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ON SHEAR STRESS DISTRIBUTIONS FOR FLOW IN SMOOTH
OR PARTIALLY ROUGH ANNULI

B Kjellstréom and S Hedberg

SUMMARY

It is commonly assumed that for turbulent flow in annuli the ra-
dii of zero shear and maximum velocity are coincident. By inspection
of the differential equations for such flow and by an integral analysis
it is shown that this is not necessarily true.

To check whether important differences could occur, experiments
were made in which velocity and shear stress distributions were meas-
ured in one smooth and two partially rough annuli. The results show
no difference in the radii for the smooth annulus, but for the partially
rough annuli there was a small but significant difference. This difference
explains the breakdown of Hall's transformation theory reported by other
investigators.

The error introduced by use of Hall!'s theory is however small,

of the order of 10 % or less.

Printed and distributed in August, 1966
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PART 1

THEORETICAL CONSIDERATIONS






1. INTRODUCTION

Separation of the shear stresses at the two walls for flow in an-
nular channels has been studied by several investigators, whose main
object were to correlate heat transfer and friction in smooth annuli.
The problem has gained new interest since the advantages connected
with surface roughening of fuel elements in nuclear reactors were
realized,

Heat transfer and pressure drop experiments with rough surfaces
are very conveniently made in annular geometry with a rough test rod
in a smooth shroud. The application of such data to rough rod clusters
requires a method for separation of the effects of the two surfaces. A
theory for this separation has been submitted by Hall [5]. However,
for application of the theory the position of the surface through which
the net (time average) transfer of momentum is zero must be known,
Hall [5], as well as earlier investigators, assumed that this occurs
where the velocity gradient is zero. However, this is not true for tur-
bulent flow in general as has been shown in measurements by Eskinazi
[4] in a curved channel, and by Mathieu [8] in a jet impinging on a
surface.

It is commonly assumed that the shear stress in turbulent flow

can be calculated from:
U
T = (pey M) 37 (I-1)

where €M is the eddy diffusivity of momentum, cf Schlichting [13].
This of course immediately gives equal radii for zero shear and zero
velocity gradient. However, as will be shown below, eq. 1 includes
some assumptions about the nature of the turbulence, assumptions
which cannot immediately be accepted. A more general understanding
of the problem can be obtained if the basic equations of the flow are

studied.



2. BASIC EQUATIONS

2.1 General equations

In turbulent flow, velocities, fluid properties, pressure and tem-
perature can be separated into a time mean value and a fluctuating com-
ponent. For instance, the instantaneous value of the axial velocity can

be written as:
u=u+u! (1-2)

where the mean value is defined as:

u = lim 1 i u dt (1-3)
t—eo t o

The Navier-Stokes equations which are valid if the fluid can be
considered as a continuum should apparently also hold for turbulent
flow if the motion of the fluid is studied in sufficient detail. If the in-
stantaneous values written as in eq. 2 are put into the Navier -Stokes
equations for incompressible, constant viscosity flow written in tensor
form and the time mean values are taken, one obtaing what are gen-

erally known as the Reynolds equations:

6Ei su. . 55 5 5‘ﬁi
u = - - t ! -
g + 95 3 ) = 0%, bx, | B (ﬂaxj pufufl) (I1-4)

The continuity relationships for the mean motion and the fluctua-

tions read:

Gﬁi

yrel 0 (1-5)
1

6ui'

T =0 (I—-6)

cf. Rouse [127.



2.2 Transformation to cylindrical coordinates

If cylindrical coordinates are employed, and if the body forces

are neglected, equation 4 will give:

U, —Bu , = du , —~ du
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(1-9)

(1-10)

(I-11)



2.3 Application to steady flow in annuli with constant

cross-section area

For steady, incompressible flow in circular and annular chan-
nels with constant cross-section area, the following conditions are

fuifilled:

a) All mean quantities are independent of time.

b) All mean quantities are constant in the circumferential direction
and § = 0,

c) All mean quantities except the pressure are constant in the axial
direction.

d) Boundary conditions:

At the walls, r = r, and r = rp, all velocities vanish i.e.

=ul =B =l =0 (1-12)

.

u=r1rz=

Condition ¢ is not exactly valid for a channel with rough walls.
It will be assumed however that the axial variations are negligible at
some distance from the rough wall small in comparison with the chan-
nel width, and that the flow further from the wall is approximately the
same as that obtained in a smooth channel with the same wall shear
stress.

Because of (b) and (c) eq. 10 gives rt constant. Since it is zero
at the walls it must be zero at all radii.

The Navier -Stokes equations can now be reduced to:

in the axial direction,

Lép 1.6 (  fu =y

-pax+r6r(\)r6r—rur)—0 (1-13)
in the radial direction,

18 18 572, ,%5%- .

-pﬁr-rﬁrrr'+rﬁp =0 (1-14)

and in the circumferential direction,



-3FT g - 2 L (1-15)

Equation 15 can easily be integrated to yield:

r® - P11 =C (1-16)

and since ?T_cpT must be zero at the walls this holds for the entire flow.
However, this does not necessarily mean that either ¥' or &' are zero
except at the walls.

Differentiation of eq. 14 with respect to x yields:

8 6p _ 8 i
" s, =0 or T-17)

or

w15
{]
<o

Thus -g% is independent of r, a very important result since this
makes it possible to measure the axial pressure gradient for incompres-
sible flow with holes in the channel walls. The pressure itself, however,
as eq. 14 shows, is not independent of the radial position in turbulent
flow.

The energy equation for the mean motion is simply obtained by
multiplication of each of the momentum equations with the respective
mean velocity in the same direction and adding. Since T and —cﬁ- both
are zero this gives:

u [ - . \)I'ar

éﬁ%%( Q‘E_r;;r}‘?)]:o (1-18)

o -
Q4

The energy equation for the fluctuations can be obtained in a sim-
ilar manner but is of no help in the following discussion since by this

single equation 14 additional unknown quantities are introduced.

3. CALCULATION OF THE RADIUS OF ZERO SHEAR

As can be seen from eq. 13 the only remaining shear stress in

the axial direction is

:n-g—l;—-puvi-' (1-19)

T
Xr



Thus the assumption of zero shear where -gl;— = 0 is based upon
the assumption that u'r'= 0 where -g% = 0.

This cannot immediately be accepted for a general case, although
of course it must be true for symmetry reasons for some channel geo-
metries, such as a circular tube orparallel plates.

If eq. 19 is compared to eq. 1 it is evident that the eddy dif-

fusivity should be defined as

[
epp = -~ (1-20)
d4u

Jr

Since cases where u'r! #0 when %1}1- = 0 seem possible, the shear

stress at the radius of zero velocity gradient must be calculated as

.. - lim du (1-21)

£ or-f (E:I\/I—B—lT

if the eddy diffusivity concept is used.

Integration of eq. 13 gives:

&p . r*® du 5 ri

- Lo — — . RN —— 2 -
o 2—!-'l]rf)r rpultl+ == 0 (1-22)
since T —-——g: -pu't! =0 at the zero shear radius ro-

This equation makes it possible to calculate the radial shear stress
distribution if r, or the total shear stress at some radius is known.

Repeated integration from ry to rp gives the equation for the zero

shear radius:

Tz
rg - r2 + 4 [ air!dr
% : 6"st
Iy
3 _

o~ 2 Inrgy /T,

r (1-23)

Integration of eq. 22 from r to r, gives the velocity distribution,

2

2 2
- - 2 Ta Ty - Ty Ty -
u:.}__éﬂ[ﬁ____.-}———-———.ln——-_]-
2T &x 2 2 Zlnzz- r
Ty
T
] Ty 1o -2 ] T.
T
= [ WTE ar s [ Wi ar (1-24)
Yoy lnf—"';L v ‘J;'



For laminar flow where the integrals vanish, eqs. 23 and 24 re-
duce to the well known equations for such flow, cf. Knudsen and Katz
L6 1.

In order to calculate the shear stress distribution in the channel
(eq. 19), the radial distributions of u and u'r'! must be known. The
available equations, namely 10; 11; 13; 14; 16, are not sufficient for
this purpose since the number of unknowns exceeds the number of equa-
tions. Eq. 18 adds nothing new since it can be reduced immediately to
eq. 13.
‘ Consequently it is not possible to calculate theoretically the zcro
shear radius nor the shear stress at the radius of maximum velocity.
It can therefore be concluded that starting from the momentum equations,
the continuity relation and the energy equation, it is not possible to show
that the radii of zero shear and zero velocity gradient are coincident,

except when symmetry conditions can be applied.

4., INTEGRAL ANALYSIS OF THE CONDITIONS AT THE
RADIUS OF MAXIMUM VELOCITY

The differential equations show quite definitely that the radii of
zero shear and zero velocity gradient may be different, but it is dif-
ficult to obtain a real feeling for the problem from these equations.
Some additional clarity is obtained by an integral analysis of the {low.

Consider an annular channel (Fig. 1) with a radius of maximum
velocity equal to ¥. Divide the channel into two subchannels, one on each
side of ¥. The velocity distributions in the subchannels are u,(r) and
u, (r) respectively.

Assume that fluid lumps are carried from channel 1 to channel 2
and vice versa. From each radial element Ar in channel 1 {per unit
length) a fluid transfer An’urlz to the other channel will occur, and cor-
respondingly a transfer Am will occur in the opposite direction. It

r')l
2
is obvious for continuity reasons that:

£
[ dmh = [ dm = i (1-25)
I‘l F

The fluid transport from the radial element will give rise to a

momentum transport:
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AI'J. 2 = Arl’lrl -

cu, () (1-26)

where ut(r) is the velocity transported across the border between the
channels, not necessarily the initial velocity of the fluid lump. Since a
similar equation can be written for the momentum transfer from chan-

nel 2 to 1, the net transfer across the border will be:

A rs
r
- I .
112 ‘121 - dmrlg utl - J dmre 1 utz (1-27)
1‘1 {:

This momentum transfer is equivalent to a shear stress:

~ 1
T= - (L5 -124) (1-28)
15

which, utilizing eqs 25 and 27, can be written:

F r,
‘[‘ dm ‘u J‘ dm u
m H iz b s iz tp
- [ 1 - : J (1-29)
hEs £ 2
[ arh [ am
¥ Ti2 e Ti12
* ¥
With properly chosen mean values this reduces to:
n:]r
N — -
T= - u, -u 1-30
E3 ( t tz) ( )

Four cases where this shear stress is zero can now be distin-

guished.
a) mr=0
b) ut1 ==u,cz

This will generally occur only in cases of perfect symmetry such as in

circular channels and parallel plate channels.

c) The transport path of the fluid lumps is so small that differences
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between u, and 'Et will not occur even if the velocity distributions in
2

the two subchannels are quite different.

d) The characteristics of the flow are such that Jt = Et even if the
1 2

velocity distributions are different.

The analysis is obviously valid for both laminar and turbulent
flow, with the only difference that in laminar flow the fluid lumps con-
sist of single molecules, in turbulent flow of agglomerates of fluid.

Conditions a and ¢ will obviously only be fulfilled in the same ap-
proximation as the assumption that the fluid is continuous and travel-
ling only in the axial direction, i.e. what is normally assumed for lam-
inar flow and in simple treatments of turbulent flow. This may be taken
to mean that the distance between the zero shear surface and the surface
of maximum velocity will be of the same order of magnitude as the frec
path length of the fluid lumps. Under normal conditions the distance
would be quite negligible for laminar flow but important for turbulent
flow where in the middle of a channel the free path length is of the order
of 10 % of the channel width.

Except under condition b, the shear stress is zero at the radius of
maximum velocity in turbulent flow only when condition d is valid.

It is obvious that the validity of condition d cannot be judged with-
out detailed information about the turbulent flow, information which is
not available.

The conclusion is therefore the same as earlier. The radii of zero
shear and zero velocity gradient are not necessarily coincident for tur-

bulent flow in annuli.

5. CONCLUSIONS FROM THE THEORETICAL CONSIDERATIONS

a) Theoretical calculation of the shear stress distribution for turbu-

lent flow in annuli is not possible.

b) It is not evident that the radii of zero shear and zero velocity

gradient coincide.

c) Once the zero shear radius or the shear stress at some radius
is known, the shear stress distribution can be calculated if the
axial pressure gradient is given. Experiments are necessary for

this.
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6. NOMENCLATURE
I momentum
m mass
h mass flow
P pressure
r radius

He

radial velocity

t time
u velocity in x-direction
v 1] "oy 1
W " "oz "
X axial coordinate
v coordinate
z coordinate
eddy diffusivity
M dyn, viscosity
\Y kinematic viscosity v = 1/p
D density
T shear stress
P angular coordinate
) angular velocity
Subscripts:
0 zero shear surface
1 inner surface or inner subchannel
2 outer surface or outer subchannel
r radial/unit length

r,, radially from subchannel { to 2/unit length
radially from subchannel 2 to 1/unit length

t transferred
Special signs:

' fluctuating component, for instance u’
mean value

surface of maximum velocity
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EXPERIMENTAL DETERMINATION OF THE ZERO SHEAR RADIUS
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1. INTRODUCTION

It was concluded from the theoretical analysis in part I that ex-
perimental determination of the zero shear radius or the shear stress
at some radius is necessary for calculation of the shear stress dis-
tribution in an annulus.

Results of such measurements are given below. It is not claimed
that this experimental investigation is exhaustive; the aim of it was
only to check if the difference between the radii of zero shear and zero

velocity gradient is large enough to be practical interest.

2. EXPERIMENTAL EQUIPMENT

2.1 Atmospheric test rig

The experiments were performed in the outlet of an atmospheric
air rig, Fig. 2.

Air was drawn from outside the building through a filter by the
compressor which blew it through a flow straightener, a flow rate me-
ter, a contraction section, and finally through the test section con-
sisting of a circular tube, i.d. 130,05 mm, length 3890 mm, honed
inside.

Smooth or roughened test rods could be positioned in the test
channel. The centricity was ensured by radial struts at the middle of
the rods and by thin (diam. 0.5 mm) wires at the outlet, Fig. 4.

The rig was provided with a calibrated Foster flow meter (cf ref.
[15] ), probes for measurement of inlet pressure and temperature,
and static pressure holes, {diam. 0.7 mm) four at each axial position,

for measurement of the axial pressure gradient.

2.2 Test rods

One smooth and two roughened rods were tested. The diameter
of the smooth rod and the root diameter of the rough rods was 29.0 mm.
The roughness consisted of two-dimensional fins. The dimensions and
shapes of these were checked using a shadow projector (SIP -projector,
kindly placed at our disposal by AB Stal-Laval, Nacka) where magnifica-

tions up to 50 times could be obtained.
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A transparent paper was placed on the ground glass plate and
shadowgraphs were taken along two opposite sides of the test rod at
each 100 mm from 500 to 1500 mm from the outlet end. The magnifica-
tion was chosen so that at least three {fins were shown on each shadow-
graph. The dimensions were then measured from the drawings. Mean
values for the height, the pitch-to-height ratio and pitch-to-width ratio
were calculated, together with the standard deviations from the mean
values.

The measured fin-dimensions are given in Fig. 29 together with
representative examples of the shadowgraphs. These illustrations have

been reduced from the original size.

2.3 Traverse device at outlet

The traverse device used for the velocity and turbulence meas-
urements is shown in Fig. 3. It consisted of a milling machine table,
movable in two orthogonal directions by precision screws, one turn
corresponding to 5 mm displacement of the table. The displacement
was measured on scales graduated in 0,05 mm showing the rotation of
the screws.

The probe support was mounted on this table. Two different de-
signs were used. The original design, Fig. 4A, used in the annulus
experiments and the first set of measurements in a circular channel ,
consisted of a support head designed to make rotation of the probe a-
round its own axis possible, and two struts, one of which contained the
axis for control of the probe rotation.

However, it became evident that rotation of the probe was not an
accurate way of measuring the shear stress with a slanting wire probe,
since the straightness of the probes was not sufficient. Traversing first
with onc slanting angle, then, after adjusting scales as explained be-
low, with the probe rotated 180° was then considered far better.

The probe support was then modificd, the support head being
made more slender for less disturbance of the flow. The modified de-
sign, Fig. 4B, used in the later measurements in a circular channel
consisted of a slender support head {diam. 8 mm), fixed by four
strecamlined radial struts with a maximum thickness of 4 mm to a ring
with a diameter sufficiently large not to disturbe the flow. The ring

was fixed to the table of the traverse device.
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Before the experiments, the table was carefully adjusted so that
the channel axis was normal to the table plane and parallel to the probe
support axis. However, owing to the slenderness of the miniature hot-
wire probes it was not possible to ensure that they were exactly parallel
to the channel axis. This is discussed further in section 6. 2.

During measurements the distance between the probe tip and the
support head was about 135 mm.

Since the probes used were very slender and they could not be
made sufficiently straight, a special device was used for the zero ad-
justment of the screw scales. It consisted of a magnifying tube with an
engraved scale. The coordinates of the point in the channel correspond-
ing to the zero value of the scale and best sharpness of the picture being
known, it was possible to move the probe tip into this position and adjust
the scales. By this method the tip position could be determined within
less than 0.02 mm in the main traversation direction (y) and within

0.1 mm in the normal direction (z).

2.4 Stagnation pressure probe

The stagnation pressure probe consisted of a thin-walled stainless
steel tube (diam. 1.0 mm) which was mounted in the probe support,

with its axis parallel to the flow direction.

2.5 Hot-wire anemometer

A constant temperature anemometer, DISA 55 A 01, with minia-
ture probes (tip diam. 2 mm) were used - 55 A 25 with the wire normal
to the main flow or 55 A 29 with the wire at about 45° to the main flow.
The technical data for the anemometer are given in data sheets supplied

by DISA Electronik A/S, Herlev, Denmark.

2.6 Data recording equipment

All measurements except those made with the anemometer were
made with a 4-figure digital voltmeter, after transformation of all quan-
tities to voltages, utilizing thermocouples, pressure transducers etc.
The data were registered on punched tape as explained in the descrip-

tion of the FRIGGA III rig (ref. [157 ).
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3. EXPERIMENTAL PROCEDURE

After calibration of the pressure transducers against Betz micro-
manometers the bhlower was started and steady state conditions awaited.
Pressures, temperatures and pressure drops in the test section were
then registered twice by the data recorder, after which a stagnation
pressure traverse was made across the channel 35 mm down from the
outlet. Except for some of the introductory experiments (section 4.2)
traverses were made only in the y direction, tnough always at both sides
of the center. After preparation of the anemometer according to the
manual, hot-wire traverses were made, similar to the stagnation pres-
sure traverse. Measurements were made on both sides of the center
with the wire normal to the flow and at yaw angles ~ * 450, traversing
first at the + value, then at the - value.

Stagnation pressure readings were made at each 5 mm in the cir-~
cular tube tests and at each 1.25 mm in the annulus tests, whercas tur-
bulence measurements were made at each 5 and 2.5 mm respectively.

After the hot-wire traverses a repitition of the stagnation pres-
sure traverse was made, followed by two registrations of all pressures,
temperatures, etc.

The hot wires were run at about 250 OC, the air temperature be-
ing 50-70 °C.

4. INTRODUCTORY EXPERIMENTS

4.1 Vibration measurements

Since vibrations of the test section and the probe support cannot
be scparated from the turbulence, they must be kept as small as pos-
sible.

Mecasurements by Rolandsson L11] showed amplitudes below 0.0]1
mm at frequencies of 50-80 Hz for velocities below 100 m/s, which was

accepted.

4.2 Velocity distribution at outlet

Velocity distributions were measured at 0, 35 and 70 mm below
the outlet. No significant differences could be found, and it was decided

to perform the main measurements at 35 mm below the outlet.
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The flow distribution there was checked by traversing in the y and
z directions. The differences were below 3 % for the velocity, as is il-
lustrated by Figs. 5 and 6 showing the stagnation pressure distributions
for the smooth rod experiments.

The differences were probably due to the different disturbances
caused by the probe support. They are small enough to be neglected,

however.

4.3 Control of flow meter and stagnation pressure probe

To cross-check the flow meter and the velocity traverses, the
measured velocity distribution was integrated for the circular tube ex-
periments and compared with the mean velocity calculated from the
flow meter.

The agreement was excellent, as is shown in the table below.

Table 4.3.1 Comparison of mean velocities
Exp.no. Mean velocity Mean velocity accord-
from traverses ing to flow meter
5008 40.2 m/s 39.7 m/s
5013 64.0 63.7
5153 87.5 86.2

5. EVALUATION OF THE DATA

5.1 General

The evaluation was performed on the Ferranti Mercury Computer.
The equations for air data obtained from NBS tables [16] given
in ref. [147 were utilized, as well as the equations from ref. (147 for
calculation of temperatures from thermocouple emft!s and the mass
flow from temperature and pressure readings. Gas properties were
evaluated at static pressure and temperature.

The Reynolds number was calculated from
Re = w—mne (II_])

U being the Ywetted" perimeter for the channel.
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The friction pressure drop was calculated from the measured

pressure difference by deduction of the acceleration pressure drop:

rh
bp= Bp_ 4~ & b (11-2)

The friction factor was then obtained from

i}
pf.SA3 P

Ax U he

f= (11-3)

The velocities at the outlet were calculated from:

_ 2(p, . -P_,.,)
= / tot " Pstat (I1-4)

2

where Piot 18 the mean value of the readings at the same radius on the
two sides of the center.

The laminar shear stress was obtained from
TL = "ﬂ —_— (II~5)

with the velocity gradient at the ith point of measurement calculated as:

) -u,, . +u,

(6u _ 8(ui+1 " Ui it2 i-2

sr’i - 12 Ar

(11-6)

5.2 Turbulence measurements

The equations for calculation of the turbulent velocity fluctuations
from the mean voltage and RMS readings on a constant current hot wire
anemometer have been derived by Patel [101]. ’

It is assumed that the wire is cooled only by the velocity compo-
nent perpendicular to the wire and that the equation governing the voltage

reads:

Ve . C
| T atb (u sin ¥) (R-Ra) (11-7)
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Differentiation and assumption of

small velocity fluctuations in comparison _AEX__ 3

with the mean velocity gives:

(—2 Y

- ) dv ::E’l—(ul + &' cotY) (11-8)
vE - yR
o

The time mean value is taken after squaring the equation:

2 AA—————
(—*‘——-“22 4 ) - ViE (W'® + TR cot® ¥ + 2u' ! cot ¥) (11-9)
V® . V®

o

Using a normal wire with y=90° gives the axial turbulence;

2V 3
(2
V2_v2
o

. VT3 (11-10)

o isg
3] n

whereas two measurements with a slanting wire ¥ = ¥ and 180-Y¥ gives
the radial turbulence after adding the two equations II-9 and utilizing

the value found for u'? in eq. II-10:

— 1l J— -
i"2=tar_).2‘¥ [‘2}}(':-2—(52(4_)—‘7??4_) + Bz(-) V‘a(_)) "ula ] (II—]])
where
B ==V (11-12)
Ve - vg

The turbulent shear stress - p u' t!', which according to eqs.
1-19 is the only one acting in the axial direction, is obtained from the

same measurements by subtracting the two equations II-9:

- PRTET = BT (R ) T - 8%, VTR, (11-13)

The voltages V, VO and 4 V'2 were measured with the instru-
ments on the anemometer, and the calculations were performed with

the mean values for the two readings at the same radius, taking into ac-
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count that for the slanting wire measurements the (+) values on one
side correspond to {-) values on the other,

The velocities u were obtained from the velocity traverses.

The yaw angle ¥ for the slanting wire probes was measured in
a microscope and found close to, (& lo), 45° for all the probes used.
Duec to the uncertainty of the direction of the probe mentioned earlier
(section 2.2) the actual yaw angle will be slightly different. This is
discussed further in section 6.2.

The constant ¢ in eq. 11-7 requires some discussion. Patel [10]
used a value ¢=0.45 and obtained good agreement between measured
and theoretical stress distributions for two cxperiments in a circular
tube.

Since eq. II-13 can be written

—C

(V® - Vi) =B -u (11-14)

the constant ¢ can be obtained as the inclination of the straight line

in (V® - V2) = 4nB + c - Lnu (I1-15)

Plotting {n(V® - Vz) against Znu for all the measurements gave
values of ¢ which differed considerably from 0.45 even if the mean
values happened to be 0.444 for the normal wire and 0. 449 for the slant-
ing wire runs. This is shown in Figs. 7-11.

Instead of using the mean value, it was preferred to use the value

of ¢ determined for each run, given in the {igures mentioned.
6. ESTIMATION OF POSSIBLE ERRORS

6.1 Accuracy of the measurements

6.1.1 General

The estimated uncertainties of the measurements are given in the

table below.
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Pressure measurements

Static and stagnation pressures

before and in test section + 0.25 %

Stagnation pressure measured by
traversing probe (except close to

the walls) +0.5%

Axial pressure drop (careful cali-

bration close to working point) 0.1 %
Temperature measurements

All temperatures (OC) £0.75 %

Mass flow measurements

The flow meter had been cali-
brated earlier (ref. [15] ) and the

estimated uncertainty was 2%

The introductory experiments show

that this still holds (section 4. 3)

6.1.2 Turbulence measurements

The direct current voltage could be measured within * 0.5 %,

The accuracy of the RMS measurements of the fluctuating com-
ponent is more difficult to estimate. The accuracy of the instrument
permits measurements within £ 1.0 %. It was observed, however, that
irregular variations of the RMS value with a period of about a minute
occurred. Taking this into account, the uncertainty of the RMS meas-

urements were estimated to be

4 VI2 > 75 mV *2.5%
N V12 <75 mV £1.5%

6.2 Turbulence measurements with the probe slightly

inclined to the main flow direction

As already smentioned, the probes and to some extent the probe
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supports were not rigid enough to ensure that the probe axis and the
main flow direction were parallel during operation, though the probe
support had been carefully adjusted in advance.

Assume that the probe axis is inclined at a small angle A to the
flow direction. This is illustrated in Fig. 12. The actual yaw angle of
the wire will be ¥ - A or 180 - (¥ + A) when the probe is rotated, instead
of ¥ and 180 - ¥, This uncertainty can almost be eliminated if, as was
done in these experiments, measurements are made on both sides of
the center of a circularly symmetric channel, including rotation of the
probe.

As shown in Fig. 12, the yaw angles for measurements on oppo-
site sides with the probe in the same position relative to the probe sup-
port will be the same but with opposite signs. Thus egs. 11 and 13 can
be used if the actual yaw angle (Y - A) is used instead of the ideal value.
If A is unknown, eq. 13 can still be used for calculation of the zero
shear radius, since the uncertainty only influences the constant before
the difference within the brackets.

If measurements are also performed with the probe rotated 180°
on the support, and mean values are taken of the corresponding meas-
urements on each side, these mean values will be approximately valid

for the ideal yaw angle ¥,since
tan ¥ = & [tan{¥+4) + tan(¥-A) 1 - ¥« A% + .... (I1-16)

and

- 45+ 1% =0.24. 1073

Y A%~
180°
i.e. about 0.2 ©/oo of tan ¥, for A = 1°.
Thus, assuming the deviation A to be constant, the uncertainty
can be almost eliminated this way. However, since variations of A
with the probe position are possible, a means of checking the actual

yaw angle during operation would be very valuable.

6.3 Effect on the results

The uncertainty cy of a quantity y which is calculated from inde -
pendent measured quantities x, with the uncertainties o, can be calcu-

lated from
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s
c =\/2(0i—£§— (I11-17)
¥ i

when
y = f(x,, xe,.....xi) (11-18)

The uncertainty of a mean value x obtained from a number, n,

of measurements

~_Ix
x == (11-19)

(11-20)

6.3.1 Effect on friction factor and Reynolds number

Using eqs. 1, 3, 17 and the data in section 6.1.1, the uncertain-
ty of the Reynolds number is found to be £ 2.2 % and of the friction
factor £ 4.1 %.

6.3.2 Effect on turbulence results

Assuming that the constant ¢ can be determined within + 3 %
from diagrams 7-11, the axial turbulence will be obtained within
+ 7.2 % (eq. 10).

Assuming further that the value of tan¥ can be determined with-
in * 1 % by the measurcments in the microscope, the uncertainty of
the radial turbulence will be £ 10 % and of the turbulent shear stress
+ 15 % (eqs. V11, 12, 13).

However, the discussion above assumes that the theory for cal-
culation of the turbulence terms from the readings on the anemometer
is correct. In order to check this and the experimental technique,
measurements were made in a smooth circular channel as described

below.

7. MEASUREMENTS IN SMOOTH CIRCULAR CHANNEL

The measurements were made in the rig with the test rod re-

moved.
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7.1 Asxtial and radial turbulence

The measured distributions of axial and radial turbulence com-
pared with the results of Laufer [7] are shown in Figs. 14 and 15.
The agreement is fairly good if the results for the same value
of the Reynolds number are compared. The marked effect of the Reyn-
olds number was not observed by Laufer [7], whose curves for Re
5 - 104 and 5 - 105 are very close. With this taken into considera-
tion, the agreement seems less good.
No significant difference between the results for the two probe

supports can be found.

7.2 Shear stress distributions

It was proved in part I that the axial pressure gradient is in-
dependent of the radius for incompressible, axisymmetric flow. Uti-
lizing this, it is possible to calculate the shear stress distribution in

a circular channel. A force balance immediately gives:

2 (11-21)

or using the shear stress at the wall:

T =

VH

/75 = r/ry (11-22)

Since Ty is easily calculated from eq. 21, it is possible to check
the measured shear stress distribution against the theoretical, if the
axial pressure gradient is known.

The comparison is made in Fig. 16, where the measured shear
stress has been obtained from:

T‘—‘T]—ail—* -pu'st (11-23)

dr

cf. eq. I-19,

The agreement is moderately good but slightly better for the meas-
urements with the modified probe support. Also here a definite dependence

on the Reynolds number can be observed. There is further a clear trend

for the measured shear stress distributions to be curved, with too high
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values close to the wall and too low values in the center region. The
same effect may be observed in Patel!s {10] measurements.

A check of the measured pressure drops can be obtained by com-
parison with the data of Nikuradse [9], Fig. 13. The agreement is very
good.

7.3 Conclusions

From the comparisons of the results from the measurements in
the circular channel, it must be concluded that the results are less ac-
curate than estimated above (6.3.2). For the shear stress measure-
i’nents, where the correct distribution is known, this is quite evident,
the error being up to 50 % in the center region.

In the case of the turbulence components the correct distributions
are not exactly known. Howevery the discrepancies with respect to
Laufer's [7] results are discouraging.

It seems obvious that the errors are systeimatic, since the scat-
ter of the points is small. There can be three main reasons for such

errors in this case:

a) The instrument is faulty.
b) The handling of the equipment is not correct.

c) The evaluation of the measured data is not correct.

To irﬁprove the technique a better probe support was tried. The
results were not very much improved. It is not believed that the error
can be eliminated by improving the technique still more, even if some
improvements are possible, cf. 6.2. It is suspected that the error is

caused by one of the following effects:

a) Eq. 7 is not valid for the miniature probes used in the experi-~

1)

ments .

b) The linear theory (section 5.2) is not accurate enough for

evaluation of the data.

1)

According to a recently published work by FH Champagne {cf. ap-
pendix 1), which was noticed first when this report was in the print-
ing stage the direction sensitivity assumed in eq. 7 is true only as
an approximation. This does not effect the determination of the zero
shear radius as pointed out in appendix 1.
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Whichever of these is the reason for the error, it seems reason-
able to assume that the error in the shear stress comes in as a multi-
plicative factor. This means that even if the absolute values of the
shear stresses are not correctly measured, the radius of zero shear
will be found rather accurately. This is also supported by the results
given in Fig. 16. .

The measurements in annuli were therefore concentrated on
direct determination of the zero shear radius, rather than on measure-
ment of one shear stress and relying on eq. I-21 for calculation of the

zero shear radius.

8. MEASUREMENTS IN ANNULAR CHANNEL

8.1 Experimental results

The measured velocity and shear stress distributions are given
in Figs 17-27. From these diagrams the zero shear radius could eas-
ily be obtained by interpolation. The radius of maximum velocity was
obtained from plots of the velocity gradient, calculated from the meas-~
ured velocities by eq. 6. An example of such a plot is given in Fig. 28.

The measured friction factors are given in Fig. 13.

8.2 Analysis of the results

A single sided t-test was applied to determine whether the experi-
ments did show any significant difference between the radii of zero shear
and zero velocity gradient. The different experiments for each rod were
treated as repetitions of a single experiment, the influence of the Reynolds
number being neglected.

The data are given in Table 8.2.1. As can be seen, the difference
is not significant for the smooth rod, in agreement with the findings of
Brighton and Jones [11], is significant for the T rod, and almost signifi-
cant for the F rod. Most probably the difference would have been signifi-
cant also for the F rod if one of the experiments had not by accident been

missing.



-27 -

Table 8.2.1 Comparison between ¥ and L
Test 107° Re | o I RS r0—§ (ro—ri o t
s e | UMY mm mm mm
rod Py mim =
A 1.62 0.535 | 45.74 | 0.540 | 45.56}| -0,18
3
smooth | 2, 60 0,540 | 45.55 | 0,540 | 45,56 | +0, 01 0,192 0.1411 0,272
2, 87 0.542 { 45,50} 0,550 { 45,20 -0, 30
3.94 0,542 | 45.50 0,550 }45,20] -0,30
¥ 1.58 0.278 | 55.0 0,245 56,18 +1,18 st
2.09 0.3%1 [53.8 0,240 56,36} +2,56] +1,473 0.97 | 2,63
2.97 0.239 | 56.4 }0,220{57.08] 40,68
T 1.57 0,369 {51.72 {0,355 |52,22] +0.50
st
2,10 0,369 |51.72 | 0,340 | 52,76 +1,04 +1, 080 0.425] 5.08
2,89 0.361 | 52,000,325 53,30 +1,30
3.87 0,361 |52,00}0,320 | 53.48] 41,48
* not significant
i almost significant 0.90>P>0. 95
3%

cf. Davies [3]

9.

Assuming the radii of zero shear and zero velocity gradient equal,

highly significant 0.99>P>0, 995

FOR SEPARATION OF FRICTION FACTORS

ERROR INTRODUCED BY USE OF HALL!S [5] THEORY

Hall [57 derived the following formulas for calculation of the friction

factors in the two subchannels on either side of the zero shear section

in an annulus, if the overall friction factor is known:

fl‘

r®-r r.t+r e e
1 BARS ) ﬁuz
=1 rs-rf T, — —p
= pr Uy
A
rg ~Fe rotr, ———
= f .
1'2 _re o -

(I11-30)

(11-31)




- 28 -

If T # # the correct friction factors will be different by a factor:

N
fo/fy =—— (=), (11-32)
-1 Po Up
. B 2
f20/f5 = - am (= — )a (11-33)
Tg-¥ Po Yo

The values of these correction factors have been estimated, using
for each rod the mean values for T and ro and calculating the mean ve-
locities for one test with each rough rod.

The results are given in Table 9.1,

Table 9.1 Error introduced by Hall's {57 theory

Test rod F T
f30

— 1.037 1.042
fy

f20

— 0.922 0.963
fo

As can be seen, the friction factors on the rough side will be too
low, on the smooth side too high; if calculated by Hall!s method. This
is in agreement with the results of Cowin et al. [2], who made meas-
urements in a rectangular channel roughened on one side or both sides.

In the two cases tested here, the area and velocity terms are
acting in different directions, and the resulting correction factors for
the inner channel, which is of most practical interest, are close enough
to unity to be neglected. This may of course not be generally true.
Cowin's [2] results, however, also show that the error is of the order

of 10 % or less.
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10. CONCLUSIONS
It can be concluded that:
It has been shown by experiments that in the Reynolds number
range 105—4 ’ 105 and in an annulus with diameter ratic 2.24, the
radius of zero shear is equal to the radius of zero velocity gradient

for a smooth inner surface, and slightly higher for rough inner

surface.

This explains the breakdown of Hall's [571 transformation theory

reported by Cowin [2].

The error introduced by using Hall's transformation can be ex-

pected to be of the order of 10 % or less.
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12, NOMENCLATURE

flow area

fin width

exponent in Collis' law
friction factor

fin height

A

b

C

f

h

m mass flow
P pressure

Ap pressure difference
R electric resistance
T radius

¥ radial velocity

Re Reynolds number

s fin pitch

t statistic quantity t = I:tziga‘;ac’lliiror of mean
U perimeter

u axial velocity

u+ friction velocity u+ = —:r—-“—"

Au velocity difference P

A% voltage

Vo voltage at zero velocity

X axial coordinate

B defined in eq. I1-18

A inclination of probe axis

Bl dynamic viscosity

p density

o standard deviation

T shear stress

¥ angle of slanting wire

Subscripts

o zero shear surface or in case of V, zero velocity
1 inner surface or inner subchannel

2 outer " or outer "

a ambient temperature



+ slanting angle ¥
- " 180 -y
dyn dynamic
f friction
£ laminar

msd measured
stat static
tot total

w wall

Special 'signs

' fluctuating, example u'
mean value, example §

maximum velocity
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APPENDIX 1

Recent findings about the direction sensitivity of hot-wires

F H Champagne in a recently published work "Turbulence meas-
urements with inclined hot-wires! {(Ph. D. Thesis -~ Washington Univ.
Dec. .l 965) D1-82-0491, which is only known to the author in the form
of an abstract, STAR (4) 10, May 23, 1966, N66-20202, states that the
direction sensitivity does not follow the simple sine-law as assumed in

eq. II-7 and that a better correlation is obtained by:
u®?(¥) = u®(0) * (sin ®¥ + k® cos ?Y) (1-1)

where k is dependent mainly of the length to diameter ratio of the wire.
If this is introduced in eq. II-7 and the operations leading to eq. II-13

are carried through, the shear stress will be obtained as:

pu® _tan ¥V + k2 cotV
4c® b~ kP

-p ntert =

LE0 V70 m V'
(1-2)

Comparison of eqs. 1I-13 and 2 above shows that the difference
is the factor before the brackets.
The zero shear radius is therefore not affected by the different

direction sensitivity.
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1. Guide vanes

2. Flow rectifier (tube bundle)

3. Inlet probes

4. Flow meter

5. Rough or smooth test rod

6. Shroud tube

7. Temperature and pressure probes
8. Hot-wire or stagnation pressure probe
9. Probe support head

10. Streamlined radial struts

11. Milling machine table

12. Probe support
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Fig. 4a), Original probe support,

Fig. 4b. Modified probe support.
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Test rod: A Dynamic pressure distribution at outlet Fig. 6
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Fig. 9
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Effect of an inclined probe support on the Fig. 12

yaw angle.
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The yaw angles to the flow will be the same but with opposite signs
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for yaw angles ¥ and 180-¥,
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Measurements of axial turbulence in smooth Fig. 14
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Measurements of radial turbulence in

smooth circular channel.

Fig, 15
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Shear stress distributions measured

in smooth circular channel

Fig. 16
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Test rod: A Velocity and shear stress distribution Fig. 17
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Test rod: A Velocity and shear stress distribu- Fig, 18
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tion in smooth annulus
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Test rod: A Velocity and shear stress distribu- Fig. 19
smooth . .
tion in smooth annulus
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Test rod: A Velocity and shear stress distribu- Fig. 20
smooth . .
tions in smooth annulus
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Test rod: F
rect. fins.

Velocity and shear stress distributions in an Fig, 21

27?1:33 6mm annulus with smooth outer surface and rough
inner surface
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Test rodf F ; . . . . .
rect. fins. Velocity and shear stress distributions in an | Fig., 22
h;ﬁ 236mm annulus with smooth outer surface and rough
S/B=S. inner surface
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Test rod: F :
rect. fins. Velocity and shear stress distributions in Fig. 23
h;g' 236mm an anmulus with smooth outer surface and
S : a
rough inner surface
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Test rod: T
sawtooth fins Velocity and shear stress distribution in Fig. 24
272;3? rgxm an annulus with smooth outer surface and
rough inner surface
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Test rod: T X
sawtooth fins Velocity and shear stress distributions in Fig. 25
h=0, 74 mm .
s/h=15. 0 an annulus with smooth outer surface and
rough inner surface
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Test rod: T

sawtooth fins Velocity and shear stress distributions in Fig., 26
1;72__3? rg:m an annulus with smooth outer surface and .
rough inner surface _
|
a m/s . N/m2
xXTr
k \
430
O
du
— o
or O
O
O © © O -2.0
o O 4 O
O O
@)
80 @)
- O
O O
O
O
© © -10
O
O
© &
70 L O
O
O
o O
o |
T =0 Re = 2.89 * 10 O
O XY O :.(_1.
60 L.
<> <> Txr O
O
-10
1 1 1 t 1 { 1 |
0.0 0.5 Ty -r 1.0

Ys "1'1




Test rod: T
sawtooth fins Velocity and shear stress distributions in Fig, 27
h=0,.74 mm an annulus with smooth outer surface and
s/h=15,0 rough inner surface
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Test rod: F Distribution of the laminar shear stress Fig. 28
calculated from the velocity distribution
by eq. II-6
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Roughened test rods Fig. 29

Test rod: F

Y i

Test rod: T

flow direction
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Scale: Legy st e v v by s v ber e
0 5 10 15 20 mm
Fin-dimensions
Test rod h o s/h cs/h s/b Os/b
mm mm
¥ 0,931 0.042 8.62 0.35 7.97 0.22
T 0.739 0,056 14.97 0.99

Root diameter of fins: 58,0 mm
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