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ABSTRACT 

Linear  d i f f e r e n t i a l  equations and elementary analog computer tech- 

14 
niques were applied t o  the  movement of carbon and C i n  simple compart- 

ment models f o r  a t e r r e s t r i a l  ecological  system (including so i l ,  organic 

l i t t e r ,  p lan t  roots  and above-ground vegeta t ion) .  Extensions of these  

methods should become he1p.fil.l. J.n simulating t h e  movement of o ther  elements 

and radioact ive  isotopes i n  the  environment. 

The parameter k con t ro l s . t he  r a t e  of l o s s  of mate r ia l  from eompart- 
i 

ment i; the  s teady-s ta te  l e v e l  f o r  t h a t  compartment and t he  time required 

t o  approach t h a t  l e v e l  a r e  inversely  propor t ional  t o  hi. " P a r t i a l  t r a n s f e r  
. .. 
f..' 

coef f ic ien t s"  @ describe t he  f r a c t i o n a l  a I loca t ion  of mate r ia l  from com- 
i j 

partment i t o  various o ther  compartments o r  pathways indexed by j, and 

hence influence the  f l u x  of mate r ia l  into.compartments remote from t h e  
. . 
. . 

source. Changes i n  t he  concentration per  .un i t  a rea  C .  pe r  u n i t  time t a r e  . .:. 
J . P :. . 

. .. -:. . 
represented by solut ions  t o  systems of equations of t he  form: i; .,. . 

dC . 
J = 
d t  

k.C - k C  where O < k < l ;  0 < @ < 1 .  
@ij l i  j j - - - - i f j  

Analytical  solut ions  and analog computer char t  records f o r  a sequence 

of compartments were compared. They show a s e r i e s  of l i n e a r  l ag s  i n  t h e  

approach of each compartment toward a s teady-s ta te .  An o s c i l l a t i n g  photo- 

synthet ic  input (seasonal  cycle)  imposes an o s c i l l a t i n g  response, but with 

decreasing amplitude and s h i f t  of phase with each stage.  ~ o n t i a l  " t rans-  . 

i e n t "  terms in the  input ( represent ing t rend over severa l  years)  modify 

t he  l ags  of successive compartments. 



A small e lec t ron ic  analdg computer ( ~ o n n e r  3400) i l l u s t r a t e d  e f fec t s  

of varying ki parameters on the  behavior of a  small model system. A . 

l a rge  computer, t he  Reactor Controls Analog Computer Faci l i ty ,  was more 

v e r s a t i l e  and o f f e r s  fa; more technicai  p o s s i b i l i t i e s  f o r  future  eco- 

l o g i c a l  studies.  
, , 

A f inc t ion  generator was used t o  simulate t he  expected increase i n  
. . 

C14 content of t h e  -atmosphere as  a  r e su l t  of -nuclear t e s t i ng ,  !The t r a n s -  

mission of t h i s  pulse of c14 t h r n ~ ~ g h  t.h6 ecological  syatem ohovcd thc  

e f f e c t s  of l a g  and.attenuation in the  pulses of C l 4  i n  each. compartment 

of t he  system. 
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I. INTRODUCTION 

Appraisal by the health physicist of the various problems which 

have their origin in radioactive contamination of the environment 

involves two objectives. First is to evaluate the long-term effects 

of chronic low-level radiation. But this requires progress toward 

the second objective: evaluation of the distribution in the local and 

global environment of the large quantities of radioactive isotopes 

which result as by-products of industrial operations, weapons fallout, 

and research and medical facilities. 

Widespread dispersal and dilution of radioactive materials in 

the various environments of the biosphere have become a source of 

internal radiation exposure to man. Because food chains of ecological . 

systems, for example, leading from plants 'to animals to man provide 

mechanisms by which human populations could be exposed to these radio- 

nuclides, the health.physicist needs methods for predicting both the 

present and potential future distributions of radioisotopes in soil, 

animals, and plants. Such predictions require new information on the 

biogeuclie1111sLl.y arid ecologjr of the chemical elements, and theoretical 

models that relate the accumulation and flux of these elements in 

different parts of an ecological system, or "ecosystem". Such models 

are also interesting for basic ecological research on the development 

of ecosystems and the circulation of nutrient elements between organisms 

and their environment which is necessary to maintain ecosystems in a 



productive condition. 192 

4 5 6 
Shepard and Householder, Robert son, Solomon and others  have 

reviewed the  rapid development of biophysical theory and physiologi- 

c a l  experimentation which have been concerned with the  movement of 

substances, pa r t i cu l a r ly  radioactive t racers ,  between d i f f e r en t  

"compartments" (e .g . ,  organs, chemical compounds) of an individual 

organism. It seems na tu ra l  t o  generalize the  concepts or cur~~partiutnt 

models t o  include whole populations of organisms and masses of environ- 

mental mater ia ls  such a s  a i r ,  water, so i l s ,  o r  organic l i t t e r  ly ing 

over t he  s o i l  which together cons t i tu te  t he  ecosystem covering a 

specif ied a rea  of the  e a r t h ' s  surface.  

The present study i l l u s t r a t e s  a simple c l a s s  of ecological  models 

i n  which the  r a t e  o f  movemerit of mater ia l  out of a compartment i s  

I 
J. S. Olson, "Exponential Equations Relating Productivity, Decay 

and Accumulation of b'orest L1.L;Lert', - I X  I i~ t e rna t iona l  Eotsnical  Congress, 
Proc. 2, 287. Montreal (1939). 

2 
e t  a l . ,   o ore st Studies", Health Physics Ann. Prog. 

Rept., Ju ly  31, l g a , ? ~ ~ ~ - 2 9 9 4 ,  Oak Ridge National Laboratory. .- 
4 

'c. W. Sheppard and  A. S. Householder, "The Mathematical Basis ot' 
t he  In te rpre ta t ion  of' Illracer Experiments 111 Cluscd Steady-Etate Byetems" , 
Journal of Applied Physics, - 22, 510-20 (1951). 

4 ~ .  S. Robertson, " ~ h e o r y  and Use of Tracers i n  Determining Trans- 
f e r  Rates i n  Biological  Systems", Physiological Reviews 37, 133-54 (1957). - - 

5 in :  Mineral ~ e t a b o l i s i :  An Advanced Treatise,  Vol. I, Par t  A, C. L. 
Comar * and F. Bronner, Edi tors .  Academic Press, New York (1960). 

'international Commission on Radiological Protection, "Report of 
Committee I1 on Permissible Dose f o r  In te rna l  Radiation (1959)") Health 
Physics 3, 1-90 ( ~ u n e ,  1960). Also published separate ly  a s  ICRP 
~ub l i ca tTon  2, Pergamon Press, New York. 



assumed t o  be propor t ional  t o  t h e  quant i ty  of t h e  mate r i a l  i n  t h a t  

compartment (chap. 11), so t h a t  t h e  behavior of t h e  system can be 

described by a system of simultaneous l i n e a r  d i f f e r e n t i a l  equations. 

The main object ive ,  however, i s  t o  explore t h e  use of analog computer 

techniques (chap. 111-V) f o r :  (1) f a c i l i t a t i n g  t h e  so lu t ion  of such 

equations, (2 )  simulating the  flow of mate r i a l  i n  t h e  model by t h e  

behavior of t h e  computer c i r c u i t ,  used a s  an analog simulator, and 

(3)  eventual ly  overcoming some l i m i t a t i o n s  inherent  i n  t h e  simple 

model's assumption of' l i n e a r i t y  of t h e  d i f f e r e n t i a l  equations. 

Most i l l u s t r a t i o n s  concern carbon, a major element of organic 

mater ia ls ,  whose movements w i l l  s t rongly  influence t h e  movement of 

many o the r  elements t h a t  might be considered i n  l a t e r  s tud ies .  .< I 

Several  poss ib le  equations f o r  approximating t h e  photosynthetic input  

(constant ,  o s c t l l a t i n g ,  asymptotical ly r i s i n g  o r  f a l l i n g )  a r e  generated ... 

(chap. V )  and then fed  i n t o  a c i r c u i t  which simulates a hypothet ica l  
1 .  

system consis t ing  of vegetat ion ( tops  and roo t s ) ,  dead organic l i t t e r ,  

and s o i l  humus (chap. V I  and V I I ) .  The implicat ions of a change i n  

c14 i n  such a system a r e  i l l u s t r a t e d  i n  Chapter V I I I .  



11. COMPARTMENT MODELS OF ECOLOGICAL SYSTEMS 

A. Major Compartments of Ecological Syste'm 

Due t o  the  mathematical complexity.of describing de ta i led  i n t e r -  

ac t ions  between many organisms and t h e i r  environment, a f i r s t  model 

f o r  s impl ic i ty  might e i t h e r  consider systems with very few species 

n r  deal with groups of species which perform s imi la r  functions i n  

n a t ~ r e . ~  Green p l an t s  o r  "producers" a r e  r e l a t ed  i n  t h e i r  ecological  

funct ion ot' producfing an a111luet1 crop uf leavca, rooto, otcmc and 

o the r  organs. A s  a group, these p lan ts  may be contrasted with a 

second group--the animals o r  "consumers", whose food consis ts  of 

p l an t s  o r  o ther  animals. Some animals and plants,  such.as  fungi and 

b a c t e r i a  which decompose and break down dead organic matter, a r e  

sometimes separated a s  a t h i r d  group and ca l led  "reducerst'. This 

common usage should not be confused with chemical terminology, for. the  

green plants  a r e  those which serve t o  reduce atmospheric CO t u  urganic 
2 

carbon by "fixing" so l a r  energy through the  process of photosynthesis; 

t h i s  energy i s  released by oxidation of t he  organic carbon t o  CO 
2' 

p a r t l y  by t h e  green p l an t s  themselves and p a r t l y  by a l l  t he  other  

organisms. 

Each group may be considered a s  a compartment of an ecological  

system, o r  may be subdivided i n t o  sub-compartments of smaller groups 

7 ~ .  P. Odum, Fundamentals of Ecology, Second Edition (1939). 



and sub-groups for more homogeneous groupings which permit simple 

description of the interactions of natural systems. A compartment 

might alternatively be divided into sub-compartments according to 

total mass of the various organs, i.e., foliage, stems, and roots of 

plant 6 .  

The first of several simplified ecological models which will be 

used to illustrate the mathematical analysis of a few features of a 

terrestrial ecological system is shown schematically in Fig. 1. 

Each rectangular block represents a compartment containing organic 

matter. The lines connecting the three blocks in Fig. 1A represent 
>.'. !: . j-:' . . 

the main pathway for transfer of carbon. The vegetation group pro- 
. . 

duces living plant matter, e.g., leaves- and.stems; these fall and 

constitute'dead organic matter or litter. This decays, transferring 
L 

some organic matter to humus in the mineral soil. - Hums in turn 
. _ 1. 

decays, releasing CO to the atmosphere. Since the local atmosphere 
2 .,... 

which is a part of the ecosystem is rapidly mixed with the general 

atmosphere, the system is not closed; but a steady-state balance of 

is~cullle all4 loss  or carbon for the whole system and each of its parts 

may sometimes be approximated. 

Fig. IB provides a fourth compartment to distinguish organic 

matter in roots from that above ground, so that the rate of death 

and decay for roots can be adjusted independently from the rates for 

dkopping of litter on the ground surface and the breakdown of this 

litter'. Animals which feed directly or indirectly on living plants, 

and various organisms which feed on dead organic litter lying on the 
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surface  of t h e  ground could be added as separa te  smal l  compartments, 

bu t  foy immediate purposes it w i l l  s u f f i c e  t o  recognize t h a t  a  l a r g e  

f r a c t i o n  of the  carbon which they' consume i s  re leased a s  CO (arrows 
2 

pointing l e f t  i n  Fig. l ~ ) ,  while t h e  remainder i s  eventual ly  passed 

t o  t h e  next  compartment. 

B. Def in i t ions  of  Symbg1.s 

F i r s t ,  consider  t h e  l e t t e r  symbol i n  each rec tangular  block, o r  

compartment, i n  Fig. lB t o  represent  a  quan t i ty  of an element p resen t  

i n  t h a t  compartment a t  a  given time, t .  In  add i t ion  t o  t h i s  l e t t e r  

designation each compartment i s  assigned a number t o  f a c i l i t a t e  

l a b e l l i n g  of pathways of t r a n s f e r  between compartments a s  shown i n  

Fig. lB. 

Compartment 
 umber ( i  o r  j) L e t t e r  - Compartment o r  Pathway 

0 - Outside (~ tmosphere ,  o t h e r  systems) 

1 V Vegetation 

2 R Roots 

Animals, o r  Consumers 
(Respi ra t ion  only  considered here)  

Dead Organic Matter 
( ~ i t t e r  mainly on top  o f  s o i l )  

- ' Microorganisms 
(Respi ra t ion  only  considered here)  

6 .  . S Mineral S o i l  

Second, consider  t h a t  the  e.lement moves ou t  o f  t h e s e  compartments 

a t  some r a t e  which might be  described with a f i r s t  order  approximation 

by :Lllr LuLal Lransfer coe f f i c i en t s ,  ki--assuming t h a t  l o s s  i s  d i r e c t l y -  



proport ional  t o  the  quant i ty  present i n  compartment - i. The t o t a l  

t r a n s f e r  coef f ic ien t  defines t h a t  f r ac t i on  of the  t o t a l  quanti ty 

present  . in one compartment, i, a t  any time, t, which i s  l o s t  per 

u n i t  time from t h a t  compartment by a l l  processes of l o s s  previously 

described i n  Section A. Fractions, Bij, a r e  defined t o  indicate  how 

much of t h i s  t o t a l  carbon l o s t  from the  i - t h  compartment i s  t rans fe r red  

t o  the  j - th  compartment o r  pathway by each one of the  processes ot' l o s s  

.for t he  i - t h  compartment. These p a r t i a l  t r ans fe r  coef f ic ien ts  thus  

descr ibe  how t h e  t o t a l  mater ia l  ' los t  by one compartment i s  par t i t ioned  

between a l t e r n a t e  pathways o f . t r a n s f e r  t o  adjoining compartments. For 

- example, consider carbon i n  t he  vegetation compartment.of the  ecolo- 

g i c a l  model i n  Fig. lB. A f ract ion,  k of the  carbon i n  gm of carbon 
1' 

p e r  m2 of standing vegetation, V, i s  l a s t  by several  processes: (1) 

one f ract ion,  9 i s  l o s t  t o  the  resp i ra t ion  of animals; (2 )  another 
13' , 

f rac t ion ,  , represents primarily the  l o s s  b y  1 1 L L r l -  f a l l  and 

- secondarily by animal droppings and carcasses added t o  the  dead organic 

matter  compartment. (3) Transfer from, tops  t o  roots, g12, w i l l  a l so  

be considered i n  Chapter V I .  ( 4 )  If it were desired t u  t r e a t  p lan t  

, resp i ra t ion  a s  a .  separate loss,  t h i s  could be represented by glO, but  

t h i s  w i l l  not be done i n  examples of the  present repor t .  Similar def i n i -  

t i o n s  of' t r ans fe r  c o e ~ ~ i c i e n t s  f o r  other  compar.11neri.L~ arc 'suggested by 

t h e  discussions i n  Section A. 

Third, . the '  symbol, P, (which might have been writ ten,  P  ), indi-  
01. 

ca t e s  the  r a t e  a t  which carbon from the  atmosphere compartment i s  

incorporated i n to  the  vegetation compartment by the  process of photo- 



synthesis. With no subscript P will here be considered as some 

unspecified mathematical function of time, in units of gm carbon 

assimilated per square meter of the earth's surface per year (g 

2 
~ / m  per year). 1t will here generally be taken as - net photosynthesis 

= gross photosynthesis - plant respiration. When particular mathemati- 

cal 'functions are used to approximate thk rate of photosynthesis. in 

Chapter V, the following subscripts will be used: 

Symbol Function Describing Photosynthesis 

P1 Constant Rate of Photosynthesis 

p2 Exponentially Decreasing Rate of Photosynthesis 

. . 
P Exponential, Increasing Rate of ~hotosynthesis ,! 

3 

P4 Sinusoidal Rate of Photosynthesis a 

Sinusoidal Rate of Photosynthesis 
(~xponentially ~ecreasing) 

Sinusoidal Rate of Photosynthesis 
(~xponential, ~ncreasing) 

No.attempt will be made to relate these rates to the many variables 

which actually control them in nature. Emphasis is rather on the effects 

of such patterns of photosynthesis on the transfer of carbon in the other 

compartments of the model. 

C. Differential Equations 

With these definitions a mathematical model may be formulated to 

describe the net accumulation of organic matter (or carbon) in any com- 

partment and also the rates of transfer between compartments as a set 

of linear differential equations with constant, real, and non-negative 



coef f ic ien ts .  Consider only the  major chain of t r ans fe r  of carbon in  

t he  model Fig. U3, beginning with the  vegetation compartment. The 

dif ference between t h e  ne t  r a t e  of inf lux of carbon f r o m t h e  atmosphere 

P t o  . the vegetation, V, and the  r a t e  of l o s s  of organic carbon each year 

by a l l  processes, k .V, g ives  t he  net  r a t e  of change of carbon, i. e., 
1 

Net Change of Carbon - - Rate of Incorporation - Rate of Loss of 
1Jnit Time, of Carbon Accumulated Carbon 

An equation f o r  the  net  accumulation of' C in dead organic matter, D, i s  

obtained with eq. 2, which describes the  dif ference between the  in f lux  

from the  vegetation compartment.and the  l o s s  of dead organic matter by 

decay. 

Finally,  eq. 3 may be formulated t o  describe the  ba1arlc.e of organic matter 

remaining i n  mineral s o i l '  a f t e r  the  annual processes of leaf  f a l l  and 

decay, described by equations l . a n d  2, have occurred. 

In  order t o  develop a generalized l i n e a r  d i f f e r e n t i a l  equation f o r  

an ecological  model of n compartments, consider the  symbol, Ci, .Instead 

of; t he  l e t t e r s  V, D, R, S . .  . . . t o  represent a quanti ty of an element pre- 

sen t  i n  t he  i - t h  compartment. Then the  generalized equation f o r  the  net  

r a t e  of change i n  the  concentration of matter i n  the  j - th  compartment, 

C which receives an inf lux of matter from a number of compartments, 
j' 



Ci, may be  described by t h e  sum of ga ins  from a l l  o t h e r  compartments 

( i f j )  minus t h e  l o s s  from compartment j: 

dC.  ' k.C - k . C  'where, O < k < l ; ~ < $ < l  -J = 
d t  i f j g i j 1 i  J j - - - - 

and, $ . = O f o r  a l l  C present ing  no input  t o  C 
9 J 9 j ' 

Transmission of  cu r ren t  o r  changes of  p o t e n t i a l  through e l e c t r i c a l  

el-aments may follow s i m i l a r  equations.  These q u a n t i t i e s  lend themselves 

r e a d i l y  t o  t h e o r e t i c a l  inves t iga t ions  of  complex systems because simple 

combinations of  e l e c t r i c a l  components may be  designed t o  a c t  i n  a manner 

analogous t o  the  opera t ions  o r  a more complex system. The next chepter  . !  ..:. "' .. ' 
w i l l  i l l u s t r a t e  t h e  coricepts of  s imulat ion of  n a t u r a l  systems by eTec t r i -  ... ..,. . . : 2:. 

c a l  a ~ l a l o g s  and b r i e f l y  compare t h e  mer i t s  o f  t h e  e l e c t r i c a l  network 

and e l e c t r o n i c  analogs. After  f u r t h e r  d iscuss ion of  analog computer 

methods, we s h a l l  r e tu rn  i n  Chapters 7 and 8 t o  consider  t h e  s o l u t i o n  

i- 
of equations l i k e  ( 1 ) - ( 4 )  and t h e  behavior o f  t h e  systems t h e y  represent .  



111. . PREVIOUS USES OF ELECTRICAL NETWORKS 
.AND ELECTRONIC ANALOGS 

Two d i f f e r en t  types of analog computers t o  be .contras ted are:  

(1) e l e c t r i c a l  networks i n  which flow of current i s  analogous t o  flow 

of matter, and (2) ele,ctGonic analog computers i n  which propogation of 

var ia t ions  i n  voltage is  analogous t o  t h e  flow of matter. This chapter 

mentions two previous s tud ies  using e l e c t r i c a l  networks for slrnulctl lag 

t h e  flow of carbon, notes some l imi ta t ions  inherent i n  these networks, 

and i l l u s t r a t e s  severa l  appl icat ions  of e lect ronic  analog computers. 

A. An ~ l e c t r i ' c a l  Network -Analog f o r  an Ecological. . 
System in  a Steady-State 

An i n t e r e s t i ng  appl icat ion of an e l e c t r i c a l  network .analog t o  an 

8 ' ecological  system was recent ly  provided by H. T! Odum. The average 

r a t e s  of flow of carbon through an aquatic system were simulated i n  the  

e l e c t r i c a l  network b y  the  flow of current;. These we17e adjusted with . 

var iab le  r e s i s t o r s  t o  6.e analogous to rluw 1aLes c ~ . t i i i f i t t d . f r ~ m  f i c l d  

data .  Milliammeters continuously monitored t he  flow of current, o r  the  

f l u x  of matter  i n  t he  ecological  model. A voltilieter wai connec.ted a c r o ~ s  

elements of t he  network t o  determine t h e - p o t e n t i a l  differences which 

"drive" currents  through these var iable  r e s i s t o r s  i n  accordance with 

ohm's Law. These po t en t i a l  differences were re la ted  tu  the tcndcncy of 

8 
H. T. Oduin, Ecological Po ten t ia l  and Analogue Circui ts  f o r  the  

Ecosystem, American Sc ien t i s t  - 48, 1-8,  arch ,1960). ' 



the  ecological  system t o  maintain a steady-state.  

Such a network of r e s i s t o r s  may be usefu l  f o r  exploring the  

e f f ec t s  of differences i n  one component of the  c i r c u i t  on the  responses 

of the  remainder of the  c i r c u i t  i n  t he  steady-state.  But these net-  

works cannot simulate t h e  time-dependent var ia t ions  of the  system, i . e . ,  

t r ans ien t  conditions which are  more l i k e l y  t o  p reva i l  i n  nature.  

B. Application of an E lec t r i ca l  Analog 
t o  the  World-w ide Movement of Carbon 

Transient conditions occurring i n  an ecosystem may be simulated 

with c i r cu i t s .  s imilar  t o  t h a t  described above by supplementing and/or 

replacing cer ta in  r e s i s t o r  components with capacitors.  Such an analog 

was constructed by H. deVries,"1° based on a conceptual model discussed 

. by H. Craig,'' t o  simulate the  geochemical cycle of C14  i n  a large eco- 

system--the whole ear th .  

14 The movement of carbon o r  of C , produced i n  the  atmosphere by'  

cosmic radiation,  was simulated by the  current, i, flowing through 

capacitors whose capacitance was made proportional t o  the  s i ze  of the  

carboil 1-eservulrs i n  the  ecological  model.. The e l e c t r i c a l  network of 

Fig. 2 i s  a s impl i f ied analog of t he  th ree  compartments (atmosphere, 

'H. devries, Measurement and Use of Natural Radiocarbon, Researches 
i n  Geochemistry, John Wiley and Sons, Inc. ,  New York, (1959). 

'In 
IU , Variation of Concentration of Radiocarbon with Time and 

Location on Earth, Proc. Koninkl. Ned. Akad. Wetenschap, ~ 6 1 ,  94-102 (1958). 
7 7 

- 
1.L 

H. Craig, The Natural Dis t r ibut ion of Radiocarbon and the  Exchange 
Time of Carbon Dioxide Between Atmosphere and Sea, Tellus, 9, '1-17 (1957). , .. - 
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Fig. 2.  Geochemical Cycle of c14 for the Wl~ole Earth. . 
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mixed layer  of oceans, deep ocean waters) which contain over 90% of the  

C14  on t he  earth, but neglects the  t e r r e s t r i a l  biosphere and humus 

compartments which have grea t  ecological  i n t e r e s t .  

The res i s to r ,  Rd, provided a decay path f o r  capacitor, Cd, with a 

14 time constant analogous t o  the  radioactive mean l i f e  of C i n  a s 1  

i so la ted  reservoir .  The res i s to rs ,  Rm and Rmd, P rovided a decay path 

f o r  capacitors C and Cm, respectively, such t h a t  t h e i r  time constants 
a 

14 
a r e  analogous t o  the  exchange ra tes ,  k, of C atoms from atmosphere 

t o  the  mixed layer  of t he  ocean, and from t h i s  t o  the  deep sea. The 

amount of C14  i n  each reservoir  was assumed t o  be proportional t o  t he  

po t en t i a l  differences across the  corresponding element i n  t he  c i r c u i t .  

Variations i n  the  exchange r a t e s  of an atom of C14  a r e  simulated 

by changing res is tor-capaci tor  components t o  obtain the  proper time 

constants. Although.the equations describing t h i s  model might have 

been solved by more conventional mathematical methods, t h i s  analog 

enabled deVries t o  systematically vary each parameter f o r  a s e r i e s  of 

values and thus a r r i ve  a t  a large number of solut ions  rapidly.  DeVries 

concluded t h a t  i n  order t o  increase the  radiocarbon content i n  the  

atmosphere by 2 per cent, the  r a t e  of production of atmospheric C 14 

must increase by 23 per cent, o r  the  exchange r a t e s  must decrease by 

5Q per cent.  

Chapter V I I I  w i l l  i e tu rn  t o  the  problem of t he  f a t e  of C14 pro- 

duced by nuclear t e s t s ,  with emphasis on the  biosphere and humus com- 

ponents and on the t rans ien t  conditions which might be s ign i f ican t  

f o r  b io log ica l  e f f ec t s  of t h i s  contamination. Before t h i s  can be 



considered, however, t he  remainder of t h i s  chapter and several  t o  

follow must survey ce r t a in  basic  fea tures  of e lect ronic  analog com- 

pute'rs and t h e i r  possible  ecological  appl icat ions .  
' 

C. Limitations of the  E lec t r i ca l  Network Analog 
a s  a Simulation Device 

The se lec t ion  of an analog depends upon t h e  approximations and 

assumptions made i n  designing the  ecological  model, the  v a l i d i t y  of' 

t h e  ecological  data, and the  desired accuracy of t he  computer solut ion 

f o r  t h e  model. As f a r  a s  possible, one would des i re  an analog which 

has  t h e  following cha rac t e r i s t i c s :  s impl ic i ty  i n  operation and con- 

s t ruc t ion ,  rapid  so lu t ion  of t h e  mathematical equations describing 

t h e  ecological  model, and f ina l ly ,  an analog capable of r e a l i s t i c  

reproduction of t he  system,under study o r  a t  l e a s t  an ins t ruc t ive  

:. approximation of Its processes. 

The e l e c t r i c  network models &iscussed. so f a r  exhibi t  thetie 

cha rac t e r i s t i c s  f o r  solut ion of t he  steady-state d i s t r ibu t ions  of 

carbon. However, f o r  many cases these solutions may be obtained with 

b u t  l i t t l e  more d i f f i c u l t y  from the  equations describing the  ecosyt;tem. 

Therefore, a major question with regard t o  the  analogs previously d i s -  

cussed would be how we l l  the  solut ions  t o  the  t r ans i en t  phases of t h e i r  

problems conform t o  t he  c r i t e r i a  above. unfortunately, the  Lrallsient 

e l e c t r i c  network analog solut ions  a r e  subject  t o  th ree  major sources 

of systematic e r ror :  (1) e r ro r s  introduced by the  e l e c t r i c a l  com- 

ponents themselves, (2 )  "counter-emf" e r ro r s  produced by capacitor 

components, and (3) e r r o r s  i n  measurement of the  problem solut ions  



introduced by the  charge-voltage monitoring devices. 

E l ec t r i ca l  components, i n  pa r t i cu l a r  r e s i s t o r s  and capacitors,  

a re  never "pure", but contain inductances and s t r a y  capacitances. 

The accuracy of any computer solution, espec ia l ly  an e l e c t r i c a l  net-  

work analog solution, i s  dependent upon the  "-purityw of the  components 

i n  the  c i r c u i t .  A l l  capacitances contain some f i n i t e  res is tance leak 

and some insulat ion leak o r  slow drain  of current.  Analysis shows 

t h a t  t h i s  leak i s  equivalent t o  a modification of the  e f fec t ive  out- 

put voltage of the  other components i n  the  c i r c u i t .  The e l e c t r i c  net-  

work i s  so designed t h a t  a small change i n  one component may introduce 

large e r ro r s  of in te rac t ion  and loading i n t o  a l l  the  o ther  components. 

To describe these e r rors  quant i ta t ively  would require formulation of 

mesh equations describing the e l e c t r i c a l  network. These equations 

become so colnpllcated i n  the  case of multi-compartment systems t h a t  

e lect ronic  analog computers were i n  pa r t  designed t o  solve them. 

In  addit ion t o  the  capacitor loading and leakage error ,  and more 

important, i s  the  manner i n  which a capacitor opposes t he  charging 

voltage. As the  capacitors a r e  charged t o  higher potent ia ls ,  t h a t  

charge which i s  accumulated upon the  capacitor determines a po t en t i a l  

of i t s  own,opposite i n  po l a r i t y  t o  the  voltage increase, and e f fec t ive-  

l y  c rea tes  a counter-electromotive-force. The e f f ec t  of t h i s  opposing 

po ten t ia l  i s  t o  reduce the  "true" po t en t i a l  t o  an e f fec t ive  po t en t i a l  

somewhat l e s s  i n  magnitude. 

The t h i r d  source of e r ro r  i s  again common t o  a l l  analog devices, 

but once more assumes grea te r  importance i n  t he  case of e l e c t r i c a l  



network analog. The measuring device, i.. e. ,  the  recorder t o  monitor 

voltage o r  current  changes i n  e l e c t r i c a l  c i r cu i t s ,  reduces the  "true" 

p o t e n t i a l  d i f fe rences  across the  components i n  a manner s imilar  t o  t h a t  

of t he  "impurit ies" of t h e  components and may a f f e c t  the  time constants 

of the  chosen c i r c u i t .  A wel l  regulated high impedance power supply 

with some type of null-recording device w i l l  reduce the  e r r o r  s i g n i f i -  

cant ly .  

From t h e  operat ional  standpoint the  e l e c t r i c  network has some 

addi t iona l  disadvantages. To vary the  exchange r a t e s  between compart- 

ments, i . e . ,  to ,  change t h e  value of' t he  f ixed res is tances  o r  capacitances 

requires  .manual :replacement. of :one resistance. .with another , r e s i s to r r  from 

i- a stock of components; Unless variab1e:resistors. and .capacitors a r e  . . 

avai lable ,  a s e r i e s  of separate, f ixed value components must be i n  

. stock f o r  each value of time constant o r  exchange time desired.  .Var iab le  

*, components. w i l l  r.educe t h e  inverltury required, but  on the  other  hand .will 

introduce add i t i ona l  e r r o r  with extended usage and wear. 

D. Some Previous Applicst,? on s 
of Electronic Analog Computers 

I 

The e lec t ron ic  analog computer not only  conforms wel l  t o  t he  c r i -  

t e r i a  of Section C, but  a l so  reduces t h e  l imi ta t ions  of t he  e l e c t r i c  

network analogs t o  negl igible  proportions, as discussed. in Qm-pter I V .  

For t h i s  reason e lec t ron ic  analog computers have recent ly  found a wide 

range of appl icat ion i n  diverse f i e l d s  of study, ranging from human 

physiology t o  weapons f a l l o u t .  

A t y p i c a l  b io log i ca l  invest igat iqn i s  t h a t  of A. K .  Solomon and 



G. L. ~ 0 1 d . l ~  These invest igators  attempted t o  describe the  experi- 

mental data f o r  the  evidence of potassium transport  i n  the  human 

erythrocyte with a mathematical model of the  unconstrained th ree  com- 

partment type. An e lect ronic  analog was constructed t o  f i t  t he  p a r t i -  

cu la r  mathematical model and the  c i r c u i t  parameters of the  analog were 

modified u n t i l  the  graphical  r e s u l t s  obtained from the e lectronic  

system were .In agreement with those found from experimental d i f fusion 

studies.  In  t h i s ' s t udy  a complete, but  not unique, descr ipt ion of 

potassium transport  was obtained, i. e., , the  experimental evidence was 

completely explained with t h i s  one model, but  could a l so  be explained 

. ,: '. : ' 
with several  o thers .  ,;,,. > .... 4 '  . :,, . . 

... .. I .  

~ i s h l ~  applied analog computing techniques t o  analysis  of d i s t r i -  4. . , -.L7.:- :.- 

bution and excretion of intraveneously i n j e c t e d  uranium between blood, . ,. , 

'.. ... 
bone, kidney and urine.  His computer simulatiori of t h i s  system'indi-  '.-. .I">., 

.I) __ .. 
'. .?... 

cated t h a t  a four compartment l i n e a r  model was su f f i c i en t  t o  account , ,-. . - .i . . r . .;a 

f o r  the  experimental data  obtained from male r a t s  and from data  f o r  

humans i n  the  low-dose leve l .  

J. H. wright14 - e t  - a l . ,  described a very high-speed analog com- 

12 
A. K. Solomon and G. L. Gold, "Potassium Transport i n  Human 

Erythrocytes: Evidence f o r  a Three Compartment System", J.  Gen. Physiol., 
38, 371-88 (1955) . See a l so  A. K. Solomon op c i t  . - 

7 - -- 
1 3 ~ .  R. Fish, " ~ p p l i c a t i o n s  of an Analog Computer t o  Analysis of 

Distribution and Excretion Data", Health Physics, 1, 276-281 ( 1958) . 
1 I .  - 
I4 

J. 11. Wright, L. Taback, and H. K. Skramstad, "Fallout Patterns", 
J. Re8. Nat. Bur. Stan., - 58, 101-109 (1957). 



puter  consis t ing pr imari ly  of function generators and scanning voltages 

f o r  predict ing geographic pa t te rns  of radioactive f a l l o u t  which occur 

following a  nuclear-weapon explosion. A l l  output data  were presented 

on a  cathode-ray tube, the  luminance a t  any point  on the  screen repre- 

sent ing the  i n t e n s i t y  of f a l l ou t  accumulated a t  t h a t  point .  Froma 

given geometrical d i s t r i bu t ion  of the  weapon cloud and known a c t i v i t y  

of t he  p a r t l c l c s  susyelided i n  t h e  oloud, t.hp er'7ects ul? wilid var ia t ion  

on t h e  f a l l o u t  pa t te rn  might be incorporated, into  the  analog and 

r e s u l t s  obtained i n  from 4 t o  7 minutes. In s imi la r  manner the  other  

parameters of t he  f a l l o u t  pa t te rn  might be changed rapidly  and 

approximate s o l u t i o n s  e a s i l y  .obtained.. 



I V .  DESCRIPTION AND OPERATION 
O F  ELECTRONIC ANALOG COMPUTERS 

Sections A and B of t h i s  chapter  descr ibe  t h e  elementary components 

of an e lec t ron ic  analog computer and the  simple combinations needed t o  

descr ibe  t h e  balance of gains and losses  of mate r i a l  Prom a s i n g l e  com- 

partment of an ecosystem. Sections C and D show how these .bas ic  

c i r c u i t s  r e a d i l y  may be combined t o  simulate chains of severa l  compart- 

ments l i k e  those  out l ined in 'chapter  11, and more r e a l i s t i c  eco log ica l  

models included l a t e r  i n  t h i s  r epor t .  Section E and Chapter V cover 

a d d i t i o n a l  methods f o r  adapting t h e  computer t o  a b e t t e r  approximation 

of s p e c i a l  mathematical funct ions .  ..?. , : 

A. Description of the  Operat ional  Amplifier . 
and t h e  Coefficient  Potentiometer 

The p r a c t i c a l  d i f ferences  between analog computers a r e  i n  t h e  

types of opera t ions  t h a t  they can perform and i n  t h e  methods by whi-ch 

they perform them. The count r a t e  c i r c u i t  of a  r ad ia t ion  survey meter 

and t h e  s l i d e  r u l e  which a r e  simple analog computers, perform l imi ted  

t a sks .  The e lec t ron ic  analog computer,15 on the  o the r  hand, i s  capable 

of many operat ions including: 

(1) Addition and sub t rac t  ion 

1 5 ~ a n y  d e t a i l s  and p r i n c i p l e s  can be  found i n  textbooks, such as: 
G. A. Korn and T. M. Korn, Elect ronic  Analog Computers. McGraw-Hill 
Book Co., New York (1952) . 



(2)  Sign and phase inversion 

(3) In tegra t ion  and d i f f e r en t i a t i on  

(4) '  Multiplication and divis ion 

( 3 )  Representation. of discon' t inuit ies 

(6) Generation of a r b i t r a r y  finctions 

To perform these  functions specia l  "chopper s tabi l ized" DC e lect ronic  

ampli f iers  a r e  required and because they operate url sllli~lated. m t h c  

mat ical  functions tkiey a r e  general ly  referred t o  a s  "operational 

amplif i'ers" . . Figure 3A i s  a symbdlic representation of the  operat ional  

ampli f ier  and o ther  components t o  be discussed. Of t he  s i x  operations 

l i s t e d  above, the  operationa-l amplifier  i s  capable of .the f i r s t '  th ree .  

I f  a number of s igna ls  a t  a r b i t r a r y  po ten t ia l s  a r e  applied t o  t he  

cont ro l  g r i d  through t h e  input r e s i s t o r s  t o  the  operational amplifier, 

t h e  output s i gna l  w i l l  then be t h e  algebraic sum of these po ten t ia l s .  ' ,  

Thus t he  operat ional  amplifier pluvldes a s inp lc  mcthod f o r  adding or 

subtracting po ten t ia l s ,  o r  input voltages, referred t o  the  ground 

po ten t i a l  of the  operat ional  amplifier .  The magnitude of t he  A t p u t  

may be equal to,  greater ,  o r  l e s s  than the  input s igna l  depending upon 

t h e  gain of the  ampli f ier .  A complete description of a t yp i ca l  

chopper s t a b i l i  ze,d DC e lect ronic  amplifier  i s  provided by computer 

i 6 
manuals. 

Sign and phase inversion occurs inevi tably  i n  each e lectronic  

amplifier .  Hence a second'amplifier may be used a s  an " inver ter"  t o  

16 
F. P. Green, Reactor Controls Analog Fac i l i t y  Operations Manual, 

ORNL-2405, (1958). 
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r e s to re  the  s igna l  t o  i t s  o r ig ina l  sign and phase. 

The symbols i n  Fig. 3  labeled in tegra tor  represent a  spec ia l  type 

of in tegrat ing c i r c u i t .  The capacitor of t h i s  in tegrat ing c i r c u i t  

connects both the  input and the  output s igna l  points  of t he  operational 

ampli f ier  i n  such a  manner t h a t  t h e  output po t en t i a l  var ies  a s  t he  

time i n t e g r a l  of t h e  input po t en t i a l  (Fig. 4) .  As i n  the  case of the  

i nve r t e r  a,buve, a numbcr of s ign3 1 s may be a c l r J 1 ~ t d  $0 thc  input ront,rnS. 

g r i d  - and the  output s igna l  w i l l  then be equal t o  the  i n t eg ra l  of the 

sum of these  po ten t ia l s ,  but  of t he  opposite po la r i ty .  The in tegra tor  

i s  therefore  general ly  referred t o  a s  a  summer-integrator. Differen- 

'. . t i a t i o n  i s  possible,  bu t  not advisable, since non-linear d i s to r t i ons  

' a re  introduced and accentuated through the  amplifier  . 
The po ten t i a l  of t he  control  grid, point  0 of Fig. 3B, remains 

. - .  near ground po ten t i a l .  Since t he  operational amplifier  a c t s  a s  an 

" isola t ing" amplit'ier between res is tor-capaci tor  net.works a s e r i e s  of 

input signals. connected t o  the  control  g r id  through input r e s i s t o r s  

do not introduce e r ro r s  due t o  in te rac t ion  ot' the  e l e c t ~ . l c a l  components 

a s  i n  the  case of the-  e l e c t r i c a l  network analog. . 
' 

The ac t i ve  network of the  summer-integrator approximates t he  t r u e  

i n t eg ra l  of a  quant i ty .by  several  orders of magnitude b e t t e r  than the  

passive e l e c t r i c a l  network. (3ee Appendix A) . The e s sen t i a l  dj..ff erence 

between the  two .is t h a t  the  control  g r id  po t en t i a l  of the  operational 

a~npl.if i e r  i s  e s sen t i a l l y  ground and no "oppo.sing" po ten t ia l s  develop 

across the  feedback capacitor t o  reduce t he  desired value OF the  input 
i 

po ten t i a l s  through the  input r e s i s to r s .    he e f f ec t  of t h i s  opposing 



poten t i a l ,  a s  would be  ' the c a s e  f o r  t h e  e l e c t r i c a l  network RC c i r c u i t s ,  

i s  t o  reduce t h e  value of the  t r u e  i n t e g r a l . )  Appendix A includes a 

more .complete discussion of t h e  .theory of t h e  opera t iona l  ampl i f i e r .  

Hather than keep a l a r g e  inventory of p rec i s ion  r e s i s t o r - c a p a c i t o r  

components t o  simulate varying c a p a c i t i e s  and exchange ra tes ,  t h e  

e lec t ron ic  analog computer u t i l i z e s  t h e  p roper t i e s  of ten- turn  vol tage  

d ividers ,  genera l ly  r e f e r r e d  t o  a s  potentiometers o r  po t s .  Figure 3A 

i l l u s t r a t e s  a pot  which s e l e c t s  any des i red  f r a c t i o n  of t h e  input  

p o t e n t i a l  across  i t s  terminals .  Pots a r e  contained i n  a metal cy l in -  

d r i c a l  housing with a graduated d i a l  face  enabling t h e  opera tor  t o  

note t h e  pot s e t t i n g  f o r  fu tu re  r e p l i c a t i o n s  of  a  given experiment. 

To avoid correc t ion terms t o  t h e  potentiometer arm potentia. ls ,  

servo-voltmeters o r  n u l l  voltmeters a r e  used t o  s e l e c t  t h e  des i red  

p o t e n t i a l  while t h e  load res i s t ance  i s  connected t o  t h e  potentiometer 

arm. ( see  Appendix A f o r  d e t a i l s  of potentiom6ter cor rec t ions  due t o  

c i r c u i t  loading. )  

B. Simple Combinations of t h e  Components 
of . t h e  Analog Computer 

The components previously described, t h e  opera t iona l  ampl i f i e r  

and t h e  potentiometer, may be interconnected i n  a manner so a s  t o  

descr ibe  t h e  balance between a c e r t a i n  r a t e  of input, -P, and a c e r t a i n  

r a t e  of loss ,  klV. The numerical values of these  r a t e s  may b e - r e l a t e d  

t o  input, e  and output  po ten t i a l s ,  e  of an opera t iona l  ampl i f i e r  
i' 0' 

with constants  of p ropor t iona l i ty  known a!; "scal ing fac tors" .  The 

magnitude of t h e  d i f fe rence  a t  any time between these  r a t e s  i s  described 



by a d i f f e r e n t i a l  equation such a s  eq. 1 of Chapter 11, which i s  

repeated below: I n  t h e  following equations, each r a t e  of ' the ecolo- 

g i c a l  equation is  there fore  proportional, o r  analogous, t o  a corres- 

ponding e l e c t r i c a l  quanti ty.  

simulate t h e  solut ion of the  " e l ec t r i ca l "  equation above, the  output 

po ten t ia l ,  e must be  proportional t o  i t s  analog, V. 'l'hrough refa- 
0' 

t ionships  l i k e  these, t h e  analog, computer may be used t o  sol-ve equations 

which a r e  formulated f o r  ecological  systems. 

With t h e  commonly ava i lab le .  commercial operational..  amplifiers,  it 

i s  necessary t o  r e s t r i c t  the  output voltage t o  the  l i n e a r  portion of 

t he  operating p l a t e  -gr id  voltage curve so Lhat undesirable. non- 1ines.r  

d i s to r t i on  w i l l  not he introduced in to  t he  output s ignal .  Pract ical ly ,  

t h i s  means t h a t  . a l l  computing operations mist, be designed so a s  t o  

r e s t r i c t  t h e  output po ten t ia l s  of the  operat ional  amplifier  t o  an 

e f f ec t i ve  mil sca le  range of + 100 V .  For t h l s  reason it i c  a l so  - 

n e c e s s a v  to' use appropriate scaling fac tors  when r e l a t i ng  machine 

voltages t o  problem var iables .  Within the  l i n e a r  portion of the  

operating curve an input s igna l  w i l l  be reproduced f a i t h f u l l y  a t  t he  

output of t h e  operat ional  ampli f ier .  That i s  t o  say, a sinusoida.1 

s igna l  applied a s  an input w i l l  be converted i n to  a sinusoidal  s ignal  

a s  an output, having the  same frequency as t h a t  of the  input signal,  

bu t  of t he  opposite po l a r i t y  and phase., 
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The time constant of the  c i r c u i t  of Fig. 4~ o r  i t s  analog, the  

u n i t  of time required f o r  growth o r  decay of some var iable  i n  the  

ecological  system, may be adjusted t o  a desired value by proper 

choice of the  feedback capaci tor  and the  input r e s i s t o r  t o  the  i n t e -  

g r a to r .  I f ,  f o r  example, the  value of the  input r e s i s t o r  t o  the 

i n t eg ra to r  i s  assigned a value of 1 megohm and the  value of the  

feedback capaci tor  i s  1 microf'arad, the Lln~e cuiistalst of the  cirr:. i i i ta 

would be 1 second. (see  Fig. 3 ~ )  With a time constant of 1 second, 
. . 

a constant input po ten t ia l ,  P,':&f '10 V, and a decay parameter, 
kl' 

of 0.23, the  solut ion t o  the  ecological  equation w i l l  be given by 

, t h e  analog computer a s  shown i n  Fig. 4 ~ .  

Combinations of t he  operational amplifiers and other  computer 

components a r e  simply made with spec ia l  i n s e r t  plugs, jacks, and 

,r '4 jumper cords. A large a r raya  of operational aInplifiers, with f ee8- 
.- . .-.i 

I. 'i 

- 4  back capaci tor  and ~Ses i s to rs  avullable, i s  contained i n  rommercially 
& ~, 
Z 

designed cabinets with input and output jacks conveniently located 

on patch panels.  Using jumper cords, s imilar  t o  telephone switch- 

board cables, these jacks may'be interconnected i n  any desired 

manner on t h e  patch panel. Figure 5 i s  a photograph of the  Donner 

Model 3400 e lec t ron ic  analog computer and i l l u s t r a t e s  the  corn)jonents 

above a s  we l l  &s units .l;u be described l a t e r .  At, t he  top of the  

computer cabinet  i s  t he  function generator containing 24 diodes. The 

char t  recorder, of , the n u l l  balance type, has controls  f o r  se lect ion 

of f u l l  sca le  value d i r e c t l y  below. The control  board i s  located a t  

center  with o u t l e t s  from the  regulated power 'supply 1ocated.a t  the  
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Fig. 5. Photograph of the Donner Model 3400 Electronic Analog Computer. 



bottom right. The ten  operational amplifiers a re  housed behind the 

panel d i rec t ly  beneath the  control board. The patch panel containing 

resistor-capacitor components i s  orientated horizontally under the  

amplifier cabinet. A row of potentiometers i s  located d i rec t ly  i n  

f ront  of the  control board while the function multiplier uni t  i s  

p a r t i a l l y  v i s ib le  beneath the patch panel. C ,  

The Reactor Controls Analog Computer Faci l i ty  of the O a k  Ridge 

National Laboratory has a larger  number of recorders (frontispiece, 

r ight ) ,  and potentiometers and amplifier controls (center) which 

enable it t o  simulate more compartments. Connections are  made on a 

removable wiring board ( l e f t  center) so tha t  the set t ing up of some 

problems can proceed while the computer i s  being used f o r  other 

problems. Also included are several auxil iary devices discussed below 

which enhance the versaki l i ty  of the computer. 

C. Relation of an Analog CumpuLer C i r c u i ~  
t o  an Ecological Model 

One summer-integrator provides the solution t o  one d i f ferent ia l  

equation which describes the  change i n  one compartment of an ecologi- 

c a l  model. For example, solutions t o  the ser ies  of d i f fe ren t i a l  

equations, equations 1 t o  3 in  Chapter 11, provide a description of 

the changing distr ibut ion of organic carbon between the ser ies  of 

compartments and may be.obtained from combinations of summer-integrators 

a s  shown in  Fig. 6. The input voltage t o  integrator No. 1 might be 

considered analogous t o  the  input matter t o  the vegetation compartment. 

n certain number of vol ts  input is  related t o  a quantity of input 
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matter with an appropriate scal ing factor ,  e.  g . , 
10 v o l t s  per  second equivalent t o  400 grams/square meter of 

organic, carbon 

Then t h e  accumulation of organic matter i n  each separate compartment 

of t h e  model w i l l  b e  described by the  increase of output po t en t i a l  

on i t s  analog, a summer-integrator; Set t ings  on t h e  feedback poten- 

t iometers a r e  anaiogs of the  decay parameters of each compartment, 

k-i, and the  potenfiometers connecting in tegra tors  a r e  analogs of 

p a r t i a l  t r ans fe r  coeff ic ients ,  Bijki. 

D. Di'scussion of the  Linear. Lag and 
Relation t o  Ecological Models 

The c i r c u i t  described i n  Fig. 4A and discusssd i n  Section C i s .  

more general ly  re fe r red  t o  a s  a l i n e a r  l ag  c i r c u i t  f o r  it provides 

t h e  solut ion t o  l i n e a r  d i f f e r e n t i a l  equations such a s  eq. 5 below, 

ilv 
Which reduces t o  these equations i n  the  steady-state (when - = 0)  , d t  

The potentiometer, k2, couples groups of l i n e a r  lag c i rcu i t s .  such a s  

those shown i n  Fig. 6. To focus a t t en t ion  on the  lag feature  of t h i s  

c i r c u i t ,  consider' ,the gains on the  summer-integrator of Fig. 4 A  t o  be 

u n i t y  and t h e  potentiometers s e t  such t h a t  k equals k If a s tep  
I 2 ' 

function of 1 0 V i s  now introduced in to  the  summer-integrator through 

the  potentiometer k t he  output voltage w i l l  u l t imately  a t t a i n  the  2 



equilibrium value of 10 V. However, the rapidity of the response of 

the output potential, i.e., the time required to attain the equilibrium 

value of 10 V, 'is entirely a function of the parameter kl. This delay 
. . 

in response of the output potential may be described in terms of the 

time for half-response, more commonly called the half-time, which is 

given by the relation: 

Half - t ime = 0. 693/k1 

The ratio of output to input potential, described by eq. 6, is 

called the amplifier gain and will be considered analogous to the 

corresponding ecological ratio of steady-state accumulation of matter 

.$: 

to the flux of matter into the compartment. It is evident that the 
. . :I 

quantity of matter accumulated in a given compartment, as well as the 

rate of accumulation, is a function of two parameters, k and k2. The 1 

parameter, k2, corresponds to the partial transfer coefficients des- 

cribed in Chapter 1 1  gijki; while the parameter, corresponds to 
kl' f 

the decay parameter also defined therein. 

Combinations of several linear lag circuits in series,, such as in 

Ffg. 6, with the value of the input pot set equal to that of the feed- 

back pot, would produce correspondingly greater lags in the response 

of the machine as shown diagrammatically in Fig. 4 ~ .  However, for this 

. more complex arrangement, no simple mathematical combination of the 

parameters, k. ( i = 1,2,3 ...... n), will adequately describe the time 
1 

for half-response (as was the case for the single linear lag circu'it) 

because each additional lag will be contingent upon the preceding lag 

b in a rather complex manner. Solutions of the mathematical equations 



which describe the  system w i l l  permit calculat ion of each point on a 

curve such a s  one of those i n  Fig. 4 ~ ,  however t he  analog computer 

w i l l  p l o t  a continuous sequence of points much more rapidly  and i s  

recommended t o  solve ecological  models characterized by s e t s  of decay 

Once these  solut ions  . a r e  recorded, they then could be 

used a s  templates t o  describe the  var'ious ways i n  which der ta in  type 

of ecological  systems, characterized by the  parameters chosen, woiild 

change. 

From-the standpoint of ecological  models we may summarize the  

foregoing theory of t he  l i n e a r  l ag  c i r c u i t  i n  the  following manner. 

. Each ecologica1.compartment of a s e r i e s  connected chainwise; ,e.g., 

t he  producer-littkr-.soi.i  compartments *of  .Fig. 1, . w i l l  exhibit.  a 

delay i n  the  accumulation of organic carbon,in t he  t r ans i en t  s t a t e  

. which might ..be .described i n  terms : of. the  ha l f  -time . resp0ns.e .of the  
+ .  

analog computer o r  a s  i n  the.'model template of Fig.. 4c.. .The 

s teady-s ta te  l e v e l  of carbon accumulation w i l l  be described i n  terms 

of t he  decay parameters of each compartment and the  t r ans fe r  para- 

meter of the  succeeding compartment analogous t o  eq. 6 above. Ef fec t s  

of var iable  decay parameters on the  growth of t he  t r ans i en t  phase and 
I 

t h e  steady-state accumulations of carbon w i l l  be  discussed in  Chapter 

VII . 

E. Equations with Variable. Coefficients; 
Use of the  Function Mult ipl ier  

The models of sect ions  C and D do-not provide f o r  t he  pos s ib i l i t y  

t h a t  t he  t r ans fe r  coef f ic ien ts  - k'may vary. For example, the  vegeta- 



t i o n  V ins tead  of depending only on t h e  input  from photosynthesis 

and on some constant  f r a c t i o n  k l .o f  t h e  vegeta t ion being l o s t  p e r  

u n i t  time (eq. l), may depend on a k which i s  e i t h e r ,  a )  an a r b i t r a r y  

function of time, o r  b )  a  function of the  amount of mate r i a l  i n  one 

of t h e  compartments. Equation 7 represents  t h e  c l a s s  of l i n e a r  

d i f f e r e n t i a l  equations wi th  va r iab le  coef f i c ien t s ,  where ~ ~ ( t )  i s  

spec i f i ed  by some funct ion of t (e.g. ,  representing an o s c i l l a t i o n  

with time, which might simulate an annual cycle  i n  t h e '  f a l l  of 

l i t t e r ) .  Equation 8 represents  a  non-l inear d i f f e r e n t i a l  equation 

i n  which t h e  coef f i c ien t  (here  d is t inguished a s  t h e  upper case K ~ )  i s  

a funct ion of t h e  va r iab le  represent ing a compartment i n  t h e  system. u. +::. - , - 

. . 
- dV - - P - klV 
d t  

Linear equation, constant  c o e f f i c i e n t  (1 )  
, . 

- = P - K ( t ) ~  Linear equation, va r i ab le  c o e f f i c i e n t s  (7) ' ' /  ,*. . . ,LC 
1 

. ..7? ,;;<< 
- dV - -. P - K ~ ( V ) V  Non-linear d i f f e r e n t i a l  equation 
d t  (8) 

I n  a whole system of equations l i k e  (4), it i s  poss ib le  t h a t  c o e f f i c i e n t s  ' 

governing t h e  l o s s  f o r  c e r t a i n  compartments might vary  a s  a funct ion of 

some o the r  compartments i n  t h e  ~ y ~ t e m .  For example, i f  t h e r e  were com- 

partments f o r  various animal species,  t h e  K f o r  vegeta t ion might change 
1 

along with t h e  population of c e r t a i n  d e f o l i a t i n g  i n s e c t s .  

This non-l inear condit ion may be programmed on t h e  analog computer 

with an a d d i t i o n a l  e l ec t ron ic  device genera l ly  r e f e r r e d  t o  a s  t h e  

funct ion m u l t i p l i e r .  When two d i s t i n c t  vol tage  s i g n a l s  a r e  introduced 

i n t o  t h e  function m u l t i p l i e r  t h e  r e s u l t a n t  output  s i g n a l  of t h e  mult i-  



p l i e r  i s  p ropor t iona l  t o  t h e  product of t h e  two input  voltages.  The 

analog computer c i r c u i t s  of Fig.  7 con t ras t  t h e  computer models 

necessary  t o  desc r ibe  equations 1, 7 and 8. The s i g n i f i c a n t  d i f fe rence  

between t h e  two c i r c u i t s  i s  t h e  replacement of t h e  potentiometer, 

necessary  t o  simulate t h e  constant  decay parameter, kl, with a func- 

t i o n  m u l t i p l i e r  which permits  incorporat ion of t h e  va r iab le  decay 

r a t e  parameter, Kl, i n t o  t h e  negative Seedt5aCK f l r f u i t  of the ln tagra-  

t o r .  ~ w o  a m p l i f i e r s  wi th  gains  of  10 compensate f o r  vol tage  reduction 

by 1/100 by t h e  func t ion  m u l t i p l i e r  t o  avoid overloading of  t h e  i n t e -  

g r a t o r .  

F. The Function Generator 

The function genera tor ,  l7 ( ~ i g  . 5 )  an a u x i l i a r y  e lec t ron ic  device 

t,o t h e  analog computer, i s  used t o  generate a r b i t r a r y  funct ions  of 

.. t ime and o t h e r  va r iab les  which can be introduced i n t o  funct ion mult i-  
, 

p l i e r s  ( as  above),, o r  i n t o  i n t e g r a t o r s  t o  simulate v a r i a t i o n s  i n  

na tu re .  'l'he f'unctioil 'generator  Is c a l i b r a t e d  i11 such a manrler Lllal; 

when X vo l t s ,  t h e  d r iv ing  voltag@, i s  t h e  input  funct ion t o  the.  

genera tor ,  t h e  output  p o t e n t i a l  may be  ad2usted t o  a value propor- 

t i o n a l  t o  F ( x ) .  If t h e  input  s i g n a l  t o  t h e  funct ion genera tor  

ilx 
changes a t  a r a t e  - volts/second, t h e  output  p o t e n t i a l  changes a t  

d t  
~ F ( x )  Is "@) v o l t s  per v o l t  input, where - a r a t e  propor t ional  t o  - 

dX dX 

t h e  slope o f  t h e  curve a s  described by t h e  funct ion genera tor .  The 

, shape of  t h e  generated funct ion may be described as a funct ion of 

L' C.  L. Johnson, Analog Computer Techniques, McGraw-Hill Book Co., 
~ n c  . 1-36-16? (1956) . 
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time for ,  

Most a r b i t r a r y  F(x , t )  may b,e generated subject  t o  two r e s t r i c t i ons :  

(1) the  driving voltage t o  the  function generator must be such t h a t  

.it never exceeds l i n e a r  operating range of the  operational amplifiers 

housed with t he  function generator c i r c u i t .  (2) The function which 

i s  t o  be  simulated i s  approximated by s t r a igh t  l i n e  segments whose 

slopes a re  given by: 

F'(x2) - F,(X ) 2 vo l t s  X .  = f (time o r  other  var iables)  . 
1 = 1 

X2 - X1 
/ 

l v o l t  . i = 1 , 2  ,.... n 

The maximum to l e r ab l e  slope i s  general ly  of the  order of 2 : l .  Hence 

the  accuracy of approximation of the  function of time generated i s  

r e l a t ed  t o  t h e  complexity of the  curve t o  be simulated. Because the  

function generator has a lag of i t s  own, which rounds off  the  corners 

separating l i n e a r  segments, t h i s  r e s t r i c t i o n  i s  not so serious a s  

might f i r s t  appear (Fig. 8 ) .  An example of the  use of t he  function 

generator t o  describe an arbitrary function of time, not e a s i l y  simu- 

l a t e d  with t he  two components above, w i l l  be included i n  Chapter V I I I .  

Instead of using t he  function generator, it f requer~ t ly  w i l l  be 

possible t o  approximate f a i r l y  a r b i t r a r y  functions by cer ta in  combina- 

t i ons  of trigonometric and exponential 'functions which can be generated 

a by certain. sub-circui ts  of t he  computer i t s e l f .  The next chapter w i l l  

i l l u s t r a t e  t h i s  procedure i n  geneyal terns, u s l ~ ~ i  exallqlts of input 

functions which w i l l  be u t i l i z e d  i n  the  chapters t o  follow. 
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V. COMPUTER INPUTS: ALTERNATIVE MODELS FOR 
ASSIMILATION OF CARBON 

For the sake of simplicity, a constant input, P, was assumed in 

the examples of Chapters I1 and IV. Implications of this hypothetical 

model will be made explicit in sections A and B of the present chapter 

and will continue to be used for mathematical convenience in examples 

of some later chapters. The remaining sections of this chapter show 

several different ways by which' the computer can simulate more compli- 

cated and realistic conditions whenever this Is desired. 

One obvious method of obtaining the non-uniform input for the 

ecological analog model is simply to precede it by a circuit with opera- 

tional amplifiers connected in the manner of the last chapter. In 

section B this device allows consideration of transient conditions, i. e., 

inputs which are initially either higher or lower than the final steady 

value, but which approach the final value asymptotically. In section C, 

ampliyiers are combined 111 such a way a3 to provide a s i n u s o i d ~ l l  oscilla- 

tion, which potentially can be adapted to simulate a wide variety of 

seasonal oscillations in productivity. Both transient and oscillatory 

features are combined by means of a servomultiplier in section D. 

Finally, section E notes the wide range of possibilftles by which real 

field data or arbitrary hypotheses can be approximated by the function 

generator if all the preceding methods are inadequate. 

A,. Constant Rate of Producer Assimilation 

A constant rate of assimilation of atmospheric CO by plants 
2 



implies a hypothetical ecological condition in which the standing 

vegetation produces the same quantity of organic carbon from season 

to season and year to year. To simulate a constant rate of photosyn- 

thesis, P1, on the analog computer it is necessary only to adjust the 

input signal to a summer-integrator such that it is unvarying with 

time. If the voltage is obtained from the reference power supply 

through a potentiometer set to some desired value, e.g., 10 V, and 

introduced into a summer-integrator with a time constant of one 

second, the rate of increase of potential on the feedback capacitor 

will be 10 V per second. This constant rate of increase of potential 
,+ 

on the capacitor is related to the constant rate of increase of pro- 
> . ?> 

ducer assimilation with appropriate scaling factors, e.g., 

2 
10 V 400 g carbon/m 1 second computer time = - -  - 
sec . year 1 year ecosystem time 

We may then represent the constant rate of photosynthesis as a straight 2 -  

line, i.e., in Fig. 9 this is an extension of the asymptote back to the 

ordinate, 400 grams of carbon/square meter per year. The ordinates of 

t h i s  graph are labelled both in input potential per second, volts, and 

rate of photosynthesis, in grams of carbon/square meter per year to 

show their relationship as defined by eq. 9.  Likewise, the abscissa 

is labelled in units of time which refer to the computer time constant, 

seconds, and also in units of time which refer to the ecological model 

time, years. 

The computer methods which are described here could be used to 

simulate either the net or gross rate of photosynthesis. 



For t h e  vegetation compartment described i n  Chapter I1 and simu- 

l a t e d  on the  e lec t ron ic  analog computer i n  Chapter I V ,  one decay 

parameter, kl, was considered t o  represent the  t o t a l  l o s s  of the  grow- 

ing vegetation both by seasonal l ea f  f a l l  t o  produce l i t t e r ,  and by 

losses  t o  t h e  consumers whose food consisted of l i v ing  p lan ts .  For 

t h i s  type model, t o  be used throughout t h i s  study, the  ass imila t ion 

by producer p lan ts  would correspond t o  the  - net  r a t e  of photosynthesis 

because no provision was made f o r  losses  of standing vegetation by 
, j  

t he  processes of p lan t  respira t ion.  The net r a t e  of photosynthesis 

i s  described i n  terms of the  conversion of the  quanti ty of carbon dio- 

xide of the atmosphere, as.. grams .of carbon per square meter of vege- 
. e 

t a t i o n  per year, i n t o  organic carbon of the  vegetation expr.essed i n .  

t he  same u n i t s .  'I1he. equation describing the  growth of vegetation with 

a constant net  r a t e  of photosyntheses and constant r a t e  of l o s s  of 

mater ia l  has been given: 

where the  symbol, P1, represents t he  producer ass imila t ion i n  grams of 

2 
carbon/meter per  year. 

With a s l i gh t  modification, eq. 10 might describe the  gross r a t e  

of photocynthecis, i . e . ,  considering losses  t o  plant  resp i ra t ion  a s  well 

a s  t he  losses  described above. 

In  eq. 11 the  symbol, r, corresponds t o  the  annual f r ac t i ona l  loss  of 



the  organic matter comprising vegetation t o  the atmosphere a s  respired 

Cog. For t h i s  one modification of the  mathematical model, the  corres- 

ponding adaptation of t he  analog computer c i r c u i t  described up t o  t h i s  

point  could assume two forms. Introduction of one addi t ional  negative 

feedback pathway between the  output and input points  of t he  summer- 

in tegrator  through a potentiometer s e t  equal t o  the  value of the  res-  

p i ra t ion  parameter, r, w i l l  simulate the  addi t ional  l o s s .  Alternatively, 

a s ingle  feedback potentiometer could be scaled t o  correspond with t h e  

combined losses  (kl+r) instead of kl. 

B. Exponential Trends of Producer Assimilation 
. . . . .  . .-.. :.. '; .- >,.:..7 

Ecological.systems a r e  known t o  undergo gradual changes i n  average ., , .. . , '. - . . ,, ....%. 

productivity over periods of several  years. Ecologically speaking, t h e  
. . 

model of the  exponentially decreasing r a t e  of photosynthesis might 
. , .7;: 

' . , . .: , %  

correspond t o  a decrease i n  the  gross production of the  vegetation dur- 
,.* .. 

? .  

ing each seasonal cycle u n t i l  some equilibrl,iim condition has been 

a t ta ined.  For example, t h i s  decrease might r e s u l t  due t o  the  depletion 

by leaching o r  erosion of ce r ta in  minerals necessary f o r  plant  growth 

and hence f o r  carbon assimilation.  The model f o r  increasing photosyn- 

t he t i c  ra tes ,  o r  average annual increases i n  the  vegetation producti- 

vity,  conversely might correspond t o  gradual invasion of p lan ts  on a 

bare area o r  t o  accumulation i n  t h e  so l1  of nu t r ien t s  such a s  nitrogen 

which might infS11encc t.he potcn t ia l  and acLual photosynthesis ra tes .  

Mathematical models of both these types might be described i n  

terms of equations rescmbling 12 and 13: 
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Fig. 9. Simulation of Uniform and Gradually Changing Rates of Photosynthesis 
on X-Y Plotter. 

Fig. 10. Simulation of Simple Sinusoidal Oscillation of Photosynthesis. 



P = 3 (1 + 
2 

Exponential ly decreasing r a t e  (12) 

P = e (1 - e-kt) 
3 

Exponential ly increas ing r a t e  (13) 

Graphical examples of t h e s e  equations a r e  shown i n  Fig. 9, t h e  upper 

curve corresponding t o  eq. 12, t h e  lower curve t o  eq.  13. Both equations 

were programmed on t h e  analog computer ( ~ i g .  11~) using t h e  l i n e a r  l a g  

c i r c u i t  described i n  Chapter I V .  The decay parameter, k, was a r b i t r a r i l y  

s e t  a t  114 f o r  i l l u s t r a t i v e  purposes. The input  voltage, a, was ad jus ted  

with t h e  input  potentiometer  t o  10 V; t h e  i n i t i a l  condit ion vol tages  on 

t h e  feedback capaci tor ,  D*BPf , were f ixed  a t  20 V and 0 V i n  o rde r  t o  

siiriula.te equations 12 and 13, r e spec t ive ly .  

. , . :  The genera l  form of the  mathematical equation described by t h e  . . L .  ... .!r 
^ .  5 

. c  
arlalog computer c i r c u i t  of  Fig.  11 may b e  wr i t t en :  

3 . :  

P = a (1 - + P emkt Po = BPf = Ba . (14) a .._? 
;' ''i 

0 ' I  

' 8 :  2 . . -> 
a . :, 
; ,. :< 

represents  t h e  i n i t i a l  r a t e  of  photosynthesis  o r  t h e  . . . "  The symbol, .. . 
' ",.i 

. I .. C .. 5 

value of t h e  r a t e  a t  time zero. It i s  convenient t o  consider  t h e  i n i t i a l  

r a t e  of  photosynthesis,  
Po) 

i n  terms of  t h e  f i n a l  r a t e  of photosynthesis,  

Pf, and the re ro re  P has been r e l a t e d  t o  a by t h e  constant ,  B. Equa- 
0 

t i o n s  12 and 13  consider  extreme cases i n  which t h e  r a t i o  of t h e  i n i t i a l  

t o  f i n a l  r a t e  of photosynthesis,  B, i s  respect ive ly ,  2 : l  and 0 .  Subst i -  

t u t i o n  of these  values of  B i n t o  eq. 14 g ives  both equations 12 and 13.  

The time required t o  e i t h e r  decrease o r  increase  t h e  r a t e  of  photosynthe- 

s is  by one-half i t s  i n i t i a l  r a t e ,  t h e  half- t ime,  i s  found from Fig.  9 t o  

be 2 . 8  years  f o r  both cases .  This would be expected from t h e  exponential  

type mathematical equation which t h i s  computer c i r c u i t  s imula tes .  



C. Sinusoidal Approximations t o  
Producer' Assimilation 

Most vegetation exhibi ts  f luctuat ions  i n  photosynthesis which 

r e f l e c t  var ia t ions  i n  t he  annual seasons and var ia t ions  'in t he  inherent 

rhythmic nature of growth. 

A simple approximation t o  a. na tura l  cycle might be 'a mathematical 

equation of a s inusoidal  type such as :  

P4 = lw - fw cos U)t, ( 15) 

whe , re ,  A - an a r b i t r a r y  constarit which determines the-amplitude 
of t he  sinusoid, so W = 10 v o l t s . =  400 g~/m2. 

6.28 sec 
- 1 cu - angular veloci ty  of sinusoid = 21~f = 2fi = 

f - frequency of osc i l l a t ion ,  one cycle per  year 
t .-  time i n  years 

The analog computer generated. the curve shown i n  Fig; 10, from the 

mathematical form above, and future  use of t h i s  form-wil l  occur through- 

out  t h i s  chapter with symbols so defined. Note t h a t  the annual f luctua-  

2 
tions18 a re  between 0 g ~ / m  and 800 @/m2. These amplitudes have been 

adopted f o r  Fig. 10 so t h a t  the  var iable  quanti ty of atmospheric CO 
2 

'$he recorders uscd i n  t h i s  study were of the  servo-mechanism 
type.  Pulses.from the  panels i n  Fig. l lmodula te  t he  amplifiers of 
the  recorder servo-mechanism whi.ch ac t iva tes  the  recording pen arm on 
the  chart  paper. The frequency response of the  servo-device i s  inade- 
quate t o  record frequencies g r ea t e r  than 1 radian per  second, and w i l l  
not f a i t h f u l l y  reproduce frequencies,smaller  than- th i s  i f  these a r e  of 
large amplitude. The operational amplifier  "sees" voltage pulses of 
t he  order described by the  mathematical models, Bowever the  recorders 
w i l l  not reproduce these  pulses fa i th fu l ly ,  but w i l l  a t tenuate  them 
s l i g h t l y  depending upon both frequency and amplitude of the  pulse. This 
kind of l imi ta t ion  on the  normal and even the  fast-response s t r i p  char t  
recorder was overcome by the  use of a Varian X-Y p lo t t e r  with the  Reactor 
Controls Computer f o r  i l l u s t r a t i o n s .  



(carbon) assimilated by p~~oducers 'over one annual cycle, P4, is equiva- 

lent to that quantity of C02 which would be assimilated annually with 

a constant rate of producer assimilation P 
1: 

Over n annual cycles, the 

Constant Rate of - - Sinusoidal Rate of 
Photosynthesis Photosjmthesis 

where, 
2 

P = a constant rate of producer assimilation = 400 g~/m /yr 
1 

P4 = a sinusoidal rate of producer assimilation of eq.15 

t = an integral number of .annual cycles (years) 
n 

Therefore, 

lotn 460 dt. - - lotn ku(l - cos cut) dt 

Solving for the mean amplitude of the sinusoid over one annual 
cycle, t = 1, and 

sin cut sin 2n 
&! = 400 - = 400 - = 400 g~/m 2 

cut 2n 

Therefore the analog computer will simulate the desired function, in both 

amplitude and. frequency, if a scaling factor of 

10 V 400 gc/m2 = -  
sec . year is used: 

Eq. 15 was programmed on the analog computer from the circuit of 

Fig. 11A; one branch producing the cosine function, ALU cos at,. the other, 

the quantity,-ALu. 'When voltage analogs of these quantities are combined 

through the cummer-inverter, the desired voltage variations are produced 

at the output of the inverter corresponding to eq. 15. The potentio- 
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meter s e t t i n g s  w/10 = 0.628, i n  conjunction with gain  s e t t i n g s  of 10 

on two amplif iers ,  determine t h e  frequency of t h e  s inusoidal  output 

(6.28 radians per  second o r  1 cycle pe r  second = 1 year ) .  On t h e  l e f t  

of Fig. l l A ,  t h e  potentiometer s e t t i n g  of  ~ / 1 0 0  determines t h e  

f r a c t i o n  of -100 v o l t s  (-Pcu) which becomes inver ted  t o  +Pcu as t h e  

i n i t i a l  condit ion on t h e  s inuso ida lb ranch  of t h e  c i r c u i t ,  s ince  cos 

u t  = 1 a t  t = 0 .  When b = 1, t h e  i n i t i a l  condit ion s e t t i n g  bLW/100 

leads  t o  a constant  voltage of -Pcu on t h e  non-sinusoidalbranch.  These 

two terms a r e  summed and inver ted  i n ' t h e  s-er-integrator t o  g ive  P 4' 

o r  eq. 15. 

Lett ing b . t a k e  values o ther  than 1 permits t h e  representa t ion of 

o the r  seasonal  cycles shown i n  Fig. 12. Let eq. 17 def ine  a per iodic  

f'unction p which i s  equal  t o  P f o r  p o s i t i v e  values of p, b u t  l e t  
4a 

p4a 
be zero f o r  negative values of p .  

'4a = p = bPcu - AU cos wt = pSo (b - cos u.1;) when p > 0 (17) 

P4,, = 0 when p < - 0 

When b = 1 we have t h e  twelve month cycle of production a l t e r n a t i n g  

between 0 and 2Pcu, a l ready i l l u s t r a t e d  i n  Fig. 10. b > 1 represents  

a 12-month cycle of production which never falls below AU(b - 1) and 

never r i s e s  t o  ~ ( b  + 1); b = 0 represents  t h e  case where production 

i s  neg l ig ib le  through h a l f  t h e  year, and r i s e s  t o  Pcu during t h e  o the r  

ha l f  (a hal f  -wave r e c t i f i c a t i o n )  ; values of b between -1 and 0 corres-  

pond wi th  producing seasons of l e s s  than 6 rnonths. The case where 

b < 0 might simulate t h e  condit ions of the  growing vegetat ion i n  
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Fig. 12. Simulation of Seasonally Fluctuating Rates of Photosynthesis. 



arctic regions of the earth; b = 0 to 1, many temperate conditions; 

and b > 1 some temperate to tropical conditions in which production is 

significant even in the coldest (or driest) season. (still further 

refinements in the periodic input are possible through the use of 

Fourier series noted in section E). 

In case b < 1, the condition of preventing the input from falling 

below zero can be attained by connecting a limiting diode to the ampli- 

fier leading to P4 in Fig. 11A. 

D. Exponential Trends Superimposed on Oscillating 
Producer Assimilation; an Example 
of the U s e  of a Function Multiplier 

In addition to the simple sinusoidal approximation to the rates 

of producer assimilation, consideration might also be given to the 

sinusoidal analogs of the exponentially changing rates of photosynthesis. 

These might be described by the mathematical equations: 

-kt P = (1 + e ) (U - cos cut) 
5 

P6 = 
-kt (1 - e ) ( P L ~  - PUI, cos cut) 

Figures 13 and 14 are plots of equations 18 and 19, respectively, ana 

were generated by the analog computer by means of a function multiplfer 

such as that di~cussed in Chapter IV. Because the servomultiplier auto- 

matically divides the product by 100 to prevent possible overloading of 

amplifiers (10 volts x 10 volts/100 = 1 volt the steady-state average 

output from the servomultiplier in Fig. ll~), multiplication by a gain 

of 10 is needed to get the final output of P or P6 approaching the same 
5 

10 volt average value as P1 to P4. 

Note that the amplitude of the oscillations of these functions in the 
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Fig. 13. Decreasing Sinusoidal Rate of Photosynthesis. 
Fig. 14, Increasing Sinusoidal Rate of Photosynthesis. 



s t eady-s ta t e  a r e  equivalent  i n  magnitude t o  those  of  t h e  simple s inusoid  

of Fig. 10. The maximum and minimum values of  t h e  r a t e s ,  expressed on 

an annual bas i s ,  may be  obtained from t h e  so lu t ion  of  t ime- in tegra l  

equations i n  t h e  manner of Pa r t  C .  Since t h e  r a t e  of producer a s s imi la -  

t i o n  i s  expressed on an annual b a s i s  t h e  instantaneous p roduc t iv i ty  r a t e  

2 .  
reaches a maximum value of  1600 g ~ / m  per  year  f o r  t h e  decreasing s inu-  

2 
soid  and up t o  800 g/m per  year  f o r  t h e  increas ing sinusoid.  A s  might 

be expected from t h e  mathematical equation, t h e  time f o r  the  r a t e  t o  

change t o  one-half i t s  i n i t i a l  value i s  given i n  terms of t h e  parameter, 

k, t h e  exponential  function i n  equations 18 and 19. The measured values 

of t h e  ha.]-f-time of growth o r  decay a r e  2 . 8  years  f o r  both Figures 13  

and 14. Natura l ly  these  curves generated by t h e  analog computer a r e  

t y p i c a l  of the  i n f i n i t e  number which might b e  produced with t h i s  l imi ted  

amount of equipment by  varying the  parameters i n . e i t h e r  t h e  mathematical 

equations o r  on t h e i r  analogs (F'ig. 11). 

To ob ta in  these  p lo t s ,  t r a n s i e n t  voltage f l u c t u a t i o n s  of t h e  c i r c u i t  

of Fig. 1 1 C  were allowed t o  a t t a i n  t h e  s teady-s ta te ,  and then t h e  output  

potentiometer of t h e  servo-mul t ip l ier  was adjus ted  so t h a t  t h e  steady- 

s t a t e  output  vol tage  o s c i l l a t i o n s  were of  mean amplitude 10 V .  I n - t h i s  

manner t h e  sca l ing  f a c t o r  equation, 

10 v = 400 gc/m2 - 
sec year  was maintained. 



E. Additional Approximations t o  Producer Assimilation 
Using Fourier Ser ies  and A Diode Function Generator 

For r a t e s  of photosynthesis which a r e  not described by simple 

mathematical models, two methods of approximation a r e  avai lable :  (1) 

representat ion of t he  form of t he  time function by a sum of s e r i e s  of 

tr ignometric terms with subsequent computer programming; (2) d i r ec t  

approximation of t h e  f'unction with t he  function generator described i n  

Chapter I V .  Each method may o f f e r  the  b e t t e r  approximation t o  a p a r t i -  

cu l a r  curve depending upon the  nature of the  function i t s e l f .  

The function generator i s  well-adapted t o  single-valued functions 

which contain few maxima and"minima. The-shape of the  curve i s  approxi- 

;mated by s t r a i g h t  l i n e  segments with a technique s imi la r  t o  t h a t  f o r  

t he  method of f i n i t e  differences (see Chap. I V ) .  Since t he  number of 

diodes i s  limited, and each s t r a igh t  l i n e  requires two diodes f o r  

. generation, a complicated curve could be approximated only w i t h  a 

, large number of diodes. In. addition, the  more. rapidly  t he  slope of 

t he  function changes, t he  more diodes a r e  required t o  approximate 

t h i s  slope. Fig. 8, Chapter I V ,  represents the  appr~xirna.~ion t o  the 

curve of a r b i t r a r y  shape by t h e  function generator. A b e t t e r  fit. 

might have been obtained i n  t h i s  case i f  the  t r ace  were compared d i r ec t -  

l y  t o ' t h e  o r i g i n a l  curve and corrections made t o  the  s t r a igh t  l i n e  

approximations of t he  diodes. In  general, f o r  curves of simple form, 

the  approximation of t he  diode function generator might be  made as 

c lose  a s  t h e  avai lable  time and t h e  number of avai lable  diodes permits. 

The general  equation of t h e  Fourier Series,  with coef f ic ien ts  



subject  t o  Di r i ch le t  conditions, i s :  

a 
0 00 

f ( x )  = - + C ( a  cos nx + b s i n  nx) 2 n = l  n n 

The coef f i c ien t s  a r e  defined over an i n t e r v a l  of 271 and f ( x )  i s  con- 

s idered t o  be per iodic ,  i. e . ,  

The Fourier  Se r ies  approximations i n  con t ras t  t o  t h e  funct ion genera tor  

approximations a r e  well-adapted t o  desc r ip t ion  of funct ions  with a f i n i t e  

number of maxima and minima per  cycle.  Hence, t h i s  type  of mathematical 

model would be most appropriate f o r  approximation of a curve of complex ., :i :'.. 

shape, i. e . ,  one with . rapidly varying s lopes .  From t h e  computer , , c i r c u i t  . . . .  .. . .-  I -  ..:i: . .. , 

of Fig. liA, both t h e  cosine and s i n e  funct ions  of i d e n t i c a l  frequencies ,. . 
$". .. 

may be obtained. A s e r i e s  of these  c i r c u i t s  might .be combined i n  a . .+. 

summer-inverter t o  generate a s e r i e s  of cosine-sine functions,  each s e t  ., .,,- , , 

with a frequency determined by t h e  potentiometer se t t ing ,  a, with a c i r c u i t  *?, ,> 

s imi la r  t o  A. The output of the  summer-inverter then corresponds t o  t h e  

function described by eq. 20, t h e  Fourier  Se r ies .  In  t h i s  manner, approxi- 

mations t o  a l a r g e  number of funct ions  might be  made. 

Much of t h e  l i t e r a t u r e  of ecology conta ins  da ta  from condit ions.which 

do not  conform p r e c i s e l y  t o  the  simple approximations described e a r l i e r  

i n  t h i s  chapter,  but  a s  these  analyses have demonstrated, t h e  funct ion 

.generator  and/or Fourier  s e r i e s  provide powerful t o o l ~  with which t o  

handle information from ecological  systems a s  found i n  nature .  



V I .  COMPARISON OF CHANGES I N  ORGANIC CARBON I N  A FOUR' 
COMPARTMENT ECOLOGICAL MODEL FOR CERTAIN . 

, 

TYPES OF PRODUCER ASSIMILATION 

This , chap te r  analyzes t h e  t r a n s f e r  of t h e  ass imi la ted  organic 

carbon through f o u r  compartments of a simple ecological  model ( sec t ion  

A )  and shows how t h i s  t r a n s f e r  i s  a f fec ted  by s teady o r  o s c i l l a t i n g  pro- 

duct ion ( s e c t i o n s  B and c ) .  

A. Descript ion of t h e  Four Compartment Model ' 

' . 
The eco log ica l  model i l l u s t r a t e d  i n  Fig. 15 i s  equivalent  t o  t h a t  

f i r s t  described i n  Chapter 11, except t h a t  it omits t h e  small  t o t a l  l o s s  

of  carbon as CO by  animal resp i ra t ion ;  i . e . ,  
2 $13 

, i s  zero; a lso ,  a 

c e r t a i n  - c o n s t a n t  f r a c t i o n , .  d12kl, of t h e  organic carbon accumulated by  

t h e  vegeta t ion above ground i s  dis t inguished as input  t o  roo t s .  The 

r o o t  compar.tment i s  assumed t o  t r a n s f e r  a constant  f r ac t ion ,  k2, of t h e .  

carbon t o  t h e  mineral  s o i l  because of death. and decay of p a r t s  of  t h e  - 

r o o t  system i t s e l f .  A s  i n  Chapter 11, another f rac t ion ,  gl4k1). of t h e  

organic carbon accumulated by t h e  producers i s  l o s t -  a s  .dying o r  f a l l i n g  

l i t t e r .  This'  l i t t e r  l a y e r  loses  a constant  f r ac t ion ,  # k t o  t h e  
46 4' 

minera l  s o i l  mainly by  a c t i v i t y  of "reducers". The mineral s o i l ,  which 

accumulates 'organic carbon from both sources,,  t h e  l i t t e r  and roots ,  i n  

t u r n  loses  a constant  f r ac t ion ,  k6, of i t s  accumulated carbon mainly by 

t h e  b i o l o g i c a l  a c t i v i t y  of the  s o i l  organisms, and p a r t l y  by so lu t ion  

i n  percola t ing ground water o r  s o i l  e ros ion.  The numeric,al values of 

t h e  parameters, k and $, a r e  kept  uniform i n  t h i s  chapter  i n  order  t o .  
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Fig. 15. Four Compartment Ecological Model. 



i l l u s t r a t e  t h e  contrasting.distributions of carbon f o r  d i f f e r en t  types 

of producer ass imila t ion.  

The graphs of th.is chapter were produced by introducing the  output 

voltages of . the  analog computer c i r c u i t s  of Chapter V ( ~ i ~ s .  9, 10, 13, 

14) a s  inputs  P i n t o  t h e  f i r s t  summer-integrator of Fig. 16 which 

simulates t h e  producer compartment, V. Losses from each compartment 

a r e  c o n t r ~ l l e d  by potentiometers on the  feedhack p~.t.hw~ys whi rh silh- 
' 

t r a c t  a ce r t a in  fract-ion of the  output from the  input of each summer- 

in tegra tor  (chapter IV). The curves of po t en t i a l  . .  versus time i l l u s t r a t e d  

i n  t h i s  chapter were obtained by monitoring the  output po ten t ia l s  of the  

summer-integrators of Fig. 16 'at  the  points  marked, X, with a s t r i p  

char t  recorder .or  an X-Y b l o t t e r  whose independent variable.,  (here time.) 

i s  driven by the  voltage on an in tegra tor  which increases unifor~nly' 

with time. Figs. 17 t o  20 a r e  arranged such t h a t  t h e  curve f o r  the  

vegetation compartment, V, i s  or iented above the  curves f o r  t he  roots, 

K, dead organic matter  o r  l i t t e r  compartment, D, and the  mineral s o i l  

compartment, S, respectively.  

B. Changes of Organic Carbon i n  t he  Ecological Model 
When t h e  Rate of Producer Assimilation i s  Constant 

The changes of t he  quant i t i es  of organic carbon throughout the  

ecological  model were simulated on the  analog computer and a r e  i l l u s -  

t r a t e d  i n  Fig. 17. A constant voltage of 10 V, which simulates a 

2 constant product ivi ty  of 400 g ~ / m  per year, was introduced in to  the 

f i r s t  in tegra tor  of Fig. 16. I n i t i a l  voltages of zero on the  integra-  

t o r s  simulating vegetation and dead organic matter compartments, V = 0, 0 
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and D = 0, respectively,  correspond t o  common ecological  s i tua t ions  
0 

of plant  invasion on bare  areas such a s  abandoned ag r i cu l tu ra l  f i e l d s  

o r  f r e sh ly  exposed lake o r  r i ve r  sediments. Such parent materials 

f o r  s o i l  would not necessar i ly  contain negl igible  carbon content, but 

it i s  eas i e s t  t o  consider t h i s  extreme case where S = 0, f o r  the  
0 

sake of comparison with the  compartments of vegetation and dead organic 

mR.tt,er. 

The f i n a l  l eve ls  of organic carbon, which approach asymptotes (p. 72, 

Table 1, column l ) ,  a r e  determined by the  condition a t  which input 

i s  balanced by l o s s  f o r  each compartment, i . e . ,  when the d i f f e r e n t i a l  

..,-. changes i n  t h a t  compartment approach zero. This condition %is  des- 

. cribed mathematically by se t t i ng  the d i f f e r e n t i a l  equations formulated 

f o r  t h e  ecological  model t o  zero and solving f o r  the  f i n a l  level,  V, 

o r  steady-state value V f, Df, Sf, Rf* 

Di f fe ren t ia l  Equation of. Compartment . . Steady-State Solution 

~ h k  value chosen f o r  the  f ract ion,  k - 1/4, of the  vegetation 
1 - 

compartment V being l o s t  each year a s  lea f  l i t t e r  and dead branches, etc., 



represents a case intermediate between two extremes: For herbaceous 

growth, a l l  above-ground mater ia l  d ies  down a t  the  end of the  growing 

season; large fo re s t s  accumulate mater ia l  i n  t r e e  holes  f o r  many 

years before t he  la rger  t r e e s  mature and d ie .  Perhaps the  present 

case approximates k f o r  ce r t a in  shrubby o r  scrub-forest  growth. The I '  

value of k2 used here i s  a l s o  114. The a r b i t r a r y  choice of k 0.693 4 = 

and k6 = 0.0156 = 1/64 w i l l  be compared with other  values f o r  these 

parameters i n  Chapter V I I .  

Mathematical methods avai lable  f o r  the  solution of equations of 

the  type 22 t o  25 a r e  discussed i n  Appendix B. Using these methods, 

" .  . , 

the general  solutions t o  egs. 22 and 23, which describe t he  changes i n  .. . (  

C- -, .. t he  vegetation and dead organic matter compartments of the  ecological  ,. " I 

19 , . model of Fig. 15 are:  

P1 -k t -1r t 
s o l u t i o n :  V = - (1 - e 1 ) + Voe 1 

k, 

. k (P  -P ) 
Solution: D = 5 (1 - e-k4t) + I. (e-klt - e - k ~ t )  + 

k4 k -k 
4 1 

lgIVote t h a t  the  subscripts of zero on the  l e t t e r s ,  V, D, and P 
above here indicate  an i n i t i a l  condition of the  given compartment and 
have no r e l a t i on  t o  t he  compartment designated a s  zero (outside, 
atmosphere) a s  defined i n  Chapter 11. 



The l inea r  lags described e a r l i e r  i n  Chapter I V  a r e  determined by 

the  number of exponential terms involving the decay parameters, kl, 

and no simple combination of these terms w i l l  uniquely describe 

the  delay phenomenon encountered i n  these ecological models. Data 

i n  column 1 of Table 1 give the  measured delay times f o r  each com- 

partment; i. e., t he  time required t o  reach 50% and 95% of the 

steady-state quant i ty  of organic matter a s  determined from computer 

p l o t s  . 
In many cases, the  values f o r  k w i l l  be so much smaller than 6 

those f o r  other  coxqartments tha t  the lag i n  equilibration i s  f a r  

.!* grea ter  than tha t  of preceding compartments. Furthermore, the 

, equilibrium l e v e l  of carbon i n  humus in  S tha t  i s  approached during 

t h i s  long period of time i s  high i n  sp i t e  of the f a c t  t ha t  a signi- 

. f i c a n t  f ract ion Idllo of the  carbon in  D i s  released t o *  the atmosphere 

. i n  t h e  process of de.cay. To i l l u s t r a t e  these slow changes i n  the 

same figures a s  the  more rapid ones, the time scaling fac tor  (eq. 9) 

i n  the  computer was changed so t h a t  each second of machine time = 10 

years of ecosystem time. In addition the' X-Y p lo t t e r  .abscissa value 

was changed so t h a t  40 years corresponds with 1" of chart  paper, 1 . 

cm. i n  the reduced i l l u s t r a t ions  ( ~ i g s .  17 t o  20); the X-Y p lo t t e r  

ordinate value was changed so t h a t  '10 vol t s  .machine potent ia l  

2 
corresponds t o  1600 g ~ / m  of accumulated carbon. 

C. ~ o m ~ a r i s o n  of Constant and Sinusoidal Assimilation 

Figures 18, 19, and 20 i l l u s t r a t e  the e f fec ts  on the accumulation 



of carbon in  the ecosystem model, Fig. 15, produced by the  variable 

ra tes  of photosynthesis described i n  Chapter V by equations 15, 19, 

and 18, respectively. 

The c i rcu i t s  of Fig. 1 1 C  were e lec t r i ca l ly  coupled with the 

circui t ,  ~ i g .  16. 

In  order t o  contrast certain features i n  the development of the- 

simulated ecosystem of Fig. 15, page 68 summarizes the  general 

solutions t o  the d i f ferent ia l  equations which describe the effects  of 

a constant r a t e  and variable ra tes  of photosynthesis on the growth of 

the vegetation compartment. The phenomena i l lus t ra ted  by t h i s  com- 

partment w i l l  be shown by other compartments f o r  t h i s  model. (see 

Appendix B f o r  method of solution. ) 

The following equivalence was defined f o r  the constants i n  the 

input equations, 15, 19, 18, and 22; 

P , = r n =  ma 10 v mgc/m2 
sec 5.=-= year 

The general solutions in  equations 26, 32, 33, and 34 reduce 

e i ther  t o  eq. 35 f o r  the  constant r a t e  of photosynthesis o r  t o  eq. 

36 f o r  the sinusoidal ra tes  when the system a t t a ins  equilibrium, i .e. ,  

-k t when the t e rn  e 1 approaches zero. 
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Sinusoidal Rate of Photosynthesis. 
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Fig. 19. Accumulation of Carbon in a Four-compartment Model with a De- 
creasing Sinusoidal Rate of Photosynthesis. 
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-k t 
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v = - (1-e 1 ) + ~ ~ e - ~ l ~  + 400 cos (mt-6) (33) 
kl -- 
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400 400 cos (a t -6) ;  6 = t an  - a 'equGibrium = - -- El ( 36) 

I f  t he  frequency f of each input sinusoid i s  1 cycle per  second computer 

time, o r  1 cycle per year ecosystem time, then t he  angular frequency 

The mean steady-state quanti ty of accumulated organic matter f o r  

t he  sinusoidal  r a t e s  of photosynthesis i s  equivalent t o  t h a t  f o r  t he  

constant r a t e  of photosynthesis i n  the  vegetation -compartment and a l so  

f o r  t he  other  ecological  compartments. The s ign i f ican t  difference 

between the  e f f ec t s  of these d i f f e r en t  r a t e s  of photosynthesis on the  

equilibrlum l e v e l  of vegetation a re :  (1) Fluctuations of input of a 

given frequency produce f luctuat ions  of the  same frequency i n  t he  

quant i t i es  of accumulated matter, (2 )  The amplitude of the  f luctuat ion 

around the  mean equilibrium l e v e l  of accumulated matter a r e  reduced 

2 by an "attenuation factor"  of l/(w + kl ) li2 from the input f luctua-  

t i on  f o r  t h a t  compartment: 

Mean Input 1 Fluctuation of amplitude (37) 
X 

Pulse Amplitude 2 2 112 = around mean equ ib ib r i~~m 
(a + kl ) l eve l  

(3) A change of t he  phase of the f luctuat ions  occurs depending upon 

$he frequency of t he  i'nput f luctuat ion and the  decay parameter of the  

compartment. This i s  equivalent t o  a delay i n  the  growth response 

of' the  producer system t o  the  input f luctuat ions .  

2 - When the  decay parameters, k, a r e  small f ract ions ,  k may be 



neglected in  comparison t o  the value of the angular frequency 

2 squared, cu , and then t h e  attenuation fac tor  approximates l/cu = 

1/2 rc = 0.159, which compares c losely with observed values of 0.15 

' on Figs. 18-20. The attenuation of the input pulses i s  therefore 

inversely proportional t o  the angular frequency of the  pulses--the 

decay o r  t r ans fe r  r a t e  having negl igible  e f f ec t  u n t i l  it exceeds 1. 

~ t g l c c t i n g  the  f.rant;f e ~ l L  phase of the bi.id 1 d-up for a moment, a simi- 

l a r  a t tenuat ion phenomenon ,might, i n  general, be.observed f o r  each 

of the  compartments of Fig. 15, each compartment reuucing Llli valuc 

of its respective input pulse by t h e  factor ,  I/@. 

For example, t he  f luctuat ions  i n  the  .accumulationt of dead 

organic matter i n  t he  l i t t e r  l ayer  a r e  fur ther  reduced compared w i t h  

those o f , t h e  vegetation compartment i n  t h i s  model. Since the input 

pulse amplitude t o  the  root  compartment i s  here assumed t o  be only 

1/4 of t h a t  t o  t he  l i t t e r  compartment, the  f luctuat ions  i n  the  root 

compartment a r e  proportionally reduced (eq. 37). The s o i l  compart- 

ment, which introduces s t i l l  another l i nea r  lag, shows negl igible  

f luctuat ions .  

Attenuation might be l e s s  d ra s t i c  than would be expected i n  

spec ia l  s i tua t ions  i n  which, there  'were p a r a l l e l  pathways of t r ans fe r  

converging f i n a l l y  i n to  one ooqart,ment with phase lags  t h a t  made 

the  osc i l l a t i ons  from each pathway addit ive.  Such a phen.omenon 

would be analogous t o  na tura l  resonance i n  physical  systems. 



D. Effects of Changing Average Rates 0.f Photosynthesis o n  
the  Transient Phase of Growth of an Ecosystem 

The e f f ec t s  of d i f fe ren t  r a t e s  of photosynthesis on t he  t rans ien t  

phase of growth of the  ecosystem a r e  adequately described only by d i r ec t  

Inspection of the. analog computer recorder t races  ( ~ i g s .  18, 19, 20). 

-kt  Notice t h a t  i n  t he  l i m i t ,  a s  time increases without bound and e a s  

-k t wel l  a s  e 1 approaches 0, equations 33 and 34 reduce t o  the  steady- 

s t a t e  solutions. 

A comparison of t he  t rans ien t  phases of growth f o r  the  simple 

sinusoid and the  constant r a t e s  of photosynthesis i l l u s t r a t e  a s ign i -  

f i c an t  difference between f luctuat ing and steady inputs. Eq. 32 . . 
, . ,  

describes the  quanti ty of organic matter accumulated i n  the  vegetation .: :; ~ . .  . , C  

compartment a t  any time, t, f o r  the  simple sinusoid' input of Fig. 10, :I ., 

Chapter V, and i s  equivalent 'to eq. 26.for the  constant ra te ,  except ,. .. . ,%.,; . :.. *, ' .' .;". 
' I: 

f o r  the  addi t ional  sinusoidal  and exponential terms. Since the  t h i r d  , . .  
.- .. 

exponential term of eq. 32 i s  negligible,  rio s ign i f ican t  di f ferencc , a,;: 

may be observed between the  data f o r  l eve l s  of accumulation and res- 

ponse time f o r  the  cases of the  simple sinusoid and the  constant r a t e s  

of photosynthesis (except f o r  f luctuat ions  around the  mean equilibrium 

l eve l ) .  On the  other  hand, the  t rans ien t  growth phases of the  complex 

sinusoids of Figs. 19 and 20 d i f f e r  i n  the  times required t o  a t t a i n  

-kt  
equilibrium precisely  because the  addi t iona l  t r ans i en t  terms with e 

i n  eq. 33 and 34 a r e  not negligib1.e. 



. Table 1. Accumulation of Organic Carbon in a Model Ecosystem, and Times 
T and T Required to Attain 50% and 95% of these Values. 
50 9 5  , 

Compartment Type of Input  ate of. Photos*thesis) 
Constant Oscillating Decreasing Increasing 

P1 p4 
Fig. 9 Fig. 10 Fig. 13 

'6 
Fig. 14 

C ~ I ~ L I ~ C  of Orffanis Gastion in #a1 Eccrlo&Pcul Modal . .. ..____ . 

, ~ i g .  17 Fig. 18 Fig.. 19 Fig. 20 

2 .  Final Levels for Accumulation of Organic carbon--g~arbon/meter 
- 

- .-.. Response . . Time Parameters--years 

a Mean values or accumu1ttl;ion of carbon for si nusoidal types .of input. 
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Linear lags introduced by k are accompanied by phase lags introduced 

by 6 and a, and the final term in equations 33 and 34 produce additional 

damped oscillations. Close comparison of Figs. 19 and 20 shows such 

effects in the amplitude and timing of the annual oscillations. 

.Effects of the terms in k on the delay in build-up of carbon, which 

was discussed in Chapter V, are also demonstrated by the data of Table 1, 

columns 2 to 4. As compared with uniform average photosynthesis, delay 

i r ~  attainment of the maximum rate of photosynthesis means a longer delay 

before the ecosystem attains its equilibrium level of accumulated organic 

carbon (col. 4), but for an initially high and decreasing rate of photo- 
% _#-. .: 

synthesis, the system attains equilibrium more rapidly (col. 3). In 

each case, the delay or response time for the vegetation compartment is 

less than that for the dead organic matter and soil compartments. The 
. . . . 

response of the root compartment is somewhere between that of the vegeka- % . 

. . , .  . . 
tion and dead organic matter compartments, as would be expected from con- . . .+- , 

. - 
siderations of lags and of the decay parameters. 



VII. EFFECTS OF DECAY PARAMETERS ON THE,DISTRIBUTION 
OF ORGANIC CARBON IN A FOUR COMPARTMENT MODEL 

While Chapter VI considered the effects of continually varying rates 

of photosynthesis on an ecoiogical model with fixed decay and transfer para- 

meters, this.chapter will consider the effects of systematically changing 

the values of the k parameters. Within each trial it is still assumed i 

t h d  the Nits are cu~~s%ant rather tohan variable through time. A steady 

rate of photosynthesis is assumed, to simplify comparison between trials; 

8:s shown in Chapter VI, the equilibrium levela o r  ca~;ljsln -in ths c o q ~ , r t -  

merits of the ecological model will be similar to the average values for 
..A 
r ' 

.!.models with oscillating types of photosynthesis. Curves of voltage ., , ' W  
versus time (~ig. 21) show ditails of the transient phase accumulation. 

A .  Effects of Litter Decay Parameters on Litter Accu~iulation 

, !, :'. 
, , .. . As a further simplification, vegetation is assumed to.have, reached 

' ',,' 

the steady state and hence the input to compartment 4, fi k V, is a . . 14 1 

fixed value for all values of the litter. decay parameter; k (Table 2,  4 
column 1). This assumption is made so that simple calculations of the, 

expected values can ca~iZy be cnrripared with computer traces. Initial 

conditions D and S on the computer are again assumed to be 0 for 
0 0 

simplicity of illustration. A natural approximation to these boundary 

conditions might occasionally be found where riew llLtei- and coil hllrml~ 

begin accumulating ori fresh flood deposits that partially buried a 

pre-existing sttt~~d of vegetation, without destroying the vegetation 

or its productivity. 



UNCLASSIFIED 
ORNL-LR-DWG 58677 

ECOSYSTEM TlME (yr)  
COMPUTER TlME (sec) 

Fig. 21. Effects of Variation of Decay Parameters on Accumulation of Litter 
and Soil. 



Table 2. Comparison of Estimated and Calculated Levels and Rates of 

Accumulation of Organic Litter.  

Final levels 

k4 (g c/m2) T50 T95 

Valuco cotimatod from chnrtc 

Values calculated from formulas 0 .693/k4 



''he equilibrium l e v e l  of accumulated organic carbon and the  time 

required t o  a t t a i n  any f rac t ion  of t h i s  equilibrium l e v e l  a r e  inversely 

proportional t o  k4. This i s  i l l u s t r a t e d  by analog computer t races  f o r  

l i t t e r  accumulation a s  a function of time, a s  i n  Fig. 214, which were 

used t o  estimate values i n  the  upper pa r t  of Table 2. 

The equilibrium leve ls  of accumulated organic carbon i n  the  lower 

pa r t  of Table 2 were calculated from eq. 23 of Chapter V I  by s e t t i ng  the  

r a t e  of change equal t o  0 :  

Columns 3 and 4 show how the time required f o r  the  accumulation of a 

f rac t ion  (0 .5  or  0.95) of each equilibrium l e v e l  i s  inversely re la ted  

t o  the r a t e s  -of t r ans fe r  of carboil from the  l i t t e r  compartment, . 
.k4 

For the  present case, the  time required t o  a t t a i n  95% of the  equilj.brium 

l eve l  i s  approximately 3/k The time required t o  a t t a i n  50% of the 4 ' 

. equilibrium l eve l  should be 0. 693/k4. The analog computer t r ace  data 

agree with calculated values with suf f ic ien t  accuracy t o  take the  place 

of exact computations i n  cases where the  computations would be much 

more d i f f i c u l t  . 
The quanti ty of organic carbon i n  the  root compartment grows t o  

2 
the  i den t i ca l  equilibrium level ,  320 g ~ / m  , a t  t he  same r a t e  f o r  each 

s e t  of decay parameters discussed, and i s  not l i s t e d  i n  Table 2. 



B. Effects  of Variation of L i t t e r  and Mineral S o i l  Parameters on 
t h e  Accumulation of Organic Carbon i n  the  Mineral So i l  

The accumulation of organic carbon i n  t he  mineral so i l ,  tabulated 

i n  Table 3, and i l l u s t r a t e d  i n  Fig. 21B, i s  a f'unction of the  th ree  

f ac to r s  given by eq. 24, Chapter V I .  

The f i r s t  term, $ k D, i s  the  quant i ty .of  carbon t ransferred,  from the  
46 4 

dead organic matter  compartment by i n f i l t r a t i o n  o r  physical  incorporation; 

t h e  second term, k R, r e f e r s  t o  t he  t r ans fe r  from death o r  exudates of 
2 

root systems spread throughout the. mineral so l l ;  and the. l a s t ,  .k6S, i s  

t h e  r a t e  a t  which carbon moves out of the  soil sxstemby decay of humus, 

ground water solution,  and perhaps s o i l  erosion. The valuec of the  - 

parameters,. k and k6 a r e  given i n  Table 3. Other parameters a r e  the  same 
4 

a s  given i n  Fig. 15. 

For a f ixed value of the  s o i l  decay parameter, (e.g. ,  k 6 = 1/64 i n  

Fig. 21); extreme var ia t ions  of the  decay parameters of the  l i t t e r  l ayer  

produce no s ign i f ican t  differences i n  the  quanti ty of organic carbon 

accumulated a t  equilibrium in  t h e  mineral s o i l .  In  two other  so i l s ,  

with grea te r  hypothetical  r a t e s  of loss  (kg = 1/16 o r  1 ,  the  expected 

equilibrium accumulation of carbon and time required t o  approach t h i s  

l e v e l  would be less ,  j u s t  a s  i n  t h e  case r e l a t i ng  D and k  a able 2, 4 
column 5 ) .  The da ta  from Table 3, columns 3 and 4, i l l u s t r a t e  the  over- 

a l l  decrease i n  t h e  times required t o  a t t a i n  a specif ied fracti,on of the  

equilibrium accumulations of organic carbon i n  the 'mineral  s o i l  of 



Table 3. Effects of Decay Parameters fo r  Soi l  Compartment and L i t t e r  
Compartment on Soi l  Organic Carbon. 

Final Levels 
k4 " (@; c/m2) Expected values 
(~r-l) = observed values 

Delay-Time 
(years) 

T 
50 

T 
95 

(1) (2) (3) (4) 

Soi l  Compartment, very rapid loss  (k6=0. 25=1/4) 

0.0625 960 12.6 48 
0.250 960 7- 5 22 
0.693 960 5.6 16.5 

.., .',C . .'1 

Soi l  Compartment, rapid loss  (k6=0. 0625=1/16) 
. . . . ,  . .- . ,,-. .,. . - . <.'.' ,: 

0.0625 3840 24 
3840 

5 
0.250 11 49 , : : - .  (;i. : < . 
0 693 3840 14 48 

. . .  
Soil  Compartment, medium loss  (k6=0.0125=1/64) . . ,  

.<. . :;.',. . '. y< . .. 
, '0.0625 ' 15,360 ' 46 198 

0.25 15,360 39 191 , . . ,.", 

0 693 13,360 36 186 



Fig. 23:as the r a t e  of t ransfer  from l i t t e r  decay, $46k4) increases,' 

but the  lag due t o k 4  has no ef fec t  on the eventual leve l  of S... 



V I I I .  MOVEMENT OF CARBON-14 TBROUGR AN ECOLOGICAL SYSTEM 

The isotope, C14, was selected to illustrate the application of 

the methods of the analog computer to radioisotopes because of its 

association with the major element of organic matter. In general, the 

radioactive decay of EUI isotope would be accounted for by an increase 

in the decay constant k for each compartment of the model, and a 

corresponding increase in the negative feedback potentiometer for each 

integrator of the analog computer circuit. Because the radioactive 

half-life of c14 is of the order of 5500 years, radioactive decay is 

very small for the relatively short periods of time considered in this 

report. 

A. Potential Hazards of C 14 

Relatively slight changes in the concentration of atmospheric C 14 

( < 1%) are believed to occur as a result of corresponding changes in 

the cosmic ray flux impinging on the earth's atmosphere. Broecker and 

01son~~ recently have estimated that nuclear weapons tests have increased 

this overall natural equilibrium concentration of c14 in the earth ' s 

atmosphere by approximately 5% per year during the years 19% to 1960, 

with smaller increases dating from 1953. 

Totter et estimate that this bo&-produced c14 will ulti- -- 
."w. S. Broecker and E. A. Olson, Radiocarbon from Nuclear Tests, 

11, Science, 130, 712-721 (1960). 
21 
J. R. Totter, M. R. Zelle, and H. Hollister, Hazard to Man of 

carbon-14, Sctence, -9 128 1490 (1958) . 
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" 
mate* resulg i n  a 0:s hcr'ease i n  fhe &se ra%e of t h i s  isotope abowe 

the natural background C14 dose. Incorporation of t h i s  radionuclide 

through the food chain i n  a manner similar t o  the stable isotopes might 

lead t o  mutation effects  produced both by transmutation of the ce l lu lar  

carbon by beta decay t o  nitrogen and by the energetic effects  of beta 

radiation i t s e l f  upon tissue. They conclude tha t  the  immediate ef fec ts  

of t h i s  increase a re  negligible, but tha t  the  long-term effects  i n  

terms of mutations or  other abnormalities on a fixed population might 

not be considered negligible i f  emphasis is  placed on the t o t a l  nwnber 

of people affected rather than the very small percentage of the popula- '6 
, 5 ,I' .. -3 ,  

t ion l ike ly  t o  be affected by the s l ight  addition t o  natural  radiation , r  ,I.: 
" . .$ 

a'., . c, 

background. 

B. Analog Computer Methods f o r  Examining the Lag i n  
Build-up of Carbon14 i n  an Ecosystem 

Atmospheric CO i s  composed of three isotopes: el2, 98.9s; el3, 2 

1.1%; and C14, With a few reservations concerning fractionation 

of isotopes by the dts tr ibut ions of the heavier isotopes of 

12 carbon w i l l  para l le l  those t o  the l igh t  isotope, C . Therefore, the 

probable effects  of an influx of extra C14 in to  the atmosphere w i l l  be 

t o  produce increases i n  the natural concentrations of C14 i n  each par t  

of the ecosystem, moving i n  proportion t o  the quantit ies - of the stable 
- "'7 WI 

8 - 
- - - - - - - - - - - -L-d ,--- 4 

%J - 

- 



isotope, c12. The ra tes  and magnitude of these increases are determined 

by the  decay and t r ans fe r  parameters characteristic of the loca l  eco- 

system i t s e l f .  

The curve i n  Fig. 22 i s  an approximation by the function generator 

of the projections of Fig. 4 of Broecker -- e t  a ~ . ~ ~  which assumed a peak 

14 increase t o  142$ of the natural equilibrium levels  of C . Losses from 

the  atmosphere t o  the ocean and storage in  the {eep sea. reservoir, d is -  

cussed i n  Chapter 111, lead one t o  expect a gradual decline, t o  be 

prac t ica l ly  completed i n  50 years, barring further  atmospheric t e s t s .  

The shape of t h i s  curve might be al tered t o  conform to many other 

hypotheses of C!14 growth by simply adjusting the f'unction generator 

output potentials.  

The ordinate on the l e f t  of Fig. 22 describes the re la t ive  per cent 

increase of the ra te  of incorporation of C14, compared with the natural 

equilibrium rate,  considered as  loo$. Therefore a 10% increase i n  the 

C14 concentration is  equivalent t o  i t s  analog, a change of 1 V i n  the 

input potent ial  in  the  computer model. A s  i n  Chapter V I ,  a steady volt-  

age, 10 V = PI, was applied to the f i r s t  inteerator of Fie. 16 as  an 

analog t o  one uni t  of normal annual incorporation of C14 i n  t e r r e s t r i a l  

plants.  After the steady-state condition was attained, the computer 

was stopped i n  the  "hold" condition, and a single-pole, double-throw 

switch permitted addition of the output potent ial  of the Function 

23~. S. Broecker and E. A. Olson (op. c i t . )  - - 
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Fig. 23. Effects of a Change in the Concentration of Carbon-14 in the Atmos- 
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generator t o  simulate the per cent increase over the natural equilibrium 

level  of C14 shown in  the top of Fig. 23. 

The resultant changes in the distribution of C14 i n  the ecological 

model of Chapter V I  ( ~ i g .  15) are  i l lus t ra ted i n  Fig. 23. The values 

of k and are numerically the same as i n  Chapter V I .  Prior t o  nuclear 
i'l 

testing, Fig. 23 shows that  the general build-up of C14 i n  the ecological 

l.2 model paral lels  th&z of the stable iso l;apt! uf' cshui-1, C . IIere 1 volt 

is assumed equivalent t o  1 muc of C14, originally present in  each 160 gm 

C. The equilibrium quantity of c14 is  assumed t o  be present in  the s o i l  

2 colqpartment a t  the outset--about 96 mpc/m . Continuation of equilibrium 

levels  would have been maintained i f  no increase i n  atmospheric C14 had 

occurred. Vertical arrows indicate when C14 increased i n  the atmosphere 

as a result  of nuclear weapons testing; i.e., the point a t  which the 

curve of Fig. 22 w a s  switched into the analog computer c i rcui t  with the 

function generator. The subsequently rising curve shows the predicted 

per cent increase of the concentration of C14 in  each compartment above 

the  reference level  labeled as  100s. 

The general trends which these functions of time might exhibit in  

ecological models may be estimated from the principles described in  

ea r l i e r  chapters. Considerations of linear lag effects indicate that  
- - -  - - - .  

- - -  - 
the lag i n  the build-up of the input pulse of pig. 22 i n  each la ter  

compartment of the ecological model w i l l  be identical t o  those lags i n  

the accumulation fo r  each compartment with a steady input, Pl. Study 

of Fig. 23, especially the dead organic matter compartment, w i l l  show 

that  the greater the lag to reach the equilibrium condition for  each 



compartment, the  grea te r  the  lag f o r  the  build-up of concentration of 

14  
C . The grea te r  t h e  decay parameter f o r  any compartment, t he  grea te r  

i s  t h e  delay i n  readjusting t o  the  change of input. 

An attenuation of the  pulse of C 1 4  i s  shown, a s  expected f o r  com- 

partments which a r e  remote from the source. The s o i l  compartment shows 

the  grea tes t  delay and the  grea tes t  at tenuation i n  percentage increase 

of C14, considering the  large t o t a l  reservoir  of C14  already present i n  

t h i s  compartment. But the  slow decay parameter f o r  t h i s  compartment 

a l so  r e su l t s  i n  a l a rger  increase i n  t o t a l  C14 than f o r  the  l i t t e r  com- 

partment. Furthermore, the  s o i l  compartment s t i l l  r e t a in s  i t s  excess 

C14  long a f t e r  the  pulse i n  other  compartments has come and gone. 



I X .  EXTENSIONS OF ANALOS COMPUTER APPLICATIONS 
I N  ECOLOGY AND HFALTH PHYSICS 

A l l  chemical elements exhibi t  movement between compartments of an 

ecological  system. An important contras t  with the  carbon cycle i s  

provided b y  the  cycles of some of the  mineral nu t r ien t  elements and 

hazardous radioisotopes such a s  srgO and Cs 137. In  these  cases, major 

pathways of movement a r e  from s o i l -  to-roots-to-above-ground vegetation 

and back t o  l i t t e r  and s o i l  (Fig . 24). Modified c i r c u i t  connections 

would thus be needed t o  connect the  in tegra tors  already included i n  

t h e  present study. Additional in tegra tors  would be needed f o r  addi- 

t i o n a l  compartments . 
While strontium and cesium follow similar. .pathways, they. d i f f e r .  i n  

values f o r  the parameters describing the  amount and d i rec t ion  of move- 

ment, k and $. Certain types of.-mineral s o i l  . se lec t ive ly  ad'sorb 

:cesium and exhibi t  low uptake t o  plants  compared with quant i t i es  .of 

2 4 
strontium taken up by vegetation . For a given, Level of plan t  con- 

tamination, some animals (e.g., insec t s )  eliminate strontium more 

rapidly  than cesium so t h a t  the  f i n a l  l eve l s  of ~s~~~ a r e  consider- 

go 25 ab ly  higher ( r e l a t i v e  t o  intake) than a r e  the  leve ls  of Sr  

Mammals, having a calcareous skeleton tend t o  accumulate r e l a t i ve ly  

90 more Sr . 
, Analog computer c i r c u i t s  f o r  the  ecological  movements of t he  

24Lars Fredriksson e t  -J a 1  "Uptake of F'ission Products by Soils ,  
P lan ts  and Animals1', Proc. Second UN Intern.  Conf. Peaceful Uses of 
Atomic Energy, 18: 449-70 : (1958) 

nc  
- 

z 3 ~ .  A. Crossley, Jr. and H. F. Howden, "Insect-vegetation 
Relationships i n  an ~ r e a  Contaminated by Radioactive wastes", Ecology 
42 302-317 ( ~ p r i l  1961). , 
-J 



UNCLASSIFIED 
ORNL-LR:Dwg. 47840 

C02 From Atmosphere 

Soil Micm-Orgonian 
Reapiratim 

~ Losses to Emsion. Ground Water. Decay Solution 

CAWON CYCLE 

VEGETATION ROOTS 

h to Anlmal 
Respiration 

t 

VEGETATION ROOTS 

Hbter Solution 

LITTER 

Line Miw-*ism 
' Hespimtim 

. . 

m - 
0 .- - 

B 
35 
C 

L z 
w 

5 

STRONTIUM CYCLE ' CESIUM CYCLE 

m - 
.Y 
t 
B 
0" 

E - 
m 

E z 

Fig. 24. ~enera.1 Contrast df the Carbon Cycle (Assuming Some Fraction Re- 
cycling) with 'the Cycles of Strontium and Cesium. 

- LO31 10 
Animals 

T 

L T T W  

1 
I 
I 
I 
I 

1 I 
I --- 

Influx Cs 
From Gmund 

h t e r  and Rain Vobsr 

A 

VEGETATION 

Influx Sr - 

1 

UTTER 

SOIL 

Loss to Animal 
--Ingestion. Rain 

h t e r  Solution 

I 
I 

1 
I 

From Ground $62- Modemte 
Water and Rain Vobes 



element carbon may be modified t o  apply t o  the  movements of isotopes by 

using methods i l l u s t r a t e d  i n  t h i s  repor t  and ce r t a in  addi t iona l  fea tures  

not fu l ly .  expioi ted i n  t h i s  study. The p o s s i b i l i t y  of rebycling of a '  

c e r t a i n  percentage .of the  l oca l ly  respired CO i n to  the  l o c a l  vegeta-kion 
2 

could. be considered, 

Most of t he  present  study r e s t r i c t e d  a t t en t ion  t o  t h r ee  o r  four ; '. 

*. 

compartments t o  i l l u s t r a t e  principles on a small computer, the  Donner I 

Model 3400 which has only f i ve  integrators ;  more complicated ecolog'ical 

models with many more compartments could be simulated on a l a rge  compu- 

t e r  such a s  t h e  RCAF, Reactor Controls Analog Fac i l t ty ,  which has f o r t y  

o r  more in tegra tors .  

I n  order t o  take advantage of various changes of input, such a s .  

exponential trends, seasonal o sc i l l a t i ons , ,  and more complicated functions 

produced b g  Fourier se r ies ,  t h e  many. add i t iona l  integrators of the  large 

computer o f f e r  a wide range of pos s ib i l i t i e s .  The function generator 

can be u t i l i z e d  i n  many cases where these methods a r e  not su f f i c i en t ly  ' 

f l e x i b l e  t o  simulate a r b i t r a r y  f'unctions. 

Many refinements a r e  possible by subdividing one compartment i n t o  
7 L .  

subcompartments representing dit'fe'rent s t a t e s  of an element. For 

example, cesium i n  s o i l  couldl- include: (1) a . f ract ion which i s  f ixed 
. . 

by cl$y mineral s t ruc ture  and has very low t r ans fe r  parameters t o  any .. 

o the r  compartment, (2)  a f rac t ion  which i s  subject  t o  normal ion 

exchange, and .(3) a soluble '  f rac t ion  . ~ndeiehdent  adjustment could be 

made f o r  parameters connecting each sub-compartment t o  the  others;  
' 

sub-compartments (2 )  and (3) would have higher parameters f o r  t r a n s f e r  
' - .  



t o  o.rganisms than would (1) . 
Certain l i m i t s  could.be imposed on t he  amount of mate r ia l  i n  a 

compartment by adjus t ing t he  voltage o f - a  l imi t ing  diode c i r c u i t .  



X. SUMMARY AND CONCLUSIONS 

Compartment models relate the flow of materials'between parts of 

a system to the amounts of materials in each'part of the system. Such. 

models are already widely used in chemical, physiological and biophysi- 

cal studies of elements or isotopes in organisms. This approach can be 

extended to ecological systems (ecosystems) consisting of populations 

' of' organisms and coiiiponents of their erivf ru~men L. klalub cuuyuttr 
I 

methods illustrated in this repo~t should be helpful in making this 

extension. , .  

Simplified assumptions.were made here to illustrate basic principles. 

However, many possibilities were suggested for later removing oversikli- 

fications in order to provide more realistic ecological models. 1) Only 

four compartments of a simple terrestrial system were included (soil, 

overlying dead organic matter, and vegetation, including .tops and roots), 

but additional compartments for individual plant organs, for various 
. 
species of plants and animals, and Tor different kinds of material in 

the environment .could be added. 2) ' Relatively simple functions were 

assumed for the photosynthetic input to the system (constant, sinusoidal, 

and exponentTa1 terms), but many other functions can be used in the same 

way as*was done here. 3) Present applications were limited to differen- 

tial equations with constant coefficients, but analog computer methods 

should be particularly helpful in 'solving linear 'differential equations 

with variable coefficients, and non-linear systems of equations. 

The analog computer not only helps solve equations that have 

already been formulated in explicit mathematical form, but it can be 



9 3 

- -. - - - -- used for-  di-rec t--simulati-on-of --the behavkor of -th-e-model- system-without - 

necessar i ly  requiring exp l i c i t  formulation of a l l  the  equations. The 

e lectronic  computers used here simulated the  accumulation of carbon i n  

each ecological  compartment by the  change i n  e l e c t r i c  po t en t i a l  on a 

corresponding integrator .  Such computers simulated the  t r ans fe r  of 

mater ia l  between compartments by transmission of e l e c t r i c a l  potent ia l ,  

r a ther  than by the  flow of e l e c t r i c  current.  Many technical  advantages 

of an e lectronic  computer over an e l e c t r i c  network become pa r t i cu l a r ly  

important during consideration of o sc i l l a t i ng  o r  t rans ien t  conditions, 

which were i l l u s t r a t e d  i n  t h i s  report .  Experience suggests t h a t  the  

chief l imi ta t ions  i n  accuracy a r e  re la ted  t o  the  graphical  recording 
. .$.. t 

and reading of data, and these d i f f i c u l t i e s  can be minimized with the  

a i d  of a fast-response X-Y p l o t t e r  and judicious scaling of the  para- 

meters of the  p l o t t e r  and the  problem variable.  

The accumulation of carbon i n  an ecological  system on a bare area. 

was simulated by introducing an assumed input function, representing 

- r a t e  of photosynthesis, i n to  the  ecological c i r c u i t .  Each compartment 

was represented by an integrator  whose po ten t ia l  changed a t  a r a t e  

controlled by the  algebraic sum of gains and losses  (negative feedback) 

f o r  t h a t  compartment. The feedback time constant was inversely pro- 

p o r t i o n a l t o  the  equilibrium l e v e l  f o r  po ten t ia l  ( o r  carbon content) 

t h a t  i s  approached a s  losses  approximately balance the  gains. It was 

a l so  inversely proportional t o  the  time required f o r  a t t a in ing  a 

specif ied f rac t ion  of t h i s  equilibrium leve l .  A sequence of several  

compartments i n  s e r i e s  o r  p a r a l l e l  (vegetation tops, t o  both roots and 



dead organic l i t t e r ,  from both of these t o  s o i l )  r e su l t s  i n  a se r ies  

of l i n e a r  lags  which make the behavior of l a t e r  compartments depend 

on the  preceding ones a s  well  as  on t h e i r  own parameters, 

The addi t ion of o sc i l l a t i ng  o r  exponential t rans ien t  terms i n  t he  

input function r e s u l t s  i n  corresponding terms i n  the  response of the system. 

However, the  o s c i l l a t i o n s  a re  abruptly damped (usually by a f ac to r  of 1/2rr, 

o r  l e s s )  with each t ransfer ,  and can often be neglected i n  l a t e r  compart- 

ment s . 
After input f o r  the  system and the i n i t i a l  conditions f o r  each 

compartment a r e  specified,  it was simple -to t r ace  the  response of a 

given compartment f o r  many possible values of the  parameters which con- 

. t r o l  it. For example, t he  l eve l  of s o i l  carbon eventually a t ta ined ., 

during s o i l  formation was controlled by the loss  parameter of the  s o i l  

compartment and by a l l  t he  parameters which control  the input of organic 

matter t o  the  s o i l .  For the normal case i n  which the  loss  parameter f o r  

s o i l  was much slower than other time constants i n  the  system, it controlled 

the  speed of approaching equilibrium and the  other  time cdkstants had only 

a minor modifying influence. 

The parameters which controlled the  amount and speed of t o t a l  car- 

bon accumulation i n  the  system a l so  control  the fu ture  ecological d i s t r i -  

bution of C14 from nuclear t es t ing .  A pulse po ten t ia l  was introduced 

i n  a manner simulating the  estimated changes i n  atmospheric CL40 over 
2 '  

a 50-year period. Vegetation showed a prompt increase, followed by a 

f a i r l y  prompt decrease t o  normal'levels. So i l  showed a prolonged delay 

and r e l a t i v e l y  smaller percentage increase because of the  lags i n  the  



c i r c u i t  and the slow time constant of the  s o i l  compartment. But these 

influences led  t o  a persistence of excess C14 i n  the  s o i l  long a f t e r  the  

other compartments had returned t o  normal. 

Similar influences could af.fect the  r a t e  and amount of accumulation 

of other  elements and other  radioactive isotopes, including the  hazardous . '  

f i s s ion  products t h a t  a r e  released t o  the environment from f a l l o u t  and 

through radioactive waste disposal.. Additional complications w i l l  be 

involved i n  the  ecological analysis f o r  the  inorganic elements, because 

of the  feedback from s o i l s  t o  vegetation. But the  computer techniques 

which were i l l u s t r a t e d  i n  t h i s  report  promise t o  be helpful  i n  predicting 

the f a t e  of these materials when the  necessary ecological  information.<- ' ' ' *  

. . ". 
can be organized i n  terms of a:compartment model. . .. 



. , APPENDIX A 

SIMPLIFIED TREATMENT OF THE' THEORY OF THE ANALOG COMPUTER 

The manner i n  which e lectronic  components contained within an opera- 

t i o n a l  ampli f ier  Himulate the  operations of shmat ion and integrat ion may 

.be c l a r i f i e d  by applying Kirchoff ls  I k w  t o  c i r c u i t  B., Figure 3, Chapter 

IV. Consider . t he  operat ional  ampli f ier  a s  a "black box" with a voltage 

ga in  o r  amplification factor,  G. A t  point  '0') the  sum of currents  i s  

zero by Kirchoff 's  Law. Thus.... 

..". 
' Symbols a re  .defined above a s  i n  Chapter I V .  The amplification factor ,  

G, i s  defined a s  the  r a t i o  of output t o ' i n p u t  po ten t ia l  so that ,  

I f  we subs t i t u t e  eq. 39 in to  e.q. 38 above we obtain, 

The operat ional  ampli f ier  i's designed so t h a t  the  amplification 'factor, 

G, approximates an i n f i n i t e l y  large pos i t ive  number i n  comparison t o  the  

o ther  terms i n  eq. 40 above. Thus, we may consider eq. 40 t o  reduce to.... 



The l a s t  term of eq- 41 represents t he  e r ror  introduced in to  the in tegra l  

solution which may be made small by designing the  amplifier  with a s  large 

an amplification factor ,  G, a s  desired. For t he  Reactor Controls Faci l i ty ,  

8 
G i s  of the  order of lo7-- 10 , while G i s  not qui te  t h a t  large f o r  the  

Donner Computer; thus in tegra l  solutions on the  RCAF should have somewhat 

more precision than those o f . t h e  Donner equipment. 

This e r ror  term i s  a f inc t ion  of time only because G may vary with 

time due t o  s t a t i s t i c a l  d r i f t  currents i n  the  r e s i s t o r  and vacuum tube 

components. Only because of t h i s  var ia t ion  i n  G can the  length of time 

i n  integrat ion a f f e c t ' t h e  accuracy of the  operation. Assuming t h a t  the  .:. . . 
. . .  

er ror  term of eq. 41 i s  negligible t o  the  input term we may solve t o  .. 
. : 

obtain, 

Hence, the  output potent ia l ,  e of the  operational amplifier  var ies  a s  
0' 

the negative time in t eg ra l  of t he  input potent ia l .  A general equation 

f o r  n input po ten t ia l s  presented through n input r e s i s to r s  may be derived 

i n  l i k e  manner t o  show tha t  the  output po ten t ia l  of the  integrator  w i l l  be  

the  i n t eg ra l  of the  sum of the  input potent ia ls :  

The term RC i n  the  denominator of these equations i s  the  famil iar  



time constant. Adjustment of t he  values.,of the  r e s i s t o r  and the  capacitor 

allow what has been re fe r red  t o  i n  Chapter V I I  a s  time scaling, i . e . ,  

adjustment of t he  c i r c u i t  parameters t o  give the  desired i n t eg ra l  i n ' a  

desi red period of time. 

Replacing the  capaci tor  i n  Fig.. 3B, Chapter IV,  with a feedback 

r e s i s to r ,  converts t he  operational amplifier  f roman in tegra tor  t o  an 
t 

i nve r t e r .  ' with Kirchoff ts  Law, the  var ia t ion  of t h e  output po t en t i a l  of 

t he  summer inver te r  may be described as :  

R = input r e s i s t o r  
R = feedback r e s i s t o r  
fb 

Note t h a t  t h e  output po t en t i a l  of an inver te r  i s  of the  opposite sign - ,  t o  

t h a t  of t h e  input. The cha rac t e r i s t i c s  of the  cont ro l  g r id  a r e  such a s  

t o  reverse t he  p o l a r i t y  of t h e  output s igna l  a lso .  Solution t o  Kirchoff 's  

equation f o r  a number of' inputs .leads t o  an equation describing t h e o u t -  

put  po t en t i a l  of t he  i nve r t e r  a s  the  sum of t h i  input po ten t ia l s :  

Adjusting t h e  values of the  input res i s to rs ,  Rn, e f f ec t i ve ly  mult ipl ies  

t h e  input by  a number determined by t h e  r a t i o  R,/R feedback, a n d  i s  

general ly  re fe r red  t o  operat ional  amplifier  gain. 



. In comparison to the electric network26, the electr~nic~analog computer 

generates solutions wh'ich correspond much more closely to those which would 

be obtained from mathematical integration. Equations 42, 43, and 44 compare 

the transfer function, or ratio of output to input, for mathematical inte- 

gration, electric network integrating RC circuit, and the electronic analog 

computer integrator, respectively. 

e 
"True" Integration 0 - - 1 - -  

e i RCP 

e 
Electric Network 0 - - - 1 

Integrating Circuit e i g RCP + -- l/g 

e 
0 Summer-Integrator of - G 1 

Electronic Analog e i = 'm RCP + 1 
Computer 

e 
0 1 limit - = - - e G +co i RCP 

e = output voltage G = operational amplifier forward gain 
0 

e - input voltage i - 
f3 = = resistance factor R + RL R = input resistor 

R = load resistor L I r 
C = capacitor 

I - = dt = integral operator P 

The electric RC network, equation 43, approximates "true" integration only 

with large values of resistance and capacitance, with correspondingly 

26 
GI A. Korn and T. M. Korn, Electronic Analog Computers, McGraw- 

IIill Doolr Co., 111c . 116-157, (1952) . 



longer solution times, to reduce the effects of leakage and loading, %. 
The output potential, e built up on the capacitor of the RC integrating 

0' 

network will tend to oppose the input charging potential, e in addi- 
i '. 

ti'on to leakage and'loading of components and may thus make accurate 

integration impossible . 
A .voltage divider, or potentiomete?, connects circuits such as those 

above. These are resistance slidewires' with a potential difference ' 

across their terminals, with provision to select a fraction, k, of this 

potential difference on a sliding contact, generally referred to as the 

t t  arm"..  his arm-corresponds to the connecting wire of potential, e 
0' 

in the potentiometer of Fig. 3A, Chaipter IV:) When the potentiometer 

is connected between operational amplifiers, the input resistors, R, to 

the amplifiers are in parallel with the resistance of the connecting 

wire. This coupling tends to reduce the effective fraction of the poten- 

tial difference between the arm and the ground potential, i.e., it changes 

the value of potentiometer setting, k, from the desired setting. Corsecl- 

ing this condition normally involves calibration with some type of null- 

voltmeter while the circuit components are connected as in the working 

problem. 

The overall accuracy of the.analog computer solutions to a given 

series of equations is determined by the manner of connection of the 

computer components, the skill of computer operator, and the nature of 

the problem. The investigator should not require the accuracy of solution 

which only exact solution or digital computer approximations can offer. 
- .  

Such analog computers are particularly useful at the present stage be- 



cause they not only permit the exploration of alternate values for certain 

imperfectly known parameters but they also may help determine whether 

uncertainties in some inputs or decay parameters lead to large or small 

effects on the rest of the system. 



APPENDIX B 

COMMENT ON ANALYTICAL SOLUTIONS TO ECOLOGICAL MODEL EQUATIONS 

Solution of t h e  d i f f e r e n t i a l  equations which serve a s  mathematical 

models f o r  t he  proposed ecosystem models were derived from a general  

i n t e g r a l  solut ion form discussed i n  any t e x t  on d i f f e r en t i a l ,  equations. 

Consider t h e  general  equation f o r  the  net  r a t e  of change of the  quanti ty 

of '  organic carbon i n  t he  vegetation compartment with an input rate of 

photosynthesis, P, which i s  a function of time only. 

dV k =constant, real ,  non-negative - 
d t  = ~ ( t )  - klV Where, ~ ( t ) = a n y  a r b i t r a r y  f'unctlon of 

time 
C =any a r b i t r a r y  constant 

3 -k. t. k' t v = ce 1 + e-klt J ' e  1 ~ ( t )  d t  

The function, P, maybe considered f o r  the  purposes of t h i s  study, 

t o  be represented by t h e  spec ia l  input r a t e s  of photosynthesis P1, ...P6 

summarized on page 68, The d i f f e r e n t i a l  equation f o r  t h e  case of con- 

s t a n t  input P1 has a solution (eq. 26) which follows d i r e c t l y  from the 

general  form of eq. 45 above, under t he  boundary conditions t h a t  V = V 
0 

when t = 0. Using t h i s  solution f o r  V, ' then #14kl~ can be s imi la r ly  

inser ted  i n  a d i f f e r e n t i a l  equation f o r  D: 

which has t he  general  solut ion 



Equation 2'7 follows from 39 a f t e r  introduction of the  boundary 

conditions ' D = D when t = 0,  This general  form equation might be 
0 

extended by the  process of i t e r a t i on  t o  include solutions t o  t he  

d i f f e r en t i a l  equations describing each compartment of the  ecological  

models included i n  t h i s  study. 

One can s imi la r ly  obtain general solutions (eq. 32, 33 and 34) 

f o r  the  vegetation compartment from eq. 43 , with ~ ( t )  defined a s  P4.. . 
P6) o r  from other  standard methods such a s  t he  use of d i f f e r e n t i a l  

operators. Integrat ion of the  several  terms resu l t ing  from the 

d i f f e r e n t i a l  equation with input P6 r e s u l t s  i n :  

+ 400 lkle-"l- m s i n  mt-k cos at 
(m2+k, 2, 1. 1 

+ 2 400 
2 L ( k - l ~ ~ ) e - ~ l ~ +  e-kt(m s in  mt+(kl-k) cos m t  

o -(k, -k) 

Using t h e  trigonometric re la t ion  

.-1 m k cos m t  + m s i n  ot = cos ( m t  - 6 ) )  where 6 = t an  
1 1 iy 

t h i s  long formula reduces t o  the  form of eq. 34 ( o r  33, with reversa l  

of appropriate s igns) .  A lag i n  phase due t o  kl i s  represented by 6 .  

Si~n-ilarly a lag i n  phase i n  equations 33 and 34 i s  influenced by the  

combination of kl and k: 

-1 w a = tan - k, -k 



While equations 33, 34, and 47 cover the  general  case i n  which 

k f k, a spec ia l  solut ion i s  needed i n  t he  spec ia l  case when k = k. 
1 1 

. . In  t h e  term 

the  l i m i t  a s  kl approaches k i s  0/0. From L'Hospi ta l ls  rule ,  the  

l i m i t  of t h e  r a t i o  of the f'unctions i s  t he  l i m i t  of the  r a t i o  of the  

der iva t ives  of t he  functions, o r  -400t e-klt, - This s impl i f icat ion 

and t h e  equa l i ty  of k and k reduce equation 47 t o  the  following form: 
'1 

400 cos (ot - 6) + - 400 e-kt s in .  cut , .  +-  o 

Turning t o  the  more f l ex ib l e  cases of input P represented by 

equations ,14 and 17 j. the  solutions and boundary .cond,itions become , ' 

more awkward. The analog computer becomes increasingly helpful*  

because it provides d i r e c t  solutions from a given input func'1;ion and 

Einy boundary cgnditions. 

Unwieldy solut ions  t o  t he  equations f o r  ea r ly  compartments become 

compounded i n  tedious ana ly t i ca l  solutions f o r  l a t e r  compartments. The 

analog computer e s sen t i a l l y  subs t i tu tes  a few electronic  operations f o r  

a long sequence of numerical operations. 

The solut ion f o r  the  genera l  equation t o  a system of' multi-com- 

partments when connected chain-wise, a s  wel l  a s  those f o r  cycl ic  systems, 



has been thoroughly discussed by Sheppard and ~ o u s e h o l d e r ' ~  and Robert- 

28 
son . In  general, the  complexity of these solutions makes indispens- 

able  the  use of modes of representation such a s  matrices and deter-  

minants f o r  systems containing more than three  compartments. 

Solutions t o  l i n e a r  d i f f e r en t i a l  equations with var iable  coef f i -  

c ien ts  may be obtained from a solut ion i n  s e r i e s  o r  a numerical solution.  

In  each case, the  desired solution i s  an approximation dependent upon 

the  number of terms considered. Except f o r  those equations which can,  

be reduced t o  those with constant coef f ic ien ts  by a change of variable,  

there  a r e  no general  methods f o r  solving' l i nea r  d i f f e r e n t i a l  equations 

with var iable  coef f ic ien ts  with an order higher than one, No general  , .. . . .  . 

ru les  can be given f o r  solving non-linear d i f f e r e n t i a l  equations and 
. . .f 

. . . ' *  . . t h i s  t ask  must be l e f t  t o  the  s k i l l  and ingenuity of the  invest igator .  

For these l a t t e r  types of equations, an excel lent  a l t e rna t e  method 
. '... ... :, ' t;. . 

of solut ion may be offered by the  analog computer.. The computer ' .  ..:,.."<,,:..< 
.. , . A  

solutions w i l l ' a l s o  be  approximation^ t o  the  "true" solutions,  although . . 

: t h e i r  r e l i a b i l i t y  with respect t o  the  mathematical approximations must 

a l so  be determined f o r  each separate case. 

2 7 ~ p  m it. 

280p c i t .  
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