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ABSTRACT

An investigation has been made of the statistical frequency

238 2 39function for the distances between the U and the 7Pu reson

ances in the region 4-244 eV. It is concluded that the frequency 

function is probably constant but that the distances diverge 

appreciably from a constant function in the actual case, and that 

the divergence is such that the interaction effect on the resonance 

integral is smaller than would be expected from statistical con

siderations. This is also confirmed by calculations on the inter

action effect. These have been performed using three different 

methods, namely:

a) considering the actual positions and widths of the resonances,

b) assuming a constant frequency function for the resonance 

spacing and applying a theory developed by Rowlands and 

E A Fischer,

c) applying a simplified, approximate method for calculations 

based on the statistical theory.

The calculations are made for two temperatures and two values of 

the plutonium enrichment. It is shown that the average cross sections 

are considerably larger than the statistical calculations indicate.

Printed and distributed in December 1 968.
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1 . INTRODUCTION

Effective cross sections in the resonance region can in prin

ciple be obtained with good accuracy if all resonances are resolved. 

Computer programmes have been developed which solve the slowing - 

down equation for a heterogeneous medium, e. g. SDR Ll J, or Rabble 

Lz J, or, for a homogeneous medium MC ^ L 3 H. But these programmes 

are generally not used for routine calculations of macroscopic 

cross sections, that is, for cases when cross sections for a large 

number of rather similar compositions are needed. In such cases 

one is satisfied with cruder approximations and a usual assumption 

in obtaining these is that the average interaction effect between two 

series of statistically independent resonances can be calculated 

assuming a constant frequency function for the spacing between 

such resonances, [4, 5,6 J. Effective cross sections can then be 

calculated separately for each isotope and the calculation of an ap

proximate spectrum which gives the weight function for obtaining 

the macroscopic cross sections can be sufficiently fast for routine 

calculations. This method is used in the Dorix-Speng system L? ].

In the statistical calculations we must consider several stocha

stic variables. The principal ones are the resonance energies, E^, 

and the widths, , where the index i stands for the isotope and 

x for a given reaction. Further we have to introduce a function 

F^(E, E^ \ ,...) which has as arguments the energy, E, and the

resonance parameters. All variables are continuous. The expectation
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value of the product F.Fj is obtained by using joint frequency func

tions for the resonance parameters. Because the resonance energies 

are independent of the other parameters, the expectation value is

e[F.F.) = < f F. dE^ f F. P(E^, E^) dE .) (1.1)
i J u l r J j ' r r ' r,j v '

ae ae

where the brackets indicate averaging over the resonance widths and 

P(E^, E^) is the joint frequency function for the resonance ener

gies E^) and E^^' The latter can also be written 
b r r

P(E^, E^) = P (E^) 
' r ’ r ' cv r

eW) P(E^)
(1.2)

where P^(E^ | E^) is the conditional frequency function for E^

when E^ is known and P(E^) is the marginal frequency function

for ENow, if P is constant, we can subtract E^ without 
r c r

changing the value, that is,

P (E ^ 
c' r

E^)= P (E^) - E^ 1 E^) = const. 
r / cx r r r ' (1.3)

The second expression in Eq. (1.3) is most suitable for statistical 

verification and we will return to it later. Now, making the addi

tional assumption that the resonances are statistically independent, 

Eq. (1.1) assumes the form

e{f.f. j
1 J

( Te J F. dE (i) ) < 1
SE F. dE 

J
AE

(j) > (1.4)



Eq. (1.4) can be related to the calculation of the interaction effect. 

It has been shown by Rowlands, C4 j, and by Fischer, [5 ], that the 

interaction effect between two resonances under some assumptions 

can be described in terms of the following function and its deri

vatives with respect to and p^:

E,
l P l^dE

FcA-Pt) =~k J (*k+f>k)(h+Pt) 0
a

^ and are the symmetric resonance line shape functions for the 

resonances k and -L, respectively. Their arguments are E-E^ and 

E-E^. Tk is the total width of resonance k. p^ and p^ are para

meters which are related to the peak resonance cross sections and 

the so-called background cross section.

If the parameters belonging to the k and l resonances are 

stochastic variables corresponding to the isotopes i and j respect

ively, the average cross section for isotope i is obtained for an 

energy interval which equals the average spacing, D^, between 

the corresponding resonances. The width of the integration inter

val, E, -E , is related to D., but it should be observed that tails b a’ i*

from neighbouring resonances contribute to the cross section with

in this interval. This contribution is approximately obtained by 

extending the energy boundaries to zero and infinity for the inte

gral defining the J-function. For the interaction effect we carry 

out a corresponding averaging of Eq. (1 . 5) by using Eq. (1.4).

We introduce the following new variables:
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E1 = E-E a (1.6)

E' = E"Ek (1.7)

E" = E“E* (1.8)

where E^ and E^ are the resonance energies corresponding to

and The lower boundary of the energy group is E^ and the group

width is AE, so that E, = E + AE. The expectation value for F ([3, , (3.)
D 3. O 1C v

is then:

F o

tk(E’)

+k(E’)+P
-(

k

dE* x
75E-'

> <
p

E] - AE

VE”)

/ dE’ T 
^ AE dE, 0.9)

Now, assume that AE is large compared to the resonance widths and 

consider a fixed value of E^ between 0 and AE. Then the second and 

third integrals in Eq. (1.9) will be approximately independent of Ej 

if this is not very close to zero or to AE. Only if E^ or AE-E^ is of 

the order of or less than or F^ will the integrals depend on E^ . 

But this range is assumed to be small. Therefore, E^ can be re

placed by a constant energy, E^, at the boundaries of the integrals, 

where

2r- »i
n

ae-e2

“r—n
» 1

► for n = 1 , 2 (1.10)
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But the boundaries are then asymmetric relative to zero. A further 

approximation is to replace them by ± AE/2. Because we have to 

integrate over a constant function of the variable E^ , we finally ob-

AEtain AE
2

Fo = < f dE>< P

K AE K

«VE>_________  /dE x \
Jae AE (1.11)

To obtain the total interaction effect, the average effect is 

multiplied by the product hhlF, where hh and bE are the average 

number of resonances belonging to the isotopes i and j respectively 

in the interval AE. bh and bL should be large to obtain good accuracy 

using the statistical theory.

In calculating the zero order group cross section for a single 

isotope there is good reason to limit the number of resonances with

in an energy group. This is because the actual composition is not 

considered in a correct way and because the asymptotic collision 

density is often assumed to be constant within a group, [8 ]. For 

example, calculations of single-isotope cross sections in the re

sonance region for the Swedish cross section library for fast re

actors using the computer programme Dorix, [7], have been made 

2 38for U using a group structure containing about 3 resonances per

group below 1 keV. It is then clear that the errors become large if

Z 3 8we calculate the interaction between U and another resonance 

absorber for such a group using Eq. (1.11). If, however, the average 

spectrum varies only slowly over a large number of such groups,
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the average interaction effect over such a range can be calculated 

with reasonable accuracy using Eq. (1.11). But in the low energy 

region where the variation of the spectrum over a large number of 

groups is usually large, Eq. (1.11) does not give even the average 

interaction effect with reasonable accuracy.

In the present work the interaction effect is investigated •
238 239 .

between U and 7Pu in the energy range between 4 and 244 eV. 

Because the resonances are resolved for both isotopes in this re

gion, the assumption that the frequency function P (E^-E^ | E^) 

is constant can be checked, and calculations of the interaction can 

also be made without that assumption. The statistical investigation 

consists of a classification of the resonances and a chi-squared 

test of the hypothesis that P^ is constant. Because of the small 

statistical material, the significance of the result is of course 

not very large. But the ordered material will also be useful in the 

explanation of the result of the interaction calculation. The basic 

assumptions in our calculation of the interaction effect is that the 

resonances obey the Breit-Wigner formula and that the neutron 

flux per lethargy unit varies as an inverse total cross section.

The first assumption is also used in the programmes Rabble and 

MC^. The SDR programme uses cross sections calculated by the 

programme Genex, Cl ]. The basis for these cross sections is the 

multilevel formula, but this is approximated in such a way that 

single -level resonance parameters can be used. The most ob

vious effect of a rigorous multilevel formalism is to decrease
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the effective cross sections for isotopes for which the total reso

nance widths are not small relative to their spacings, [9]. Typi-

. 235 239cal such isotopes are U and, although not so pronounced, Pu.

Comparison of theoretical and experimental values of the Doppler

Z 3 5
effect in the fission activation of U have given too large theo

retical values both in using the single level formalism, Ll 0 ], and

using the Genex-SDR method, [ll]. On the other hand, the cal-
238

culated Doppler effect for U is too large in the work described 

in Ref. 1 0 and is calculated with good accuracy by the Genex-SDR 

method. The influence of the single-level approximation upon the 

interaction effect between a fissile and a fertile isotope remains 

to be investigated.

For the neutron flux we have adopted in the Dorix-Speng 

system the intermediate resonance approximation developed by 

Goldstein Ls]. The collision density is virtually constant, 

but the resonance integral for zero temperature is equal to that 

given by a second order approximation of the flux if the cross 

section is assumed to be symmetric about the resonance energy.

In this approximation, the flux is non-symmetric about the re

sonance energy but has the same asymptotic value below as above 

a resonance, Ll 2 ]. According to Goldstein, this approximation 

may cause non-negligible errors in the Doppler effect, [8 ]. On 

the other hand, a comparison between the narrow resonance ap

proximation and a more accurate treatment of the flux is made 

by Hwang, [l 3 ]. He concludes that the correction to the narrow 

resonance approximation of the flux can be given as an additional
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term and that this correction is small. Because the narrow reso

nance approximation is a special case of the intermediate resonance 

approximation we can assume that these conclusions also hold for 

the Dorix-Speng method. But in this work the additional assumption 

is made that the narrow resonance approximation holds. This as

sumption will of course lead to very inaccurate resonance integrals 

for the lowest resonances. But it is reasonable to assume that 

this will not have a strong influence upon the interaction effect for 

a given effective potential cross section.

2. THE DISTANCES BETWEEN THE 238U AND THE 239Pu

RESONANCES

238We have considered 26 resonances of U and 94 reso-

2 39 2 38nances of 7Pu in the region 4 to 244 eV. The U resonance

data are given in Table 1 . They were obtained by M Wallin, Ll 4], 

by considering the evaluation by J J Schmidt, Li 51, and the experi

mental data by Ashgar, Li 6 ]. The 239Pu resonance data are taken

from the work by Derrien et al. , Ll?].

2 38We now consider a specific U resonance with the energy

(28) . . 239E^ Starting from this energy we count the number of Pu

resonances within small intervals, 6. The corresponding resonance 

(49)energies, E^ are determined by the expression

E^28) + (n-1) 6 s e(49) < E^28) + n6 (2.1)

where n = ± 1 , ±2 etc.
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23Q . .The number of 7Pu resonances defined by Eq. (2. 1) is

(6, n |e^28)). This quantity can be normalized in the following

way:

(2.2)

The maximum number of n is arbitrary in Eq:s (2. 1 ) and (2. 2). We 

will later see what limits this number if 6 is finite. But first we will 

give the connection between the given discontinuous quantities and 

continuous functions.

The quantity defined by Eq. (2. 2) is obviously related to the 

conditional probability P (Ep^-E^ |E^) given in Eq. (1 . 3). But 

this quantity can only be obtained as a limit of results in a large 

number of trials. Instead of these trials we count N^^(6, n |E^8^)

for all values of E^28^. The approximate value of P (E^^-E^28) |e^28^)
r c r r 1 r '

is then

(2.3)
s :

r, n

238where the index r runs over all resonances of U and

(2.4)
r

The quantity defined in Eq. (2. 3) is of course an approximation to

P^E^-eJ28) |E^28)) only if the latter quantity is approximately

constant over the energy range considered. But this is now our 

hypothesis. Thus when the quantities given in Eq. (2.4) are known,
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we can make a test whether they are consistent with Eq. (1 . 3) or 

not, but we cannot show that P |e^^)) is constant

and that the resonances are independent. But these quantities 

also give us qualitative information about how the exactly cal

culated interaction effect may be expected to diverge from the 

effect obtained assuming a constant frequency function for the 

spacing.

For the statistical investigation of the distribution of the
2

distances between the resonances we have made a % test, [l 8].

In this test, the intervals 6 must be so large that they contain a

sufficient number of resonances. In Ref. [l 8], Cramer states

that the minimum frequency number for sufficient accuracy is

10. But on the other hand, the maximum value of |n| cannot be

too small. Then, for our small statistical material, |n6 | tends

2 39to be large. Now, assume that we count the number of Pu re -

238sonances at a distance (n-l)6 to n6 from a given U resonance,

239and that n is large and positive. The energy range for the Pu

238resonances may then come close to the energy of a higher U 

resonance and they will then be counted twice, namely, for a nega

tive value of n as well. But in this case there will be a correlation 

between the frequency numbers in different energy intervals which

is not taken into account. This type of error must be considered.
2

In the x test, we have used 6 = 1.6 eV and n has assumed 

the values -4 to 4. Then, the maximum distance between a uranium 

and a plutonium resonance which is counted is 6. 4 eV, and the dis

tances between the uranium resonances should not be smaller than
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12.8 eV in order to avoid counting some plutonium resonances twice.

238This could only be achieved by eliminating some of the U reso

nances which fortunately are weak. Most of these probably belong 

to the p-wave. The test is performed with and without these re

sonances. The statistical material becomes too small in the latter 

case, but the investigation seems still to be worth while because 

the results do not differ too much in the both cases.

However, there is another drawback with the choice of such

a large value of 6. The resonance widths are only in one case of
* .2 39

the order of 1 eV, namely for the J = 0, & = 0 resonances in Pu.

The other resonances are on an average of the order of or less than 

0. 1 eV. The interaction effect between two resonances can be ex

pected to be weak if the distance between them is much larger than 

0. 1 eV. The largest contribution to the average effect is given by those 

plutonium resonances which have a distance from a uranium resonance 

of the order of or less than the total width, that is, usually less than 

0. 1 eV. In order to be able to calculate this contribution with reason

able accuracy, the fractional error in the determination of the 

distance must be small. Thus we have no information about the 

magnitude of the interaction effect if the interval 6 is not known 

with better accuracy than 0. 1 eV. We have therefore tabulated the 

frequency number for resonances within an interval 6 at a distance 

(n-1) 6 to n6 for a number of 6-values between 0. 05 and 1.6 eV.

For all but the largest 6-value, n was given the values -8 to 8.

238Summing up these frequency numbers over all U resonances in 

a given statistical assembly, the quantity given by Eq. (2. 4) was
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obtained. As mentioned, we have two assemblies, given by two 

groups of uranium resonances. In assembly 1 , all resonances in 

Table 1 are considered. In assembly 2, the following resonance 

energies (given in eV) are neglected: 4.41, 1 0.25, 1 1. 32, 19.60, 

45.20, 63.60, 83.50, 93.20, 1 25.00, 1 53.00, 1 60.00, 173.00, 

242.90. Thus only 1 3 resonances are retained. In this case we 

give only the frequency numbers for 6 = 1.6 eV. Table 2 shows 

the frequency numbers for assembly 1 when 6 = 0.05 to 0. 8 eV. 

We see that for small 6 the statistics is very poor. That means 

that very few plutonium resonances have a distance to some ur

anium resonance of the order of or less than 0. 1 eV, or even 

0. 5 eV. This can also to some extent be seen from the frequency 

numbers for 6 = 0.8 eV. For |n| £ 1 , the average number is 6. 0 

but the average number for the total assembly is 8.0. We can 

therefore expect that the average interaction effect is smaller 

than that calculated by assuming a constant frequency function,

p (e<49>-e<28>|e<28>).
c' r r r '

The sum of the frequency numbers for 6 = 0.8 eV in Table 2

is 1 36. That means that some of the plutonium resonances are

counted twice, because the total number of them is 94. This

source of error is eliminated in assembly 2. Table 3 shows the

results for both assemblies with 6 = 1.6 eV. For assembly 1 , all

numbers are now larger than 1 0 so that the statistical material

is reasonably large in this respect. For assembly 2, the numbers
2

are too small for some n - value s. The result of a x -test can
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therefore not be expected to be very accurate. The hypothesis is 

that the frequency numbers are distributed in accordance with a 

constant frequency function. The expectation value is then for 

every n equal to the mean value, (N ), for all values of n. We 

then form the quantity:

X
<N49) %

Z [ N49(6,n |E^8) - <N49)] (2.5)

where

<N49) = 1 N
E2N+1 " N N4’(e,n|E2r8) (2.6)

The quantity X can now be considered as a point on a statistical 

distribution, obtained by many equivalent trials, if one could make 

more than one within a given energy band. Now, if the hypothesis
_ 2

is right, the quantityX approaches a statistical chi-squared distri

bution when the number of observations approaches infinity. If the 

maximum number of n-values is M, the number of degrees of free

dom, v, is M-l . In the cases considered in Table 3, we have v = 8. 

Now we accept a,risk, p, equal to 5 % that we reject the hypothesis 

even though it is correct. Then,

X^(p = 0.05) = 15.5 

2
That means: If X , given by Eq. (2.5), obeys a distribution of type

2 .
X with v = 8, it is equal to or larger than 1 5. 5 in 5 % of all cases.
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Now, inserting the values given in Table 3 into Eq:s (2.5) and (2.6)

. . 2 .we obtain the results given in Table 4. Thus X is less than 1 5. 5 

by a large margin for both statistical assemblies, and the corre

sponding frequency numbers may well correspond to a constant 

frequency function. But we have still to expect a large inaccuracy 

in the result from an interaction calculation using this statistical 

assumption.

3. INTERACTION CALCULATIONS

3 different methods for calculating the interaction effect 

238 239between U and Pu are used. Their theoretical background 

is given in Ref. [?] and Ll 9 1, and we will here only give the out

line of the method and some fundamental formulae. The nomen

clature is the same as in Ref. [?]. ,

In the narrow resonance approximation as well as in the inter

mediate resonance approximation, the flux is assumed to vary

as the inverse of an effective total cross section. A fundamental

effparameter is then the effective potential cross section, CT^ This 

quantity differs in both approximations, but the flux is in both cases 

written in the following form:

$(E) =
(jeff.
P. 1

ares . +i p,i

(3.1)

where a is the total resonance cross section. All cross sections res

are given per atom of a resonance absorber, i, for which we want 

to calculate the average reaction cross section.
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The total resonance cross section is composed of resonances

which belong both to the isotope i and to the other isotopes which

occur in the composition considered. It is, however, possible to

distinguish between these resonances in such a way that the influence

upon the average reaction cross section, a ^ , (reaction x, group
x» g

g), from other isotopes can be given as a correction to the corre

sponding single-isotope cross section. In the present case we there

fore consider only the interaction between two isotopes, i and j, 

neglecting all other interaction effects. The most important addi

tional approximation is then that the product of cross section and 

flux is expanded into another product which contains a geometric 

series. Furthermore, in calculating the interaction effect the inter

ference between the potential and the resonance cross section 

is neglected.

Under the assumptions above, the most exact way to calculate 

the average cross section is to consider each resonance separately, 

without any statistical assumptions. The corresponding resonance 

integral can be written in second order approximation:

RJ (i) _
"x»g

eff

E* = rx,k fJ<V V +11>1 <Pk’- ^k-PtPi <3-2>

Here, E is an average group energy, F , is the resonance width6 X, K

for the reaction x in the resonance k, and J (9^, (3^) is the usual J -

function. The index k runs over all resonances belonging to the

isotope i. The functions Fj ((3^, P^,) and ^^k’ give the inter-
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action effect, and the index t runs over all resonances belonging 

to the isotope j. For the first of these functions we have:

F1 (Pk' ~ ^k
^k

(3.3)

where Fq((3^, (3^) is given by Eq. (1 . 5). This function is always 

negative. The function p^) is always positive and small to

second order. It will be neglected here. .

The second order approximation of the average flux is given 

by the expression:

= & '4E-?rkJ<ek^k)-frd<ef^-
° E k -L

g

l (Pk* ^ + Vl (3.4)

where AE is the width of the energy group.

In Eq. (3. 4) the second order terms are retained because 

they are already calculated in the resonance integrals. They will 

decrease the resulting cross section somewhat, but the consistent 

second order approximation which retains all terms in Eq. (3.2) 

as well would be still lower.

We define the total resonance integral as the sum of the 

resonance integrals for all reactions, x. The relative contribution 

to this quantity from the interaction effect is in the first order ap

proximation:

B(i,.

18 ? rkJ<ek-V
(3.5)



- 19 -

This expression is always negative, but the corresponding relative 

contribution to the total resonance cross section may be positive„ 

Indeed, we will see that it is usually positive in the cases con

sidered. This quantity can be written:

(1 + bW)(i hi>
1 "hi"hj+gij

- 1 (3.6)

where

h.
l

1
AE rkJ<V0k> (3. 7)

and a corresponding expression holds for h^ by changing the indices 

k to the indices The quantity g.j is the second order contribution 

to the average flux:

(3.8)

For calculation of the functions j(6 B ) where n = k or t, and 

F^ (p^, p^) we need a method to calculate the ^-function. It is shown 

in Ref. 20 that one can find a rational approximation to the ^-function 

which gives sufficiently accurate results for calculation of the inter

action effect. This rational approximation is here used throughout.

Instead of calculating the quantities and Cwhich must

be done by considering each resonance separately, one can make 

the assumption about constant frequency functions. Eq:s (3. 5) and 

(3. 6) are then replaced by expressions which involve averages over
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the resonances in each isotope. Following Fischer, [5 ], we de

fine a function J* by the following expression:

A»n.y=I(e.'Pn) + Pn 8p
M(e„.Pn>

n
(3.9)

Further, we introduce the following average quantities:

h.
l

(rj)i
D.

(3.10)

and

h*
1

<rj*>.
D.

(3.11)

where is the mean spacing between the resonances in isotope i. 

When the resonances are resolved, In is identical with the In given 

by Eq. (3. 7). Similarly,

i
(3. 1 1 a)

The relative contribution from the interaction effect to the total 

resonance integral is then

B (i)
stat

h*

1
(3.12)

The corresponding contribution to the total resonance cross section 

can be obtained from the following expression:
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h*
1 + r-— h.

/♦ \ ll . J

c g tat = -------------------------------5“ " 1 (3“ 1 3)
1 + h.h. - h.h* - h h.

1 J 1 J 1 J

Eq. (3. 1 2) and the numerator of the r.h. s. of Eq. (3. 1 3) are first 

order approximations. The second order terms are neglected here 

in order to be consistent with the corresponding expressions for 

isolated resonances, Eq:s (3.5) and (3.6).

In the Dorix-Speng system, the interaction between different 

isotopes is calculated from the average total resonance cross sec

tions for different isotopes, (c^ ), corresponding to the effective

0 £ £ e
potential cross sections, a ^ . If the interaction between different 

resonances within isotope i is neglected, the following expression 

can easily be derived:

h.
i

(3.14)

For In , however, we must make additional assumptions. These 

are:

a) the resonance parameters are all equal to their average 

values,

b) the interdependence between J and J* is independent of 

the temperature.

A formula can then be derived which gives an approximate 

value of h^ as a function of average cross sections only, namely,
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h*
i. aPP

h.
1

where

h.
i, CO

*P»i

)

(3.15)

(3.16)

and (o'1' ) is the total resonance cross section for infinite dilution,
r, ®, g
The third method for calculating the interaction was then ob

tained by inserting Eq. (3. 1 5) into Eq:s (3. 1 2) and (3.1 3). The re

lative contribution from the interaction effect to the total resonance 

integral is then and the contribution to the corresponding cross

section is C^ where 
app

app (3.17)

and

c(x)
app

1 + h.h.
rV hi

r"iLVhi,»
4( h.

h.
J,

1 (3. 1 8)
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Computations using the three methods have been made for the

interaction effect between resonances in groups which have been 1 8

to 30 eV wide. In the following the indices i and j are replaced by
238 239

the numbers 28 and 49, corresponding to U and Pu respect

ively. For the temperature 300 °K we have assumed two different

eff
values for a ,Q, namely 210.3 b and 41 0. 3 b. The former value 

P» 49
is of the same order as those obtained for ZPR-III, core 48 and 

Zebra, core 6. The latter value is more typical for large fast
eff

power reactors. With a ._ = 410. 3 b, calculations have also beenp, 49
made for the temperature 1800 °K. In all cases, a 7 is assumed

Pi
to be 50. 64 b. The relative number of plutonium atoms to uranium

e f f p ■ff
atoms is then 0. 2 if a = 21 0. 3 and 0.1 if a ... = 41 0. 3.

P, 49 p, 49
One series of calculations is made to obtain the effect on the

239resonance integral and on the average cross sections of Pu due

238to the interaction with U. The symbol in the tables means

the lower energy boundary of each group. The highest energy boun-

239 238dary is 244 eV. and N^g are the numbers of Pu and U

resonances, respectively. The results are given in Tables 5-7 and 

in Figures 1 -6. It will be observed that the statistical calculations 

generally give a much larger interaction effect than the more exact 

calculations. This means that the average resonance integral over 

the whole region is larger than that obtained by statistical calcula

tions of the interaction effect. The cross section corresponding to 

statistical calculations is too small, but the correction is usually 

positive in all approximations. The increase of the cross section 

depends upon the effect of the plutonium resonances upon the average
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flux and it is not at all negligible. We observe also that the approxi

mation of the statistical calculations, leading to Eq:s (3.1 7) and (3. 18), 

gives results which are rather close to the results from more exact 

statistical calculations, compared to the errors relative to the iso

lated-resonance calculations. The approximation is of course best 

for T = 300 °K. Further, although the interaction effect on the reso

nance integral of course increases considerably from 300 °K to 

1 800 °K, the relative change in cross section is so small that the 

error in the Doppler effect will not be large if the interaction effect 

is neglected. The interaction correction on the Doppler effect is 

largest for the energy group 196-220 eV, where the cross section

change between 300 and 1 800 °K is about 10 per cent without this

(49)correction. The change in C} g is here 2.5 per cent. Finally, a 

change in the plutonium content will of course have only an insigni

ficant effect upon the interaction effect for the same isotope.

Another series of calculations is made for the interaction 

2 38 2 39effect on U due to Pu resonances. The results of them are

given in Tables 8-10 and in Figures 7-12. The general conclusions

we can draw are the same as from the earlier calculations on the

reverse effect. But it is important to note that although the effect

238on the resonance integral of U is somewhat smaller than the
2 39

corresponding effect on Pu, this is not the case concerning

offthe average cross section change. For o =210.3 b, the
P, "*7

changes in the uranium cross sections are remarkably high, achiev

ing a value of 28. 7 per cent in one energy group. The errors in the
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approximate statistical method are for the uranium case somewhat 

higher than for the plutonium case, compared to the error between 

the method using an exact derivative of the J-function and the iso

lated-resonance method. This may be explained by the fact that 

the Doppler broadening of the uranium resonances is on an average 

larger than that for plutonium resonances. This can be seen from 

Tables 1 1 and 1 2, which give the quantities h^ and h* for different 

isotopes and temperatures„ The definitions of In and h* are given 

in Eq:s (3. 7) and (3. 1 1 a), and the approximate value for h* which

we call h. is calculated from Eq. (3. 1 5). It may be observedl, app

that on an average

(3.19)

at least when we weight the numbers in the single groups with the 

resonance integrals in these groups. The resonance integrals are 

proportional to In, and comparing the results for T = 300 and T = 

= 1 800 we find:

groups

^ /t - i qriri\

L

groups
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From the assumption b) made in the derivation of Eq. (3. 1 5) 

we then see that the inequality given by Eq. (3. 19) is logical. Still, 

the highest relative errors, which are of the order of 40 per cent, 

occur for h*^ app’ they should be weighted with small cross 

sections in order to get the average effect. And we see from the 

results that if we accept the statistical approximation, we intro

duce an error which is on the average larger than the additional 

error we introduce by using the approximate value for h*.

Assume now that we have calculated the interaction effect 

for some specific composition and temperature using the approxi

mate statistical method. We then ask: Can we correct these re

sults by using results from exact and approximate calculations 

for another composition and/or temperature ? Our calculations 

indicate that the approximate values usually can be improved 

by a constant correction if we always use the same group divi

sion. For example, in the region 1 96-220 eV, an increase of
2383. 0-3. 5 % in the correction of the U cross section obtained 

by the approximate method should significantly improve the 

results in all three cases considered. But a definite answer 

to the question probably demands a larger amount of calculation.

4. CONCLUSIONS

The main results may be summarized as follows:

a. The statistical frequency function for the distance between 

239 238the Pu and the U resonances can be assumed to be

constant. But in the region below 244 eV there are so few
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resonances that the divergence from the constant function is 

large, especially in intervals which contribute significantly 

to the interaction effect.

b. The interaction effect in the region 4-244 eV is much smaller 

than that obtained by assuming a constant frequency function 

for the resonance spacing. As a consequence of this, the 

cross sections are usually higher than if the interaction is 

neglected, but the correction varies between -5 and +29

per cent. The correction is not very strongly dependent 

upon the temperature.

c. If the statistical approximation is accepted for practical 

reasons, an additional approximation can be accepted which 

makes the interaction effect very easy to calculate. This 

approximation is probably most valuable in the higher 

energy region where the statistical approximation is better.

d. The results from approximate statistical calculations for 

not too strongly varying compositions could probably be 

improved by using constant corrections for each group 

considered. These corrections should be calculated for

a composition and a temperature which represents an 

average of the actual values.
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Table 1: Resonance parameters used for U

Statistical weight function g = 1 for all resonances.

E r r *io3 E r
3

r 'io
r n Y r n Y

eV eV eV eV eV eV

4.410 1.10 • io"7 20.00 93.20 3.00 • 10~3 23.SO

6.676 1.52 • IO™3 27.00 102.58 6.45 ♦ 1C™2 25.20

10.25 1.50 • 10"6 23.80 116.80 2.43 • 10™2 22.90

11.32 3.60 • 10™7 23.30 125.00 1.42 • 10~3 23.80

19.60 9.70 • 10™7 23.80 145.80 7.10 • 10~4 23.80

20.98 8.98 • 10™3 27.60 153.00 3.70 ♦ 10~5 23.80
-2 -5

36.77 3.10 • 10 27.60 160.00 1.04 • 10 3 23.80

45.20 8.30 • 10"7 23.80 165.40 2.92 • 10~3 18.00

63.60 5.50 • 10 23.80 173.00 3.34 • 10 3 23.80

66.08 2.37 • 10™2 24.90 189.96 1.46 • 10™1 23.00

80.78 1.91 ‘ 10~3 21.17 209.46 5.10 • 10™2 22.20

33.50 7.00 • 10“6 23.80 237.40 2.71 • 10™2 20.60

89.50 8.50 • 10~5 23.80 242.90 1.60 • 10~4 23.80

Table 2: Frequency numbers, N (6,n|E_ ) , for statistical assembly 1,
■“239 r . .

giving the number of Pu resonances in the interval (n-1)6
238to n6 from some U resonance



Table 3: Frequency numbers, (6,n|E^), for statistical

assemblies 1 and 2, with 6 = 1.6 eV

n Assembly

1 2

-4 13 3

-3 17 12

-2 13 6

-1 17 10

0 11 4

1 12 3

2 23 11

3 20 7

4 14 9

Table 4: Mean square deviation about the mean of the frequency

numbers given in Table 3

2Assembly <N49> X

1 16.11 7.75

2 3.33 6.00



Table 5:
239 233effective cross sections of Pu due to interaction with U

T = 300 °K, aeff. - 410.3 b, aefi.L = 50.64 b.
P,*9 ' p,28

Relative corrections to the resonance integral and to the

el

eV
N49 N23 IS app

IFT"
IS

r#9)
stat

/49)
app

4.0 10 6 -0.025 -0.063 -0.065 0.103 0.044 0.041

26.5 10 2 -0.014 -0.056 -0.057 0.094 0.036 0.035

54.0 9 2 -0.030 -0.061 —0.060 -0.003 0.017 0.017

74.5 10 4 -0.013 -0.019 -0.018 0.016 0.007 0.003

96.0 10 2 -0.101 -0.117 -0.116 0.073 0.043 0.043

122.0 10 2 -0.011 -0.008 -0.008 -0.002 0.002 0.001

143.0 5 3 -0.022 -0.020 -0.021 0.009 0.010 ' 0.009

166.0 10 2 -0.075 -0.112 -0.117 0.077 0.026 0.020

196.0 10 2 -0.016 -0.060 -0.063 0.070 0.016 0.013

220.0 10 2 -0.013 -0.045 -0.047 0.049 0.010 0.008

Table 6: Relative corrections to the resonance integral and to the
. . 239 . . . 238effective cross sections of Pu due to interaction with U

T = 1800 °K, aeil = 410.3 b, aef^q = 50.64 b.
P> 43 P(

el

eV
N49 N28 is

g(49)
stat

„(49)
app

r(49)
is

/49)
stat

r(49)
app

4.0 10 6 -0.029 -0.076 -0.081 0.127 0.051 0.043
26.5 10 2 -0.015 -0.068 -0.071 0.109 0.037 0.032
54.0 9 2 -0.116 -0.085 -0.085 -0.018 0.022 0.017
74.5 10 4 -0.018 -0.029 -0.029 0.027 0.010 0.009
96.0 10 2 -0.143 -0.165 -0.169 0.090 0.046 0.038

122.0 10 2 -0.018 -0.011 -0.011 -0.008 0.001 0.001
148.0 5 3 -0.073 -0.032 -0.034 -0.037 0.012 0.010
166.0 10 2 -0,086 -0.137 -0.145 0.094 0.024 0.015
196.0 10 2 -0.035 -0.097 -0.101 0.095 0.017 0.011
220.0 10 2 -0.029 -0.079 -0.082 0.071 0.010 i 0.005



Table 7:

ons 
eff

Relative corrections to the resonance integral and to the
. . 239 . . . 238effective cross sections of Pu due to interaction with U

T = 300 °K, oef.f0 = 210.3 b, 
p,49 ' a ~0o = 50.64 b

P >

el

eV
N49 C

OC
N

B^)
is c -7495—

app
(.(49)
"is

r(49)
stat

r (49) 
app

4.0 10 6 -0.027 -0.059 -0.060 0.105 0.048 0.046

26.5 10 2 -0.016 -0.053 -0.058 0.113 0.045 0.045
54.0 9 2 -0.068 -0.080 -0.076 0.052 0.022 0.030

74.5 10 4 -0.019 -0.017 -0.015 0.006 0.003 0.009
96.0 10 2 -0.105 -0.105 -0.101 0.053 0.047 0.050

122.0 10 2 -0.013 -0.007 -0.007 -0.003 0.003 0.002

148.0 5 3 -0.022 -0.016 -0.016 0.004 0.010 0.010

166.0 10 2 -0.077 -0.100 -0.100 0.069 0.033 0.033
196.0 10 2 -0.028 -0.054 -0.056 0.058 0.023 0.019
220.0 10 2 -0.016 -0.042 -0.043 0.019 0.014 0.012 :

Table 8: Relative corrections to the resonance integral and to the
938 939

effective cross sections of “ U due to interaction with “ Pu
T = 300 °K, oef]L = 50.64 b, oefE = 410.3 b. 

p,28 ' p,49

el

cV 23 N49 B^)
18

..

b<23)
stat

B(28)
app

cPS)
is

.(28)
stat

r(23)
app

4.0 6 10 -0.034 -0.059 -0.064 0.119 0.069 0.063

26.5 2 10 -0.013 -0.037 -0.040 0.079 0.042 0.039
54.0 2 9 -0.002 -0.072 -0.086 0.099 0.096 0.082

74.5 4 10 -0.038 -0.075 -0.089 0.154 0.090 0.075
96.0 2 10 -0.029 -0.035 -0.041 0.058 0.045 0.038

122.0 2 10 -0.069 -0.045 -0.050 -0.001 0.023 0.018

148.0 3 5 -0.037 -0.028 -0.035 0.025 0.032 0.025
166.0 2 10 -0.015 -0.021 -0.023 0.034 0.023 0.021

196.0 2 10 -0.012 -0.026 -0.033 0.061 0.039 0.031
220.0 2 10

11 . -,J
-0.014 -0.025 -0.034 0.059 0.041 0.031



Table 9:
. 233 . . . 239effective cross sections of U due to interaction with nu

T = 1800 °K, cef* = 50.64 b, aeff = 410.3 b
P

Relative corrections to the resonance integral and to the

el

eV
N28 N49

„(23)
is

b<28>
stat

„(28)
app

r(28)
is

/28)
stat

r(23)
app

4.0 6 10 -0.038 -0.058 -0.075 0.146 0.091 0.072

26.5 2 10 -0.014 -0.040 -0.050 0.083 0.059 0.048

54.0 2 9 -0.057 -0.064 -0.094 0.147 0.120 0.086

74.5 4 10 -0.048 -0.096 -0,112 0.176 0.089 0.073

96.0 2 10 -0.030 -0.034 -0.048 0.072 0.058 0.041

122.0 2 10 -0.107 -0.058 -0.063 -0.037 0.016 0.010

148.0 3 5 -0.114 -0.043 -0.049 -0.051 0.030 0.023

166.0 2 10 -0.013 -0.020 -0.025 0.040 0.028 0.021

196.0 2 10 -0.016 -0.024 -0.037 0.066 0.046 0.032

220.0 2 10 -0.016 -0.028 -0.039 0.065 0.044 0.032

Table 10: Relative corrections to the resonance integral and to the
. 238 239effective cross sections of U due to interaction with Pu

T = 300 °K, aefiL = 50.64 b, oefJ0 = 210.3 b 
P»28 ’ p»49

el

eV
N28 N49

1,(28)
is

b'28>
stat

b'28)
app

7(28)
is

r (28)
stat

C(2S)
app

4.0 6 10 -0.052 -0.088 -0.096 0.183 0.103 0.094
26.5 2 10 -0.018 -0.061 -0.058 0.127 0.055 0.058

54.0 2 9 -0.096 -0.169 -0.149 0.287 0.116 0.136

74.5 4 10 -0.070 -0.113 -0.135 0.239 0.135 0.113

96.0 2 10 -0.044 -0.053 -0.064 0.095 0.072 0.060

122.0 2 10 -0.111 -0.076 -0.082 0.005 0.040 0.034
148.0 3 5 -0.058 -0.039 -0.049 0.027 0.044 0.035
166.0 2 10 -0.026 -0.036 -0.039 0.057 0.039 0.036
196.0 2 10 -0.021 -0.043 -0.055 0.105 0.066 0.052
220.0 2 10 -0.023 -0.043 -0.059 0.107 0.071 0.054



Table 11: The quantities lu and h* for different isotopes

h* calculated from Eq. (3.11a) and from Eq. (3.15)

T = 300 °K, oeffQ = 410.3 b, oef!L = 50.64 b
pt4y pi

el

eV
h49 hx

49,app

C
O

& , x h28
, x

28,app

4.0 0.129 0.053 0.051 0.107 0.058 0.054

26.5 0.079 0.031 0.031 0.093 0.050 0.046

54.0 0.172 0.041 0.044 0.081 0.046 0.040

74.5 0.165 0.050 0.056 0.027 0.015 0.012

96.0 0.032 0.023 0.023 0.162 0.009 0.008

122.0 0.069 0.013 0.011 0.010 0.003 0.003

148.0 0.062 0.021 0.020 0.031 0.016 0.013
16 6.0 0.046 0.009 0.007 0.140 0.075 0.070

196.0 0.066 0.015 0.012 0.077 0.047 0.033
220.0

_________
0.067

________
0.013 0.011 0.056 0.035 0.028

Table 12: The quantities Ik and h* for different isotopes

h* calculated from Eq. (3.11a) and from Eq. (3.15) 

t = 1800 °K, aeffq = 410.3 b, aefq = 50.64 b
P t ^ “ p f

el

ev
h49 h49 h*

49,app h23 i*h28
hx

28,app

4.0 0.149 0.060 0.054 0.127 0.077 0.063

26.5 0.100 0.036 0.032 0.106 0.063 0.053

54.0 0.187 0.042 0.040 0.109 0.071 0.054

74.5 0.188 0.055 0.055 0.041 0.020 0.016

96.0 0.095 0.022 0.020 0.214 0.137 0.106

122.0 0.074 0.010 0.007 0.012 0.003 0.002

148.0 0.074 0.021 0.018 0.045 0.019 0.015

166.0 0.050 0.008 0.005 0.163 0.098 0.081

196.0 0.072 0.012 0.009 0.115 0.076 0.056

220.0 0.073 0.010 0.006 0.090 0.056 0.043



239 . . . 238of Pu due to interaction with U.
O p £ f p f fT » 300 K, a,Q = 410.3 b, cT" = 50.64 b
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The percentage correction to the resonance integral
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Fig. 2
239 . . . 238of Pu due to interaction with U.

The percentage correction to the resonance integral

T - 1800°K, cr, - 410.3 b, a* = 50.64 b 
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Fig. 3
, 239 , „ . . , 238of Pu due to interaction with U.

The percentage correction to the resonance integral

T = 300°K, ae = 210.3 b, aef^Q = 50.64 b 
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Fig. 4

The percentage correction to the average cross 
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Fig. 5
. 239 238section of Pu due to interaction with U.
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Fig. 8
T - 1800°K, ae£f.a = 50.64 b, aef£ = 410.3 b 
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Fig. 9
238 . . 239gral of U due to interaction with Pu.
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Fig. 10

The percentage correction to the effective cross 
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