
Tension, (kN)
Density of water, (kg/m3)
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0.0
-442.7

189.0
-438.2

0.426
400.0
5.484 • 10*
113.0-103
3.49 ■ 103
1025.0
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Seabed profile

100 150 200 250 300 350 400 450 500 550 600
Distance along the pipeline, (m)
Figure 9.1: Example of free-spanning pipeline

The parts of a pipeline in contact with the seabed is initially unknown. Hence, a nonlinear static
analysis is required to establish the final static configuration. In this example the nonlinear
static analysis was performed using the modified Newton-Raphson technique as described in
Appendix B. The static loads were applied in 10 increments, and equilibrium was ensured by
load iterations at every increment.
The established static configuration of the selected part of the pipeline, is shown in Fig. 9.2. The
figure shows that the distance between the pipe and the seabed is more than one diameter for the
longer part of the span. This is essential, as the hydrodynamic forces is found on a cross-section

Pipeline'configuration
Seabed profile--------

-438 •

80

100 120 140 160 180 200

Distance along the pipeline, (m)
Figure 9.2: Static configuration of the free-spanning pipeline
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assuming infinite fluid. In Sections 3.6 and 6.4 the effect of the proximity between the pipe and
a wall boundary was discussed. For a fixed cylinder the conclusion was that the effect of the
wall was not very strong for gap ratios (g/D) larger than 1.0. However, for oscillating cylinders
Tsahalis and Jones (1981) found that the response characteristics of cylinders with gap ratios as
large as 6.0 was affected by the boundary. In a later study, Tsahalis found that the consequence
of the proximity effects on the flow-induced vibrations, was to increase the fatigue life of the
free-spanning pipelines, and to increase the required design span length, (Tsahalis 1983). Hence,
for an oscillating cylinder it appears that the effect of the seabed on the dynamic characteristics
should not be neglected. However, by neglecting these effects we make a conservative assumption,
as the fatigue life is expected to increase if the effect of the seabed was accounted for.

Table 9.2: The first four natural frequencies (in still water) of the free-spanning pipeline, both for the in-line and
cross-flow modes.

/i, (2%)
A, (2k)
A, (2k)
A, (Hz)

In-line
0.213
0.430
0.659
0.902

Cross-flow
0.232
0.469
0.719
0.986

An eigenvalue analysis was performed to establish the natural modes and frequencies of the freespanning pipeline. In Table 9.2 the first four natural frequencies are shown both for the in-line
and cross-flow modes. The eigenvalue analysis was performed with an added mass coefficient of
1.0, to reflect the still water situation.
Some of the first natural modes are shown in Fig. 9.3. The difference between the natural
frequencies in the in-line and cross-flow directions, as shown in Table 9.2, is confirmed by the
0.015
solid: cross-flow
dashed: in-line

1.
1.
2.
2.
3.

mode:
mode:
mode:
mode:
mode:

0.213
0.232
0.430
0.469
0.720

'in-line;
cross-flow)
[in-line;
cross-flow)
cross-flow

0.005

-0.005

Figure 9.3: Natural modes of the free-spanning pipeline
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natural modes in the respective directions. Fig. 9.3 shows that the in-line modes are not much
affected by the sag configuration of the free span. The form of the natural modes in this
direction resembles that of the simply supported beam, found in the previous chapter, (Fig. 8.13).
However, the cross-flow modes are significantly affected by the sagging configuration. This results
in the discrepancies found between the natural frequencies for the modes in the two directions.
The tension at the right end of the pipeline span, has been adjusted to make the natural frequency
of the second mode in the cross-flow direction correspond to the vortex shedding frequency as
determined from a fixed cylinder. (fs = St-U/D — 0.462 Hz). Hence, the expected response
form is lock-in oscillations of the second mode.

9.2

Dynamic analysis of the free-spanning pipeline

In the 3-D dynamic analysis the pipe is excited by 2-D simulations of the flow at predefined
sections along the free span. A direct numerical simulation is performed which integrates the
numerical simulations of the flow field with the dynamic response of the pipeline.
The pipeline was studied at a fixed Reynolds number (Re = 200), and in both uniform and
sheared current. The structural damping was modelled using a stiffness proportional damping
with a coefficient % of 0.00678. This gave damping ratios of 1.0 % and 1.5 % for the second
and third natural modes, respectively.
9.2.1 Uniform current
In the uniform case, five different reduced velocities were considered. Based on the natural
frequency of the second mode, Ur has been selected as 3.0, 4.0, 5.0, 6.0 and 7.0. Table 9.3 shows
the reduced velocities of the first four natural frequencies in the analysed cases.
Table 9.3: The reduced velocities of the first four natural frequencies in the analysed uniform current cases.

Flow velocity
U (m/s)
0.6
0.8
1.0
1.2

1.4

1st mode
6.1
8.1
10.1
12.1
14.2

Reduced velocities, Ur
2nd mode 3rd mode
2.0
3.0
4.0
2.6
5.0
3.3
6.0
3.9
7.0
4.6

4th mode
1.4
1.9
2.4

2.9
3.3

Response form of the pipeline

Given a flow velocity of 1.0 m/s, lock-in oscillations of the second mode are assumed to occur.
This velocity corresponds to a reduced velocity of Ur = 5.0 based on the second natural frequency
in still water. The pipeline is simulated with nine hydrodynamic sections which are evenly
distributed along the free span, though with larger distances from the ends towards the closest
section. This to try to avoid the problem with a pipe section in the proximity of a wall boundary.
In Fig. 9.4 a snapshot of the pipeline oscillations at U = 1.0 m/s is shown, where the positions
of the hydrodynamic sections are indicated. As expected the pipeline responds in the second
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Figure 9.4: The position of the nine hydrodynamic sections applied along the pipe.

mode, thus four sections are found per half the wavelength, and one section at the node of the
vibration modeshape.
Table 9.3 shows that as the flow velocity varies in the range 0.6 - 1.4 m/s, the reduced velocity
of the second mode varies between 3 and 7. According to the DNV guidelines (see Section 8.4.4),
we should not observe lock-in of the second mode at the lower and upper flow velocities analysed.
However, the reduced velocities of the first and third mode are close to the range which is assumed
by DNV to give lock-in oscillations, and this is in fact what is observed.
Fig. 9.5 shows snapshots of the pipe at selected time steps for four of the analysed flow velocities.
At U = 0.6 m/s lock-in oscillations of the first mode are found. The vibration amplitude is found
to be about 0.7 D. Increasing the flow velocity to 0.8 m/s, means that the lock-in region of
the second mode is entered, but still with a relatively modest vibration amplitude. A travelling
wave form is observed in this case, although a standing wave of the second mode is dominating
the response. A maximum vibration amplitude of 0.22 D is found. At U = 1.0 m/s a pure
standing wave of the second mode is the resulting response form, and the vibration amplitude
is observed to be about 0.68 D. At U = 1.2 m/s a small contribution from the third mode
reveals a small travelling component in the vibration mode, which results in a small decrease of
the vibration amplitude (Ay/D = 0.64). In the highest flow velocity analysed in this study, a
lock-in oscillation of the third mode is found with a vibration amplitude of about 0.54 D.
The mass ratio is about 2.2, thus the varying added mass effect may be strong enough to change
the natural frequency. Table 9.4 shows the frequency of vibration for the pipe. The frequency
of vibration fc increases with the flow velocity, while the non-dimensional frequency remains
relatively constant around 0.2. The natural frequencies are closer for the pipe than for the beam
in the previous chapter. Hence, three different vibration modes occur as the flow velocities varies.
At the velocities 0.8, 1.0, and 1.2 m/s the pipe responds in the second mode and the change in
frequency is explained by the varying added mass effect. A similar variation can be expected at
the first and third mode.
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Figure 9.5: Snapshots of the cylinder at selected time steps for various reduced velocities. The reduced velocities
of the second mode are given in all the subfigures.

Time series of response

The time histories of the pipe motion and the corresponding lift force coefficient at three different
hydrodynamic sections are shown in Figs. 9.6, 9.7, and 9.8 for the pipeline vibrating in the first,
the second, and the third mode, respectively.
For the pipeline vibrating in the first mode, the time histories of y/D and Cl show the same
behaviour as was found for the vibrating beam in the previous Chapter. For a section close to
the ends (section number 2) the lift is relatively large and is still dominated by the vibration
frequency, although a small assymmetry in the oscillation of Cl indicates a beginning break
down of the harmonic regularity. At sections closer to the antinode of the vibration mode, the
two-frequency behaviour of the lift coefficient reveals the same phenomenon as was discussed in
Section 8.5.
For the three flow velocities where vibration of the second mode was the dominating response
form, significant differences are observed between the three cases. At TJ = 1.0 m/s the excitation
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Table 9.4: The vibration frequency
velocity.

fc (Hz)
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of the pipe and the non-dimensional frequency / for varying flow

U

fc (Hz)

/

0.6

0.22

0.8

0.4-0.5"
0.49
0.55
0.71

0.19
0.21-0.27“

1.0

1.2

1.4

0.21

0.20
0.22

°A beating response form resulted in a varying vibration frequency

(a)

U

= 0.6 m/s at section 2

(b)

U

= 0.6

m/s

at section 3

(c)

V —

Figure 9.6: Time series of cylinder motion and lift force coefficient for

U

0.6 m/s at section 5

= 0.6 m/s

effect of the lift force is found at section number 2, whereas the two-frequency behaviour, which
previously has been found for the motion at an antinode, is found at section number 3. This is
surprising, as section number 2 is in fact closer to the antinode than is section number 3. This
could be an indication that the vibration is not perfectly locked-in, the vibration amplitude was
found to be 0.68 D, slightly below the maximum value found for the first mode vibration at U
= 0.6 m/s. However, the lift force in Fig. 9.7(d) appears to be fully correlated with the motion
of the pipe, and does not lead the motion by some phase angle as in e.g. Fig. 9.6(a). Thus, a
more likely explanation is that a perfect synchronization occurs between the pipe motion and
the vortex shedding. At section number 5 the pipe motion is very small and the frequency of the
vortex shedding process is dominating. However, the small pipe oscillations do seem to break
the harmonic regularity of the lift force oscillations, (see Fig. 9.7(f)).
At U = 0.8 m/s when the natural frequency of the vortex shedding is less than the vibration
frequency, the lift force appears to have a beating oscillation pattern, this is also found in the
vibration of the pipe although not as evident as for Ci{t). At U = 1.2 m/s the natural shedding
frequency is larger than the vibration frequency, and this results in a more irregular form of
the lift force oscillations. At this velocity the pipe motion maintains a more regular harmonic
oscillation pattern except for the very small vibrations found at section number 5.
At Z7 = 1.4 m/s the third mode dominates the vibration of the free-spanning pipeline. In this
case section number 3 is situated close to a node of the vibration mode, whereas both section
number 2 and section number 5 are close to an antinode of the modeshape. As for the velocity U
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Figure 9.7: Time series of cylinder motion and lift force coefficient for
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— 0.8 m/s, this case has a reduced velocity below the range where perfect lock-in oscillations are
expected. This results in relatively low maximum amplitudes, and a similar beating characteristic
of the oscillating lift force at the sections close to the antinodes of the vibration mode. Note
that relatively few sections are found at each half wavelength in this case, and that this will have
consequences on the behaviour of the characteristics of Ci,{t) and y(t).
9.2.2

Sheared current

In the sheared current case, four different velocity profiles were defined. Table 9.5 shows the
four current profile considered. All the sheared current profiles are made up around the flow
velocity of 1.0 m/s, thus the response is expected to be dominated by vibrations of the second
mode. Profile number 1 is a relatively linear shear profile, where the current velocity of 1.0 is
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found at the third hydrodynamic section. This section is situated close to an antinode of the
second vibration mode. In profile number 2, the current velocity is zero at the right half of the
free span. In profile number 3, the current velocity is constant in the left half of the pipeline
and linearly decreasing towards zero in the right half. The fourth velocity profile is in fact not
a sheared profile, rather it is a uniform current (U = 1.0) over the left half of the free span and
with zero current velocity over the right half.
Table 9.5: The flow velocity profiles in the sheared current case. Current profile number 4 is in fact not a sheared
curmet, rather a uniform profile over half the length of the pipe.

Section
1
2
3
4
5
6
7
8
9

No. 1
1.2
1.1
1.0
0.9
0.8
0.6
0.4
0.2
0.0

Velocity profiles, U, {m/s)
No. 2
No. 3
No. 4
1.2
1.0
1.0
1.1
1.0
1.0
1.0
1.0
1.0
0.9
1.0
1.0
0.8
0.8
1.0
0.0
0.6
0.0
0.0
0.4
0.0
0.0
0.2
0.0
0.0
0.0
0.0

Effect on response form
In Fig. 9.9 snapshots of the pipeline is shown for selected timesteps for two of the shear flow
profiles. Both figures indicate a travelling behaviour of the vibrating pipeline. From animation
of the pipe motion, where the travelling behaviour is more clearly visualized, it appears that
energy is added to the pipe on the left half of the pipe and transferred towards the right end.
At the right half of the span, the fluid acts to damp the pipe vibration. At the right end the
wave motion is returned to interact with the next impulse initiated at the left half of the span.
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Effect on the maximum amplitude
The maximum amplitude is relatively constant for all the four current profiles. The lowest
maximum amplitude is observed for profile number 1 and 2, and found to be about 0.4 D. Note
that computer problems occurred while simulating profile number 2, and only a short simulation
period was saved. However, by comparing with the results from profile number 1, the maximum
amplitude from profile number 2 appears to be only slightly less than what is found in this case.
The maximum vibration amplitude from the flow profiles number 3 and 4 is found to be 0.45 D
and 0.5 D, respectively. In Fig. 9.9(b) it appears that the maximum amplitude is in fact found at
the right half of the span. In this part of the span the fluid acts to damp the vibration, thus one
should perhaps expect that the highest amplitude was found at the left half. The explanation is
that the damping is not very strong, hence a significant amount of energy is present as the wave
motion reaches the right end. When the wave motion returns it interacts with next impulse to
form a larger vibration amplitude than what is produced by the fluid excitation alone on the left
part of the pipe. At the same time, this motion helps to damp out the vibration amplitude on
the left part.
Compared to the uniform current with U = 1.0 m/s, the maximum vibration amplitude is
reduced by about 25 %.
Effect on the time histories
In Fig. 9.10 the time histories of y/D and Cl are shown for three sections along the span for all
four shear flow profiles. Section number 3 is situated at the left half of the span, whereas the
sections number 7 and 9 are found at the right half. For all the shear profiles it appears that the
lift in section number 3 acts to excite the pipe, as Cl is found to lead the pipe motion by some
phase angle. Furthermore, for the two sections at the right half of the span, the lift force follows
the pipe motion by some phase angle. This confirms that the effect of the lift force is found to
damp the cylinder motion for all flow profiles.
Another point to be made is that the oscillation pattern for Cl at section number 3 is found to
agree with the previous discussion about the break-down of the regular harmonic synchronization
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80

100 120 140 160 180 200

Distance along the pipeline, (m)

(a) Shear profile no. 1

Shear profile no. 4--------
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(b) Shear profile no. 4

Figure 9.9: Snapshots of the cylinder at selected time steps for two different shear current profiles.
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Figure 9.10: Time series of cylinder motion and lift force coefficient for all the four sheared flow profiles.
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between y(i) and Ci(t). The larger maximum vibration amplitude observed for the flow profiles
number 3 and 4 is found to provide a clearer second frequency component in the oscillation
pattern for Ci, than the case is for profiles number 1 and 2. However, the vibration amplitude is
significantly less than for the uniform case, and consequently the second frequency component
is not as strong as in that case.

9.3 Discussion and conclusion
The vortex-induced response of a free-spanning pipeline is analysed with the presented response
prediction method. A maximum vibration amplitude of about 0.7 D is found for the uniform
current cases. Hence, the response of the free-spanning pipeline is found to be less than the
response of the simply supported beam discussed in the previous chapter. Due to lack of syn
chronization along the pipe, the effect of the sheared current is to reduce the predicted response
further.
The stability parameter Ks used in the DNV code (Det Norske Veritas 1981) is found to be
about 0.4 - 0.5. This also indicates that the vibration amplitude should be smaller than for the
beam case, (where Ks % 0.2). However, the predicted vibration amplitude from the DNV code
is found to be approximately 1.1 D. This means that the response of the free-spanning pipe as
predicted by direct numerical simulations is a clear underestimation as compared to the DNV
code.
A few remarks should be made about the assumptions taken in the dynamic response prediction
approach.
• A linear dynamic analysis does perhaps not describe the response accurately. The length
of the pipeline in contact with the seabed will change as the pipeline responds, and this
may change the dynamic characteristics.
• The solution of the flow problem towards the shoulders, will clearly require an updating
of the finite element mesh used to solve the Navier-Stokes equations. In this work, the
sections have been positioned as far from the ends as possible. However, it is clear that
the pipe vibrations have been large enough that an effect of the proximity to the seabed
has been neglected.
It is likely that both these effects acts to reduce the response of the pipeline.

Chapter 10

Concluding remarks

“As far as the laws of mathematics refer to reality, they are not certain;
and as far as they are certain, they do not refer to reality. ”
Albert Einstein, (1879-1955)

10.1

Prediction of vortex-induced vibrations

The main objective of this study has been to investigate the prediction of vortex-induced vibra
tions (VIV) on slender marine structures
This is a classical example of a fluid-structure interaction problem, where the fluid flow generates
a dynamic pressure which acts to excite the structure, and where the response of this structure
is of major importance for the flow-induced forces. The different phases of this work may be
classified as: to investigate the vortex shedding process as such and the consequent vortexinduced vibrations, to discuss existing methods for prediction of vortex-induced vibrations, to
present a response prediction method based on numerical simulation of the flow field integrated
with the structural response calculation, and to discuss the results from this approach.
The overall conclusion is that response prediction of vortex-induced vibration is subject to large
variations, both in terms of the method of approach and as the final results are compared.
Examples of response prediction on a set of given cases with different methods have revealed
very large deviations. The results from the presented approach based on laminar flow simulations
have shown to provide reasonable results, although the applied Reynolds number is low. However,
improvements both in fluid flow modelling and computational efficiency are required before such
methods can be applicable to the engineering community.
Some of the existing methods for prediction of vortex-induced vibrations are discussed in Chap
ter 5. Emphasize is put on the distinction between short and long cylinders in the meaning that
short cylinders are likely to respond in a single mode lock-in response, whereas long cylinders
may develop different kinds of multi-moded response shapes. Results from a set of given cases
predicted with some of the existing methods are shown and compared. The comparison reveals
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large discrepancies and leaves the question of which prediction method to trust unanswered.
However, the comparison study do reflect the different methods ability to describe spatially at
tenuated response, as is expected in a long slender cable in a highly sheared deep water current.
In the last part of this chapter, the approach followed in the present study is described in some
detail. The results from this approach will be summarized in the following.

10.2

Discussion of results

10.2.1

Flow around fixed cylinder

A numerical investigation of the flow around fixed circular cylinders is found in Chapter 6. Pa
rameter variations are performed with both an FEM and a VIC approach. The main conclusions
to be drawn from this part are:
• Both programs are capable of simulating the flow around a fixed circular cylinder, both
regarding force coefficient prediction and vortex shedding frequency for Reynolds numbers
in the range 40 < Re < 250.
• The time step required in the FEM approach was in general one order of magnitude smaller
than the required time step in the VIC approach. For the VIC approach this is essential
as the number of vortices grows at every time step, thus the time step should be taken as
large as possible to keep the required CPU to a minimum.
• FEM simulations with a fixed cylinder in the proximity of a plane wall showed that the effect
of the wall vanishes at gap-to-diameter ratios of about 1.0; in agreement with experimental
results. Furthermore, the vortex shedding, and thus the oscillating lift force, is suppressed
at gap ratios of 0.3 or less.
• The FEM program was chosen for further application, mainly due to generality consid
erations. The FEM approach is better suited for implementation of a turbulence model,
as well as modelling of three-dimensional flows. The CPU-requirements was not an im
portant issue here. However, due to the handling of the constantly increasing number of
vortices, the VIC approach requires a CPU-time which is proportional to N(N — 1) « N2,
whereas the time required by the FEM approach is proportional to N. Hence, for short
real time simulations the VIC approach is more efficient, whereas for long simulations the
FEM approach is a better choice.
10.2.2

Response prediction of a flexibly mounted section

A flexibly mounted rigid section is modelled as a mass-damping-spring system, and excited by the
hydrodynamic forces found from flow simulations. Results from this part is found in Chapters 7
and 8. The structural characteristics, such as mass and damping ratios, have been varied, and
the results have been compared with other numerical results as well as existing experimental
results found in the literature. The following observations are made:•
• A clear lock-in region is defined from the simulations. However, by comparing with results
from an experiment performed with a high mass ratio cylinder at low Reynolds numbers,
(Re about 100), it appears that the amplitude is somewhat underpredicted, and that a
more narrow lock-region is found.
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• Inside the lock-in region, the cylinder controls the shedding frequency. However, for low
mass ratio cylinders, the varying added mass acts to shift the natural frequency of the
system. Hence, the actual vibration frequency varies somewhat within the lock-in region.
• Outside the lock-in region, very small oscillation amplitudes are found, and the vibration
frequency follows the shedding frequency.
• Keeping the damping ratio constant and increasing the mass ratio, is found to reduce the
response amplitudes slightly.
• Low mass ratio cylinders are found to have a wider lock-in region as a consequence of the
added mass effect.
• In-line vibrations in combination with cross-flow vibrations, are found to increase the
response amplitude somewhat.
10.2.3 Response prediction of a three-dimensional beam
In the last part of Chapter 8 a simply supported beam is modelled with finite elements and excited
by hydrodynamic forces found from two-dimensional flow simulations performed at predefined
cross-sections along the beam length. The response characteristics can be summarized in the
following points:
• The lock-in region is found to agree rather well with the lock-in region from the flexibly
mounted section.
e

The response amplitude is found to be slightly larger than the expected difference between
the amplitude of a mode shape and a flexibly mounted section. The explanation is that
the hydrodynamic sections towards the ends of the beam will try to reach the amplitude
which is natural for a flexibly mounted section; in this process more energy is fed into the
vibration of the beam than what is natural.

• The force coefficients are affected by this, and for a section at the mid span of the beam,
the regular harmonic oscillation of Cz,(t) is destroyed by a second frequency component.
We have a combination of a free and a forced vibration at such a section.
• The frequency of vibration for the low mass ratio beam is changed by relatively much as
the flow velocity varies. This is a consequence of the varying added mass effect which acts
to shift the natural frequency of the beam in water. The frequency of the in-line vibrations
is found to be twice the frequency of the cross-flow vibrations.
• Inside the lock-in region the cross-flow response of the beam is a standing wave vibration of
the first mode, as expected. In the in-line direction the steady displacement is dominating;
on top of this in-line vibrations are found with a small vibration amplitude. The form of the
dynamic part of the motion as found by subtracting the mean motion is a rather asymmetric
response shape, with indications of a combination of the first and the second mode. For the
high mass ratio the second mode appears more clearly, although the vibration amplitude
is very small.•
• The effect of reducing the number of hydrodynamic sections was found to reduce the
vibration amplitude. For the case of only one section at the mid span of the beam, the
vibration amplitude corresponds well with the expected ratio between the amplitude of a
mode shape and a flexibly mounted section.
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10.2.4 Response prediction of a free-spanning pipeline
In general the seabed is uneven, hence a realistic pipeline configuration may have several free
spans where the pipe is allowed to respond to vortex-induced forces. In Chapter 9 a realistic
free-spanning pipeline is modelled with finite elements, and the excitation is found in the same
way as for the simply supported beam. The following conclusions were drawn:
• The vibration frequency of the pipe was found to vary with the flow velocity. This variation
is partly explained by a change in the vibration mode and partly by the varying added
mass effect.
• The maximum vibration amplitude is found to be somewhat lower than for the simply
supported beam. This is due to a larger reduced damping.
• The effect of the sheared current was found to decrease the response even more.

10.3

Suggestions for future work

In this work we have tried to integrate a two-dimensional flow simulation with a three-dimensional
response model. Improvements of the presented response prediction method is required to be
able to simulate and analyse real full scale structures. Particularly, improvements to the fluid
flow modelling is required. The improvements can be made on the numerical as well as the
physical side. For a cylinder close to a wall a method involving updating of the finite element is
required. Under the given laminar and two-dimensional assumptions, the existing Navier-Stokes
solution has provided results with a satisfactory accuracy. However, improvements as the use of
consistent mass and a more sophisticated time integration may increase the accuracy of the re
sponse prediction. The missing third dimension of the flow problem has been approximated by a
number of independent two-dimensional sections along the span of the structure in a strip-theory
manner. In order to approach the full scale physical processes, it is evident that improvements
are required. The effect of turbulence as well as the extra physical dimension are required in or
der to model the full scale situation. Both these physical effects will increase the computational
demands.
Although the computers of today are relatively fast, this approach is still a very time-consuming
method. For a cylinder with 9 hydrodynamic sections along the span the factor between the real
time and the computational time is in the order 1:3500, depending on the time step necessary.
This would become even worse if the flow problem was to be solved in a full three-dimensional
analysis. A compromise would be to include a three-dimensional flow solution at predefined
segments along the cylinder span, in a similar way as in the present work. This would provide a
better picture of what is going on in the flow field, in particular if the fluid flow approaches the
cylinder with an inclined angle.
For increasing the computational efficiency of the existing method, one simple alternative is
to let each of the different independent hydrodynamic sections be computed on different work
stations, and to let the response prediction receive its excitation forces from these CPU-units.
Subsequently, the response at a given hydrodynamic section is fed back to the fluid flow as a
modification of the cylinder motion in the Navier-Stokes solution.
In the past few years the speed of the computers has increased continuously. Rather ordinary
workstations of today are faster than the first supercomputers. Presumably, this evolution
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will continue at some unknown rate of increase. Modern parallel technology may shorten the
necessary computational time by a factor approximately the same as the number of processors in
parallel. Jenssen (1992) achieved a speed up factor of 30 by using an implicit multi block version
of a FVM code for solving the Navier-Stokes equations on a 32 node Intel iPSC/2 Hypercube.
The recent acquisition of a 64-node Cray T3E parallel computer at the Norwegian University of
Science and Technology may indicate a speed up factor in the order of 60. This mean that one
of the present simulations (Treai « 100 s) which needs about 4 days (Tcpu ~ 100 h) to finish,
theoretically may be performed in less than 2 hours. Alternatively, we can simulate for about
6000 s if the time record is found to be too short. With this in mind, it is reasonable to expect
an increasing trend towards direct integrated numerical flow simulations and response prediction
methods in the years to come.
The completeness of the information provided by the computational solutions, is better utilized
if a proper result visualization tool were available. By simultaneously visualizing the fluid flow
and the structural response, it would be easier to interpret and validate the resulting interaction
process as well as to discover possible mistakes in the solution.
Due to the extreme computational time required, methods such as the strip approach presented
in this work or equivalent are not a part of today’s engineering tools. A less computational
demanding alternative would be to use force coefficient and phase angles collected from experi
mental data and/or computational results, in a simple force expression. The dynamic equation
of motion could then be solved by picking the force coefficients and phase angles corresponding
to that particular amplitude and frequency. This approach is followed by both Triantafyllou and
Grosenbaugh (1995) and Lie (1995) although the two method use different means of solving the
governing equations, (see Sections 5.2.3 and 5.2.4).
The force coefficients and the phase angles entering their prediction methods are found from
experimental data. An easy application of numerical simulation tools would be to perform forced
oscillation experiments with a variety of amplitudes and frequencies using e.g. the computer code
Navs2d, to establish a numerical database for the lift coefficient and the corresponding phase
angle. This database could then be used to provide the force coefficients and the phase angles in
the method of Triantafyllou and Grosenbaugh (1995) or Lie (1995), thus the predicted response
could be compared with the one obtained using the experimental database. Hence, computational
fluid dynamics tools of today may be useful to add information about the response characteristics
of a structure and to interpret test results.
Another set of experiments which could be analysed by two-dimensional CFD computations is
the experiments described by Larsen et al. (1996). In these experiments, a flexibly mounted
cylinder is harmonically excited at its support, providing a disturbance frequency into the fluidstructure interaction process. With a small modification to the existing numerical code, this
experiment could be modelled. Such an analysis would serve two purposes, one would be to
verify the computer code, another would be to add information about the interaction process.
Furthermore, CFD tools could be used for numerical investigation of cases which are difficult to
analyse by experimental tests. One example is multifrequency vibrations; a cylinder is excited at
different frequencies (either as a result of different flow velocities or as a result of different diametres) at two locations, and with a region with no excitation (flow velocity is zero) in between
the excitation regions. The damping effect of the nonexciting region as well as the interaction
between the two excitation regions would be of interest. Another interesting application would
be modelling of three-dimensional flow profiles. Ideally this requires a three-dimensional flow
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simulation, but a quasi-3D profile could be achieved by defining different flow velocities and di
rections at the different sections in the present model. A modification of the boundary conditions
of the computational domain used in the flow simulations would be required.
The level at which the CFD tools have been developed at present and the computational speed
provided by today’s computers suggests that this kind of research oriented tools are readily
available. Hopefully, the fluid modelling improves further in the years to come, and undoubtedly
there will be an increase in the computational efficiency. The major challenge is to make these
tools easy to use and the results easy to interpret. Hence, an easier grid generation and a better
flow visualization would be valuable.
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Appendix A

Solution of the flow problem

The numerical method used to solve the unsteady two-dimensional Navier-Stokes equations is
thoroughly described and discussed in Herfjord (1996). The following brief introduction is mainly
based on that text.

A.l

The Navier-Stokes equations

In primitive variables (p and u) the Navier-Stokes equations may be written as
^ + (u ■ V)u — —Vp + yV2u + g

(A.l)

where u — (u, v)T is the velocity vector, t is the time variable, p is the pressure, p is the mass
density of the fluid, v is the kinematic viscosity coefficient, and g is the acceleration of gravity.
V is the differential operator and for two-dimensional problem it is defined as V =
where i and j are unit vectors in x- and y-directions respectively. In two dimensions, Eq. (A.l)
contains three unknown variables, u, v, and p. The Navier-Stokes equations provides two of the
three equations required to solve the problem. The third equation is the continuity equation for
an incompressible fluid, given as
V•u=0

(A.2)

The Eqs. (A.l) and (A.2) are solved in the computational domain fi. For a complete solvable
problem, we have to impose proper boundary conditions on the boundaries of C2. A detailed
discussion of the choice of proper boundary conditions may be found in (Herfjord 1996). The
computational grid used to solve Eqs. (A.l) and (A.2) is fixed with respect to the body. This
means that if the body moves, the pressure forces calculated are found in an accelerated coordi
nate system. It is necessary to relate these to an earth-fixed coordinate system. One alternative
is to modify the resulting force vector as follows
(A.3)
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where x is the acceleration of the coordinate system following the motion of the cylinder. This is
done e.g. by Skomedal and Vada (1987b). In the present method the modification is introduced
in the governing equations. The relation between motion in the accelerated coordinate system
(the local system) and the earth-fixed coordinate system (the global system) is given as

: XI +

[ uB{t)dt,
0

ys = yi +

fro vB(t)dt,

dxi

~z = -UB

(A.4)

(A.5)

Inserting this into the velocity expressions, the time derivative is modified. The transformation
is shown in Herfjord (1996) and the resulting form of the Navier-Stokes equations becomes
- (ub

• V)u + (u • V)u = —i Vp + zA72u + g

(A.6)

where ub = (mb, vb)t is the velocity vector of the body relative to the earth-fixed coordinate
system, and u = (it, u)T is the flow velocity vector referred to the earth-fixed coordinate system.

A.2

The Finite Element Method

The spatial discretization of the computational domain fi is performed by a standard Galerkin
method which means that the same set of interpolation functions are used for both the trial
functions u and the weighting functions w
N

N

w = 'y'iCn<t>n(x)

«=X>nd»n(*),
n—l

(A.7)

7i=l

Inserting the trial functions into our problem, we get a residual (or an error)
C{u) = R

(A.8)

To minimize this residual we multiply by the weighting function and integrate over the domain,
seeking the coefficients cn which makes the product equal to zero.

f wRdQ = 0

Jo,

(A.9)

Triangular elements are used to form the computational grid, and linear basis functions (or
interpolation functions) are used between the nodes. The time integration of the Navier-Stokes
equation is performed by the explicit forward Euler method in a procedure called the velocitycorrection method. The forward Euler version of the Navier-Stokes equations is formulated
as
ui+i _
At

-iv/+1 + i/vV + (u| • V)ufc - (ufc ■ V)ufc
P

(A.10)
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where the superscript k denotes the time step number. The updated velocity becomes

uR-At -V/+1 - i/VV - (ukB ■ Y)uk + (u* • V)u*
P

(A.11)

The velocity-correction method contains three steps. The first step in the velocity-correction
method proposes to neglect the pressure completely and write an intermediate velocity as
u = u* - At [—i/V V - (u| • V)u* + (u* • V)u*]

(A.12)

The remaining part reads
u*+1 = u - y V/+1

(A.13)

which when substituted into the continuity equation becomes
vy+1 =

• u.

(A.14)

This is a Poisson equation for the pressure. Note that by inserting Eq. (A.13) into the continuity
equation (Eq. (A.2)), we are left with an expression containing the known intermediate velocity
u and the unknown pressure p at step k + 1. As the third step of the solution, the velocity
at step k + 1, ufc+1, is found from Eq. (A. 13). Thus, the solution is performed in three steps
represented by the Eqs. (A. 12), (A.14), and (A.13) respectively.

A.3

Matrix formulation

The matrix formulation of this method is extensively treated in Herfjord (1996). By applying
the trial functions
N

u(x,y,t) = ]Pti„(f)iVn(2;,2/)
71 = 1

(A.15)

N

v(x, y, t) = ^2vn(t)Nn{x, y)

(A.16)

71=1

N

p{x, y, t) = '*Tpn(t)Nn{x, y)

(A.17)

n=l

the three steps are represented by the following formulations

1st step
Mu = Mu* - AtS|Tyu* + Af(u&D, + w&D,)u* - AtA*u* + AtGk(u)
(A.18)
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2nd step
(A.19)
3rd step
Mul+1 = Mu - —Dpfc+1
P

(A.20)

Note that u and p are vectors of the unknown velocity components and pressures at the nodes.
The matrices in the above expressions are described in the following on an element level. The
mass matrix is defined as

e = Jnf NNt d£l

M

(A.21)

where superscript e denotes integration over an element. The global mass matrix M is found by
assembling the element contributions into the system matrix.
In the diffusion matrix SgTy, the concept of balancing tensor viscosity is included

where uk and vk are the arithmetic mean of the velocities in x- and y-direction, respectively.
The velocities are updated each time step, thus the diffusion matrix is varying with time, and is
denoted by the time step number k as superscript. The subscript (, x) means differentiation by
x.
The advective term of the equation is non-linear, since it is updated according to the solved
velocities at each time step. The advection matrix is written as follows
(A.23)
The left hand side of step 2 (Eq. (A.19)) originates from the Laplacian operator (V2) and Herfjord
has chosen to call it the Laplacian matrix, Sp. The form of Sp is similar to the diffusion matrix
except there is no updated velocity included, thus

s;=

f

N,*NTxdSl
-/£2=
From the divergence operator, we have the divergence matrix DT — (Dx, D^) where

(A.24)

(A.25)
D is the gradient matrix, given as
(A.26)

The terms

and G"^1 are boundary terms.

Appendix B

Solution of the structural problem

The solution of the structural response of a free-spanning pipeline is found by using a finite
element formulation of the pipe. In the following, the finite element used in the analysis is
described, (Section B.l) followed by a discussion of both the static analysis (Section B.2) and
the dynamic analysis (Section B.3).

B.l

Structural finite element formulation

The finite element used to establish a model of the free-spanning pipeline is a three-dimensional
beam element with five degrees of freedom on each node, (the rotatory degree of freedom is
suppressed), confer Figure B.l. The element has been used in a computer program Locari,
developed at NTH and SINTEF (Bech and Larsen 1985).
The local element stiffness matrix k is given as,

k = kg + k g,

Figure B.l: The three dimensional beam element used in the response analysis
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where kg is the elastic stiffness matrix and kg is the geometric stiffness matrix. The elastic
stiffness matrix accounts for the material laws, i.e. the relation between cross-sectional forces
and deflections, under the assumption that the material will have an elastic performance. The
geometric stiffness matrix accounts for the stiffness contribution from the axial tension force due
to lateral displacements. The two components of the local element stiffness matrix are given as
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where E is Youngs modulus, A is the cross-sectional area, I is the moment of inertia of the
corss-section, L is the length of the element and T is the axial force in the element. The axial
force in the element is required in establishing the geometric stiffness. By giving the axial force
To as input in the far end of the pipeline, and assuming the force to be constant along the length
of the free span, the axial force in each element is known, T = Tq.
The element is defined in a local coordinate system, hence the stiffness properties must be
transformed to a global coordinate system before they are assembled to the global stiffness
matrix. This is done by using the transformation matrix, Ta,
k = TjkTs

(B.4)
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where k is the global element stiffness matrix and k is the local stiffness matrix. The full-sized
version of the global element stiffness matrix can now be added into the system stiffness matrix
element for element.

B.2

Static finite element analysis

A complete discussion of the finite element method may be found in several textbooks on the
subject, e.g. Zienkiewicz and Taylor (1989) and (1991) or Bathe (1982). The presentation given
here is partly based on these books.
Subject to an external loading F(x) a structure will respond with a displacement x. This
displacement will result in internal forces, R(x), in the structure which will balance the external
forces. The situation is shown in Figure B.2
f(x) = F(x) - R(x) = 0

(B.5)

Figure B.2: Force-displacement relation for an arbitrary structure

In this section we will discuss the problem of solving the static force equilibrium equation given
in Eq. (B.5). In the first subsection a brief introduction to a linear static analysis will be given.
Here the emphasis is put on the assumptions underlying a linear analysis, and what restrictions
this impose on our given problem. In the following subsection the implemented nonlinear static
analysis procedure is discussed in some detail.
B.2.1

Linear static analysis

In a linear structural problem the internal forces will be proportional to the displacements, and
given by the product Kx. As the internal forces should balance the external loads, the finite
element equilibrium equations for a linear static analysis is given as
Kx = F

(B.6)
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In Eq. (B.6) we see that the displacement response vector x is linearly dependent upon the
applied load vector F and with the system stiffness matrix K as a proportionality factor. The
solution of this problem is easily obtained by inverting K and premultiply the result with F,
x = K-1F.

(B.7)

In general we may say that a linear structural problem is defined if we assume
• small displacements and deformations
• linear elastic material
• and that the boundary conditions remain unchanged during the application of the loads.
Let us examine these assumptions and try to identify the restrictions they impose on our solution.
Small displacements and deformations are required because the integrations over the elements
in establishing K and R, have been performed over the original volume of the finite elements,
and the relation between strain and displacement for each element is assumed constant and
independent of the element displacements. For our purposes this may not seem as a severe
assumption, after all a pipeline is not supposed to have very large deformations anyway. However,
for the subsequent dynamic analysis it is important that we obtain a correct representation of the
sag configuration of the free-spanning pipeline, as this can affect the possible vibration modes.
A linear elastic material model implies a contstant stress-strain relation and for our purposes
this would be true in most cases.
The last assumption requires that all constrained degrees of freedom must be known initially.
For the case of a pipeline with bottom contact towards the shoulders of the free span, the weight
of the pipe will determine the configuration and thereby how much of the pipeline will be in
contact with the bottom. The parts of the finite element model which rests on the bottom
will obviously have constrained degrees of freedom, consequently the restrictions imposed by the
assumptions taken in a linear analysis will be too harsh for our problems. Hence, a nonlinear
static analysis is necessary.
B.2.2

Nonlinear static analysis

For a nonlinear structural problem it is different. In Figure B.3 the force-displacement relation
for an arbitrary structure is shown. To find the equilibrium point at a given displacement r, we
need the stiffness matrix corresponding to the secant direction Ks, as shown in Figure B.3(a).
However, this matrix cannot be found in real applications and some sort of approximation to
the exact solution is necessary. A first approximation would be to use the stiffness matrix
corresponding to the tangent direction as shown in Figure B.3(b). Obviously this leads to a
large discrepancy between internal and external forces, (F(x) / R(xi)).
A better approximation is to find incremental solutions by applying a fraction of the total load,
and using the initial tangential stiffness matrix for each incremental step.
Let us return to the equilibrium equation given in Eq. (B.5). We are seeking equilibrium between
internal and external forces.
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R(x)

(a) Secant matrix, Ks

(b) Tangent matrix, Kt

Figure B.3: Force-displacement relation for an arbitrary structure, interpretation of the secant and tangent ma
trices.

Figure B.4: The incremental approximation of a nonlinear problem

f(x7i) = F(x„) - R(xn) = 0

(B.8)

The internal forces can be written as
R(xn) = R(x„_i) + ARn

(B.9)

where ARn is the increment in internal forces corresponding to the increment in element dis
placements. This increment can be approximated as
AR„ « Kr,„-i Ax„

(B.10)

where Ax% is a vector of incremental nodal displacements. Substituting Eqs. (B.10) and (B.9)
into Eq. (B.8) gives
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F(x„) - R(Xri-i) = Kt,»-iAx„

(B.ll)

Solving for Axn we can obtain an approximation to the displacements at the next load increment.
Xn — X^_1 + Ax„

(B.12)

This is a description of the tangent stiffness method shown in the Figures B.3(b) and B.4. As
seen from these figures, the tangent stiffness method will lead to a discrepancy between internal
and external forces. By increasing the number of load increments a more accurate solution can
be found.
An improvement to the incremental solution procedure can be obtained by force iterations on
each load increment. Physically this means that we keep the external loads constant and iterate
the displacements until the internal loads are sufficiently close to the applied load level. Sev
eral force iteration schemes exists, among them the Newton-Raphson iteration schemes. In the
present application the modified Newton-Raphson scheme is followed. This means that the tan
gent stiffness matrix Kx found at each incremental load step, (where force equilibrium is achieved
to an accepted accuracy) is used unchanged in the load iterations. In the full Newton-Raphson
iteration scheme, the stiffness matrix is updated at each iteration in addition to every accepted
equilibrium point. A mathematical outline of the force iteration schemes will be presented in
the following. ■
We have established an equilibrium point in re — 1,
f(x„_i) = F(xn_i) - R(xn_1) = 0

(B.13)

Now we want to find the equilibrium point corresponding to the next load increment.
f(xn) = F(xn) - R(xn) = 0

(B.14)

Let x„_i be the initial approximation to xn by stating that x° = xn_i. After successive iterations
xsn will approach x„. A Taylor series expansion of f at x^-1 has the form

f(x;) = %xM + ^^K

4"') + o ((,

-1)2)

(B.15)

We define 5xxn = xsn — x;, 1 and notice that the first derivative of f at x‘n 1 is approximated as the
tangent stiffness matrix at this point, KjT*. This means that we have neglected the change of
the external loads dF(x),-1)/0x, due to the nodal displacements. In the present method, using
the modified Newton-Raphson method, this is approximated by the tangent stiffness matrix
at the previously established equilibrium point, Kt,»-i and used through all iterations. The
equilibrium equation is approximated as
f(x;)«f(xr') + KT,._i^ = o
from which we can find the iterative correction,

(B.16)
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Figure B.5: The modified Newton-Raphson force iteration scheme

= -(KT,„-i)-1f(x*r1)

(B.17)

The updated displacement is given as
4 = xr'+Jx;

(B.i8)

xl =

(B.19)

or in terms of the updated increment
+ Ax^

where Ax; — Ax;-1 + 5x; is the updated increment, the situation is shown in Figure B.5.
B.2.3

The implemented nonlinear static analysis procedure

The modified Newton-Raphson scheme as implemented in the present computer program is
shown in Figure B.5.
An outline of the implemented force iteration is given as follows
1. An equilibrium point is established at point (n— 1).
2. A first approximation of the displacement at next step is found from the tangent stiffness
matrix at the previously established equilibrium point,
Ax^ = (KT,n_1)-1AFn,

(B.20)

and the updated displacement reads
xi = xn_i + Ax;.

(B.2I)
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3. The internal forces are calculated at the new position, R(x*).
(a) The local displacements are found for each element
vJ = TsvJ

vJ = aJx^

(B.22)

where j is the element number, v is the displacements in local coordinates, v is
the displacements in global coordinates, Tg is the transformation matrix, and a is
the compatibility matrix which ensures compatibility between local displacments and
global displacements.
(b) An axial force is introduced due to displacements of the nodes of the element, (T =
EA(L — L0)/Lq where L is the updated length of the element and L0 is the initial
length). This gives a contribution to the geometrical stiffness of the element
kJ =

+4

(B.23)

where kg is the geometric stiffness contribution due to change in axial force
(c) Rotations at the nodes of each element vj!0< is found from x*
(d) Internal forces due to the nodal rotations are found for each element from
S'" = rvL

(B.24)

The axial force from nodal displacements is added to the internal force vector
(e) The internal force vector is transformed to global coordinates
& =TjSj

(B.25)

(f) And then assembled into the global internal force vector
R(xi)=R+(4TSj

(B.26)

4. An unbalanced force is identified from
f(xi) = Fn-R(xi).

(B.27)

5. The displacements due to the unbalanced force is obtained from
tel = -(K7>-i)_1f(x£)

(B.28)

6. The updated displacements are found from
xn = xn + te2n

(B.29)

or in terms of the updated incremental displacements
xl = xn_i

+

Axl

(B.30)

7. After a convergence check the algorithm proceeds with step 3, calculation of the internal
forces at the new position.
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Dynamic response analysis

As for the static response analysis in the previous section, dynamic response analysis can be
performed either as a linear analysis or as a nonlinear analysis. In this section the possible
nonlinearities in a dynamic problem is presented and we discuss how the restrictions of a lin
ear dynamic analysis fit with the needs in our problem. Subsequently, a presentation of the
implemented linear dynamic analysis procedure is given.
B.3.1

Linear vs. nonlinear analysis

A general form of the dynamic equation of motion may be given as
R/ (

x,

x, t) + Rd (

x,

x, t) + Rs (x, t) — R£ (

x,

x, x, t)

(B.31)

where RJ is the inertia force vector, RD is the damping force vector, Rs is the stiffness force
vector, R£ is the external force vector and x, x, x are the nodal displacements, velocities and
accelerations respectively. In this equation, nonlinearities arise in all terms. As in the static
analysis, the nonlinear relation between internal nodal forces and nodal displacements constitutes
the nonlinear stiffness force, for the dynamic terms the nonlinearities are due to the displacement
dependencies of the mass and damping matrices and the coupling between external forces and
structural displacements, velocities and accelerations.
Which physical effects contribute to the nonlinear terms in Eq. (B.31)? In Langen and Sigbjornson
(1979), the nonlinearities of a dynamic problem are classified in the following major groups
1. Geometric nonlinearities
2. Nonlinear material properties
3. Nonlinear effects related to the interaction between the structure and its surroundings
These three groups corresponds well with the three assumptions introduced for the linear static
analysis.
Large displacements may result in geometric nonlinearities. In particular, large displacements
introduce a contribution to the axial force in the structure which in turn may result in an
increased transverse stiffness, depending upon the boundary conditions for the system. In cases
where the damping matrix is assumed proportional to the stiffness matrix — as in the present
application where a proportional damping (or Rayleigh damping) model is used (Bathe 1982)
— the damping force will also be influenced by the geometric nonlinearities. This effect will in
general be just as important for a dynamic problem as for a static problem. However, for many
marine applications the displacements in a dynamic problem are not large enough to introduce
large nonlinearities.
Nonlinearities due to the material properties may be present, and if so these will affect the
structural stiffness (hence also the structural damping). However, under normal design conditions
for a steel structure the linear elastic material model is sufficient both in static and in dynamic
analysis.
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The last group of nonlinear effects is related to the interaction between the structure and its
surrounding material. In the static analysis this group of nonlinear effects was represented by
the bottom-structure interaction. This effect is strongly related to large displacements and may
in principle be just as important in a dynamic analysis as in a static analysis. In a dynamic
analysis for marine applications a nonlinear fluid-structure interaction force will also be present.
In a time domain analysis, this effect is possible to include as a nonlinear external force in an
otherwise linear dynamic system. This is also the case for the nonlinearity in the inertia force.
The part of the hydrodynamic force in phase with the structural acceleration may be considered
as an inertia effect and hence introduce a contribution to the structural mass on the left hand
side of the dynamic equilibrium equation. The hydrodynamic mass is in principle displacement
dependent and thus a nonlinear term. However, all hydrodynamic effects can be included in
the external force vector on the right hand side of the equation, and thus the equation to solve
includes only linear terms on the left hand side.
B.3.2

The implemented linear dynamic analysis procedure

A linear dynamic analysis is considered sufficient for the present problem. We have already
stated that the geometric nonlinearity and the nonlinear bottom-structure interaction are both
important in determining the correct static equilibrium and thus an accurate pipeline configura
tion. Both these effects are related to large displacements, and in a dynamic vibration analysis
the displacements will no become very large. The lock-in phenomenon which may occur is after
all a self-limiting phenomenon where the displacements are limited to about one cylinder diame
ter. The bottom-structure interaction effect will probably be present towards the shoulders of a
typical free span also in a dynamic analysis. However, in most cases this effect will be limited to
a narrow range towards both ends and hence will have minor influence on the global vibration
performance. Neglecting this effect will most likely be a conservative assumption as increased
stiffness towards the ends of the pipeline will reduce the oscillation amplitudes, unless the change
in stiffness properties activates a so far latent natural mode.
The remaining nonlinear effects discussed in the previous subsection will be accounted for by
the hydrodynamic forces. The hydrodynamic forces are found from simulations of the fluid flow
around a circular cylinder cross section. Numerical simulations of the Navier-Stokes equations
are performed in two dimensions for a number of cross sections along the pipeline free span, as
described in Appendix A. The simulations are individually uncorrelated and the vortex shedding
process in each section is started at different times producing hydrodynamic forces with different
phases. The forces found from these simulations are applied to the three-dimensional finite
element model of the free-spanning pipeline, in a strip theory manner. The situation is shown
in B.6.
The force per unit length found from each section is considered constant over a length of the
pipeline corresponding to the distance between the sections. The governing equation of motion
for the vibrating pipeline is given as a coupled system of equations.

Mx + Cx + Kx= F(t),

(B.32)

where M is the structural mass matrix stored as a lumped diagonal matrix, K is the stiffness
matrix, and C is the damping matrix. C has only structural contributions, and is found from
the Rayleigh damping formulation,

263

B.3. DYNAMIC RESPONSE ANALYSIS

Free-spanning pipeline

Hydrodynamic sections

Pipeline

Seabottom profile

Figure B.6: The principle of the implemented response prediction procedure. Hydrodynamic forces are calculated
from two dimensional Navier-Stokes simulations at the hydrodynamic sections. The forces are applied to the
free-spanning pipeline modelled as a three-dimensional finite element beam, and the dynamic response is found
through a linear analysis procedure

C = «iM + <*2K.

(B.33)

The damping ratio, as a fraction of the critical damping is given as
alphai
----------h

(B.34)

where ojn is the circular frequency. The mass proportional damping introduces unphysical damp
ing from the rigid body motion, and should be avoided. The stiffness proportional damping may
introduce incorrectly high damping at high frequencies. The response of the pipeline to the
computed hydrodynamic force is found through a direct integration of the coupled system. The
implemented procedure for the solution of Eq. (B.32) makes use of the Newmark integration
method as expressed in Langen and Sigbjornson (1979).
Acceleration and velocity at time tk+i can be expressed by the unknown displacements at time
tk+l,

Hfc+i

yS(At)2

a*

**+: = Jat*k+1 ~ bfc

(B.35)

(B.36)
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where

ak :

1

,1

.

jX* + TT-Xi

15*

(B.37)

(B.38)
Dynamic equilibrium at time tk+\ is written as
Mxi+i + Cxjt+i + Kx*+1 = Ffc+1

(B.39)

Inserting Eqs. (B.35) and (B.36) into Eq. (B.39) we can write
Kx^i — Ffc+i

(B.40)

where
(B.41)

Fjfe+i = Ffc+i + Cbi + Mat

(B.42)

By solving Eq. (B.40), we find xt+i and subsequently the corresponding acceleration x&+i and
velocity x^+i can be found from Eqs. (B.35) and (B.36).
The general form of Newmark’s method as described here, covers a wide range of time integration
methods dependent on what the parameters 7 and j5 are chosen to be. In the present work, we
have used 7=1/2 and j3 = 1/4, which means that the integration procedure we have used is
the trapezoidal method where the acceleration at each time step is assumed constant and equal
to the mean acceleration between two succeeding time steps.

Appendix C

Input parameters used in Navs2d

C.l

Input parameters used in Chapter 7

The actual input parameters used as input to the computer program Navs2d in the high mass
ratio cylinder analysed in Chapter 7 are given per unit length and shown below
Mass of moving parts not inch fluid mass, (kg/m)
Spring stiffness, (kg/(ms2))

0.2979
579.0

Damping ratio, (

1.20 - 1.50 • 10~3

Diameter, D (m)

0.0016

Kinematic viscosity, u, (m2/s)

9.95 • 10-7

Density of fluid, p, (kg/m3)

1000.0

Reynolds number range

80 - 150

The mass ratio and the natural frequenciy in air can be derived from the input parameters
in the following way: mass ratio, p = m/(pD2) = 116.37 and natural frequency in air, /o =
u>o/(2n) = (2n)~1y/k/m = 7.016 Hz. We see that both the mass ratio and the natural frequency
corresponds to the characteristic parameters used in the experiments by Anagnostopoulos and
Bearman (1992). The Reynolds number given above is obtained by varying the flow velocities
and keeping the cylinder diameter and the kinematic viscosity constant. The corresponding
reduced velocity range is 4.5 - 8.3.
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Input parameters used in Chapter 8

The actual input parameters used as input to the computer program Navs2d in the low mass
ratio cylinders analysed in Chapter 8 are given per unit length and shown below

Mass of moving parts not inch fluid mass, (kg/m)

1025.0

10250.0

Spring stiffness, (kg/(ms2))

2800.9

16920.4

Damping ratio, £

0.01 - 2.0

0.001 - 1.00

Diameter, D (m)

1.0

1.0

Kinematic viscosity, u, (m2/s)

0.005

0.005

Density of fluid, p, (kg/m3)

1025.0

1025.0

Reynolds number range

120 - 300

120 - 300

The analyses reported in Chapter 8 cover a large range of damping ratios (with some of the
Reynolds numbers) and a large range of Reynolds numbers (at the lowest damping ratio consid
ered). In addition some analyses were performed with constant Reynolds number, (Re = 200)
but varying the flow velocity and the kinematic viscosity to cover the reduced velocity range 2.5
- 10.0.

Mountain wandering

Fjellvandring
Visste vi alt om vegen
vi skulle vandre pa,
da fanst det inga spaning meir
ved det a sta opp og ga.
Vona om st0rre utsyn
styrkte var tinge fot
jamvel om utenkte bakkar
tidt bar oss tungt i mot.

Men vaga vi aldri spranget
ut fra var stoved0r,
da sat vi mot kveldsbel valne
og grafsa i slpkte gl0r.

Ivar Ringdal

X
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