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A NEW RESONANCE INTEGRAL FORMULA
FOR THE CYLINDRICAL ABSORBER

by

Kerim F.Slipicevid —

1. INTRODUCTION

The Western approach to the problem of determi-
ning the expression for the effective resonance integral

give its dependence on the S/M ratio, as

S
lepg =2 2

This is due to the use of Wigner s rational approximation
for the escape probability function, or better said, only
its part PO$:‘h/F. This approximation was made on the
basis of the plaf{sibility srguments of its limiting values.
Begides the faégmfhat the maximal error reaches 30%, this
approximetion does not taske care of the shepe of the absor-

ber element.
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On the other hand the Russisn model does not
concern the shape of the absorber element either, and it

gives

s ! B HE b
lepp =28 *+ 0 e

In the analitical evalustion of this expression we tried
to use the real functional dependence of the escape pro-

bability function in cylindricel geometry.

Begide the pure numerical spproach to the probleam
given in /3/, the best method of evelusting the effective
resonance integral is given in /1/. The disadvantage of
this method isg in calculating the “surfoce" term function,
which is the function of three independent varisbles, seven
interpolations are necessary for its evaluation. This in—.x

cludes a large error, and it is very unsuitable.

This has also been overcome by the proposed

formula,

2. DERIVATION OF THE EXPRESSION FOR THE RESONANCE
INTEGRAL IN TERMS OF NEUTRON CURRENTS

We considered = single cylindrical element, Fig.l,
and one resonance. The ususl assumptions of all the existing

theories of resonance absgorption are incorporated:

a) The flux is flat snd equal in both media.



b) Resonances are

¢) Cross sections

presented by the \V(-é,x)

For the %}emenﬁggywabSOTbed

3 -

widely spaced.
in the rescnance can be re-—
S0, x)
/ ;

and functions.

neutron current arising from

dV toward unit surface (Fig.l), we write

- 7 .
e

?2

daj Sz dA dz —§ cos [&—=— (2.1)

4 4

The geometrical parameters are given in Fig.l, the cross

. , o
section notations are usual and SO is the neutron source

density. After integrating the overall volume of the fuel
element (the fuel element is taken to be infinitely long).
for the totalwﬁbsorbed current originating from the fuel

PRSP EE

element, we write

0 ) 0 +
S, Za S0 Zg S Za - /"."'_——_2
JS:E—_f__tR—T = +2.I ~ ‘ KJ.B(ZR.z_'__b‘v_l—u ) du
-t £ i
3

2 @& @ o o <2.2)
For the elementary sbsorbed current originating
from the source in the moderator per unit surfece of the

element (Fig.2), we write

— — ‘7‘ V — Y -
vocos i 1 -y TS
aj = S dAdz - —— (1-e v ooy (2.3)
mn 71 4T 9 “t
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where the nototions are as before, with index 1 refered to
moderator. After integration like in the previous case, for

total absorbed current originating in the moderator, we

write
+1
S < S (’ B e
1 %a 1 ~a . . - 2
J = == - — P Ki (2RI N 1-u )dn (2.4)
vy o

On the basis of the definition for the effective resonance
integral, we may write

-
I

1 hed

So B {qs + Jmi ak = No Iefqu Vo (2.5)

E

which after introduction of the expressions for JS and

Jm’ and after smell rezrrangements, finely qives
) A

I 1 : Lpo:La d8 o \ La< —~t ipo)n aE
off T N _ J Ty B ANV 32 g
¢ o000 e (2 e 6)
Lo m (omT .
= - \ l3 R L"t i Ll-u > o}”3 ~€“2w-7)
R o
o

- s

S

e e AT expression for fhe'penefféﬁiiitgwfactor

e

G wes given by Rothenstein /4/. Unfortunately, this
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‘,l
expression heas never been used for further snalytical in- L(/

vegtigation of the Ieff formulsa, t

The method given in /1/ uses

where PO is given by the Fmeh s expression /5/. We cite

this formula, since it is given with an error in /5/,

o . T e -
P(J.R) == R:2! _,RI(T,AX (T R + I (T RK(I,R
< ! + o .t o) t 1 t Kl t

-1 ‘ + I (C,RK (T R)-I, (L RK (Z R) +

I (T, RK (Z,R))
+ 1 T - 1 + i (2.9)

.E;t -

Io’ Il, KO, KJ, being modified Bessel functions. Using the

above formula snd the IBM-360 -~ model 75 computer we have

extended the table of collision probability for cylinders

/5/. These results are given in Table 1.

A
A

-3 \I
(2.7) gives &

:
R Kién)(zﬂ ) N .
= - S—— \ "_ . ‘ ‘l\
G 1 - A~~ oy (ZR"t) C (2.10) 14
n= ‘
where
1 i —
v / 2 n
C_= (V1 - n® - 1)" an (2.1

!

» series expression of the Ki function in i -



A general solution to this integral is

1" 2n - 1 (2n-1)(2n-3)
Cn = n+l §,2 Tl * (n-1)(n-2) toeee
- (2.12)
_(on-1)(2n-3)... 2n-(2n-1) _&

(01)(8-2) »nn. o(n1) 2 2

The first ten values of these coefficients are:

CO = 1,0000000000 05 =-0,02498243870
Cl =-0,21460183660 C6 = 0,0185383130
02 = 0,09587033986 07 =-0,0143122181
C3 =-0,05475688725 08 = 0,0113883522
C4 = 0.03554618953 09 =-C, 0092802468

Expression (2.10) may give the value for G with Any
degree of accuracy, which denends upon the number of terms
taken in the series. Numericsl investigation of the three
and five terms series (Table 2, Fi@®.3) shows maximal error-
of 2.5% and 1.1% , respectively. For purposes of comparison

the retional Wigner’s approximation is given, also. Like- !
f

o
A

wise, an approximate expression from (2.10) with any number

of terms has correct limiting values.

Development around g 2R'ZO(ZLO - peak cross ,

seciion, q - parameter which will be determined later) a

few first terms of (2.10), and suitable rearrangement



/ &lves the possibility to write

P

= 4 ——4:-—= [ - T
@ =1 - = !c Nel (qu o) = g:Col‘lKlZ(qZR Z (2R -
- @@RT ) - | Cl]Kiz(q2R T, (2R t)\ -
Of) n) — | .
2 ©{™ (2r = ) o |
4 N ~ : =~ \n 3 0 0 -
Toon éég (2R ~t 7 q2R"""o) n! {ﬁn+l)(n+2) (27 =T
)C (2.13)
- gq2RY ) = (2R, )(2R 7 -q2R7T7_ ) +
&0 n+l “t ~5 =
00 (n) «~ \n
\C, > Lo Ki," (2R T )
+ 5 (ZRET) - T)_ ’ “.Cfl\ ni (2R ‘b)
n=3

Introduction of thig expression into the resonance integral

formula, gives >
/\-—Ag_;_,w:"""”"‘\
. 1 % lpolegdE s 1 *1 45 (q2rI )k (Tallyhe) Jx
eff — NO .J Z + B v 4'NO l T 1 q L ’ T > b +
E — é_: —t
+ 4 K:L (q2R 7T ) S \\ Za<zt—z;o> \ (2R 2R )= ZR"—"_ , ;_E
& a 4NOV :'; 3 2 ;\ 0o <~ -’G—q L' 1; = : B
E — - -
( ) ( q2RZ ) i C ' n+2 ( -7 )
4 S 0 \ “a'“t Lpo’ 4AF
- kA ): n' (n+l)(n+2) <2R‘t- 2R, ) 5 TR
v o i ' 5
~ E = (___t
1) | Ta@ o) |
1 \ “t”“po - D+l dx L
=Yl - (2R T ) (2R ,t-qu ) =+ ] \ r
oy “t S [ f;gcﬂtx i
) ) . { l S S B « t!, } (5(,
r\.}/\}_‘gf' Se ‘!V,.-“‘@ & ug&.‘.f&\w@ Z—»g g 7 - &f-“‘“ L ij’-"”}mw i\{
[ S e Lo 2 o
Y 0 = - ) M * -& ?t,k." ;
@&/ cop Y L7, ' ~
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} e T A
%) | LT

& ‘--pO - 2 = - n dE J
S QPRI
+ 5 =7 (2RLJG) (2RZ,-a2R O) =
E =~ T——
’ (2.14)
—«m - :/l. . < n ) e - . = “-\‘.
£y e | £y (2RG) (2R )" <o Lim Tog) am |
/ L n\ Ny n! + 2 T
Gy . L >
B m“\_..,

By a suitable choice of the psrometer g 1t is possible

to get = relatively simple approxim:te expression for the
effective resonance integrasl, with proper limiting values
and = good approximetion in the whole ringe of R. Let us
choose q 1in such 2 way that the third term of (2.14) is

alweys zero., This will give

T L
L_pdcs,e

K (&5,{3—) Nl

If we neglect the higher terms of the expression (2.14), we

finely write

e L
Ieff=~6Eo U(S’ﬁ’) *

+

<l

%
E .
)

It is very easy to show the conect limiting values of this
\ T

formula



i

) . .
2) R-~w»0nv, Since = = T °nd Ki3(00)~ﬁ-0 the

second term is tending to zero, and

which represents the effective resonance integrsl for ho-
e i o

mogeneous meaxture

o et zess U
b) R—>0. Development of the Ki3 function around
zero, gives
Bply — . . o Iy 1 . )
_ (o S = e -
Teer =~ g (S ) +3 5 = K&, )1
0 0 0
~ 416 (ki (0) - Ki (o) q2RT) |
5 Vol 3 2 “o’ |

£11 higher terms are zero since they appesr in the form

1lim xn+3 Kal(x) -+ 0
X~ >0

— . T
\.; ! l‘ : .’ N
. - _ e ] - 1 - s =
Since K13(o) T L12(o) l,\[CO\ lClt/\Kb\
iz algebrsically follows that h

_P'

—

iy

!

©

Further anelysis of the formula mey show that

for large R we immedietely gpt Wigner s dependence, since

_ o
Tefpr = E, To 2 oo
\ which is the infinite dilution limit. o
R i ST g 1 /

<
~.
.
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s

Ki may be teken as zeré}jOn the other hand for small R,

3

the argument x = q2R Zo of Xi_, function is still large

3
enough that the assumptotic exponsion of Ki3(X) ig valid
e T B. c )
-x | 0 ) 3 ‘
Ki (X) e XV’ ‘ 1 - = + - s o
3 2x . X X2 J
Introduction of this into ( ) and with further
substitution of e~ 7u l-x, we write
eff E o B AT R Vv
o 0
i P 3/2
Ly 1 4 v 1 S
- K%, (5) - V \ C i (=) +
EO AN - { T\ 2 O\ 1»/ 4q 3:0 v
- T /""'
§ 1 » ERTEP S Ve ) 8
*TE 4N K( J"“>\K V2i 9 -2 ;Co§¥ \%
o) o)
coees (2.17)

The last term of this expression will be dominant,
because peak cross section 3 o exists in its numerator.
Thus we obtain the proposed dependence by the Russian g
theory. /”/"/

For s given meterial constitution and temperature,

an 2ssymptotic straight line

(1 )= SRl gy 8 1 , ) (2.18)
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is fixed. Deviation of the Ieff velues from this straight

line can now be discussed in termg of Ki3 functions

a) For e given resonrnce (given {To) and atomic
absorber density (No), the deviation from the straight line

will be larger with smaoller R,

b) For oxide @nd carbide fuels (NO smaller) de-
viation from the straight line will be larger that for
metals for the seme regonance. Consequently, compound fuels

!
;

will have "better" { ﬁ dependence, than metsllic fuels.

c) The temperature dependence of Ieff can be

e

discussed by this formuls rather essily.

d) Comparaison to /1/ shows that volume terms are

the same, but surfsce terms are different. Surface terms

coincide, zlso, for large R. ey

Interference corrections to the functions J(% ,f>)v;?y

and K(. ,7 ) can be made in the following way:

+ v D S G &
ll J = Ny - -— N = e 2(1-— - ] + - s e s
o Priska L YL v+ ) e (Yaf)
2 :’_ o _.L 2 '-}-K -~<1.,- ..}v‘/ 5
8 H = A = 4 -
R R e LA
Lo =< l

Since the integrals of odd powers of the odd function

A( 7 ,x) are equal to zeros. Finely
F
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S
RN~
= N T e - -
08, 2, ) =2 (S, 5) + %7 —————=dx (2.19)
\/\ i i 51 ( \r +/:} )

Thig is similar to Rethenstein’s correction /4/.

Using @ similer procesude for the interference

correction of the X(Z ,(.) function we have

N

K% 15, S)™E(E,5) +sd 7 2Ki( 5, /5) -2,
‘ } . .

A 2
e ]
—— < 'Lk I 1( ) 9 { B )
e
where
(00
N '2 \/\ 2
AK]_(' o ) = "\\. —_— ax (2;20)
F o_: ( *,, + ,"fi" ) 4

Using the proposed /6/ rectangul=zr model of the resonance,

znd accordingly redefined cross sections, any type of the

resonence can be treated. e

Celculation of Iepf in the lattice is given

in /7/.

3. CONCLUSION

The best analyticsl approach to the problem is

given in /4/, where ertificially improved rational

v

e e
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values. (Something similsr is 2lso used in /8/) Further-

more, all connections in /4/ one treated separstely.Both V

e N

of these incorrecture - heve been overcome in this work.

Our representeticn of the penetrzbility factor G,

allows further analytical tre: tment of the Ieff formule,

Comparaison to /1/ shows th=t our represent?tlo of the (ot
g £ Fp i‘&\‘{ Baack 5 i\ \,l\-{
surface term is much more handy. Interferenoe correctloﬁ“” ’J

) ?

to the function .. ('{,Q;) igs similar to the same correctlon)
o

in /4/, but interference correction to the function

K(¥ 9{:) haes never bhefore been tremted.

Calculations of the numerical tables of . (? ,ﬁ;), ;
K(§5,§>), Ujﬁ § ,p>), izKi(ia,{a) zre in progress. J !
Function :j ( %,{b) has been tabulated by Dresner also in
/1/. K(% » %) Thas only been tzbulated in /1/. Values of
the functions are not accurate enough for lower values of
/ ,and they do not exist at =1l for \ = 0.06, 0.07,

0.08, 0.09. The interpolation gap in this range is large.

Our tablesg will be free of these incorrectnesses,
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ARG

0.00
8.01
0.02
0.03
.04
0.05
.0.06
0.07
0.08
0.09
0.10
O.11

.12

0.13
0.14
0.15
0.16
C.17
0.18
0.19
0.20
0.21
0.22
0.23
0.24

0.25

0426
0.27
0.28
0,29
0.30
0.31
0032
0.33

0.34

Q.35
0.36
Q.37
0438
0.39
0.40
Oe4l
0.42
043
O«44
0445

0446

0.47

D.48.

0449

0.85548651

0.83677506

082769096

0.81878024

'ESC.PROB

COL.PROB

. ..1.00000000.._0.00000000
10.98696429 0.01303571
..0.97438699...0.02561301 ..

0.96219045 ~ 0.03780955
0.95033246 . 0.04966754
0.93878448 0.06121552

...0.92752165. .0.07247835 .

0.91653061 0.08346909
..0.,90579152... 0.09420848
0.89529347 . 0.10470653
0.88502252....0.11497748
0.87497091 0.12502909
0.86512840 ., 0.13487160

T 0.14451349
—— .0 ] 84603822.-_0- 15 396 1 7 B

0.16322494

- 0617230904

"0.18121976

..0.81003785_ 0.18996215
0.80145675 -0.19854325
..-0.79303241__0.20696759
0.78476000 0.21524000

... 0e77663606 _ 0.22336394 ..

0.76865566- 0.23134434

. 0.76081389.. 0.23518611 .

0.75310707

0.73808831

. 0.73076689..

0.72356802
L.0.71648741
. 0.70952314

0.69592875
0.68929374
0.68276542
0.67633796
0.67001349

.0.66378367.

0.65765202

0.24689293

0.26191169

0.26923311. ... .

0.27643198

.0.28351259 ...

0.258047686

070266998, 0.29733002 .

0.30407125

0431670626 -

0.31723458

032366204

0.32998651

0. 64556487 0435433513
0.63980722 ..0.36019278. . _
0.63403666 0.36596334

. 0.62835228._ . 0.37164772... ...
062275201 0.37724799
0.61723363 _ 0.38276637 ___: .
0.61179602 0.38820398
0.60643589 . 0.39356411 -

0460115522 0.39884478

ARG

e 0450
0.51
...0.52
0.53

0.55
0.56
0.57

ESQ.PROB

0459594923

0.54

.0.58 _

0.59

Lt 0460

0.61

0062

- 0.63

RS O 1) 64 e

- D465

i D066

0.67

s 0,68

0.6%9

e G0 0
0.71°

L D72
0.73
074
0.75

_.0.33621633
0.34234798 .
.. 0.65161186 . 0.34838814.

0.59081757

0.58575815 . ..

0.58077157

0.57585394

0.57100433

0.56622332 .

0.56150669

N.55685717...

0.55226988
0.54774451

0.564327947
0.53887522 .

0453452951

0.53024429 .

N.52601343

0i52183717

0.51771939

.0.51365298

0.50963885

0.50567710 . .

0.50176805

-0.49790752

0.49409801

0449033517

.0.48295528

0.48662102

0.47933316

.0.47575712

0.47222430

. 0.466873802

L0.46188897

0.46529067

0.45852578

0445520753

D.642322172

Ce45192653

Q444868678

0.44548553

0.43919623

043610752

. 0.43003893 |

. 0441832370,

0.4330%5635

0.42705965

. D.42411298 |

0.42120099

0.41548127

. 0441266852

0.40G88874

COL.PROB
0.40405077
0.40218243
0.41424185
0.41922843
0.42414606
0.42899567
0.43377568
0.4384G331
0.44314283
0D.44773012
0.45225549
0.45672053
0.46112478
0.46547049

20446975571

0.47398657

047816283

0.48228061
0.48624702
0.49036115
0.49432290
0.49823195

. 0.50209248

0.50590199

0.50966483

0.51337898
Oe51704472
0.52066684
0.52424288
0.52777570
0.53126198
0.53470933

0.53811103

0.54147422
0.54479247
0.54807347
0.55131322
0.55451447
0.55767828
0.56080377
0.56389248
0.56694365
0.56996107
0.37294005

0.57588707?

0.57879901
0.58167630
0.58451873
0.58733147
0.59011126



ARG ESC.PROB CCL.PROB

1.00 0.40714145 0.59285855 .. .
1.01 0.4C442663 (0.59557337

1.02 0.40174079 _0.59825921 ___ .
1.03 0.39508588 0.60091412
1.05 0.39386284 0.60612716

1.06 0.39129597.. 0.60870403_ "
1.07 0.38875806 0.61124194

1.8 0.38624823 _ 0.61375177__
1.9 0.38376474 0.61623526

1.10 0.38130814 0.61869186 _ .
l.11 0.37888098 0.62111902

1.12 0.37647760  0.62352240 .
1.13 0.37410176¢ 0.62589824

lel4  0.37175G12 _0.62824988
1.15 0.36942619 0.63057381

lel6 0.36712082. G.63287318 .
1.17 0.26485082 0463514918

1,18 .0.36256913 . 0.63740087
1.19 0.36037278 0.63962722
1.20. . 0.35816860 _ 0.64183140
1.21 0.35598934 0.64401066

1.22 0.35383070 0.64616930

1423 0.35169679 €.64830321
124 0.34958458. . 0.65041542 .
1425 0.34749490 0.65250510

1,26 0.34542632__0.65457368
1.27 0.34237878 0.65662122

1.28 0.34135187_ C.65864813
1,29 0.3393464]1 0.66065359

1.30 0.33736169 0.66263831 y
1.71 0.33536701 0.66460299

1.32 .0.33345312. . 0.66654688 . . _
1+33 0.33152705 0.66847295

1.34 0.32962149. 0.670378%1. ..
1.35 0.32773483 (0.67226517
1.36 0.32586759 0.67413241 .
1.37 0.32401884 C.67598116 - -
1.38..0.32218802__0.67781198_.. . .
1.39 0.32037497 0.67962503 -
1,40 0.31857985 .. 0.68142015 ..
1.41 0.31680471 0.68319529 .
1.42 .. 0.31504482 . 0.68495518_
1.43 0.31330186 C.68669814

le44 0431157655 _0.68842345 .
1.45 0.30986685 0.69013315 -
1.46 _0.30817711 0.69182289 . ..
le47 0.30650115 0.69349885. -
1448 0.30483961  0.69516039.:. .
1.49 0.30319655 0.69680345 -

ARG ESC.PROB
1.50..0.30156976 .
"~ 1.51 0429995537

.1+480_.0.2591252

1.82..0.25667983.

1940424285340

o

075823462

71495 70424176538 2
075931907

1.52.:.0429835677 .

14537 .0.29677349
1.54 0629520845

1.55  0.29365605
1.56 .. 0.29211825
1.57 0.29059398

1.58..0.28908390

1.59 0.28758842

1.60 _0.28610766

1.61 . 0¢2846’f’03

l.62 0.28318447
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Teble IX

o (%)

X 3 terms G A (%) 5 terms G
0. 0.0 0.0 0.0 0.0
0.1  0.1771849834 0.1022  0.1770243687  0.0@23 (2)
0.2 0.3181723923 0.,3026 0.3172380514 0.,0082
0.3 0.4322473319 0.5473  0.4299773103  0.0193
0.4 0.5255314569 0,8124 0.5215021268  0.0395
0.5 0.6023652938 1.0764 0.5963376446  0.0649
0.6 0.6660410259 1.3298  0.6579457791  0.0981
0.8  0.7628560556 1.7163  0.7509357064  0.1269
1.0 0.8315765719 2,1216 0.8167680667 0.3031
1.5 0.9275109060 22,5202 0.9104768039 0.6374
2.0 0.9687299269 2.421  0.9562866705 1.1088
3.0 0.9943391856 1.758  0.9879318737 1.1024
4.0 0,9990081474 1.1469  0.9969360383  0.9371
5.0 0.9998308586 0.7589  0.9992732155  0.7027
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