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THECRETICAL METHODE FOR DETERMINATION OF CORE PARAMETERS 1N URAMIUM-PLUTONILM
LATTICES.

The peediction of plutoniam peeduction in power reactors depends essentialiy on how the change of
neugon enerry spectrd in 8 reacpor cell during barn-up is detesmined.  In the epithermal regioa, where
ihe build-ug of plutoaium-gccuss, the slowing down effects are particularly important, ‘whersas, on the
othet haod, the thermal neoron spectrum b suengly infleenced by the low-lying plusonium sesonances.
For sccurate analysis, multi-group numarical methods ace requiced, which, applied ro buma-up medicrion,
are exmremely laborious and time eomsuming even for luge computan. Thil paper comalns a compre-
hemsive review of the methads of core paramserer decerpinacion in the wranicm-plganiem Lavlces developed
Lo Yugostavia dising the last [ew years. Faced with the problem of wsing small compiiters, the authors
had ro find new approaches cambining physical evidence and mathematical elegance. The main leawe
af these approaches is the tendency 1o procesd with analyeical reatment as far a: posstble and then o
inclade sulrable numerlcal imarevéments, ‘With this philosophy, which is generally averlacked wheq
ukng large compirens, fas-and reasanably acowrate methody were davelopad. The method: inclide
original means for adequate wearment of neutron spectra and cell peometry effects, sipecially suirable
foe U-Fa systems. In particular, procedures based oo the enetgy depeadent boundary condinions, the
digcrete energy representacion, the improved collision probabilizies and the Green funcrion slowing dowa
solutions were ﬁevﬂﬂ‘puﬂ and .lppl[,ali. Resilis obiained with thess methods e F:u.:nl:ri and mmpnud
with those of the expeciments and those chuvined with ether methods.

METHODES THECRIQUES DE DETERMINATION DES PARAMETRES DE COEUR DE SESEAUX THRAMILIM =
FLUTOMIUR,

La pekvision thkorigue de Lo production de plutondum dans un reacteur de petsidnce est esientiallement
fonction d& 1s fagen cont oo determine la variation du gpectre de neuirens dans L celiule de r@acieur sy cours
de 1'iradiztion du combastible, Dams 1a tkglon des neutrons epithesmigues; ol e plitanivm 25 poduit, tes
effets de ralentinement sont particulifrement impartacts, tandis que les resonances barsesdu plutondus influent
fortemient sat le specire des neotrons thermiquees. Pour une snalyse précise, on dost Taire appel aux mithodes
rumErtques multl-groupes qui desiennent extr@mement laborieuses ef prennent beaucoup de temps lorsqu'on
caleule Ie taux d'foadiation, méme & "aide de grands ordicateurs, Le memoire Btudie de maniére approfondie
lzs miethodes Elabories en Youpostavie au cours de ces detnidres anmies pour le caloul des paranediess de coeur
Ui cesead urAniwm splutenium. Me disposant que de petits ordinateors, les autewrs ant cherclie d frouver
de pouvelles miethodes combinant les densked plysiques disponibler el des moyens mathmatiques appropeiks,
La caracteristique prineipate de ces mathodes et de pousser e traltement analytique le pius toin possible et
d'y inclure ces amelioratiom numbrigues pertinestes, Grice d cetle tactique, gengralement segligee par lea
utilisateurs des grands codinateues, des mithodes rapides et mifisamment précizes ont pu 8ire tlabocber,
Callér-ei, particulidremient adaptees zux systémes (-Pi, contiznnent des techniques ariginales pour e
traftement de I'influence du spectre de neutrons et de la geormbirle des cellules, Les mithodes blaborkes
portent notamment sur lei conditiens aux limites varant avec "tncegle, 1a représentation discontinue éc
1'tnergie, d&s probabilitél de choc ameliorzes et le caleul du rajentisement 4 1aide des fonctions de Green.
Les résultats obtenus par ces mithodes sont présentes o cofmprss svee expirience af avee les rknsltats
abtenus § 1"aide 4"autres methodes,

TEQFETHYECKHE METQIM COFELENENHA NAPAMETPOR AKTHEHOH S0H M, COCTOR-
WEH W3 ¥PAH=-NI¥TOHHEBRX PEWNETOK.

Pacqer NPEEIBSECTEE MAYTOHEA B SREDTETAYECEHE DRARTOPAY CYUU2CTBEHHD JAEACHT OF
TAC0, KiK HAMEHABTCH IHARTITHILCEHR CORETH HOATRONGE B ASERKE PEAETSRA B NPOURGCS BRICG-

181



182 POR-SORDANDY et al,

pavEsE . Hagonneduse MAFTOHASE WaST, m OCHOEHODM, B 3NUTenI oo ofnacti !Htpr“ﬂ. rHe Gooben -
0 mRmILL ﬂ'& DEETH 2EMELAGHNS , TOTIR KX, ¢ Apyrof CTOROHM , 08 F0HAHCH NAYTO A 8 chaactu
HEJIEHY IHeprHl OEaSMBanT TAMeTHOR RAKRNNE WA Teoronoil chexTe. JAn Toyudro sMidpaa Tpe—
E}"ﬁ‘fc'ﬂ' WCMOTRIOAATS MHEQTOTRFNAEOBLIE YHCASHHEL WaTRAM PRCYETOR, ROTORAIE B ADHMBHEHHEA K
PACHeTAM BRIFOPaHKs DCOSEHHD TPYASEMER M JAHAMAKT MHOFD BpeMsHE Saxe npn pafieTe wa
KEYANKE IAGKTPOHNO=FRYHCANTENRHAY MARIAHAY, Jaxknay coRepadT ool anmui uﬁsnp Mg=
TOR0N OfPEgenean napadeTpoR AxTENNGE J0HM, cocTosmel A PROR-TIAFTORHBIMY FPELETON.
¥raapuppe MeToLln Drim paspaforany n Krocgams 33 nocheanme HOCEGNLED AeT. OEazau-
HECE mepesy dakTow HEOSALIOTANHYE KeSOALEAR DAIYACHNTETLALYE MABHKH, BRTOPM Joaxnn Ewns
HERRTE HOBLME DY TH PEOEHAA, COUSTADMAR @l?“qch’ll‘l HATHARIHOCTE H. METEMATHYECEDE HaWme =
cren. Ochropuss oiolenHocTe 3TH peaEHil ~ SHARWTHYCGHAR :}E.paﬁoﬂa PEIFALTATOR © WCNOAL™
SOEENNEM CODTRETOTOPOMAX yoopEpiienctoopaind undreuns) weTé on picwerh, B peaynnTaTe
Gunw pedpaloTank CPAEHHTENLHD HETprLoEMEne METOAb  ofecneuMBammie PAIYHHYE TOMHOCTE
pRedate. Paipaforansl cpHTHHEREMEIE MeTOIM ofpafiored weATpounuy coexTpos o 3diferron
reoMeThEHE mhelEb, o OCHORHGM APHMESENTSALHS K ypah ~Aay ToHHe s cHEToMaM . B YasTsHac I,
frmn FRJPﬂDTﬂHH‘ H NpUMeiEELE METOLHER C HCTOALIORAHATM IHEATETHYSECKON JABRHCAMOCTR
FRadHirsME yoerongndt; SHMoxpeTHoro 3nepreTidncEolo APEACTAnTanEA , pelenns fiyvakmin T peEHa
LRS Npodecea damMentedin, [Mpueogsted pedyAbTath, NOAYHYEHHBE ¢ HCMOABIOBAHHEM PRIPAGL-
THHHMY METOIORE. I TH PRAVARTATH CPASHAEANTCS & PNCNSPEMENTIILMATME JRHILR # Do Iya L=
TATAMH APFIHE METOAGE,

METODOS TEORICOS PARA LA DETERMINACION DE LOS PARAME TROS DEL NUCLEQ EN RETICULOS DE
URANHI=FLUTONIO,

La prediceifo de la produccits de plutonio en Lo reactores de polencia depende esencialmente de cimo
g determing la variacibn del espectro encegetico en uns celda del mismo duwrante 1a irradiscibn del combustible.
En lo regitn epitermica en Ja que flgne fugar la acomulacibn del plutanio, son pacticulagments importantes fos
efectas dé la mederacibn, mizatrds que por obri parte el especiro neulrbaico termico se ve considerablefmie ple
influbde por las sesomancias bajas del plutonio. Para bn anklisls pre<iso se neceditan metodos numiericas en
rnu!ugu_put. log cimles, cuznda e :plu:.tn aka pa-ld1tc.l;h1 del g:du de guemadns, fan sxiremadaments
labericsos ¥ consumen musho tempe ncloso para miquinas caleuladoras grasdes. Esta memorla contiens una
emplia resefla de log mEtodor desarreliados en Yugoslavia durante bos recientes Tltimos sbos para la determing-
cibin de parshmetros del nhictes en retlculos de wanio-plvisaio, Enfremtados con el probiema que supane cantar
Unicamente con magquinas calculadoras pequefias, fue preciso que (08 autores epconfraran nuevos mitodos en fos
gue fa evidencia fsica re combina con la elegeacin matemitica, La caracteristion principal de estos mitodes
&6 |3 lendencia » segulr un procedimisnto anatitico hasa donde sea posible para introducly entonces adecvados
recunios numerices,  SHpulendo estn linea de persamiento, que generalmente se pasa por alio cusado =
utllizan miguinas calecladoras graodes, s detarrollaren mitodos chpldas v de precisitn razomoble. Los
mittodot wtilizadaos mﬂFendun tecnicss aﬂgj,p‘li.l.r_-l pard tratar convenientemente jos Hpﬂﬂ:m et el cil ¥
efectos de la geometris de la celda, y son especialmente jdbnecs pass sistemas U-Pu, En pamicular feeron
desartaliados y aplicados procedimientos basados en las condlelones de contarno dependientes de la enedgle, la
repeesentacion discreta de la energla, las probabilidades de colision mejoradas y el chlcolo de Ja moderdciba
mediante funciones de Green, Se presentan lo resuliades obtenidor con estos metodas § s comparan con loo
de 12 experimentacion y con los que tesultan de aplicar 91=08 mitodos,

1. INTRODUCTION

The prediction of plutonium production in power reactors depends
essentially on how the chenge of neutron energy spectra in a reactor cell
during burn-up is determined. In the epithermsl region, where the build-up
of plutcnium occurs, the slowing down effects are particularly important,
while, on the other hand, the thermal-nestron specirum is strongly
infloenced by the low-lying plutoniom rescnances, For accurate snalysis,
multl-group numerical methods are regulred, which, applied te burn-up
prediction, are extremely laborious and time-consuming even for large
computers,
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There are peveral plutonium recycling modes, and the deeision on which
iz best for the specific reaector in which plutoniurn ig to be used depends
primarily on the detailed nuclear design studies, However, it is usually the
cage that caleulational schemes, vsed successfully for core parameter
determinetion in UCy or metallic aranium lattices, result in systematic
discrepancies, when extended and applied to U-Fu lattices, so that semi-
empirieal nuelear data adjostments are necessary. These discrepancies
are sspecially sensitive to the changes in %Py concentration and the lattice
pitch, i e. to thermalization and transport effects.

Asis known, plutehium cores, compared with uranium cores, are
expecied to show improved stability and tranesient characteristics, because
they have more negative Doppler and moderator temperature coefficienta
die to plutonium resonances, lnereased resonance absorptlon and spectiom
shift. Om the other hand, the control-rod eificlency iz reduced a5 a resalt
of thermal flux reduction, which necessitates an Increased nomber of
control rads. Moreover, there is-a reactivity penalty cavsed by intensified
rescnance effects and yield of fission product poisons. Because of all these
effects, more glaborate methods are required for U-Pu lattice caleslation,
egpacially for prediction of adequate reactivity and power distribotion control,

This paper contains a comprehensive review of the methods for core
parameter determination in U-Pu lattices developed in Yugoslavia doring
the last [oew veara. Faced with the problem of uging small computers, the
authors had to look for new approaches combining physical evidence and
mathematical elegance. The main feature of these approaches lg the
tendency Lo proceed with analytical treatment as far as possible and then to
include suitable numerical improvements, With this phllesophy, which is
often overlooked when using large computers, fast and reasonably accurate
methods hava been ebtained, They contain original developments for
adeguate treatment of neotron speetra, cell peometry and core composition
effecta, especially suitable for U-FPua systems,

2. LATTICE CELLS

2.1. Thermal-neutron region

Thermal-neutron spectra in plutoniom-containing reactor lattice cells
are strongly influenced by the 0.297-eV resonance of Py and the 1,055-eV
regonance of 240Pu, To treat adequately both thermalization and resonance
effects, detailed multi-group calculation is usually required. In the course
of Bwedish- Yupgoslay co-operation, a new idea was developed [ 1] to replace
the standard multi-group method by diserete representation of the neutron
spectra according to the Gasssian quadrature acheme. The accuracy of the
plutonium reaction rate integration was improved by introducing different
integration variahles in different parts of the thermal-energy region and
clustering the integration points arcund the plutonivm resonance | 2],
Furthermore, the convergence of the method, as regards the number of
integration pointe, was improved by eplitting the flux under the energy
transfer integral into a Maxwellian part and a hardening part with an energy
dependent amplitude [ 3], When the prellminary guess of the hardening
function 18 good, this approach can be fairly efficient, since enly the inter-
polation in the hardening function amplitude is to be performed,
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FIG. 1, Thammal=oetsen spectrum in (usl of 4 nwo-region teactor cells (el radiog, 0.76cm; cell
radivg, 2.95 em; tempersae, 500 °K; **py and ** pu encichmeny, 9.1%.

A gystermn of multl-point equationa, formeally identical to multl-group
equationg, wae derived [4]. The applicability of the energy point mathod
for heterogeneous evetems was examined by combining it with the colligion
probability techniqua, The routines PIN and SOMAT | 5] were weitten for
caloulating thermal neutron gpecira and reaction rates in a two-zone
Wigner-Seitz cell, Both multi-point and multi- group calealations were
performed for & number of different casesa, the typical examples being
illustrated by Figs 1 and 2. The number of energy points needed to-achieve
the pre-asaigned accuracy of reaction rate integration was shown to ba
considerably lower than the corresponding number of energy groups.

To study the thermalzation effects in a reactor lattice cell, the Py
approximation of the spherical harmonics method wae extensively used and
a method was sugpested for efficient solution of multi-grovp or multi-point
Py equations [6] . A& computer program, MULTI, was developed [ 7] to
calculate the space and energy distribution of thermal neutrons in a multi-
zone cylindrical lattice cell, using elther the multi-group data caleolated by
program SIGMA or the mulli- point data computed by program CAMP [8].
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In the program CAMP, a procedure was developed for the point
scattering matrix construction based on the Lagrange interpolation scheme,
Inzstead of splitting the newiron flux under the energy transfer integral into
the Waxwellian part and hardening part, it was approximated by a third
degree polynomial with coefficients depending on the flux values at the four
neighbouring integration points. The fotal balance condition is satisfied
through the iterative procedure of solving the system of multl-polnt Py
eqoations, which mekes this approach much simpler and more straight-
forward than that sugpested in Ref. [1].

Another improvement of the polnt method was obtained hy more exact
integration of neutron absorption, Instead of using the Maxwellian amplitude
[1] or the iterative procedire applied In Ref. [ 8], the neulron balanecs
condition was obiained by a more convenient distribution of energy points,
The slightly increased thermal energy interval was divided into four sub-
intervals according to the physical properties of U and Pu isotopes and a
guitable integration procedure was propoged for each interval. The same
integration functions were used for determination of scattering matrices,
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The Deppler broadening of Pu resonances wag also taken into accocunt. In
thig procedure, a thermalization program PLUTON was developed and
some of the results obtained are presented in Figs 3 and 4.

To take into account the space varistion of the thermal flux inside the
cell, an investigation was earried out on connecting the collision probability
treatment with the energy point method, Starting from a collision probability
study for concentric cylindrical zones | %], a corresponding space point
method (based on the combination of analytical and numerical approaches)
wae developed [ 10]. For every chosen space point, the integral {ransport
equation wag written and the flux between the points was interpolated by a
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series in even powers of the radius. The system of linear algebraic equations
obtained gives the flux at the desired points, In Fig.5 some of the results
obtained by the method described are compared with the standard collision
probability treatment. The application of the method to multl-group
caleulations is straightforward, as shown in Ref, [11]. The method is also
adapted to cluster-type fue] elements [ 12].

Another rapid and reasonably accurate procedure suitable for Pu
lattice caleulation is the program ANTEHR, based on the analytical method
for ealculating neutron thermallzation [ 13, 14]. In this method, use is
made of the energy-dependent boundary conditions combined with the
collision probability technique in the fuel and the Laguerre polynominal
expansion in the moderator [15]. In many burn-up programs, for instance
in the Swedizh BOP and the Yupgoslay TER [16], the one-velocity ABH
procedure | 17] is used for disadvantage factor caleulation, The accuracy
of such programs may be improved by the substitution of ABH by ANTER,
gince the latter has been shown to give considerably better results [ 18].
Some comparisons of both methoda with the THERMOS procedure and
experiments can be seen in Fig. 6.

2.2. Resonance neatron reglon

In treating the resonance effects in a reactor cell, the usual assumptions
are: = spatially flat flux in every cell zone and an asymptotic 1 /B spectrum
between the resonances. As a result, a number of semi-empirical correc-
tions are necessary. [n addition, an adequate connection with the usually
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detailed treatment of the thermal neutiron region ie impossible, Moreover,
more rigorous treatment of the resonance region is particularly important
for adequate Pu bulld-up prediction.

To overcome these shorteomings, a new procedure was developed to
golve the space-, lethargy- and angle-dependent transport equation for
resonance neutrons, In the resonance region, the neatron scattering iz
igatropic, but, sinee the values of crogs-gections In different zones of a
reactor cell are widely different, the neutron {lex near the zone boundaries
becomes very enisotropic, For this reason, the Py approximation of the
gpherieal harmondes method wae appled, resulting in a syvetem of integro-
differential eguations with a difference kernel depending on lethargy and
space, Combining the analytical and numerical procedures, the sxpressions
are obtained for the space and energy distributions of resonance neutrone
in a multi-gone reactor cell [ 18], The accuracy is limited practically
only by input cross-section data, and the compuilng time is relatively short,
3o that it is convenient for incerporation in burn-up programs. Some
resulis for resonance-neutron flux distributions ln the centre ol a fuel
element and at iis surface are shown in Figa 7 and 8. To investigate in
detall the effects of ¥ resonances (where the build-up of plutenium
aecurs) the flux digtributions near a giant 6. T-eV rescnance and the
corresponding space and lethargy distribution in a cell are caleplated and
preaented in Figs 8 and 10, respectively.
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2.3, PFast-neatron reg&un

The fast region is relevant to the problem of Pu build-up, meostly through
supplying adeqoate sources for resonance neutrons. Here the problem of
fast-neutron transport and slowing down becomes important. An exact
analytical method for sclving the problem of the slowing down of fast
neutrons was developed recently [ 20]. The solotion of the slowing down
equation was obtained indirectly, by detailed consideration of the neutron
slowing-down process. By representing the collision density by a sum of
colligions with different prior histories and substituting Green functions by
Dirac delta functiopns, the problem was reduced to determination of neatron
scattering functions, These functions were determined by factorization in
lethargies (in treating the inelastic scattering) as well as by expansions in
cosine of the secattering angle (in ireating the elastic scattering). The
expression obtained for collision density is valld for arbitracy depondence
of cross-sections on energy and angle.
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With the Green function technique, the method was applied to a reactor
lattice cell [ 21]. The space energy distribotion of fast nentrons in a
reactor cell was alse determined by the multi-group Py procedure with the
modified MULTI program [ 22] , as well as by the multi-group collision
probability procedure | 11]. Some of the resulis ablained by these methads
are displayed in Figs 11 and 12,

3. REACTOR CORE

2.1. MWaterial buckling

U-Pu lattices represent a typical example of the so-called mixed
lattices, which contain different types of fuel. In the equilibrium state, by
continwous fuel exchange, fuel elements of different uranivem and plutoniure
compositions are uniformly arranged in the reactor lattice. In some cases,
e.g. in a reactor with steam superheating, fuel elements of different
geometries and compositions are uniformly arranged in the lattice from the
very beginning of the operation, To eplve the criticality problems, elaborate
methods are required, such as the heterogenecus method or the nemerical
three-dimensional ealeulation of the reactor core,

When treating the long-term fuel compositicon changes to determine the
maximum fuel burn-up, it i necessary to solve the criticality problem
many times, so that application of the above-mentioned methods is
laborious and time consuming, even for large-capacity computers. Since
fuel elements of different nuclear compositions are uniformly arranged over
the whole reactor lattice, it iz posaible to define the material buckling for &
uniformly mixed lattice and to reduce a crificality problem to a problem of
finding the roots of the two-group critical equation.

With two types of fuel elernent, the validity of the definition of the
material buckling for the mixed reactor core was experimentally investigated
on the Yugoslav heavy-water sero-power reactor RB | 23]. Some of the
results are presented in Fig, 13. The validity of the adopted simple
definition of the material buckling for mixed reactor core, as linearly
dependent on the conflguration factor, was confirmed,

3.2, Criticality

To be able to estahlish the best national fuel management policy, special
efforts were devoted to the developmant of fagt and reasonably accurste
methods for cverall reactor core caleulation, In addition to the already
mentioned burn-up program TER, & crificality program, REDIR, was
developed | 24] . Galanin's method of effestive boundary eonditions wasg csed
with a two-group calculated effective reflector thickness, The program
caleulates radial and axial macroparameters and fuel-element burn-up.

To calculate U-Pu lattices, suitable averaging procedures have been in-
cluded. The validity of the assumptions involved in the program was
checked by the Feinberg-Galanin heterogeneous method applied in the
criticality program HETERO [ 25], as well asz by the experiments described
in Section 3. 1.
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The criticality programs developed were used to study the different
refuslling echemes with or withoot plutonium reoyeling. Some results of
these investigations, incloding the recommendations for countries with
rather amall nuclear power programs, are presented in Refs [ 28] and [ 27].

3.3. Optlmization of core configuration

In designing nuclear reactors and in operating them, a =series of
probleme of variational nature is encountered, The extreme of a phygical
mapgnitude lg always sought, e, g, minimum critical mass, minimum critical
dimengions, maximum reactor power, maximom nedtron flux, minimum
polsoning after reactor shutdown, minimum time of reactor shutdown, and
the Uke, The funetion that is varied depends on the nature of the problem
investigated. This may be the gpece distribution of fuel or abzorber con-
centration, the neutron flux, the reactor power, etc. For constructional,
thermic, or other reasons, this funetion is alwaye Bmited, making these
kinds of variational problem non-classical, so that Pontryagin'a maximum
principle or Bellman's dynamic programming have to be applied.

In the ease of U-Pu lattices, the particularly relevant problems are
baged on the possibility of varying the space distribution of fuel concen-
traticn. The shorteoming of all existing solotons is that this distribution
is agsumed in advance. Here, a direct approach to this problem is
deflned: to determine the space distribution of fuel concemtration in the
regctor core directly from the exitreme of a desired physical magnitude,
gatiafying the thermic restrictions,
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The mathematical formuylation of the ahove problem is given in Ref,

[ 28] and some applications to the sptimization of reactor core conflguration
are presented in Ref, (28], For example, the optimal fuel configuration of
the reactor core, obtzined in the case of a high-flux reactor, consistz of a
reflector in its centre, a zone of constant (permissible) power density, a
zone of constant {maximuom) fuel concentiration, and a peripheral reflecior
of infinite thicknesza (Fig. 14).

The choice of an adegueate model of the process in the optimization
procedure developed plays an important role, The model presented here is
baged on the two=group diffusion theory of neutrons, and is given for
arbitrary core geomefiry. However, the same oplimization procedure is
also applicable with the moeltd-groop diffusion medel,

In a similar way, with & corresponding model of the process, numerous
problems in reactor kinetics and the control of U=-FPu cores can be solved,
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