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The large scale release of nuclear energy in a uranium fission chain re­

action involves tvo essentially distinct physical phenomena. On the one hand 

there are the individual nuclear processes such as fission, neutron capture, 

and neutron scattering. These are essentially quantum mechanical in charac­

ter, and their theory is non-classical. On the other hand, there is the 

process of diffusion — in particular, diffusion of neutrons, vhich is of 

fundamental importance in a nuclear chain reaction. This process is classi­

cal; insofar as the theory of the nuclear chain reaction depends on the theory 

of neutron diffusion, the mathematical study of chain reactions is an applica­

tion of classical, not quantum mechanical, techniques.

In a uranium chain reaction, neutrons are produced at very high energy 

(several Mev) from the fission of uranium nuclei. The neutrons then dif­

fuse through the mass of chain reacting material and are ultimately either 

captured (and produce further fission), or are lost through the boundaries 

of the system. Most of the questions of importance in studying chain re­

actions are concerned with the diffusion of the neutrons rather than with the 

details of the nuclear processes by which the neutrons are captured or scatter­

ed. The probabilities for these nuclear processes enter the theory, for the 

most part, as empirically given properties of the medium in which the neutrons 

diffuse. The theory of neutron chain reactions is thus to a very large extent 

an application of the classical theory of diffusion in a capturing medium rather

than an application of the theory of nuclear reactions. (> ^ 03
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Because difrusion of neutrons plays such a large role, it vill be neces­
sary to develop the nathenatleal theory of neutron diffusion before enbarking 
on a study of chain reactions. The first section of this volume vill there­
fore be devoted to an exposition of the mathematical theory of neutron dif­
fusion.
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EIZMENTABY THEORY OF NEUTRON DIFFUSION

The gross phenomenon of neutron diffusion is in some respects comparable 

to other diffusion phenomena, such as diffusion of heat or of gas molecules. 

It is found that vhenever there is a spatial gradient in the density of mono- 

energetic neutrons in a medium, the neutrons tend to move from the region of 

high density to the region of low density. This behavior is understandable 

if it is supposed that the neutrons suffer random collisions vith the atoms 

of the matter in vhich they are diffusing. The number of collisions in a 

given volume element vill be relatively greater vhere the density of neutrons 

is high. Since a neutron comes off each collision, the number of neutrons 

traveling avay from the region of high density should be greater than the 

number traveling toward the region of high density. This gives rise to a 

net current of neutrons in a sense opposite to the neutron density gradient.

Neutron diffusion is in principle a simpler process than gaseous diffu­

sion. The reason is that, on account of the extraordinarily small density 

of neutrons in almost all physical systems, neutron-neutron collisions are 

exceedingly rare. Practically all collisions that take place vhen a neutron 

diffuses through a system are collisions betveen the neutron and the nuclei 

of the molecules composing the system. This is very different from gaseous 

diffusion, where intra-molecular collisions are the rule. The phenomenon of 

neutron diffusion is in this one respect more like diffusion of electrons in 

a metal than like gaseous diffusion.

The fact that neutron-neutron collisions can be neglected implies that 

the fundamental equations describing the diffusion of neutrons are linear. 

These equations can therefore be Integrated in many more cases than can the
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non-linear equations of gaseous diffusion, and in general, the theory of neu­

tron diffusion is simpler than the diffusion theory encountered in the dynami­

cal theory of gases.

In all diffusion phenomena the net diffusion flov of a substance — that 

is, the difference betveen the number of particles crossing, from each side, a 

unit area per second — is taken to be proportional to the negative gradient of 

a quantity <j)0 which is simply related to the density of the substance diffusing. 
In the case of heat diffusion, $3 is just the temperature, and the constant of 
proportionality is called the thermal conductivity. In the case of neutron 

diffusion, the quantity j$0 is the sum of the speeds of all the neutrons in a 
unit volume. Thus, if iIq is the total number of neutrons in a cubic centimeter, 

and v is their average speed, while n0i is the number of neutrons per c.c. having 

speed v^, then we define

fo = £ ^Oi vi = £ Fo(vi) = no ^ d*1)

We shall call $ 0 the total neutron flux, and F0(v^) = the total flux of

neutrons of speed v^.

The difference between the number of neutrons striking from each side a 

square centimeter per second is called the net diffusion current. It is evi­

dently a vector quantity, and we shall denote it by jj. The assumption that 

the neutron diffusion current is proportional to the negative gradient |Q

j * - D0(v) grad $0 (1.2)

becomes in the case of monoenergetic neutrons, or if v is independent of position,

j = - Dqv grad n0 = -D grad n0. (1.3)
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Equation (1.3) is a statement of •what is sometimes called Fick's Lav; ve shall 

call equation (1.2) the generalized Fick’s Law. The proportionality factors D0, 

or E0v = D, are called the diffusion coefficients. The quantity DQ may depend 

on the average velocity, v, of the neutrons, hut according to Fick’s Law it has 

the same dependence on neutron energy everywhere in a uniform medium.

Fick's law is the fundamental assumption of elementary diffusion theory.

We shall see presently that it is a valid assumption in general only at large 

distances from sources, sinks, or boundaries* Since there are many instances 

in a chain reacting system where neutron diffusion takes place near sources, 

or boundaries*, it is not always correct to apply Fickjs Law. It is therefore 

necessary to derive Fick's Law for neutrons from first principles, and to examine 

in detail its limitations.

Diffusion Theory and Transport Theory

Ordinary diffusion theory, based on the generalized Fick’s Law (1.2), con­

cerns itself only with the neutron flux $0, and with the net diffusion current j. 

Evidently, there is more to be known about the distribution of neutrons than simply 

the flux, §0, or, in the case of monoenergetic neutrons, the density, no. In a 

volume element at a given point in space neutrons travel in all directions. The 

instantaneous velocity vectors of all the neutrons which are contained in that 

volume element form a pattern which characterizes the neutron distribution much 

more fully than does the total flux of neutrons in the volume element. The sum 

of all the velocity vectors emanating from a unit volume in a particular direction 

is just equal to the number of neutrons per unit volume which cross perpendicularly, 

in one second, a unit area normal to the direction of the velocity vectors. The 

scalar sum of all these velocity vectors is evidently $Q.

. Or, in general, if the neutrons are not monoenergetic.

’07
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The calculation of the angular distribution of neutron velocity vectors 

in a medium is the central problem of what is called "transport" theory. The 

calculation of the flux, based on the assumption of Fick's Lav, is the central 

problem of elementary diffusion theory. Clearly elementary diffusion theory is 

less general than transport theory since a knovledge of the angular distribution 

of the velocity vectors implies a knowledge of $0, but not conversely. It vill 

be our task in this chapter to trace the relation betveen the tvo. In this ve 

shall adopt essentially the methods described by W. Bothe, Zeit. fur Physik, 401,

118, (1942).

The Boltzmann Equation vithout Energy Loss

Let n( r, v, 9, ^)) dvdxdydzdA. be the number of neutrons in the volume element dxdydz 

at r, vhose speed lies betveen v and v+dv, and vhose directions of motion lie in 

the element of solid angle sinOdQd^) around the direction fl. The vector £1_ is a unit 

vector vhose components on the x,y,z axes are (Figure l)

' f"

= cos 0
= sin <p sin 0 

F
= cos <p sin 0.

The element of solid angle around SX, that is, the area of an element on a unit 

sphere of vhich XI is a radius, is sin0d0d^. We denote this element by dll.

The quantity n(r,v,.n.)dvdfi. is the number of neutrons per unit volume vhose 

directions of motion lie in a solid angle dXl around Q. and vhose speed lies in 

a range dv around v; or more briefly, vhose velocity lies in a range dv around the 

vector velocity v = vPl. For brevity ve shall call n(r, v,fl) the number of neutrons 

per unit volume vith speed v and direction Jl. The total number of neutrons of 

speed v per unit volume is

n0(^^) n(r,v,A)dn. (1.4)

I

/;Cb



I-4a

3

* .

<

i

«

z

Figure !♦

n 09



1-5
the total number of neutrona, per unit volume, of all speeds is

lo

n0(r) = / i^C^vidv. (1-5)

We shall distinguish between n0(r) and n^r^v) by the argument following iIq.

In an analogous manner, we define the vector flux, F(r,v,£l), of neutrons 

of speed v and direction XV to be

F(r,v,XV) = F(r,v,£l)iV = n(r,v,£i)v;Q. (1*6)

The vector F is a vector whose magnitude F is the number of neutrons of speed 

v which in one second cross perpendicularly a unit area normal to the direction 

XV. The total flux of neutrons of speed v — that is, the density of neutrons 

of speed v multiplied by v — is

F0(r,v) = /n(r,v,A)vclA = / F(r,v,n.)d.ij[. (1-7)

The total number of neutrons crossing perpendicularly a unit area per second 

in the direction A,$(r,A), is a vector which is the sum of the vectors F for all 

speeds but fixed A:

£(r,n) ^F(r,v,A)dv (1.8)

We call $(r,A) the vector flux of neutrons in the direction A. Finally, the 

total flux of neutrons in all directions and having all speeds — that is, the 

stun of all the speeds of neutrons in a unit volume — is

i0(r) » / no^vjvdv - / $(r,fAdA. (1-9)

With these definitions stated explicitly, we can now proceed to set up an 

equation which will describe the variation of F^v,!^) I11 the steady state.

6^ 10
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Ve therefore consider a material balance of neutrons in a cubical -volume element 

of sides &x,dy,dz, at r. The number of neutrons vhose directions of notion lie 

in dfl around I\ and vhose speeds lie in dr around v vhich enter the volume element 

through the face dydz in one second is the z-component of the vector fluz:

Fx(r, v,fU dydzdvdXL,

and the number vhich leave through the opposite face is

3fF^x+dZty,z,v,n)dydzdPldv = Fx(z,y,z,v,JQ.)dydz(iQidv + —5 (zty»ztvtn)dydzdAdvdz.
dz

The net number of neutrons travelling in this direction element vhich are gained 

by the volume element through the yz face is the difference of these tvo expressions, 

namely

SF
-----(z,y,z,v,n) dzdydzdvdXl.

3z
A similar expression holds for the number of neutrons gained through the other 

tvo sets of faces. Hence the total number of neutrons of speed betveen v and v+dv 

and direction betveen A and A+dfi vhich are gained by the volume element per 

second is

- V * F (r,v,/!) dxdydzdvdjfl• (1.10)

The second vay in tdiich the number of neutrons vith vector velocity v = vjQ- 
in a volume element can be increased is by scattering collisions vhich change

a neutron's velocity from v' to v — that is, its speed from v* to v and its 

direction from Jft ' toll. Let <Js(v,v')dvdv' = os(v,A,v,,0;'Jdvdv'dlidfl' be 

the differential scattering cross-section per atom of the medium for the process 

of scattering a neutron frcm its original velocity betveen v* and v'+dv' into a 

final vector velocity betveen v and v+dv. Then the total number of scattering

7
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collisions per second in dxdydz vhich lead to neutrons having speeds betveen 

-v and v+dv and directions betveen XL and Xl+dfl is

dxdydzdvdO.

V XI'

n(r,v,>fl,)v,Naa(v>v,>niQ,)dvtdn.f =
(1.11)

= dxdydzdvdn

v'Xl
?(rJvl>^l)Ngfl(v,v,JA^■Q')dv,dfi., .

The meaning of aa( v,v' )dydv' is, more precisely, the folloving. Suppose a 

veil collimated beam of neutrons of velocity betveen v' and v'+dv* strikes a 

square centimeter of a thin foil of scattering material placed normal to the 

beam. Let the number of atoms per cubic centimeter of the material be N; the 

number of atoms per square centimeter vill then be Nt, vhere t is the thickness 

of the scatterer. We suppose t is so small that a single neutron suffers at 

most one collision in traversing the scatterer. As a result of scattering, seme 

neutrons will be deflected out of their original speed and direction element 

(betveen v' and v'+dv') into a new velocity element betveen v and v+dv. The 

number of such scattered neutrons per second we call P(v,v' )dvdv'. Evidently 

P( v,v' )dvdv' must be the product of I^v'Jdv*, Nt, and a proportionality factor

The quantity cs(v,v*) is called the microscopic differential scattering cross- 

section. "Microscopic" indicates that it refers to a single atom, and "differ­

ential", that it gives the probability of scattering from one velocity element 

to another. The quantity Nas(v,v') is called the macroscopic differential

P(^Z’) = Ndg^v'Jt | F(v')l . (1.12)
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cross-section; it is the sum of the cross-sections for all the atoms in a

p
cubic centimeter. The microscopic cross-section has dimensions cm j the 

macroscopic cross-section has dimensions cm-1. The reciprocal of a macro­

scopic cross-section has the dimensions of cm and will be denoted by X with 

a subscript which refers to the type of collision process. Thus Xs, the 

scattering mean free path, is

\ - (N^)'1 . (1.13)

2.

A third way in which neutrons of a particular velocity can be added 

to dxdydz is by means of an extraneous source, such as, e.g. a Ea-Be mixture.

We denote the number of neutrons produced with velocity v in the volume element 

dxdydz by such a source by

S(r,v,n)dxdydz dvdfl . (1.14)

The quantity S(r,v,Il) is the source strength.

The total number of neutrons which are removed from the velocity inter­

val around v consists of those which are removed by scattering and those 

which are removed by absorption. Let ca(v) be the microscopic absorption 

cross-section of the medium for neutrons of speed v. The total cross-section 

for removal of neutrons from the velocity yfl is

where

<7(v,n) = tra(v) + c;s(v,Il)

cra(v,n) (vSXlSvjJDdv’dn.' ,

(1.15)

and the total number of neutrons in the element dxdydz which axe removed 

from dv per second (either because of deflection or.by absorption) is

No F(r, v,n.)dxdydzdvdXl (1.16)

13
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We assume the medium is isotropic; hence Na(v,A) is independent of the

-direction In practice this means that ve ignore "crystal" effects.

In a steady state ve can equate the number of neutrons removed from

This is an integro-differentlal equation since the variable F is operated on 

both by a differential and an integral operator.

We now restrict our considerations to systems in vhich the neutron distri­

bution depends only on x. Furthermore ve assume the angular distribution of 

the neutrons at a given x depends only on p, the cosine of the angle betveen 

£L and the x direction. This is the case if the singular distribution of 

neutrons emitted from any source is radially symmetric about the x axis.

With this assumption the term V* F(r,v.fl) in (1.17) becomes p iSL (x,v,.Tl).— dx —
It is convenient to integrate the Boltzmann equation (1.17) with respect 

to f from 0 to 2n; this amounts to lumping all neutrons of a given velocity 
together vhose directions make sin angle 9 vith the x axis, regardless of their 

azimuth. Since F(x,v,^) is independent of <p, ve obtain

a given direction in the volume element (1.16) to the number entering that 

direction (1.10, 1.11, 1.14). The result is the steady state Boltzmann

equation:

V * + Wo F(r,v,ri)

v'Jfl
F(r,v*,IV) WgpCvjV1 ,n,n-' jdv'dn* + S(r,v,-Q)•

(1.17)

2ji oo2rt 1

■II/I
0 0 0 -10 0 0 -1

F(x,v‘,rL*) X

(1.18)

Wag(v,v,,!£l,fL'Jdp'd^'dv'd^) + S(x,v,p)

'15
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where '/

F(x,v,ji)dti = ^^C(x,Y,A)dudy = 2JcF(x,v,A)dM (1.19)

is the mnriber of neutrons of velocity v with direction cosine between n and

H+d^ perpendicularly crossing in one second a ring of area 2n on the unit2n
sphere around the point x,'and S(x,v,n) = ^S(x,v,fl)dp 2flS(x, v,n) is

the number of neutrons of velocity v emitted with direction cosine (i per 

second by the source. In the integral term of (1.18) it is not possible in 

general to integrate out the <Q variable because, while F(x,v,X\') is inde­

pendent of <9, gg(fl,fi-') is not, necessarily.
In order to proceed further, it will be necessary to express the scat­

tering cross-section in terms of the direction coeines n and |i'. The average 

scattering cross-section, in an isotropic medium, can depend only on the angle 

between the direction of the Incident and scattered neutrons and must be inde­

pendent of the azimuth of the scattering, i.e.,

= ffa(v>v,,Di * rQ’) = ^ as(v>v,^0) (1.20)

where ji = • ■O.* is the cosine of the angle between incident (direction ■Qz')

and scattered (.O.) neutrons, and as(v,v,,p0)dp0 is the v* into v cross-section 
for scattering neutrons from their original direction into an elementary ring 

on the unit sphere which subtends an angle between cos“\l0 and cos-^(p0+dp0) 

with the initial direction. Frcm the components of £L and we have that

p0 = ^ . = cos© cos©' + sin© sin©’ cosC^-?').

6 '*' (k • • 1 5

(1.21)
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The scattering cross-section a (v,v* ) is a known function (experimentally5 O

Hence we suppose that it can he represented as a sum of Legendre Polynomials

total scattering from velocity v' to v of that particular harmonic. It is 

customary to use spectroscopic terminology and refer to oao as the cross­

p-scattering, and so on.

The first two terms in the expansion of the scattering cross-section 

have particularly simple physical interpretations. Thus

is the total scattering cross-section times the average cosine of the scat­

tering angle.

It is still necessary to express ds(v,v,,p0) in terms of p and p'. To 

do this we make use of the addition theorem for Legendre functions (Jahnke-Emde,

p. 115):

(1.22)
where 1

(1.23)

The coefficient a . (v,v') of the ^-th harmonic gives the contribution to the
BJL

section for s (spherically symmetric) scattering, <ra^ the cross-section for

1

(1.2*)
-1

is the total scattering cross-section from v' to v, while

1

(1.25)
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& . t .

5(n0) = P^(n) ^(^’) + 2 s 44 ~°j-; ^(n) ^(n*) COS mCp-f’) (1.26)
m=l ' * '

vhere ^(M’o) is 821 associated Legendre function. Substituting (1.26) into 

(1.22) ve have

tfs(^',11,11’) = ^ cs(v,v’,n0) = ^ Z ffaJe(^v’)^(M)^(^i,) +

(1.27)

£
~ ^ 1 (2i+l)aSji(v,v’)^(n)^(|a')cos m(<p-9’ ) •

If ve nov substitute this into the integrand of (1.18), the double 

sum drops out after integration over ^>, as does the factor ~~ in the first 

term. Since F(x,v,,^l,) is independent of , the integration over J)' just 

introduces a factor 2jt vhich is absorbed by (1.20) in transforming from 

^(x,v,,fl,) to F(x,v,n'). The final result is therefore

co x

* H (x,v,p) + ITcTF(x,v,fi) = | S (2J^+1) / Nas^(v,v,)^(p)/ ^(p,)F(x,v,ti’)dn,dv' +
-1

(1.28)

+ S(x,v,u).

In this chapter we shall be interested primarily in diffusion vithout 

energy loss. The scattering cross-sections ag^(v,v') vill therefore be taken 

to be zero unless v = v'; in that case they will be S-functions such that

CD

/>VT’v') FfxjV'nJdv* = Ncr8^v) F(z>v>n)*

<>^4 ,V17
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The transport equation without energy loss therefore is

1

H (x,v,|i) + Ncff(x,v,ji) = I (2^+l)Ha8^(▼)^(^l^^(|i,)^,(3c,T,p’)c4i, +
-1

+ S(x,v,n)
(1.28a)

Usually the scattering is sufficiently isotropic so that only the 

first two terms in the spherical harmonics expansion of ag are needed. With

this restriction (1.28a) becomes

H ^ U,v,n) + »dF(x,v,p.) =
" r

-1

(1.29)
+ S(x,v,n)•

BoltTanann's equation in the forms (1.28) and (1.29) will he used as 

the basis of most of our remaining discussion.

Derivation of Fick’s Law

We proceed to derive a generalization of Fick's law from the transport 

equation (1.28a). In the first place we observe that the net number of neut­

rons of speed v which cross a square centimeter of surface in the y-z plane 

per second is

1 3

j(x,v) =^y^nv(x,v,u)pdp =J”F(x,v,p)|idn. , (1*30)

-1 -1

6-4 "18
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while the total current of all velocities is

CD 1

j(x) =^j(x,v)dv =j”|(x^)iidn .

0 _i

(1-31)

We shall call j(x,v) the net diffusion current of neutrons of velocity v; 

and j(x) the total net diffusion current. The net current j(x) is the differ­

ence between the current of neutrons going to the right, j+(x,v), and the 

current of neutrons going to the left, j (x,v). Since neutrons travelling 

toward the right must have direction cosines between 0 and 1, while those 

travelling to the left must have direction cosines between 0 and -1, we write

1

j+(x,v) = J F(x,v,n)ndn

-1
j_(x,v) «^^(x^iiJudn

(1.32)

(1-33)

and

j(x,v) = j+(x,v) - j

1

(x,v) =F(x,v, (1.34)

The formulas for j(x), j+(x), and j (x) are the same except that we must

substitute the total flux, f, for F, the flux of speed v.

In order to establish Fick’s law we must find a relation between j(x,v)

and the derivative of the flux, , and also between j(x) and ^ .
dx dx

We start with the source free transport equation (Eq. 1.28a with S = 0),

4 n 19
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multiply l>y p. and integrate with respect to )x Trom -1 to +1. On the right 

hand side all terms except the one involving drop out. After a little

algebra we obtain

/■ 2 dg(xtv,u)du
dx

j(x,v)

Ncr(v)
(1*38)

Since (x and x are independent variables, it is permissible to interchange the 

order of differentiation and integration. Then introducing the quantity

4%(x,v,ii)dp

“-1_

*0(**v)
-1

(1.39)

so that

,2 dF(x,v,u)du
1

±JMx,v,n)dp tdL2 F0(x,v) (1.40)

we can write (1.38) in the form

d Ll^- -r— H Jo 
j(x,v) --------- ----

' -S° ^o)

(1.41)

which is the generalized Fick's Law for neutrons of speed v.
p pIt is important not to confuse p and p0. The quantity u is the mean 

square cosine of the neutron angular distribution at speed v; in general it

C>^. r 20
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will vary frcm point to point if the neutron angular distribution varies 

with x. The quantity po is the average cosine in an individual scattering 

process at speed v. It depends only on the interaction between neutron and 

scattering atom and is the same throughout a medium having the same nuclear 

composition everywhere, and through which monoenergetic neutrons diffuse.
*d(|I^F0)The coefficient of -----— is the reciprocal of a macroscopic cross-

section. It therefore has the dimensions of a mean free path, and in fact

is called the "diffusion" mean free path, A,(v):d

Xd(v)
Nct(t) jl - ;ro(v)l H»So(l - Mo) +

(l.te)

With this notation, (1.4l) may he written

j(x,v) = -^(v) (l.4la)

If the absorption cross-section is zero then the diffusion mean free path 

becomes equal to the so-called "transport mean free path", A., which is"C
defined as

At(v)
,(▼)[! - ^o(v)]

(1.43)

It is worthwhile to note that the transport mean free path is larger
1

1 -
than the scattering mean free path, A. = > by the factor ■ ^ . This

s Ncrs i . ^ro
factor measures how strong is the forward bias in a scattering collision. If

the scattering is completely forward, p0 1, X, = oo; while if the scattering

is isotropic, p Aj. = Xg. For forward biased scattering, the

4 21
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coefficient of - ^ (|i2F0), and therefore j(x,v) is greater than for iso- 

- tropic scattering. Hence a given gradient of p?F0 will maintain a larger 

net flow of neutrons the greater is the "forwardness" of the scattering. 

'Phis result is very reasonable physically.

In order to find a relation between the total net diffusion current, 

j(x), and the total fives, $0(x), we integrate (1.14-1) over all velocities. 

Then

JU) j(x,v)dv *a(v)
0 0

(i.VO

is the generalized Fick's law when the neutrons are not monoenergetic, al­

though the scattering is assumed to occur without energy loss.

Another way of writing the generalized Fick's law, for polyenergetic 

neutrons, — and this holds whether or not the scattering occurs with energy 

loss -- can be found by multiplying Eq.. (1.128) by |i and then integrating with 

respect to both n and v. The result is

-- CD
---^------- / Na(l - -£■ no) j(x,v’)dV (1.45)

0
where h.2 iS the mean square cosine averaged over both angle and velocity, and 
where aBQ and ]I0 are functions of v' only, since their dependence on v has been 
integrated out. Evidently neither (1.4la), (1.44), nor (1.45) are in the form 

of Fick's law; for example, in (1.45) an<i not appears under the deri­

vative sign.

We now discuss the relation between the generalized Fick's law for mono­

energetic neutrons (l.4l), and the Fick's law of elementary diffusion theory.

•o'‘•l '>22
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Elementary diffusion theory, vhich la baaed on the proportlonallty between 

j(x,v) and cLF^/dx holda rigorously for monoenergetic neutrons only If n2 

is Independent of position; for in that case (l.frl) can be written

j(x,v) = - A*!*2

and the diffusion coefficient is

d*1 W (l.Ulb)

Do(t) X^42 • (lAlc)

If the neutrons are not monoenergetic, then the conditions for the 

validity of elementary diffusion theory, i.e., that j(x) he proportional to 

d$o(x)——— are considerably more complicated. Let us suppose that the condition 

for elementary diffusion theory of monoenergetic neutrons is fulfilled, namely 

H2(v) is independent of z. Then n2 -Bill also be independent of x, and we can 

write (1.45) as
CD

=5 d$o(-' N̂(t(1 - n0) jCx^’JdV. (1.46)

In general, the energy spectrum of the neutrons will change frcm place to
8 —iplace in the medium. Consequently the average of Nff(l----2 p.0) over j^v’)

which enters in (1.46) cannot be evaluated, and so it is impossible to write

without first solving the transport
difofx)

a proportionality between ,)(x) and------

equation. This we interpret as a deviation from elementary theory. We there­

fore state that deviations from elementary diffusion theory are associated in 

general with non-constancy of the neutron energy spectrum as well as with non­

constancy of the |i2 for neutrons of each energy.

fu ^ * 'jt 23



There is a rather trivial case in which the conditions for applicability 

- of elementary theory is the same for both polyenergetic and monoenergetic 

neutrons, namely, when all cross-sections are energy independent. In this case 

we can integrate the Boltzmann equation (1.28) over v. The resulting equation 

is identical with (1.28) except that the total flux, f(x,p) replaces F(x,v,m.) 
everywhere. Hence all statements about F(x,v,|i) apply in toto for ^(x,fi); in 

particular, if the cross-sections are energy independent then it is sufficient 

for ^2 -to -be independent of x in order for elementary theory to be applicable.

The assumption of constant cross-sections does not correspond very well to 

any physical situation. The nearest approach would be the diffusion of thermal 

neutrons in a non-capturing, non-crystalline, non-hydrogenous medium -- diffusion 

in He gas is the only strictly applicable case.

If there is no energy loss on scattering in a uniform medium, the condition 

for elementary theory can be stated fairly simply. We return to (l.MO where 

the total current j(x) is expressed as the sum of the individual currents of 

each speed. Since in a uniform medium X^(v) is independent of x, we can write

(l.h?)

where

V2 - ------------------
'0(x,v)dv

Xjv) H2(y) F0U>v)dv

(l.*8)

0

In general X^n^(v) may be a function of x, even if p2(v) is not. This

arises from the fact that the energy spectrum can change from place to place 

because of energy dependent absorption, even if a neutron cannot change its
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energy in a collision. The condition for applicability of elementary theoxy 

can evidently be stated as

be independent of x . (I*1*?)

If (j.2( v) is independent of x, then will also be independent provided

the energy spectrum is the same from point to point.

The case of diffusion without energy loss is really just a superposition 

of diffusion of neutrons each with a fixed energy. It is therefore a fairly 

easy problem to solve, even though it is not strictly reducible to elementary 

theory, and we shall return to it later. Thermal neutron diffusion in a very 

heavy medium is a good approximation to this situation.

There is one case in which there is energy exchange between medium and 

neutron and which can be reduced approximately to elementary theory even if 

the cross-sections are energy dependent. This is the case of thermal neutrons 

diffusing in a very weak absorber. We shall deal with this problem also in 

a later paragraph.

Aside from these two cases, all of our discussion of transport theory 

in this chapter will be confined to monoenergetic neutrons, or the trivial 

case of constant mean free path for polyenergetic neutrons. Thus all devia­

tions from elementary theory which we encounter will arise from variation in
OW , not from variation in the neutron energy spectrum. The reason we confine 

attention to variation in p2 alone is hot that the corrections due to the 

polyenergetic character are unimportant; rather it is because there is no 

general theory of the effect of energy distribution on the diffusion of neutrons. 

This fact must always be kept in mind when assessing the value of results ob­

tained from monoenergetic transport theory.

-J2/
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The Angular Distribution in Elementary Diffusion Theory, and the Value of n2

Thus far ve have said nothing about the specific form of the angular dis­

tribution of the neutrons diffusing in a medium. We have simply contented our­

selves with the observation that Fick's lav, vith diffusion coefficient vhich 

depends only on the energy distribution of the neutrons, is applicable vhenever 

is independent of x, if the neutrons are monoenergetic, or whenever 

is independent of x if the neutrons are polyenergetic.* We shall nov inquire 

more closely into the form of the neutron angular distribution, and shall compute 

the diffusion coefficient in some simple cases. The argument vhich follows is 

stated for the case of monoenergetic neutrons; if the cross-sections are inde­

pendent of v then it holds vith equal weight for polyenergetic neutrons vith 

$(x,p) replacing F(x,v,p) .

It will first be useful to examine hov the angular distribution of neutrons 

in a given volume element arises. The number of neutrons going in the direction 

H in a volume element around a given point is made up of all those neutrons vhich, 

as a result of their last collision, were re-directed toward the volume element 

in the direction |x and have reached it vithout intervening collisions. It must 

therefore be possible to express the angular distribution at a point in terms of 

the flux at surrounding points, at least in the case vhere the scattering is 

isotropic.

To show this we start vith the transport equation for isotropic scattering of 

monoenergetic neutrons in a uniform medium:

1

(1.49a)
-l

No
+ S(x,v,p) = -ppFoCxjv) + S(x,v,n).

And the scattering does not change the neutron energy.
^ 026
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Since ve wish to express F(x,v,fi) in terms of F0(x,v), we shall assume 

^(x,v) as known,, and shall therefore view (1.49a) as an inhomogeneous, first 

order differential equation with constant coefficients. The solution which 

is finite at x =+ oo is

F(x,v,ji) F0(x’,v) e
-( x-x' )

+ / S(x',v,ji)d
^(x-x»)^ x ''dx'

-00
n > 0

-U-x’Jdx.

(1.50)

(i < 0

The pair of equations is the required relation between the angular distri­

bution F(x,v,n) and the total flux of velocity v, F0(x,v). Physically the

first integral has the following simple interpretation: F0(x,,v) is the

number of particles per unit volume at x’ which are scattered into unit solid

angle per second. The probability that these neutrons reach a volume element 
-52(x-x»)at x is e Hx . The total number reaching x in the direction p is the sum 

of all those from the elements of volume lying along the radius vector connecting 

the elements at x and x’: the length of each such element is dx'/p. Hence the 

flux F(x,v,u), which is the total reaching unit volume per second from all ele­

ments along the radius whose direction cosine is p, is

x

i^-0(x'.v) e ^P
P >0 (1.51)

-oo

!o ^ '■ '-fc '>27
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The second integral in (1.50) evidently represents those neutrons which reach 

the volume element directly from the source.

We now suppose that F0(x’,v) can be expanded in Taylor's series around x:

00 0
F0(xSv) T>! (1-52)

and that the point x is so far from the source that the source integral con­

tribution to (I.50) is negligible.

If we substitute the series (I.52) into (I.50), and integrate term by term 
we obtain a series in ascending powers of p. If we now recall that any power 

of (i is expressible as a linear combination of Legendre polynomials, e.g.,

H° = PQ(h)

M1 =

=-jp0^ +§P2^>;

then, upon collecting coefficients of Legendre polynomials of the same order, 

we can write the result of this term by term integration as

F(x,v,ti) « Z 2" g~.1 ^(w)-
JL=0

(1-53)

The general problem of transport theory is to determine the functions 

F^(x,v)^ this can be done, in principal, by substituting (1.53) into the 

transport equation [even the non-isotropic equation (l.28)j and equating 

coefficients of spherical harmonics of the same order. This procedure leads 

to an infinite set of linear equations, the solutions’of which are (x,y),

We defer consideration of these equations -until Chapter III and consider 

instead the relation between n2 and the 5^ (x,v). Since p2 = -i- P0(p) + (n),

we find from (1.53)
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|i2F(x,v,n)dji
H2(x,v) <■1

j F(x,v,ti)dn
-1

1 + 2

2lS 

f2(2(x>v) 1 
o(x#v) J

(1.54)

Since the requirement for the applicability of simple diffusion theory is 

that ^2 ^ independent of x, from (3..54) we can say that simple diffusion theory 

in these cases is applicable if the ratio of F2(x,v)/F0(x,v) is independent of x.
There are two important cases in which F^ (x,v) and FQ (x,v), that is the 

strength of the second and zero-th spherical harmonics, are in constant ratio. 

These are

(I) F(x,v,p) =l.F0(x,v) +^.F1(x,v) P^p). (1-55)

(Asymptotic distribution in non-capturing medium.)

In this case F2(x) = 0 and p2 = l/3. IMder what physical conditions can 

we expect (1.55) to hold? The answer is that the very simple angular distri­

bution (I) holds, strictly, only in a non-capturing medium far from sources 

and far from boundaries.

That the medium must be non-capturing in order for (1*55) to hold rigorously 

can be shown by returning to (1.50), where, with S = 0, we express the angular 
distribution in terms of the density. Evidently, if the series (1.53) is to 

break off after the second term, it is necessary that the Taylor expansion (I.52) 

break off with the second term also:

Fo^Sv) = F0(x,v) + (x'-x) Fq(x,v) . (1.56)

Substituting this into (I.50) we obtain as the angular distribution corres­

ponding to a linear density distribution.

F(x,v,p) F0(2:,v) gso f;(x^) 
2o No *l(n)•

(> ^ '• : 2$

(1.57)
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Now by definition,

1

(
-1

F(x,v,|i)dM = F0(x>v) (1.58)

and this condition can be fulfilled by (1-57) only if

as0 = 0 i

i.e., if there is no capture in the medium. In other words, if the angular 

distribution at every point is strictly representable by a sum of only the 

first two Legendre Polynomials, then there can be no capture in the medium.

Close to a localized source the neutron angular distribution will gen­

erally require many spherical harmonics for its representation. Thus if the 

source is an isotropically emitting plane sheet at xo> i.e., S(x',v,p) = 8(x0-x'), 

then the contribution to the angular distribution of those neutrons which have 

made no collisions is, according to (1.50),
No 1 1

i 8" ~ *0 .

and this evidently requires an infinite number of harmonics for its repre­

sentation. A few mean free paths away the effect of the source angular dis­

tribution will be "forgotten" by the neutrons, the distribution characteristic
p

of the medium will take over, and'p will become constant.

Near a boundary between medium and vacuum, or between non-capturing and 

capturing media, the two harmonic representation which leads to = constant = 

will also be invalid. For in the case where the medium is bounded by a vacuum, 

no neutrons can be reflected back. Hence the angular distribution at this 

interface (x = 0) must satisfy

F(x,v,p) ■ 0 -1 < H < 0.
6‘>4 30

(1-59)
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Since this distribution is very different from that which characterized the 

interior of the medium, there must be a transition region in which the Pgfn) 

harmonic is involved in the angular distribution. In this region, which is 

also of the order of a few mean free paths, simple diffusion theory is inappli­

cable. A vacuum can be considered as the extreme case of a medium which has 

infinitely large capture. If the capture is finite, the angular distribution 

at the interface will not be as drastic as (lo9) — i.e., source neutrons can 

return to the medium but it will in general still require more than two har­

monics for its representation, and p.2 vill not be constant near the interface.

It is easy to show that the angular distribution of the general form (1.55)> 

which we have shown corresponds to the linear total flux distribution (1.52), 
does indeed satisfy the Boltzmann equation if there is no capture. We start 

with the general equation with no capture and no source,

as can be verified by integrating F over p. Substituting (1.6l) into 

(1.60) we observe that all terms in the infinite sum except the first two 

fall out; what is left is

1
(1.60)

-1
and we tfy to determine a solution

F(x,v,p) = A + Bx + CP-^(p). (1-61)

where A, B, C, for a given v, are constants which are to be determined. 

The total flux F0(x,v) is linear,

F0(x,v) = 2A + 2Bx (l.6la)

Bp + (Cp + Bx 4 A)NcxSo = HoSo(Bx 4- A) 4- CpN<Js^ •

Qi' ^ ‘ ■ 3l



This is an identity in n vMch is satisfied if

-B
’

or, by the definition of Og^ and v).

-B
N%(1 - Ho) "Hr®* (1.62)

Now B is related to the space derivative of the total flue F^; for, from (l.6l).

F'(x o'

1
,v) = /r(x,v. ^)dp = 2B,

-1
so that (1.6l) can, according to (1.62) be written either as

F(x,v,p) = A + b|x - Xj.r

F(x,v,p) =^-F0(x,v) -Xtr F,;(x,v) P^p),

or as

(1.63)

(1.64)

where F0(x) = ZA+2Bx, A and B being arbitrary. Since, by comparing (1.6l) 

with (1-53) we can identify C with ■l-Fj^a^v), we see that (I.63) — which we 

have shown is a solution of the Boltzmann equation — is just the same as the 

originally assumed angular distribution, -i- F0(x,v) + F'l(x,v) P^(n), with the 

understanding that F0(x,v) is linear in x, F^(x,v) is constant in x.

The value of the diffusion coefficient corresponding to (I.63) is found, 

according to the formula for D0 (Eq. 1.414, by evaluating p2 for the angular 
distribution (I.63). The result is

(I.65)

32
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Formula (I.65) is the one ordinarily derived in kinetic theory. As we see, 

it is rigorously correct only in a non-capturing medium far from sources or 

boundaries.

The angular distribution (1.63) is the one which is usually understood as 

the angular distribution corresponding to elementary diffusion theory. It 

applies strictly to media which do not capture neutrons; it is customary to 

assume this distribution in weakly capturing media, but this is correct only 

to the extent that the capture is small. Actually there is another angular 

distribution which is somewhat more general than (I.63) and which applies 

rigorously to media with finite capture which also leads to elementary dif­

fusion theory, and this is described in the following paragraph.

II. If F(x,v,u) is a product of function of x and function of u 

(asymptotic distribution in capturing medium).

In this case the coefficients of all the harmonics bear a constant ratio 

to F0(x,v) for all x; in particular ^2/^0 c constant, and so n2 will be inde­

pendent of position. However, the formula for D will not be (1.65).
To calculate ^2 in this case we start with the no-source slightly non­

isotropic transport equation with capture in which the scattering cross-section 

is representable by just two harmonics. Then we have

H M. (x,v,fi) + NoF(x,v,|i) 
dx F(x,v,n'+ |-Nc^ii H’FCx^n')dM! • 

(1.29)
We try a separable solution

+ j(.x
F(x,v,p) = e f(n), (1.66)

«■» ' 33



and seek to determine it and Substituting into (1.29) we obtain
I'

(No + =_£ / f(ji')d4x’ +
-1

3N«s0 _

-i

Our separable solution (1.66) will indeed satisfy (1.29) if we can find 
an f(p.) which satisfies the integral equation (1.67). We therefore try a 

solution of (I.67) of the form

/ \ A + Poi^f{\i) = constant x-------- - ;
Ha + ^ p

in general, this assumed solution will not satisfy (I.67). Only for 

particular values of A and)/, will f(p) (1.68) solve equation (1.67), and 
to find these characteristic values will be our task. We substitute (1.68) 

into (I.67), and, making use of the integrals 
1

1)C Ha - yt
J _d^j
J N(7 ±'

f hdu _ U NO 0 Ha At yt'
J Ha + “(K " X2 Na - ^
-1
1

f
-1

4gdp
Ha + ^p

2Na . TjSa2 a Na + X

we obtain 

A + p0p WcraoA / Ha + >/ NaSopro f 2. Ha 0 No + ,
-2lT^nN7VK±-2- (

2^aBolJ'hL0A 12k Ha
iT'*

29

(1-67)

U-68)

r M
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This Is an identity in n; hence ve can equate coefficients of powers of (i, 

and ve obtain

H0BC^oi

A=± —

31

’A Her I Ha±4]

NaSo ^ Na + X
1

(1.69)

and

3®^asoaa —
Hg30 . Ng + 1 + ~ -Z2~ ^
2X. iln Na - R " 3H2tfa

1 + —_a „

When p0 = 0 (isotropic scattering)} }£ is determined as the root of

(1*70)

Haso
2)(

/?n Ha + ^ 
Na -X (1.71a)

or

lUg g

-3 tanh"1 -2k = 1. (1.71b)
X. Na

Equation (l.71a) has one pair of real roots, + >(,, which are less than No 

in absolute value, and an infinite set of imaginary ones. We vill not be 

concerned here with the Imaginary roots. We note in passing that in order for 

our derivation of the form of f(p) to be valid it was necessary for (X) to be 

less than No; otherwise f(|i) would have singularities for those values of p at 

which the denominator of (1.68) vanishes.

The quantity A has a finite value, in the isotropic case, which we need 

not compute. The isotropic scattering angular distribution F(x,v,p) is therefore

+ >6c
F(x,v,|i) = constant ----- (1*72)

Na + X H

provided X is a root of (1.71)• ■ 5
ib ''
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3ZL _

To calculate the diffusion coefficient, D0, we must first compute \3. 
We find, for the value of in the isotropic case (1-72),

and

(1-73)

(1.74)

We shall see in the next section that (1.7*0 reduces to the usual D_ = — At
0 3

if the absorption is very weak.

When the absorption is very small compared to the scattering, then as 

will be shown later, is small compared to Ha. In this case it is permissible 

to expand the denominator of (1-72) and keep only the first two tenus:

F(x,v,|i) #32 constant x e'

The angular distribution contains only the first two Legendre functions and 

is therefore the angular distribution of elementary diffusion theory. Since

F0(x,v) ~ er , Xt F’(x,v)^ j+ik e~ ,
zr 0 Nc

this form is the same as (1.64). It is clear then that in a weak absorber, 

the angular distribution of elementary diffusion theory is a good approximation 

to the asymptotic distribution (1.72).

The angular distributions computed in this and in the previous paragraph 

are very special ones. They involve only a single multiplicative constant and 

are not sufficiently general to enable one to satisfy arbitrary boundary condi­

tions, such as would be imposed on the neutron angular distribution near a source 

or a boundary. Thus, as we have already stressed, the two harmonic solutions in 

the case of the no capturing medium, and the separable solution in the capturing

^36
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medium axe solutions which apply only at great distances from sources, or 

boundaries between two media at least one of which has absorption. In other 

words, these solutions are "asymptotic" solutions of the Boltzmann equation, 

the first one being the asymptotic solution in a non-capturing medium, the 

second the solution in a capturing medium. We can therefore summarize the 

situation by the statement: simple diffusion theory, baaed on Fick’s Law,

holds strictly only for the asymptotic solutions of the Boltzmann equation.

Only insofar as the neutron distribution approaches the asymptotic distribution, 

as it does far from sources and boundaries, can simple diffusion theory be 

applied.

The Diffusion Length

In both the isotropic and the slightly anisotropic scattering cases, the 

asymptotic flux distribution in a capturing medium is

sion length of the medium and is denoted by L.

The asymptotic flux, since it is exponential, satisfies the following 

differential equation:

This equation can be written, by virtue of the relation between D0, Ncxa, and

+ J*x
(1.75)F0(x,v) = constant e"

The quantity has the dimensions of length; it is called the diffu-

(1.76)

D0 ^ F0(x,v) - Naa F0(x,v) - 0. (1-77)

G£' -j. f>37
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In this form it is easily recognizable as the elementary diffusion equation 

without sources. It could have been derived from a consideration of the mater­

ial balance in an element of volume AxAyAz: the net flow per second into the
d2volume minus the net flow per second out of the volume is just D0 —- F0AxAyAz,
dx2

which, in the steady state, is equal to ITaaF0AxAyAz, the number captured 

per second.

If the capture cross-section is small compared to the scattering cross- 

section, the transcendental equation,(1.70) which defines the diffusion length, 

can be solved by series expansion. The result is, correct to terms of the first 

degree in <%At,

)4. = 72 = 3Nct(1 - n0) NctYi " 5 -^ + - a—y— * ' • ) L V ff(l “ H0) '
♦

For isotropic scattering (p0 = 0) this becomes

(1.78)

/2 = % - 3N(®ffa(l-i^),

while, if the capture is so weak that aa/cr is negligible.

^ = 3Nct(1 - TT0)Nda
Xj

(1.79

(1.80)

The relation (1.80) between diffusion length and cross-sections is an immed­

iate consequence of the elementary diffusion equation and follows from the

assumption D0
3Na(l - no)

. However, the derivation given here, besides

being more fundamental has the advantage of yielding the exact formula for M. • 

The diffusion length of a medium is important practically because it is 

a measure of the distance that neutrons travel before being captured. From a

"38
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-X*.plane source the asymptotic flux is of the form e j in spherical coordinates
p"^rthe asymptotic distribution frcm a point source is ~---- . The mean square dis-__ r

p
tance* r , that a slow neutron travels from a point before it is captured is 

therefore

- /’2 0 r = --

3 - ><r.a r

->er
re dr

Z'6Li
(1.81)

that is, the square of the diffusion length is 1/6 times the mean square dis­
tance that a slow neutron travels from birth until death, assuming the asymp­

totic neutron distribution holds up to the point source. Actually the asymp­

totic distribution does not hold very close to the source, but the error 

caused by this is small if the capture is‘not very great compared to the 

scattering.

The diffusion length in a medium will be large if the transport mean free 

path is long, or if the capture cross-section is very small. Since the diffu­

sion length is directly proportional to the capture mean free path, it is a 

convenient measure of the relative neutron absorption of two media which are 

weak neutron absorbers, as for example, two different samples of graphite.

Diffusion of Thermal Neutrons ^ fa J*\ ^

The formulas for the diffusion length ana for the diffusion coefficient 

which we obtained in the preceding section were derived for

a) monoenergetic neutrons

b) polyenergetic neutrons scattered in a medium in which all cross- 

sections sure independent of speed.

6 ^ ■ a 39
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Neither of these assumptions is very realistic for the diffusion problem 

.of most relevance to slow neutron chain reactions -— viz., the diffusion of 

thermal neutrons. Thermal neutrons are not monoenergetic — for example, 

their energy distribution is Maxwellian in a non-capturing medium. Furthermore, 

most slow neutron capture cross-sections are l/v, and in crystalline media, 

the scattering cross-section is strongly affected by interference phenomena 

which depend on the wave length, i.e., on the velocity, of the neutrons. For 

both of these reasons it is not justified to regard thermal neutron cross- 

sections as velocity independent.

An accurate calculation of the energy distribution of thermal neutrons has 

been performed by Signer and Wilkins for the case of neutrons slowing down in 

atomic hydrogen gas whose atoms are in motion with a Maxwellian distribution of 

velocities. In this calculation the details of the energy exchange between 

neutron and proton at each collision were taken into account rigorously. The 

details of the transition from the energy distribution of neutrons which suffer 

elastic collisions at high energy, where temperature motions are unimportant, 

to the thermal neutron distribution, which is predominantly Maxwellian, were 

traced.

We shall concern ourselves here with two very much simpler, and over-idealize! 

problems, which nevertheless approximate certain important cases of thermal neutron 

diffusion. The two cases are

I. The neutron energy is unaffected by scattering collisions with the 

medium. This corresponds to diffusion in a medium of infinite 

atomic weight; it is a fairly good approximation for thermal neutrons 

diffusing in U.

The neutron suffers complete "amnesia" after each scattering collision; 

that is, its energy after collision is uncorrelated with its energy

3b

940
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^7

before a collision, and it is thrown into a Maxwellian energy 

distribution, regardless of its initial energy. This is more 

nearly correct for collisions with light nuclei than with heavy 

ones, but is of course not strictly correct for either.

Case I. In this case the neutrons of each speed, can be treated independently 

of all others. The flux, F0(x,v) of neutrons of a particular speed will fall 
off exponentially far from a source, and the diffusion length for each speed 

will be different:
-X(v)xF0(x,v) = constant e , (1.82)

where >£ (v) is the root of the usual characteristic equation (1.70) with 

all cross-sections evaluated at speed v. If the neutrons start at x = 0 with 

a Maxwellian energy distribution,

M(v) (1-83)

where a is the most probable speed of the neutron; then in a l/v absorbing 

medium the Maxwellian distribution will not be maintained as the neutrons 

move out from the source. The low energy neutrons, being absorbed more strongly, . 

have a shorter diffusion length than do the more energetic ones. As a result 

the average energy of the neutrons increases with the distance frcm the source; 

at very large distances only the most energetic, which have a very small cross- 

section, survive. This phenomenon is called "hardening". It occurs in any 

medium in which the absorption cross-section increases as neutron energy decreases.

The total flux $>o(x) can be computed by summing Fq(x,v) over all v. For 

neutrons which were Maxwellian at x = 0, the total flux at x is 

co 00
$°(x) =y F0(x,v)dv =y v2 exp 

0 0

v2 •+ X(v)x Idv.} (1.84)
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A comparison of $0(x) and F0(x,v), the flux of neutrons of average speed v,

, is given for neutrons diffusing1 in uranium metal in the accompanying Figure 2.

Case II. In a medium vhich does not absorb thermal neutrons at all, temperature

equilibrium will ultimately be established between the neutrons and the medium.

When this state of affairs has been achieved, the total number of neutrons thrown

into a given speed range in one second is the same as the number removed. Now

if the neutrons are in a Maxwellian distribution, M(v), then the number per c.c.

removed from unit speed range in one second is

Ncr (v) vM(v); so
since the total number of collisions in one second is

7-NaSo(v) v M(v)dv
the probability P(v) that on the average a collision will result in neutrons 

of unit speed range around v is

*(v)

N<TSo(v) V M(v)

NcSo(v) v M(v)dv

(1.85)

In any individual collision the initial and final neutron speeds are, of 

course, correlated; the heavier the scattering material, the greater the corre­

lation. Thus P(v) is not the probability that each collision will give rise to 

neutrons of unit speed range around v; rather it is the probability, averaged 

over a large number of collisions (in each of which there is correlation before 

and after), that a neutron will come off a collision in a particular speed range. 

The assumption of complete "amnesia" is that the probability of a given neutron 

speed following each collision is independent of the initial speed and is the
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same as P(v), the probability averaged over a large number of collisions.

The fora for P(v) assumed here will not be correct, even on the average, 

if there is velocity dependent absorption in the medium. However, if the 

absorption is very small, so that many scattering collisions occur for each 

absorption, we can expect results based on this P(v) to be reasonably good.

The neutron distribution which we calculate will therefore be approximately 

right for diffusion of thermal neutrons in a weakly absorbing, low atomic weight 

material.

The Boltzmann equation for thermal neutrons which suffer complete amnesia 

at each collision is, in the case of isotropic scattering.

where P(v) is given by (I.85). We wish to find an asymptotic solution of (1.86). 

We therefore try

and substitute into (1.86). After cancelling common factors on both sides 

of the resulting equation, we find that in order for (I.87) to be a solution

This is the generalized characteristic equation which determines the diffusion 

length, l/X# for thermal neutrons in a weakly absorbing medium, if the neutrons

00 1
(1.86)

F(x,v,|i) = constant e —txll—
He +

(1.87)

of (1.86) it is both necessary and sufficient that )/ satisfy

00

(1.88)
0
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stiffer ccanplete "amnesia" at each collision. Since the whole argument is 

-valid only if 0a/<*so « we may expand (1.88), keeping only the first two 

terms, and we may identify a8o and a. After a little algebra we obtain

-1

which for small <xa/a is

Thus the neutron density, n(x,v), is not quite Maxwellian; in a l/v absorber 

with constant scattering cross-section, for example, there is a deficiency of 

neutrons at low energies where ca, and hence o, is large.

_i_____ A_
3Nea

(1.89)

where

7
/ aa v M(v) dv

03 (1.90)

0
and oo

0

(1.91)

The total flux of speed v, F0(x,v), is, according to (1.87)

1

F0(*,v) =/ (1.92)
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The total fltix of all neutrons, $0(x), is

$0(x) = / F0(x,v)dv
+>£xa
IT

TXo8ovll( v) ^ n jjff +_-^ dv; (1.94^

it is exponential in space and therefore obeys the differential equation

a2f0(x)
dx - X2 ^(z) = 0

which is the elementary diffusion equation in a capturing medium. Hence ele­

mentary diffusion theory holds, to the extent that the complete "amnesia" 

assumption is good, for the asymptotic distribution of thermal neutrons in a 

weakly absorbing medium.

What we have shown in the preceding paragraphs is that thermal neutrons in 

a weakly absorbing medium behave, approximately, like monoenergetic neutrons 

whose absorption cross-section is given by (1.90) and whose mean free path is 

(1.91)♦ It is important to note that it is not the cross-section, but rather 

the mean free path which is averaged in (I.91)•

If the absorption cross-section is l/v, as is usually the case for thermal

neutrons, then crav = s, a constant. Hence
00

s / M(v)dv

a VJU

/• M( v) dv

s .
v

(1-95)

that is, the appropriate average absorption cross-section for a l/v absorber 

is exactly the absorption cross-section at the average speed v of the Max­

wellian distribution M(v).

'o:: 4 45
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If the mean free path X is knoim^ then a measurement of the diffusion 

-length yields a value for oa . This is a practical way of measuring the ab­

sorption cross-section of weak absorbers for thermal neutrons, although it is 

complicated by the fact that X may be hard to evaluate on account of crystal 

effects. The absorption cross-section which is obtained from these measurements 

refers according to (1.95) to neutrons at the average speed of the Maxwellian 

distribution. Since the average speed v is = 1.128 times higher than the 

most probable speed, a, the absorption cross-section in a l/v absorber found 

from a diffusion length measurement is times the absorption cross-section

at the most probable velocity. It is customary to refer cross-sections to 

neutrons of energy kT; this is exactly the energy of a neutron with the most

probable speed a, since a2 = , where M is the neutron mass. Thus the kT
M

absorption cross-section of a l/v absorber is 1.128 times larger than the cross- 
section found directly from a diffusion length measurement.

Boundary Conditions between Two Media

Suppose neutrons diffuse in a composite system consisting of one medium 

in the left half-space (x < 0) and a different medium, with different scattering 

and absorption properties, in the right half-space (x >0). We denote quanti­

ties referring to the left hand medium by a superscript and those referring
( + )to the right hand medium by a superscript ' .

At the interface (x = 0) between the two media, the flux of speed v,

F(x,v,|i), must be continuous for all p and v. For if F(x,v,p) were discontinuous 

at x = 0 — for example, if F^~^(o,v,|) £ F^+^(o,v,|) — then the number of 

neutrons of speed v reaching the interface from the left in the direction p = | 

would not be the same as the number leaving the interface toward the right.
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This would be possible only if there were a source or sink of neutrons at 

the interface which made up the difference between the two neutron currents. 

Now F(x,v,|i.) is expressible as a sum of spherical harmonics in both media:

Equation (1.97) is the correct boundary condition at the interface.

If neither of the media captures, and the neutrons are monoenergetic, 

then the asymptotic solution (far from sources)

where F0(x,v) = 2A + 2Bx, holds even at the interface. For (1.97) is auto-

The first boundary condition (1*99) states that the total flux of neutrons 

is continuous; the second condition states that the net diffusion current is 

also continuous. Since F0 in elementary diffusion theory is the solution of a 

second order differential equation, it is possible to specify both Fo and F^ 

at an interface. This pair of elementary theory boundary conditions leads to a 

rigorously correct solution when neither medium captures.

(1-96)

(1-97)

F(x,v,p) = 1 F0(x,v) - 1 XtlJ^(x,T)M = £ F0(x,v) + | j(x,v)p (1-98)

matically satisfied if we choose the arbitrary constants A 

so that

B^, A('}, and

F(0~}(o,v) =F<+)(o,v) (1-99)

(-) (+)
(1.100)

t - /JI
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If one of the media captures, then continuity of flux and current is 

-not a rigorously correct set of boundary conditions even if the neutrons are 

monoenergetic; for the asymptotic distribution in a capturing medium involves 

all the spherical harmonics, vhereas continuity of flux and current simply 

ensures that the coefficients of the first two spherical harmonics are con­

tinuous. In order to satisfy the rigorous boundary condition (I.97), a large 
number of non-asymptotic solutions, which die away within a mean free path or 

so of the interface, must be added. This is rather complicated; what is usually 

done is simply to use the elementary theory boundary conditions, F0 and j con­

tinuous. By so doing we ensure that the number of neutrons striking the inter­

face is continuous up to terms in P^(|i), and that there is no discontinuity in 

net flow of neutrons. There may be discontinuities in flow in particular dir­

ections, but by requiring continuity of net flow we balance discontinuities in 

different angles against each other so that the average flow is continuous, and 

neutrons do not build up indefinitely at the interface.
Nc_The diffusion coefficient in a medium with capture is DQ = —_ . Hence

We shall take this as the second boundary condition of elementary diffusion 

theory.

Since the asymptotic distribution breaks down near the interface, and the

some question whether the formula (1.101) is a consistent approximation. An 

alternative approximation would be to assume in the capturing medium the two

\JL±.X-± X 0.1* C* T1JL VVU. A.O X/q

the boundary condition (1.100) becomes, for capturing media.
X2

(1.101)

diffusion coefficient ^ is based on the asymptotic distribution, there is
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hanoonic solution (1*98'); although this does not satisfy the Boltzmann 

equation with capture, it is a good approximation if the capture is weak. 

The diffusion coefficient would then be given by l/3 \(.r Mud (1.101) would 
be replaced by

In general it is impossible to say which approximation is better without 

solving the transport problem exactly first. Both (1.101) and (1.102) have 
been used by different authors. We shall return to this question again in 

Chapter III.

If the neutrons are not monoenergetic and the media are at different 

temperatures, then the elementary boundary conditions again become not 

strictly applicable, in general. If all cross-sections are energy inde­

pendent, this case reduces to the monoenergetic one with ([T replacing F every­

where. But if the cross-sections are energy dependent, then the neutron energy 

spectrum will change near the interface; in this region elementary theory is 

inapplicable. The rigorous (1.97) is still correct of course, but (1-99) and 

(1.100) or (1.101) with $0 replacing FQ will only be approximations.

For two adjoining weak; absorbers in which thermal neutrons are diffusing, 

it seems reasonable to assume the validity of elementary diffusion theory with 

the average cross-sections found in the preceding section (Eq. 1.84, 1.90> 1*91)• 

We therefore take as our boundary conditions

(1.102)

(1.103)

(1.104)
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where the (Noa/^C^) denote the diffusion coefficients found in (I.89)•

It is important to notice that at the interface between two media it is 

the flux (that is, Jivdv) which is continuous -- not the density, n. The 

distinction between continuity of flux and continuity of density becomes very 

important when the two media are at different temperatures. The density will 

be discontinuous at the interface, being lower on the side with the higher 

termperature. The situation is quite analogous to the phenomenon of thermal 

transpiration in a two-compartment vessel containing gas at low pressure; a 

pressure difference can be maintained across an open hole in the membrane sub­

dividing the vessel if the temperature of the gases in the two ftratma-rtments

Boundary Conditions at Interface between Medium and Vacui_____________________
Distance

If the right hand medium is a vacuum, or is a perfect absorber, the boundary 

conditions of the previous paragraph become meaningless. In a vacuum there are 

_no collisions at all, and so it is impossible to speak of a net diffusion current. 

In order to find an appropriate boundary condition we return to the fact, already 

pointed out, that since no neutrons can return to the medium from a perfect ab­

sorber, the rigorous boundary condition must be

Since we are confining ourselves to elementary diffusion theory, it is 

evident that we cannot hope to satisfy (1.105) rigorously. Instead we shall 

be content with requiring that there is no net current of neutrons back from 

the vacuum. This is much less stringent than (1.105), since we allow neutrons 

to be reflected from the vacuum in certain directions if we compensate by in­

creasing the flow into the vacuum in other directions. Now the net current

are different.

F(o,v,n) = 0 (1.105)
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reflected from the vacuum is

-1

j_(°,v} =
I

(1306)

and we require j (o/v) = 0 instead of 3?(o,v,n) - 0.

In a non-capturing medium the asymptotic, i.e.. elementary diffusion 

theory, distribution is

Equation (1.108) is the familiar formula for the number of neutrons striking 

a unit area per second from the right. If j_(o,v) vanishes then

F°(°'T)' --If; (1.10.F«(o,v) ^ tr'

that is, at a plane interface between a non-capturing medium and a vacuum the

logarithmic derivative of the total neutron flux must, have the value - | X”1.-Z. XV

linother way of saying this is that the asymptotic distribution of the neutron 

flux extrapolates to zero at a distance ^ \ beyond the edge of the medium.

An accurate calculation in which all the non-asymptotic solutions are used 

to satisfy (1.105) rigorously gives the value 0.7104 X, for the extrapolation 

distance in a non-capturing medium. In the rigorous theory it is the asymptotic 

flux distribution which extrapolates to zero s,t the extrapolation distance 

•7104 X. ; the actual flux falls below the asymptotic distribution (which isCjT
linear) close to the boundary. At the boundary its ratio to the asymptotic

:F(:£,v,p) ^ A + B(x - \trp) = | F0(x,v) - J X^F’U,^ (1-107)

and

(1.08)

flux is =0.8l. It is not surprising that the flux falls off
(-7104) (VI)

51



1-47
faster near the boundary than In the Interior, since close to the boundary 

neutrons arrive at a point almost entirely from one side while in the interior 

they come from lioth right and left sides in comparable amounts.

The extrapolation distance 0.71 \^.T is correct for the case of a non-capturing 

medium at a plane boundary. If the medium captures, then the formula for the 

extrapolation distance is more complicated; however, if the capture is not very 

strong and if the scattering is isotropic the only change in the formula is 

that the mean free path for scattering, rather than the total mean free path, 

is substituted for Xtr* *

If the boundary is curved, then the extrapolation distance is longer than 

0.71 • In the limit of vanishingly small radius of curvature of the boundary —

this would correspond to an extremely amall black sphere imbedded in a scattering 

material — the extrapolation distance is ^ ^. The extrapolation distance for 

intermediate radii of curvature has been calculated by B. Davison-* We shall 

refer to his results later in connection with the theory of ccntrol rods.

The Albedo

If the angular distribution in a medium is known, then it is a simple matter 

_to compute the albedo, or reflecting power, i.e., the ratio of the number of 

neutrons reflected from a medium to the number of neutrons incident on the med­

ium. Evidently the reflecting power of a medium depends upon its size; a thin 

sheet of scatterer will reflect fewer neutrons than a thick one. It also de­

pends on the angular distribution of the incident neutrons. Thus more neutrons 

will be reflected if they enter the medium at a sharp angle (and therefore do 

not get very far from the surface) than if they enter with a uniform angular 

distribution. We shall calculate here the fraction of neutrons which are re­

flected from the plar^ surface of an infinite medium assuming that the angular
_____ _________ ____________ _ s. . .... ________

* MT - 93 - B. Davis on - "Influence of a Large Black Sphere upon the Neutron 
Density in an Infinite Non-Capturing Medium" ro
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dlstributioxi of the incident neutrons is the angular distribution of elementary 

diffusion theory.

We consider an interface between two media and, as before, let - denote 

the left hand medium, + the right hand medium. The albedo, (3, of the right 

hand medium, is by definition the ratio of the current reflected from the 

right hand medium, j , to the current incident on the right hand medium, j+.

J-P = + —
<4

Now since we have assumed elementary diffusion theory.

(1.110)

and so

F(o,v,n) 1
No - Xv

P
1 - ^ ta(l + X/No) 

-1 - ^ >(n(l - ^/No)

(1.111)

(1.112)

If the absorption is weak, then ^ N No, and we can expand the

logarithms. The result is

P (1.H3)

The albedo of a medium decreases as the ratio oa/o increases. This is natural 

since o/oa is the number of collisions before capture, and the smaller the 

number of collisions before capture, the smaller is the probability that an 

incident neutron will be reflected before it is captured. If the capture is 0, 

then p = 1; this again is a physically obvious consequence of (1.113).

^ '-53



In case the absorption is so slight that the two harmonic angular dis­
tribution (I.98) is justified, we can write

-1 -1

I ^0(0,v)

J
J- ^ 0 .j

O J_
T " 2

+ 2 Fo(°^t) I -dfi + | j(o,v) / p'
•A

2, Fo + j^dp -jp 5
(1.11%)

and, since j = ri ,

T + ^ X F°
5 a ^ ji \ F'--------- t-T- 1 + f A, 1° .7 1 ^o 3 d p1 - =■ X —3 Ad Fo

Since for isotropic scattering and weak absorption,

3110 _____
Xd = —2-^J^ > FoAo = ,

(1.115)

-formula (1.115) is really equivalent to (1.113). We can express the log­

arithmic derivative Fq/F0 in terms of the albedo by solving (1.115)*

\ !° = I p - 1 .
Ad v 1 p + 1 (1.116)

Now the boundary condition of elementary diffusion theory is that X, —d F0
is continuous across an interface. Hence, if p+ denotes the albedo of

the right hand medium, and (^X^ reFers to the left hand medium, then
Fo

the boundary condition of elementary diffusion theory can be written

(X gr 5 (3+ + 1 (1.117)
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Some Plutonium Project writers, notably Fermi, have used the boundary con­
dition in this form rather than in the form discussed previously (1.99) - (1.100). 
Since the albedo is computed by elementary theory, the two formulations are 
equivalent.

The albedo of a perfect absorber or a vacuum is 0. Hence, from (1.117), 

at an interface with a vacuum we must have

that is, the elementary theory extrapolation distance is | X^, as we have 
already calculated.

A problem which is of considerable importance in pile neutron physics, 
and which can be solved rather handily by use of the albedo is the following. 
Suppose the net current, j, of neutrons in a weakly absorbing medium is known. 
How suppose a thin, weak absorbing sheet is placed normal to the neutron flux 
gradient. It is required to calculate what fraction of the net neutron current 
is absorbed in the sheet.

We assume, as usual, elementary diffusion theory. Then the current j is

j = - D0li - DoX|0

2while the number of neutrons absorbed per cm per sec in the sheet, assuming 
it is very thin, is

where (frcTj^is the absorption cross-section of the sheet and t is Its thickness. 
Hence we have

absorption _ ^gas^ . 
current “ d0V?
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and, since 137 (1.116)

•n yf .... X 1 - 3
Vo*- - 1 XTe '

we can write

absorption = w t L±-&, 
current as 1 - P

a formula which is applicable if the sheet is thin and absorbs very weakly.

This formula Eq. (Ulya), has a rather interesting physical interpreta­

tion. The quantity —-+—& is the number of times a neutron crosses the sheet
1 - P

per unit net current, while Naagt is the number of absorptions which would 

occi;r, per pass, if the neutrons traversed the sheet normally. Actually 

the neutrons strike with a cosine distribution* (since j(p) = p$); hence 

the average path length that a neutron travels through the sheet is greater 

than t, and in fact is 2t. The fact that the average distance traversed 

by neutrons in a sheet is 2t, if the incident flux has a cosine distribu­
tion, is a special case of a famous geometric theorem due to Gauss j namely, 

.that in a solid of volume v and surface s, the average chord length, e, 

weighted with the cosine of the angle between chord and normal is

~ 4v e = — •
s

Diffusion through Channels

If a scattering medium is traversed by long cylindrical channels or gaps, 

the net diffusion current for a given flux gradient is greater than it would 

be in the absence of such gaps. In a general way this can be predicted from

(l.H7a)

In the approximation used here the angular distribution <$0(x,p) = §0/2 _ ^ 
hence j+ = $o/4 - \/6 and = $0/4 + X/6 In calculating
the net number which strike from both nid.es of the sheet, only the $0 texm, 
which corresponds to the uniform part of the flux, (and therefore a cosine 
current distribution), need be considered.

5G
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the fact that in a vacuum the mean free path of a neutron, and therefore 

the diffusion coefficient, is infinitely long. The average mean free path 

is thus increased hy the presence of gaps, and this increase is reflected 

in an increase in the net diffusion current per unit gradient of flux.

The net diffusion current through a channel depends upon (1) the dim­

ensions of the channel; (2) the orientation of the channel with respect to 

the neutron flux gradient; (3) the scattering properties of the medium in 

which the channel is placed; (4) the flux distribution. Because the flow 

per unit gradient depends on the orientation of the channel, if a medium 

is traversed by a large number of parallel channels, the net diffusion 

current will be anisotropic; i.e., the diffusion coefficient is a tensor.

The current through an infinitely long channel is not always finite;

for example, if the neutron flux increases exponentially, say like e > 
and the channel axis is parallel to x, then the current is infinite.

On the other hand, in a non-capturing medium in which the asymptotic 

flux distribution is

per second a plane perpendicular to the channel is finite. We proceed to 

compute this current; in this calculation we follow essentially the method of 

Nordheim and Soodak.

Consider a cylindrical channel of arbitrary convex shape (Figure 3) whose 

axis lies along x, in a non-capturing infinite medium which scatters isotropically 

The net number of neutrons which cross the plane x = 0 per second consists of

(1.118)

where and axe constants, the total number of neutrons which traverse
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those which cross the plane x = 0 inside the cylinder, plus the number which 

cross x = 0 outside the cylinders. We denote the net number which cross inside 

the cylinder by Ji, and the difference between the net number which cross x = 0 

outside the cylinder after and before the cylinder was in place by JQX. We 

assume the validity of elementary diffusion theory; i.e., we assume the asymp­

totic flux distribution (1.116). This is correct if the total neutron flux is 

a linear function of x.

2o calculate J^, we first find the 

net number of neutrons which cross an 

element of area da in the x = 0 plane 

inside the cylinder; we then integrate 

over the interior surface. The number 

of neutrons which strike the element da 

in the x = 0 plane (Figure 3) is the sum 

of all neutrons which strike all elemeats 

dA on the wall of the cylinder and ere 

directed toward do. How the number shich strike dA per second and reach da is

Figure 3

$(x,Aj cosf cos© dA do
r2

where $(x,X\) is the total flux per unit solid angle in the direction Xi

— cosG is the solid angle subtended by da at dA, and ^ is the angle between 
r2
the direction of motion of the neutron and the outward normal n to the element 

dA. The total flux f(x,£I) is -i- times the flux J(x,u) of Eq,. (1.118):

55 k +
^ Xf^cosG 

4 it 4it

i'.r

$u,nj
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(The cob© term has a + sign here because 0 is the supplement of the angle 
which the neutron direction makes with the x-axis.) If we denote the element 

of the bounding contour of the cylinder by dc, then dA. = dcdx. Hence the 

total number of neutrons which cross, from above, the x = 0 plane inside the 

cylinder is

r f 00
JJj^x,a)Cosf co80 ~ dcdx = ^^COS^ COB^ 0030 % dcdx>

(1.119)

and from below it is

1
51Jff j$°+ + ^ 0080 cos^/

j a 0

cos cos0 HZ dcdx.

The total net flow is the difference between the upward and downward flow: 

co
-fc///a c “to

(x + Xcos0) cos^ cos0 dcdx . (1.120)

In taking the difference, the term involving <£0, being odd in x cancels while 

the terms in being even in x, add. To simplify the integral for we 

use the geometric relations

coaljf - sin0 cos ^

Psin©
(*2 + ' C° = (x2 + p2)*1

and

Figoire 4cos^dc = jodco

where p(f) Is the distance from the element da to the gap perimeter in the 

direction which makes angle p with the normal to dc, and dw is the element

5 a
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of angle subtended by dc at da (Figure 4). Making these substitutions, and

vising the integrals

Sl>

oo

vJU

dx = —
2f

00

-00

(p2 + £)&
dx >

we obtain

-% 3 A + = _Afe ^ + ^

where is 2x channel area/channel perimeter, (X. is sometimes called the

hydraulic radius of the channel), and y ,a>da. The quantity
l6i A

7 is a numerical factor which depends on the shape of the channel. From the 

integral (1.119) it is easy to prove the remark made before — namely, that
I

| increases exponentially in x, then the integrals will not converge. For, 

when x is very large, cos^ is of order l/x, and the whole integrand is of _ 

order 'v' $/x3. Hence the integral does not converge if f ^ e . ^ "3^ 3

In order to calculate J , the difference between the number orneutrons 

which cross the x = 0 plane before and after the channel has been introduced, 

we consider the number of neutrons which cross 

an element of cylinder wall, dA at a height x-^

in a direction between £1 and A. + d£V (Figure 5) •
Evidently the number which cross dA must have 

originated from an element dA* at height X2 
the opposite wall of the cylinder. The projected 

area dA' normal to the direction of neutron action

G ■'
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must be the same as the projected area of dA in order for all the neutrons 
in the proper solid angle to strike dA and dA'; both projected areas must 
be equal to cos if* dA vhere Ip is the angle between £\. and the outward normal 
to dA. The number which cross dA per second in the direction XI, and survive 
without further collision until they reach the x = 0 plane is

-r/A$(x2^X^) ooalpB dXldA

where r =|x^/cosq|* and Q is the angle between XL and the x direction. Now 
in the absence of the channel, the number of neutrons which pass through dA 
and cross the x = 0 plane per second is

"r/XKx^ri) coalpe 7 dQdA.

The extra number of neutrons which cross from above because of the presence
%

of the channels is therefore

■57

J = ex ~ ooeTpe ^ ? dXldA.
a a

Since we have assumed the no capture asymptotic distribution for i|(x,n), we 
have, according to (1.118),

fii
- Kxl^) = —

where = Xr> - The integral for Jex, the difference between what strikes
from below and abo-’-s, can be written

oo f-f
-Ixx/Xsosel

(-p) eotd cos(J) sin© e sinQdQd^dxidc

r
\ '' r:
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where jo ="~Jz tan© is the chord length between two points on the circumference 

of the channel in the x = 0 plane, dA = dcdx^, djfl = sin©d©d(p. The factor -2 

comes from taking the difference between the + and - flows. The integration 

over x-j_ and 9 can be performed easily j the result is

sti

Jex dc = >

where A is the cross-sectional area of the channel.

In the presence of a channel of area A the net longitudinal neutron current 

per negative unit flux gradient, over and above what the current would 

be outside the channel (if the channel were absent) is

Ji +
-fc

2\ n ■y + 2yt

or the longitudinal diffusion coefficient, Dnit per channel, which is the
paverage current per cm of channel per negative unit flux gradient, is

Doll = (1.121)

If a medium is traversed by. many parallel similar channels whose volume 

is the fraction f of the total volume, then the total current per unit grad­

ient of flux which crosses a normal plane of area As, As being so large that 

many channels traverse it, is

^ As + fAs(^ + 27/ )

and the average longitudinal diffusion coefficient of the medium with its

It is assumed that f«l; that is, the channels do not interact.



channels is

“oil --|p£ f1 + fd 1 ^)j • (1-“2)

The presence of the channels increases the diffusion coefficient in the 

parallel direction by a fraction

f(l + 6y£jX).

If the radius A- of the channels is very small compared to X, but f is constant -- 

this would correspond to uniform decrease in density — the fractional increase 

in D is just f, the fractional density decrease.

The quantity SjL has been calculated for a circular cylinder and for a 

circular cylindrical annulus. The result for a circular cylinder is 67X = 2a, 
where a is the radius of the cylinder. For an annulus, the value of 67X/b is 

given for annuli with various ratios of a/b, where b is the outer radius and 

a the inner. These results were obtained by Soodak (CP-2019).

Form factor 67X/b for annular channels.

T/b 0 .1 .2 •3 ‘ .4 .5' .6 .7 .8 •9 1.0

b
2 1.83 1.68 1.52 I.31 1.15 .96 •76 •53 .29 0

67
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Solution of Boltzmann Equation Hear a Source

The exact solution of the Boltzmann equation near a source of neutrons can 

be found rather easily. Since the asymptotic part of this solution is very 

fundamental for the application of the elementary diffusion theory when sources 

are present, we shall show here how this solution is obtained. This problem 

has been treated by Bothe, by Placzek, and by wigner. We follow the method 

of Wigner (CP-1120 .

53
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We seek a solution of the Boltzmann equation for a localized, isotropic 

unit source at the origin. We represent the source by 5(x); such a source 

emits | dja neutrons between p. and p, + 6p.. The Boltzmann equation is, for iso­

tropic scattering.

H (x,ji,y) + NdF(x,n,v)OX F(x,n,v)d4i + J 5(x) (1.123)

To solve this equation we expand 8(x) and F(x,p,v) as Fourier integrals:

5(x) = -L / e1C,>Xdo 
2n x

-<JU
00

_/ N / A(a»)e
= 2it

icox
dCJ .

No + i*>n
-oo

Substituting these integrals into (1.123) we find that A(tu) is just

A(«) = |
, Hffso No + ico
1 - ssr ^ hTtts,

The complete solution of (1.123) can therefore be expressed as the integral

oo
^ i6)X

dtoF(x,|i,v) = e
No

-oo
fo - Ho + ito 
" No - ice

No + iwpt
(1.124)

The total flux is

*o(x>*)

No - ICO

(No + i*>) 
No - lax doO (1.125)

€4
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In order to see more clearly the significance of this solution, it is

useful to calculate this integral by the method of residues. The integrand

of (1.125) has a simple pole where

Ng*o * So + imi ,
2l«c No - ia> “ 1 '

6/

i.e., for ico - tii where )£ is the reciprocal diffusion length, and it has 

ar/essential singularity at iO) » +No. The contribution J,0as the integral 

from the residue at the pole is

r0MW
JL- T.-Jtw
2Noc

2a* Ngo2 - A2
/.2 - N2oao

(1.126)

while the contribution, F0j(x}, from the es-sential singularity is expressible

as a real integrals
00

f0ij(x; 2N2o2
(11->))

-(l+^)Nc

[20(1 +V|) - NOg^nCl + 2/>^)J
'0 _.2w2rt2 + n H o

(1.127)

The total fluz is

r0(*) " Foa8^XJ + Fo^ (*) * (1.128J

It cau he shown that F0^(r) fall* off from the source plane very much

quicker than Jn (z) j after a few meen free paths it is entirely negligible '-'as
compared to F0 • Thus the asymptotic solution from an isotropic unit source€L8 ^

.jUxIfalls off like e ^ ‘

In the nezt section we show that the solution due to a unit source according 

to elementary diffusion, theory is just

2Noa ®

5, ;'65
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Hence the correct asymptotic solution is the same as the elementary theory 

"solution except that the effective source strength is smaller hy an amount

61.

2aa hV - , 4 <7a
5 ® 1 ” 5 -5*

,sb - u aaaa
if aja « 1.

Physically the reason for tnis reduction in apparent source intensity at 

distances far from the source is that, because of the extra term , the 

neutron density, and therefore the absorption, is greater than it would be 

if only the asymptotic solution were used. The initial absorption correction 

is unimportant in any material, such as HgO or graphite, which is suitable 

for slowing down neutrons in a chain reaction. In HgO, for example, the 

correction is about 0.8$; in graphite it is about 1/10 of this.

Solution of the Diffusion Equation in Various Geometries: The Green's
Function or Diffusion Kernel

The steady state elementary diffusion equation for monoenergetic neutrons 

in a uniform medium, or fox polyenergetic neutrons with energy independent 

cross-section, or finally, for thermal neutrons in a weak absorber, is

D0A$0 - Naalo + 8(r) » 0 (1.129)

where S(r) is the "effective" number of neutrons produced per second per c.c.,

and aa is the absorption cross-section at the average velocity. The effective

source strength S is smaller than the actual source strength by the factor 
CTaI« 1 ~ g > which arises because of the breakdown of elementary theory 

near the source.

The solution of (1.129) san be represented most conveniently by means of a 

Green’s function, Gp(r,r’). We define the Green’s function as the neutron 

flux <J)0 at r due to a point source at r’, which emits one neutron per second.

r,6G
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The form of the Green's function, of course, depends on the geometry of 

the medium in which the neutrons diffuse. However, from the Green’s 

function in an infinite medium it is usually possible to construct the 

Green’s function in a finite medium by a judicious superposition of images. 

We therefore proceed to compute the Green's function for an infinite medium.

The Green's function must be spherically symmetric about the source point 

r'. We can therefore, without loss of generality, put the origin at the 

source point. The Green's function is then the solution of the spherically 

symmetric diffusion equation

Do
d2Gp , 2 asp

p ftp N*aGp " 0 > (1.130)

where jo = r - r’ is the distance from field point (at r) to source point 

(at r') which is taken as the origin. As boundary condition we require that 

the number of neutrons leaving the source point per second is just 1. This 

condition can be written
dG

lim kxc*T)n —*• = -1 . (1.131)
jo-*-0 ^ 0 djc

The solution of (I.130) which satisfies the boundary condition (1.131) is

Gp(f) = Gp(r,r') = _e_____________  .

kwDolr - r'|
(1.132)

it is important to observe that G(r,r') is a function only of the difference

11 - £'|.

The Green's function gives the flux |0 at r due to a unit source at r'. 

Since the diffusion equation is linear, the flux at r due to a distributed 

source S(r') is a superposition of fluxes due to point sources.

o: *>7



1-63Lf-

(1.133)

and this is the solution of (1.129) in an infinite medium.

Equation (1.133) expresses the total flux $0(r) at a point r as the sum 
of the individual fluxes from a distribution of sources S(r). Conversely, 

it can be vieved as an integral equation for the source density S(r’), if 

the flux $0(£) ia known. The kernel of this integral equation,

is called the point diffusion kernel, as well as the Green's function for 

the elementary diffusion equation.

As an example of a physical, situation in which an integral equation of 

the form (1.133) arises, we consider a medium in which neutrons are produced 

as the result, say, of fission, the number of fissions, and therefore the 

production rate, being proportional to the neutron flux $0. We suppose that 

.the neutrons, when they are produced, are already thermal; this is not correct 

in a uranium chain reaction but will serve to illustrate the point. Then, if 

k is the number of neutrons produced per thermal neutron absorbed.

and, if we suppose the system consists of two regions, and E2 which have 

identical nuclear properties except that production occurs only in region E1, 

then k 0 in the region R^, k = 0 in Eg, (Figure 5a-)« Substituting for

-^|r-r’|
e
kitholl-H'l

S(r) = kNaa$0(r),

Figure 5a
k = 0

E.2 ■ -eg



S(r) into (1.133) w find that the integral equation for the neutron flux 

is (cf. 1.133)

$0(r')<lr' . (1.133a)

This is a characteristic value problem which has a non-zero solution $o(r) 

only for particular values of k. Equation (1.133a) is an example of a character­

istic equation for a chain reacting system. The quantity k is the "multiplica­

tion factor".

Another example of a case in which the source strength is directly pro­

portional to the neutron density is that of a foil in an infinite medium in 

which q thermal neutrons are produced per second. In the absence of the 

foil, the neutron distribution is a constant.

Suppose the foil has a volume V and an absorption cross-section (Kcra^. If 

the foil is very thin, then the number of neutrons absorbed per second per c.c.

a

of foil is (Naa_)p^0. Hence the neutron distribution when the foil is in place 

must satisfy the equation

V

where the integration is over V alone. If the foil is small it is satisfactory 

to solve this equation by replacing f0(r') under the integral with its undis­
turbed value, q/Nca. The distribution is then
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V

Ihis is oalj an approximate result since we have assumed here the validity 

of diffusion theory. Also we have ignored the fact that the foil consti­

tutes a second, medium and therefore the diffusion kernel for a single medium 

is not quite appropriate. The error introduced thereby is small if the foil 

does not absorb too strongly.

If the sources of neutrons are distributed uniformly over infinite planes 

parallel to the y-z plane, the resulting neutron flux ^(x) can depend only 

on the one coordinate x. The flux can then be expressed in terms of the 

source strength S(x), where S(x)dx is the number of neutrons emitted per cm^ 

per second by a thickness dx of source.

Evidently in this case ^(x) is the solution of the differential equation

d2$0
dx2

(x) - Naafc(x) + 3(x) = 0 (1.13*)

The solution of this equation can he expressed, as in the spherical case, 

in terms of a one-dimensional Green's function, or plane diffusion kernel, 

GpX(x,x'), which is the flux at x due to a source of strength one neutron 

per aar per second at x':

^(x) = J S(x»)Gp^(x,x')dx».

In an exactly analogous manner, if the sources are distributed over con­

centric spherical shells of strength SB(r)(4itr23 (r)dr is the number of

(1.135)

6 ' 70
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neutrons emitted per second by a shell of radius r and thickness dr), the

flux $0(r) is expressible in terms of the spherical diffusion kernel, Gs(r,r’) ...

where ^(r^r*) is the flux at r due to a shell of radius r and of total 

strength one neutron per second. Evidently <j>o(r) is the solution of

Finally if the sources are distributed uniformly along infinitely long 

concentric cylindrical shells, the flux is expressible in terms of the 

strength of the source and the cylindrical diffusion kernel, G0(r,r'):

vhere 2TrSc(r’ Jr'dr' is the number of neutrons emitted per second per cm 

length of shell of thickness dr, and Gc(r,rt) is the flux at r due to a 

uniform cylindrical source of radius, r*, and total strength one neutron 

per second per cm. The flux $o(r) is ^e solution of the diffusion equa­

tion in cylindrical coordinates

It is a rather easy matter to compute the diffusion kernels in the various 

geometries by solving the diffusion equation in the appropriate geometry and 

applying boundary conditions like (1.131) at the source. However, we will 

compute the diffusion kernels directly by integrating (1.132) over the proper 

source distribution. The advantage of this method is that it illustrates

(1.136).

r~ -- - - HcTa0$o(r) + Ss(r) “ 0 • (1.137)

(1.138)

- + M1*) * °* (1.139)
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certain general relations between point, plane, sphere, and cylinder kernels 

which hold even when the kernels are not the solutions of simple second order

only. In particular, these relations hold for the so-called "transport" 

kernels which axe the Green's functions for the isotropic transport equation, 

and are therefore not the solution of any differential equation.

To compute the plane diffusion kernel, we integrate the point kernel 

over a plane. Thus, if a plane source of unit strength is placed at x', 

then the flux at x, which is just the plane diffusion kernel, is

The relations (1.140) and (l.l4l) are general relations between point and

^differential equations, provided only that the point kernel depends on lr-r'|

Gp^dx-x'l) = 2jc / y'GpCfr-r'l )dy' .

Now, from Figure 6,

Figure 6

y2 + |x-x' J2 = | r-r'|2 

and, putting |x-x'| = £ , |r-r!| = jo, we o'we obtain
co

(1.140)

or, conversely.

Vp’ - - sp (1.141)

plane kernels — they hold whenever the kernel Gp(r,r') depends only on

G r. ' r: 7 2
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the distance between r and r*. This Is always true in a homogeneous, 

isotropic. Infinite system regardless of whether diffusion theory is 

applicable.

The plane diffusion kernel can be evaluated by substituting the formula 

(1.132) for Gp(p) into (1.1^0) and integrating: the result is

To compute the spherical kernel from the point kernel ve integrate 

(1.142) over a sphere of radius r’ (Figure 7). Since the kernel is normalized

and the case r < r* (field point inside sphere) must be treated separately. 

Ve consider the case r > r; From the figure

In case r < r* the formula remains the same except that r* - r replaces 

r - r*. On comparing the right-hand integral in (l.l^S) with the relation 

(1.IkO) between plane and point kernels, we see that

(1.142)

g
to one neutron per total shell, ve take for the source strength l/4xr’

g
neutrons per cm per second. The case r > r* (field point outside sphere)

* r’^ + r^ - Qrr'cose; 

pdp = rr'sinOde.

r'sin ©

Figure 7

Hence, for r > r1,

/■C^(p)r'23ined© = ^p(p)pc(f . (1.143)

0

Gpi(lr-r*|) - Gp^(|r+rM) , (1.144)
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which is a general relation. For the diffusion kernels, ve have

2i

Ga(r,r') 8*>£D rr* j_
-^Ir-ri -Xlr+r'l

sinh^r8 e'^r 
^r‘ 4«D0r

- e

r >. r’
(1.145)

-j/r”6____  sinh t/ r
4jtD0r'

r r’

sinh^r*
Xr*

We observe that Gs(r,r') is not a function of |r-r'| alone. It is, however, 
still symmetric in r and r*.

It is interesting to observe (1.145) that the effect at exterior points 
of a unit spherical shell of radius r' is the same as though the shell were 

all concentrated at its center and its strength increased by the factor

In the interior of the shell, r* > r, the effect of the shell 
cannot be replaced by a single point. These results are generalizations 
of the well known fact in electrostatic potential theory that a uniform sphere 
attracts like a point charge of the same strength at its center. This is not 
surprising since the diffusion equation reduces to the potential equation 
when = 0; all the diffusion kernels become potential functions when >1 » 0.
In particular the sphere kernels reduce to the familiar potentials in a medium 
with dielectric constant D0, j—i— and j—~v for r > r' and r < r' respectively.

The cylindrical diffusion kernel is obtained by Integrating the point 
^lr-r‘lkernel.

UstDolr-r’l
over the surface of a circular cylinder of radius r'.

isV- i 74



Since the generators of the cylinder are vertical straight lines (Figure 8) 

it is convenient to integrate first along one generator; this vill yield 

the "line" diffusion kernel, i.e., the flux at (r,J>) due to a line source 

at (r') o" strength one neutron per second per centimeter. The line 

kernel, ), is

rT )
-X|r-r"|&

4itD0| r-r"l
dx (1.146)

".'here | r-r"| is the distance between the element dx and the field point. 

Mow (Figure 8)

fr-r1'! = + x2 , p = /j/r^ + r'2 - 2rr'cos(^'-p),

and so

^(r^jr',^')
2 ^ + x*

-to 4*D0y^
dx

+ x 2nDr Ko(/p) (1.14X)

where j>) is the second Bessel function of imaginary argument which has 

a logarithmic singularity at the origin. The function in (1.146) is the gen­

eralization of the logarithmic potential, to which, it reduces when X* = 0.

In order to obtain G^r,^), the cylindrical diffusion kernel, it is 

necessary to integrate around a circle of radius r*. Since, from sym­

metry Gc must be independent of ty, we may put J) = 0 without loss of generality. 

Also, since Gc is normalized to one neutron per unit length of cylinder, we
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-must divide by 2Jtr' before integrating. Then

2«
(r^^'^’Jr’d^ .

0

(1.1*8)

This integral can be evaluated by using the addition theorem (Jahnke-Qnde, 

P. 1*4)

*o + r'2 - 2rr'cosp') = Y. ^(Xr) Im(Xr') cos m y 
^ -oo

r > r1

co

= 2 ^(Xr1) I (Xr) cos m ^ r < r'
-u>

(1.1*9)

If (1.1*9) is substituted into (1.1*8) then only the m = 0 term survives 

the integration, and the result is

Gc(r,r') --l-K^Xr) loCXr') r > r*
2,UJo

= 2^^()tr,) Io(^r) r<r« .

(1.150)

If r* * 0, then Gc = Gg , as It should. If we ccanpare (1.150) with (1.1*7) 

we see that a cylindrical shell can be replaced by a line of strength I^Xr') 

at its center as far as its effect on exterior points is concerned.

We summarize the results in the following table:

(over)

<. /.. -V r
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Geometry Notation

13
Diffusion Kernels

Source Normalization 
(per second) G = flux (nv) at r

Point Gp(r-r') 1 neutron
e- ^r-r’l 
^xD0 r-r'

Plane Gp^(x,x') 1 neut. per cm? - Xlx-xl6
2KD0

Spherical
shell GB(r,r') 1 neut. per shell of 

radius r* 1 f-^lr-r’l -Xlr+r’l
Sjctt’^Dq ^

Line %(r,9 ,r‘0 1 neut. per unit length
2nD0

P^=3r2+r' ^-2rr * cos (S' -©)

Cylindrical
shell

1 neut. per shell of 
radius r* and unit 
length

fKo^rJl^r*) r > r'

‘“o [KoMr-iyMr) r<;r'

5
The Transuprt Kemels

It is possible to vrite the Boltzmann equation as an integral equation 

whenever the scattering and the source are isotropic. To do this we return 

to Eq. (1.50) in which ?(x,v,n) is expressed as an integral over F0 and S, the
source distribution. Since we assume S is isotropic, we may put S(x,v,[i)

S0(*,v)

where SQ is the total number of neutrons produced per c.e. and second. As it 

stands (I.50) is not quite an integral equation because the total flux F(x,v^a) 

appears outside, and both functions are unknown. If, however, we integrate 

over a, then we obtain an Integral equation in F0(x,v):

’77
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¥

F (x,v) = / F(x,v,n)d|i

1 x
Na f T - 52{x_xn
-T2/,,t

0 -co

dx1^ +

® ^ Nrf
- ^(x-x1) Na r r - -p-(x'-x)

+ - I I Sn(x‘,v) e Ml d|i + —/ /^(x'vje -jj” +
-1 00

X x

i//'0 -oo

C x

s/A
-1 00

Na, -TT1 )
(x’,v) e1x \x~x ■> Hu ' dn,

and, by interchanging order of integration,

oo oo
No ^

Fq(x,t)

where

~ j F0(x*,v) E1(NaU-x'| ) dx' + | j S0(x',v) ^(Nalx-x'l )dx‘

-C.
(1.151)

=/e’y/M*= /e'“^
0 y

(1-152)

is the exponential integral (denoted by - E^( -x) in Jahnke-Emde). The total 

number of neutrons which start fresh flights per second in each cubic centimeter 

is NCs0Fo(x,t) + S0(x,v); this quantity, which ve shall call Q(x,v), may be 
viewed as the source which furnishes neutrons for the remainder of the medium. 

Bence the integral equation (1.151) may be written:

fv* 1 78
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J Ci{ -v IFq(x,v) = i J Q(x' ,v) E1(Na lx-x’ I )dx',

-CD
(1.153)

Q(xSv) - HffSo(xSv) + S0(x',v).

In this form the integral equation of isotropic transport theory resembles

very much the integral equation (1.135) of diffusion theory. However, the

transport kernel [which we denote by Kp (x,x')J is i E^Ho/x-x'|), while the

plane diffusion kernel is —i— e 1 . The two are related by the formula
2HDo

oo

Kpi(x,x’) = D0 /GjgOC^xOdX (1.154)

Na

The transport kernel gives the flux in a unit volume at r due to a 

unit source at r*. The transport kernels in the other geometries can be 

obtained similarly from the diffusion kernels by integrating with respect 

to H from No to oo and multiplying by D0. The results are tabulated in the 

following table:

Transport Kernels 

Source
Geometry_______Notation__________ Normalization__________________ K

Point %(£»£*) 1 neut. per sec. 1 e"Ha^E~E^
^ |r-r*|2

Plane 1 neut. per cm^ 
per sec. | E^Nalx-x’l)

cont’d

<19
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Transport Kernels (cont'd)

Source
Geometry Notation Normalization _______________K

Spherical 
- Shell

Ks(r,r') 1 neut. per shell 
per sec. ^(Nalr-r'l ) - E^Nolr+r*!)]

Line 1 neut. per cm. per 
sec.

cr

|f^/Ko(Napy)dy,

f> - hJiP + r*2 - ssrr'cosCy1-^)

Cylindrical Kc(r>r‘) 1 neut. per cm. per
CO

Shell sec. |2 / K0(Ncrry)I0(Nor,y)dy r > r‘

1

OO
j E^(Nar,y)I0(Ncry)dy r < r'

J X

The equivalence between a spherical shell and a point, or a cylindrical 

shell and a line, which holds for the diffusion and the potential kernels does 

not hold for the transport kernels.

As an example of the use of a transport kernel we calculate, according 

to transport theory, the depression in neutron density caused by a thin foil 

which is introduced into an infinite medium in which monoenergetic neutrons 

are being produced everywhere at the constant rate q. This problem was 

treated by diffusion theory in a preceding paragraph, and here we use the same 

notation. The discussion which follows is in part due to Skyxme.

The integral equation for FQ(r,v) in the absence of the foil, is

f'toils*) - / *"a0:rote,'T>
all
space

:-r'l f -Na|r-r'l
+Jq\xlr-r'l2all 1
space

(1-155)

G r ■' 80



and this has the solution
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»oCr,T) = 5^- , (1-156)
Q*

as can be verified by substitution into (I.I55). If the foil is present, 

then it absorbs (Haa)jJF0 neutrons per c.c. per second; this acts as a negative 
source. Further if we assume that the neutron makes no collisions in traversing 

the foil, except absorptions, so that the one medium transport kernel is appli­

cable, then the Integral equation for FQ must be

FQ(r,v) /[■I<jSoF0(r,v) + q
all
space

e-Hal r-r'I 
Kx |r-r’l2

(H<Ta)F
-Ka |r-r'I

(£,T) 4,1

(1.157)

Again, if the foil is so small that it hardly absorbs any neutrons, ve can 

solve this equation by successive approximations, the first approximation 

being to put F0 = 5^- • The result isJjlCJo

(Ntr ) r -Hdlr-r'l/ e - - fc.
J Ir-r')2
V

while the diffusion theory result (ve replace f0 of Eq. 1.1331) by F0) is

(1.158)

^(^v)
(Naa)F
kXD0 FFi

V

If the foil is a small sphere of radius r0, center at r - 0, these integrals 

are easily evaluated. The results for the density at the center of the sphere

Si

are



by transport theory (1.159)

by diffusion theory.
(1.160)

Evidently, since the kernels used in this and in the diffusion calcula­

tion applied only to a single medium, the equations (1.159) and (1.160) vill 

not give the depression in the interior of the foil correctly. This correction 

may be comparable to the depression outside the foil, especially if the foil 

absorbs neutrons heavily. We will calculate it later.

If the foil is so small that Ncr0« 1, then the depressions at the center

are

-The difference between the two results is by no means negligible.

Solution of the Steady State Diffusion Equation in Various Geometries; 
Measurement of Diffusion Length

In this section we give a few examples of the calculation of the thermal 

neutron distribution in systems of particular shape and with certain source 

distributions.

A. Rectangular parallelepiped of size x = a, y=b, z = 00. Source 

in z = 0 plane distributed like f(x,y).

by transport theory

-1 -
by diffusion theory.



The neutron flux in this case Is the solution of

- A, = 0 (1.161)

with the Initial condition

Ho
6z

- |

and the boundary conditions

(1.162)

$o = 0 * ■ ± § y » ± | (1.163)

where a and b are the geometric sides, a, b, augmented by twice the extra­
polation distance (.71 In a weakly absorbing medium). The solution of 
(l.l6l) which satisfies all boundary and initial conditions is

i0(*,y,*> = —I2 I I *«*»««• «>. °’Z/Imn
D«a b n a

(1.164)

where
1 v«2 (2mH-l)2a2 (2n+l)git2
4

(1.165)"

b a 
2. 2

^mn = )̂ / /f(x,y)cos(2m+l) cos(2n+l) 2^ • dxdy.
/, a 11d ''a 
2 "2

The neutron flux falls off from the source as a sum of exponentials with 

relaxation lengths given by (I.165). The relaxation length of each har­

monic decreases as the order m, n of the harmonic increases. Far from the 

source only the (o, o) harmonic remains.
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The measurement of the diffusion length of a substance Is usually done

\
by measuring the distribution along the z direction of thermal neutrons in a 

block of the material in which a source of thermal neutrons has been placed. 

Since the actual distribution in the z direction is a sum of many harmonics, 

in order to deduce therelaxation length from the observed neutron distribution, 

it is necessary to take measurements far from the source, if intensity permits, 

or else to correct the observed relaxation length to the (o,o) relaxation length 

by subtracting the effect of the higher harmonics. The diffusion length is ob- 

tained from the observed by equation (1.165); i.e..

12-

L2 a* t*
(1.167)

If the absorber is weak the diffusion length is long. Hence, unless the
/ jt2 it2 ✓ 1 \sides of the block are very largeU*-^ f — <s — ), the reciprocal diffusion
' or b2 It >

length appears as the small difference of two relatively large numbers. In 

order to obtain results which are meaningful it is therefore necessary to 

measure I^0, a, and b with extreme accuracy.

The technique which has generally been used on the Plutonium Project for 

reducing the data in a diffusion length measurement has been the following:

1) From a knowledge of the source disposition the strength of the higher 

harmonics is estimated. These are subtracted from the observed neutron distri­

bution to give the (0,0) harmonic. By a judicious choice of x,y coordinates for 

the neutron detectors, it is possible to eliminate a few of the important har­

monics. For example, in a square block, the (l,n) and (n,l) harmonic vanish 

at x = a/6, y = a/6.



1-80
2) Since the block is always of finite length, it is necessary to 

add an "end correction" to the observed intensities close to the end of the 

block. Suppose the extrapolated length of the block is zQ. Then the neutron 

distribution which is zero at z s z0 and satisfies (1.162) in the source 

plane is

Vi

Doa2!2 m
Z X ^mn^mn

* 1 + e -2z, [■
^“z/lion. e(z-2z0)Ainn

■] ios(2m+l)~ cos^ita 

(1.168)

The reflected "wave" e^z ^z°^'^Dn, which can be considered to arise from a 

negative image source in the plane z = 2z0, is negligible compared to the
-z/lrnn

incident wave, e , tinless z is close to the extrapolated edge of the

block. The end correction is made by subtracting the reflected wave, as 

estimated by the expression (1.168), from the observed distribution near the 

boundary.

3) After the harmonic and end corrections have been made it is customary 

to make a least squares fit to the longitudinal (z) distribution. The relaxa­

tion length of the best fitting exponential is used as Leoin (I.I67), and from 
this L is determined.

4) Since the results are veiy sensitive to the values of a and b, trans­

verse (x,y) neutron distributions are usually taken. If only one harmonic is 

present then the transverse distribution is strictly the product of two cosines, 

the half* wave length of which are the extrapolated dimensions of the block. The 

strength of higher harmonics can be estimated from a harmonic analysis of the 

transverse distribution, although usually it is sufficiently accurate to compute 

these from a knowledge of the source distribution.

■St ‘ • A
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The most convenient source for a diffusion length measurement is a 

large block of graphite set on top of a chain reacting pile. Such a graphite 

block is called a thermal column, since neutrons from the pile are practically 

all reduced to thermal, energy in the block, provided it is large enough. If 

the block vhose diffusion length is to be measured is placed on top of the 

thermal column, then the neutrons impinging on It will all be thermal, and 

the theory outlined is immediately applicable.

Before chain reacting piles were available, thermal columns as neutron 

sources were impractical because neutron intensities were never high enough. 

Diffusion length measurements were performed by first measuring the thermal 

neutron distribution when an uncovered Ba-Be source (of fast neutrons) was 

in the source position, and then when the Ba-Be source was covered by a Gfi 

sheet which absorbs all thermal neutrons. The difference between the thermal 

neutron distributions in the two cases is just the thermal neutron distribution 

due to a source of pure thermal neutrons at the position of the Cd sheet. This 

can be seen by writing down the equation for the thermal neutron density in the 

two cases. Without the Cd sheet the flint satisfies

where q(x,y,z) is the number of neutrons which become thermal per second in the 

block. With the Cd sheet in place the flux satisfies the equation

but with the boundary condition ^ = 0 at z = 0, the extrapolated position of 

the Cd sheet. The difference Jq = $£ - $£ satisfies

So - irflo = 0,
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with the boundary condition

!0(*jy>o) = $^(x,y,o).

where $^(x,y,o) is the measured distribution at z = 0 with the Od sheet.

The Time-Dependent Diffusion Equation

The diffusion problems considered in the previous section have all been 

stationary problems. The neutron density was considered to be independent 

of time, and only the stationary spatial and angular distributions were 

sought. In this section we consider the non-stationary neutron diffusion 

problem from the elementary standpoint.

We consider an infinite plane system in which mono-energetic neutrons 

diffuse. According to elementary diffusion theory, the equation satisfied 

by nQ, the neutron density of speed v, is

where S0(x,v,t) is the number of neutrons of speed v produced per c.c. and 
second at (x,t). Equation (1.169) is the same as the heat equation with 

leakage. Its solution for an instantaneous unit source at the origin, which

(1.169)

emits one neutron per cm?, S0(x,v,t) = 8(x) B(t), is found by the usual Fourier 

transform method. Thus, putting

00 00

-oo -00



1-83
•and substituting Into (I.I69) ve obtain

D(>>2 + X2 + ^-)

P HcTaV
vhere, as usual D = D0v, ------  ; hence

“o ±rr

lob t it^ z
e ® dc*3di) •

d(^2 + X.2 + ^.)
-CD

This integral can be evaluated readily by integrating first over co

then over T5. The integrand has a simple pole at co - iD(V 2 + >€2), and
i -Df^2 + >£2)t 1its residue there is i e . Hence the integral over v has the

value 2*e~D^2 +^.2)t- The Integral over j) is just the Fourier transform 

of a Gaussian function, and this is another Gaussian. Hence

n^x^t)

x2 
- SUt -X2!

(1.170)
(lutDt)

idiich is the veil known one-dimensional non-steady diffusion kernel. The

properties of this function are very familiar since it also represents the

temperature distribution from an instantaneous unit heat source. At any given

time, the neutron distribution is Gaussian with a range , and an ampli-

tude ------ . The attenuation factor e , of course, arises from the
(IwDt)-1-/2

absorption by the medium. At any given point the neutron Intensity waxes and
fl/lx -1vanes, reaching a maximum at time « 17 ■ * x . If there is no absorption,

the maximum is reached at time t = x2/2D. For thermal neutrons diffusing in
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graphite, X = 2.7 cm, r » 2.2 x ICp cm/sec., 2D = 39>6 x 10^ cm2/sec., and 
the time for the neutron intensity to reach its maximum at a distance of 100 
cm is about 25 milliseconds. Such a time lag is easily observable with standard 

electronic equipment.

According to (1.170), the effect of an instantaneous neutron source is felt 

everywhere innediately, although (except at the source) with small intensity. 

Evidently this cannot be quite correct since a neutron burst requires at least 

the time x/v to travel the distance x from the source. During this "retarded 

time”, no neutrons can appear at x. It will be shown later that the correct 

elementary theory time dependent neutron diffusion equation is really the equa­

tion of telegraphy, (whose solutions are in fact retarded) rather than equation 

(I.169) heat conduction.

The retardation time is tret = x/v, while the time ^diffusion for a neutron 

burst to reach a maximum at x is x?/2D. The ratio of the two times is

tret _ 2D _ 2 Ad 
^diffusion xv 3 *

At distances from the source large compared with a diffusion mean free path 

the retarded time is negligible compared to the diffusion time. Since most 

experiments involve the neutron distribution far from the source, it is per­

missible to ignore the retardation and to describe time dependent diffusion by 

means of the heat equation instead of the telegrapher’s equation.

It is convenient at this point to give the non-stationary diffusion kernels, 

G(r,t ,r',t} in various geometries. The method of deriving these kernels from 

the corresponding plane kernel is exactly the same as that used in a previous 

section for the steady state diffusion kernels.

VS

bf' ’.i
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Time-Dependent Diffusion Kernels

Source
Geometry _____ Notation________ Normalization

Plane Gpjg(x,t,x',t') 1 neut/cm^ at 
(xSt*) e ^(t-t7! - )

[4flD(t-t’| L/2

Point 1 neut. at (r'^t1) -

[VoDit-t’)^^

Line G^(r,y,t,rS<J*,t‘) 1 neut/cm at 
(r*,^,t«) e

[lwD(t-t«)J3/2 
p2-r2+r»2 _ 2rr,cos(0-4>*)

Spherical
Shell

GgUjtjr’jt') 1 neut. per shell 
of radius r’ 
at time t'

-<^D(t-t’)e------------  X
4Hrr'

-|r-r,|2/4D(t-t*)e

- |r+r ’| 2/l*-D( t-t ’) 1

^(t-t'l1/2 J
Cylindrical
Shell

GgCr^t^rSt') 1 neut/cm of 
shell r* at 
time t*

. - ><2D(t-f)/j-DCt-i') ^ 1 *
e x

4jtD(t-t*)

90
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It is useful to observe that the point, line and plane kernels differ
?7

only by powers of , that the power of this quantity which
[Wott-t')] V2

appears in the kernel is Just equal to the number of dimensions involved; e.g., 
the point kernel (3 dimensions) has the factor J\kD(t-t,)J in the denominator.

Propagation of Heutron Waves

Suppose that instead of an Instantaneous source of monoenergetic neutrons 

at z = 0, there is a localized source whose intensity oscillates with angular 
frequency co :

8o(x,v,t) = 8(x)eiG>t,

where it is understood here and in the following that only the real part of 

a complex function is to be used. The neutron intensity at (x,t) is found, 

exactly as in the previous paragraph to be

oo
icoticot 

e / e1*,x a**

-uu
+ ^2-)

+-
The integrand has a pole above the real axis at p = + i ,

and its residue there is Just e + i«J/D^ . Hence

the value of n0, irtiich is 2«i times the residue times , is

= eicot e
-x/^2 + iOi/D

zn'l/yt2 +
(1.171)

i.e., the distribution at time t is the same as from a stationary source of 

strength e^ \ but the relaxation distance is the complex number + ±<o/d .

i0, 91
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In order to understand the physical significance of the complex relaxa­

tion distance we write

4/? * io>/D » X? * 4iik + a»2/P8
2

Substituting into (1.171),

no(x,v,t)

where

2D/)^2 + iw/D

P2 = + («/D)2

(1.172)

According to (1.172) the neutron density from an oscillating source is pro- 

pagated as a damped wave; the velocity vw of the wave is

'tv=o'! (1.173)

its wave length is

Xw
ss 2jtvw_

03 (i.rft)

and its attenuation distance a, which is the distance over which its intensity 

falls by a factor e, is

a (1.175)

r 92
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The propagation velocity depends on the frequency, becoming larger as 

the frequency increases. Thus the medium in which the neutron waves travel 

is dispersive. The amplitude and the wave length of the wave fall off with 

increasing eo (cf. Eq. 1.172).

In the extreme cases, and co/D , the formulas for velocity,

etc., become quite simple. We tabulate them below:

a>/D »>L2 caj/D«X2

vw //2D co/(l - >£2D/eo )

£ 2-a/J ■2P- — 1 +
2

O y2(D/ft>)/(l + X2D/«)

The complete analogy between the propagation of neutron waves and the 

propagation of heat waves is evident from the foregoing discussion. The analogy 

was first pointed out by E. P. Wigner who proposed that such basic constants 

as the thermal diffusion length, l/^ , and diffusion constant, D, could be 

determined by measuring the wave length and attenuation constant of neutron 

waves in a weakly absorbing medium. Such experiments would be completely
ft

analogous to the famous Angstrom method for measuring thermal conductivity.

With the high neutron intensities available from a chain reacting pile, such 

experiments should now be feasible.

f
93
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We list belov representative values of vw, and a for thermal

neutrons in graphite (D0 = 0.9 cm, v = 2.2 x 10^ cm/sec, = .02 cm“^)

10 sec-1 1000 sec-1

vw 7.9 x lo3 cm/sec 

5.0 x 103 cm

a 50 cm

2.1 x 10^ cm/sec 

132 cm 

19 cm.

*9

'■93k\ l" '
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Drawing # H26l>

FIG. I-I

MAXWELLIAN NEUTRONS DIFFUSING IN A URANIUM SLAB 
(TOTAL FLUX & FLUX FOR AVERAGE VELOCITY)
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CHAPEEB II

SECOHD OBEER DITFUSICW THKCEI

The diffusion theory described in the previous chapter is called "first- 
order" diffusion theory since it is based on the assunption that the angular 
distribution of the neutron flux could be represented adequately by the simplest 
possible combination of spherical harmonics, namely P0(u) and P-j^ii). Under con­
ditions vhere this assumption is valid — e.g., in weakly absorbing media far 
from sources or boundaries — it was seen that Pick* s Law was valid and the 
diffusion process could be represented adequately by a second-order differ­
ential equation.

A very natural extension of first-order diffusion theory is obtained by 
cutting off the series in spherical harmonics which represents the distribu­
tion not at the first two terms, as in first-order theory, but at a higher 
number of terms. The coefficients in the expansion are then determined so 
that the Boltzmann equation is satisfied approximately by the assumed distri­
bution. Such "second-order" diffusion theory would be expected to predict 
neutron distributions which are more accurate than those of simple diffusion 
theory, the neutron distribution approaching more and more closely the exact 
distribution as more terms are kept.

The method of "second-order" diffusion theory (also called the spherical 
harmonics method) was first suggested by Jeans in connection with certain prob­
lems of transfer of radiation in stars. It was proposed and used on the Plu­
tonium Project essentially independently by both the Chicago and Montreal groups;
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its great power as a computational technique was recognized only after the system­

atic work of Placzek and his co-workers in Montreal.
The main features of the spherical harmonics method can he illustrated hy 

considering the one-dimensional, monoenergetic transport equation with isotropic 

scattering:

udF(x,u) + NaF(x^) . 
dx 2

We expand the source distribution and the neutron angular distribution in 

Legendre polynomials:

S(x,p) = 2 ^ (x) ^ (n) (2.2)

F(x,p) = J &-+— ^ ^ (p) (2-3)

where, as usual,

x)

The coefficients ^ are known, since the source distribution S(x,n) is known; 

on the other hand, the coefficients are to be determined so that (2.3) satis­

fies the Boltzmann equation. We now substitute (2.3) and (2.2) into (2.1):

S(x,n) ^(nJdn, ^F(x,n) ^ (w)dn (2.4)

F(x,n)dti+ S(x,n) (2.1)
- 1

1
2>+ 1

E i'(x) ^ (»*) +Zg~Lj: Na^xjp^p, !^o J (x)^)dp

(2.5)
2^+1

^ (x) &

97
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where 1 denotes — . Be multiply (2.5) by (yu) and integrate over ya. Then, 

upon making use of the identities (Jahnke-Emde, p. 114)>

i * y i

W ^ ^ f p*>+i{p) p-t (p)d^+ 2^n f W)d/u
-1 -1 -1

H-3

-jL±.l— . 2(2*^1) 2(V t 1)+1

t) 2
“ 2y + 1 * 2(>> -1) + 1

if P + 1

if ^ = P- 1

(2.6)

= 0 if jt ft p +1 or V - 1

1 1
^ PV (/») ^ 5 2^+Ti > f ^ (/i) ^ (/i) d/1 : 0, i> jt-t (2.7)

we obtain the followings

PV pi 1 (/“> V* s ^+x F;+1+ <2-8)
l)4»l

■"0'pv (2.9)

Noso
J- X

I Pj> (/lO dya* | ^ 2lj±I (ya) dya * Hc£0 F0 if P = 0 (2.10)
-1-1 \

if P ?f 0= 0

6?'4 -98



(2.11)

95
n-4

. i

-1

The Boltzmann equation thus reduces to the following infinite set of linear 

differential equations*

The essence of the spherical harmonics method is to cut equations (2.13)

larger the number of equations kept, the more accurate is the resulting distri­

bution; however, the effort required to solve the equations (2.13) increases 

rapidly as the number of terms goes up.

The great power and versatility of the spherical harmonics method lies in 

the fact that by means of it an integro-differential equation is replaced by a 

set of ordinary differential equations. This reduction is possible even if the 

scattering is non-isotropic or if the cross sections are functions of position.

9 (2.12)

(2.13)

| Fj + I<rP2 + | Pj =S2

i + N0-F3 iO F' = S3

off at a finite number and to solve the remaining equations The
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Hence, in principle, by the spherical harmonics method it is possible to solve 

any energy independent transport problem to any required degree of accuracy. 

Solution of the linear equations

Because theme is a source of neutrons, equt ions (2.13) are non-homogeneous. 

The general solution is therefore obtained by adding to any oarticular solution of 

the inhomogeneous equations, the general solutions of the homogeneous set,

Fl+ Noi Fo = 0

f F' + No-F-l* | =0
(2.U)

|F3 + NerF2-»-|Fi « 0

^F|+NorF3+2F' =0

The infinite set (2.14) will be solved by successive approximations.

The V-th approximation corresponds to tne assumption that the coefficients 

of all (yu) higher than the “p-th vanish, and will therefore be referred to 

as the tj) approximation.

Suppose that the successive approximations are begun with the P| approximation. 

(The P0 approximation, F0 ■ constant, F. 0 SO leads only to the trivial 

solution F. s 0.) Then T0 * SO, and the equations (2.14) reduce tow e e • T

F^ -»• NSJ[ Fq « 0

±f'0 = o
(2.15)

' • r f rn
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3Kcr (2.16)

vhich is just the first order diffusion equation in an absorbing medium vhose
( i \1/2diffusion length Is .

The next approximation might be taken to Include Po terms but no P, <, 

terms. The Pg approximation is

ri + “Vo (2.17)

f + HOP! + i f.

Ho Ff, + 1 F,’ » 0 2 5 l

which, upon elimination of Fx and F2 leads to the second order differential 

equation

1
yo- ^aro * 0 (2.18)

This again has the same form as the first order diffusion equation; however, 

the reciprocal diffusion length is given this time by

X
2 3Na Naa

1 + | ffa/ff

If Oq/ct is small, this can be written

K » 3*0 Hoa (1 - | o^/o)

t.O*-

(2.19)

(2.20)
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vMcli, on cosapajrlson with (1.71b) is seen to be a closer approximation to the 
asymptotic value for Jf? than is (2.16). Bras the P2 approximation represents 
an improvement over the approxiaationj however, since both and Pg approxi­

mations lead to second order equations for F0, the solutions for F0 are in both
Ca) 
a

respectively. In this sense the Pg approxiaatlon is no more general than the 
P^L approximation.

She P3 approximation leads to a fourth order equation. F0 in this approxi­
mation therefore involves, in addition to an asymptotic solution, another solution 
which, as we
shall explain presently, is non-asymptotic. The Pij. approximation again leads to 
a fourth order equation and therefore is no more general than the P3 approximation.

More generally, the number of ncn-aqymptotic solutions remains unchanged in 

going from the Pg>n+1 to the Ppn+p approximations; i.e., the successive approximation 
proceeds in steps of two spherical harmonics. The approximation scheme can there­
fore proceed according to either of two sequences, the even approximations, 

or the odd approximations Pg, P^, Pg ....

The next approximation, after P^ is P3; i.e., 12,3 ^ 0f ^ 5 °‘
The equation for FQ in this case is of the fourth order; however, it is more con­
venient to solve directly the original set of 4 first order equations (2.11)-).
We set

x) » (2.21)
4 ^4

and substitute into (2.14). The resulting linear algebraic equations for each

Vj"6

cases Just the asymptotic solution with >L given ty 3NofTaa or 3SaSfoeJ(l+ ^

i rp



(2.22)
3 V) + *>*ij + § >ty2j -0

I *13 + Hl, *23 + I X3 *33 ■ 0

7 <^3 *23 + 1,0 *33 ■ 0 •

The consistency eaddition for this sot is that the determinant of the coefficients 
vanishes. This leads to the following equation for )l.i

9
35(No)2

+ 3Non Utr 0

of idiich the four roots are

(2.23)

+ (l-|S5) (2.24)

X2 = ±3VB“Hff(i + f • (2.25)

The neutron distribution is therefore

*>-*01. lKlU + A_rt e
“l^l\ IX2Io2 0 + A07, o “ + A_ll o-WJ (2.26)

where the Aqj are axhitrary. The expressions for the other iy are easily 
found fncn the equations (2.22). Thus



/O 0

'l- W Lo1 ^ W
r IxJ1
Ks® A^l e

n-9

-wj
]

f2-
(2.27)

F-

The quantity ^ is essentially the reciproeal diffusion length while ^ 
is of the order of the reciprocal of the toted, mean free path. Consequently

^ t and therefore the exponential in - falls off slower
X J A I

.than the exponential in J . In this sense the solution e 1 1 is
* -ImJxasymptotic while the solution e ^ is non-asymptotic.

The asymptotic solution has already been encountered as the exact solution 
of the transport equation far from sources or boundaries, provided is given by

“ HcTso tal3h“l Ho (1.71b)

The expression (2.24) for is of course an approximation to the solution 
of (1.71b) when the absorption is weak.

^ l.QZ
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Close to sources or boundaries there ore excited the nan-aaynptortlc solutions 
- |K2| xe These fall off roughly as the seen free path, and axe therefore

negligible a few mean free paths away from the boundary.
As the order of the spherical harmonics approximation increases, the number 

of and therefore the number of non-asymptotic solutions. Increases. The
values of for the first few approximations on the assumption Ogja 4C 1, are 
given below:
Sven approximations:

P1 _____
= ± Hy'30^

p3
Xl-±»V13Sa (l-|^

1*2 *o(l + | aja)

P5
Xj. - i » t'aSSa (1 -1 Oa/o) (2-ae)

= + 1.225 Ho(l + .1123 da/*)

“ ± 3.203 Ho(l + .2877 aja)

P7 / \
^ » ± H V3*^t (l - | V*)

>^2 = + 1.1032 Hcr(l + .0448 Oa/c)

^3 “ ± 1*592 Ha(l + .1400 crgja) 

^ » + 4.458 No(l + .2153 Oja)

\.
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Odd apprcxriBatiosxR:

P2 ^
^ ” lA + | ®a/ff

^* + 5^3^: (l-|«a/o)

>/2 = ± H«r(l + .2012 ajis\

P6
^ = ±®V335£ (i - | tfa/o)

J<2 = + 1.1^6(1 + .0685 (Ta/tf) Hff

X3 = ± 1.9825 (1 + .199^ Oa/c) Htf

(2.29)

The angular distribution in, say, the approximation is

F(x,u) « | F0(x) + | px(x) P^m) + | f2(*) + 0 F3^x^ (2.30)

where ^0f±f2,3 are ff1-71811 ^7 (2.26) and (2.27). The total neutron flux is, 
according to (2.26),

Fa(x) = A . e ov oj (2.31)

Now from the neutron flux it is supposedly possible to determine the angular

n > 0 (2.32)

distribution by the "last collision" technique; this leads to Sq. (2.32) :

F(x,n) = !!22 f F (x*) e 5 **1
2 1 h— •o

No f - 52fx«x»^
* I Fo(x') ® 4 — » < 02 I h
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irtiich, Ttpam gebBtltutlag (2*31) b«eaB08 (for /i >o)

F(x,n) *wBO
2n [ Jtj*’ -!2(i-i*)

(2.33)

Formallyy the Integrations can be performed yielding

T(x,li) Il*±
J 4 + HO

(2.3^)

The contribution to the angular distribution from the asymptotic solution in 
case Og/ff 1 is

-l^-ll *
ao2 °so ® 1

2 [o - 4 V3wa “ | ffa/^]

vhich has no singularity. However, the non-asymptotic solutions give angular 
distributions vhich, according to (2.3^), are singular at 4 = - Sa/^f , i.e.,

. V
at 4 = ■—3_ ( l ) in p_ approximations. In other words, the angularJ 35 O
distribution computed from a P3 or higher approximation neutron distribution
according to the last collision method is singular. This of course is a reflection
on the approximate nature of the spherical harmonics solution. Since the spherical
harmonics distribution does not really satisfy Boltzmann's equation, there is no
justification for computing the angular distribution from the space distribution
by the last collision method which, after all, is a consequence of the Boltzmann
equation. It is therefore consistent to use the finite expansion in spherical
harmonics (2.3) for the angular distribution, but it is incorrect to express the

angular distribution by (2.3b), at least near 4s- -S2 .
Xi
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Rxwplws of ProbleMB Solved by tb» Sphgrlcal Haiaonlcs Method
In this seetiofn we solve a number of standard diffusion problems in second 

order approximation. The calculations axe straightforward applications of the 
general theory described in the previous section.
1) Jeutron distribution from a unit pi isotropic source at x = 0 In an 
Infinite medium.

This problem was solved rigorously in Chapter I; it will be instructive to 
compare this rigorous solution with the spherical harmonics solution.

The Boltzmann equation in this case is

The corresponding linear equations for the components of the angular distribution are

1
(2.35)

-1

+ U<^F0 = 6(x)

§*•+ -o

2 F* + IcP0 + I F* - 050 ^51

(2.36)

In approximation.

(2.37)

the solution of which is

TomAl9
(2.38)

„t.C8



loS
■where X- = 38^0.. To detexmlae A-., we equate the total absorption rate to 

ol x
2

11-34

the total production rate:
OO

l’°»1 = 2 Wff F0(x) dx » 2 — « A1 ,

Thus

0 
<K>1

2»aa

, ^ol

Xol

(2.39)

-xJ1' (2.^0)

is the required distribution. In terns of the albedo, which according to (1.113)

(2JU)
Fo 1 - p e-*°ilxl

-

In order to solve this probleai la approadaatica, we first solve the problem
gin which the source, of strength S neutrons/ea /see*, extends fra* -b to +bj we 

then pass to the Unit In which b approaches zero but 2Sb renalns finite (and equal 
to unity). We denote quantities In the source region by superscript I, in the outer 
region by superscript II. In the source region the neutron distribution satifies 
(2.36) with 5(x) replaced by Sj outside +b, S * 0. The solutions of (2.36) with 
5(x) replaced by S are. In the source region

Fq(x) = -JL - Ax cosh - Ag cosh H^x

fJ(x) « Ail -_a_sinb +Ag fllnh b? xl
<^11 ^ ^

(2.h2)

W" ‘r̂
1.0^

cost d
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f£(i) -A1(- | + i) coeh + ^2 (- | ??I£ + |) oo.h ii12

(2.^2 coat'd)

i'11 ' ai(i£ ^ ^

■Outside the source region.

F (x) = ^e

F^Cx) * B1

-K,0(|x|-b)
+ B„e

NO, -^n(lxl -b) Ha. -Kn>(lxl-b)a " 'll1
e + ^ -v?t: e"'12 (2.^3)

^X(x) = B i\ .-*»!w -'» * Ja — .4|«
\2 >4l 2j 2 \2 ^?o 2

HJ, no i) -H^tlxl-b)

Fp(x) = Bi
(k tg - '*’* ^(?< -fe' i 4j

la these equations.

^12- lV35H« (l + |Si)
(2.44)

At the interfaces +b, the neutron angular distribution is continuous. The . 

four constants, A-j, Ag, B^ and Bg, are therefore to be determined from the linear 

equations

rj(fb) - P^Cfb), Pi(+t) - p“(+b), p|(±b) - rPt+b), PjC+b) = p“(+b).
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In the Unit of small b (cosh Kb ^L, sinh -vKb), these linear equations are

' ^ ^1142
0 .

We shall be interested primarily in the asymptotic neutron density, ^oa8y(x) t 
far from the source. This is given by

^oasy^*) *SJ Bn
-J^1;L0d -b)

(2.*7)

the Kj2 solu','ion falling off faster than this because ^ ^ ^ The

computation of from the linear equations (2.46) is straightforward but lengthy; 

the result is

B,
Naa

(2.48)

If we substitute the expressions (2.44) for K and X 

of (2.48) there results, correct to terms of order a&fo,

<V-4

in the denominator12
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Sb X.

(2.49)

The asyaptotic neutron density from a unit isotropic plane source is found from
(2.^9) and (2.4?) by putting lim Sb = hence

b-K) d

» (*)°asy
^13
2N<t.

-unui
(2.50)

provided cra/a is small.
Comparing the approximation for ?0agy with the P^ approximation,

we see that the P3 approximation and the P^ approximation differ in two respects*
a) The reciprocal diffusion length is somewhat smaller than X •H ol
b) The source strength in P3 approximation is reduced by the factor

(1 - 4/5 oa/o). This is exactly the "initial absorption" correction which was 
found in the rigorous solution. Chap. I, (Eq. 1.26, -7,-8).

The equations (2.46) can also be solved for Bg, the result being, in the
limit b-K).

A
2Ram

^12Titi

(2.51)

Hence the total neutron flux from a unit source in P3 approximation is

^11 1 -Mi>1
2Bfo,

a i./^8
l7!

^12

- 1
(2.52)

Sf-'i 112
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The exact distribution vaa found in Chap. I to be
0O

_2 2 '

^0(x) —f-
if a" - K.‘

2 2yi. - u 0a0>
+ 2H202

. . -(1 + n)Hox(1 +rj)e ' dy^

|2Ho(l +rj) - U<ysin(l + t_jj +TC^f c

(2.53)

•where }{. = > 0*

In Figure (2.1) the exact,and F^ diatributions are compared.

2) Extrapolation distance in a non-absorbing isotropically scattering medium.

This problem can be restated as the determination of the neutron distribution 

in a semi-infinite non-absorbing medium, close to the boundary; it is usually 

called Milne's problem. In F-^ approximation the extrapolation distance was 

found to be

= extrapolation distance = _j|_ 9

while the exact extrapolation distance can be shown to be

JL - -71044609 *
No

It will be instructive to see how successive spherical harmonics approximations 

give progressively better values for the extrapolation distance.

The plane Boltzmann equation in a non-absorbing medium is
1

H ^ + VdF(x,\i) “f2 | ^ • (2.54)

The neutron distribution in the semi-infinite medium x > 0 must satisfy the 

boundary condition

F(0,u) 5 0 04UZ.1 (2.55)

G. Placzek and W. Seidel, Pbys. Bev. J2, 550 (194?)

13
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Actually; since the inward angular distribution must vanish over a continuous 

range while the spherical hamonics approximation involves only a finite number 

of arbitrary constants, it will be impossible to satisfy (2.55) rigorously.

The harmonics equations equivalent to (2.5^) are

t Fi +*<*3 + ^ = 0

f»5 +

In approximation, the solution of (2.56) is

(2.56)

and

Fq = AoX + B0

1 • ~A_- -n* _ __O
3Hc ^o _ 3S5

itAqX + B0 - 5T]•
To determine the ratio Ao/B0, it is customary to require, as a simple approxi­

mation to the much more stringent (2.55), that the net inward flow at x = 0, 

j+(0), vanish. Bow

J+(0) = J p F(0,p) dp 
0

- i - fa.
2 [2 3Ba

f 1 ^0 *
$ r /,^ s ..v
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///

_ 3Ha

Thus
B,

F0(x) = ^(x + J-) (2.57)

rfhich extrapolates to zero at x «* - .Ha
In P3 approximation^ if ire normalize so that = - 1, ve find 

F0 = 3H«x + Bi +

*2 “ - | ^e
~^12X (2.58)

’s’-t-fc*-'*1*

idiere = ^^35 Ha. At the houndary, x = 0,

F(o,n) » i (B-l + - | Pi(ji) - ^ CxPqM - ^ CiPgCn) (2.59)

In order to determine the constants and Cj it is necessary to impose 

conditions on F(0,n) vhich, while not identical with the rigorous (2.55)> are 
at least consistent with it. One such condition was used in approximation, 

namely
1

J P^p) F(0,p) dp «. Oj (2.60)
0

this condition Insures no net inward flow at x = 0, although It allows inward 

currents at certain angles if they are balanced by outward currents at other 

angles.

A further condition, suggested by Marshak, is that the next odd "moment" 

vanish, i.e..

f 1.15
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(2.61)

This condition is consistent vith the reqnireaant

r(0,|t) =0 0 /L n ^ 1 (2.55)

hut of course it does not imply (2.55).
The conditions (2.6(^ and (2<>6l) lead to the pair of equations

• 3750 C-l + ** 2
6.8802 ^ » 0

or
Ci * - .307^ , % - 2.1153. (2.62)

The total flux distribution, according to (2.62) and (2.58), is therefore

/v - ^35 /3 NcxFc(*) * 3®ox + 2.1153 - 0.307U o

and the angular distribution at x » 0 is
(2.63)

F(0,ji) « 0.9039 - 1.5 ?i(|i) + 0.38^3 P2(u) + 0.fc5*7 P3(p) . (2.64)

The extrapolation distance is the reciprocal slope of the asymptotic part of 
FQ(x). According to (2.63) this

JL = 2 ♦U-33 e 0.705 .
3®ar Jfcr

The method outlined here is readily extended to higher approximations, the 
boundary conditions at the V-th stage being the vanishing of the odd moments,

1

\ P1(h) FfO,!*) dp = 0.
0 J

4 » l>3,5.... 9
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Thus in approximation, it is found that

„ , . _ „ , . ^ ^ -1.225Nox ^ -3.203CBOXF0(x) = 3H0X + 2.1246 - 0.0777 e 0.27145 e

F(0,p) = .8877 - 1.5 P^H) + ^365 P2(n) + .4322 P3(p) - .07583 P*(H)

- .3641 P5(»i)

and the corresponding extrapolation distance is

/= 2.1246 _ .708 
3Uo ~ Ho

The a-ngniw-T distributions F(0,p) and the spatleQ. distributions F0(x) 

near the boundaary as given in the various apprcaclmat 1 ons are plotted in Fig. (2.2) 

and (2.3). The exact distributions as computed by Placzek (Fhys. Bev. 72, 556, 1947, 

and C. Mark, Pbys. Bev. 72, 558, 1947), are given there also for comparison.

The odd moment boundary condition is one of many possible conditions con­

sistent vith, but not implying, the rigorous boundary condition

F(0,p) =0 0 £ u / 1.

Another approximate boundary condition consistent vith (2.55) is to require that.

in Py approximation ( V odd), F(0,p) vanish at the >> + 1 positive roots of

Pj+^(p) = 0. This condition is very reasonable on the following grounds: the

rigorous boundary condition (2.55) is equivalent to the requirement

1
J F2(0,p) dp <3 Oo (2.65)

Bov according to Gauss's approximate integration formula (Hobson: Spherical and 

Ellipsoidal Harmonics, p. 77)

1
J F2(0,h) dp = 2lHrF2(0,nr) (2.66)

117



“vhere nr are the positive roots of

P;+l(n) “ 0

and. the Hp are nriversal constants whose exact values are unimportant <. According 

to (2„66)p a choice of arbitrary constants in F(O^p) which make FCO,^) vanish at 

values of pr which are roots of P ^)+1(»ir) = 0 will haply that the rigorous boundary 

condition is satisfied to the extent that Gauss's integration formula is exact.
i r Ajii

In P2 approximation, F(x,n) - 2r°X + Bo ” ^“J * most vanish at

the positive root of Pp(p) = 0. This root lies at u = -A_ . Hence, to determine
. ys

Ao/Bq we have

n-22

?(0,——^ » i
\ V3/ 2

o
Aq ^3 N(7

0,

B,

/3 Ho

and

ic2F(x,fi) = ll£ |x + 1
^3 No

FoC2) = Acjx + —^^
\ ft

The extrapolation distance in this approximation is

1 =.1-,- .
</3 No N<y

(2.6?)

(2.68)

It is remarkable that the very simple angular distribution given by (2.67) at 

x ~ 0, never differs from the exact distribution by more than 7-2$.

In Pg approximation, F(0,p) must vanish at the positive roots of P^(h) = 0, 

i.e., at (ji s= 0.861 and p = 0.3^0. According to (2.59)*

F(0,p) » ^B! + Ca) - 1 P1(b) - £ CxPgCp) - CjPgtph

‘.18
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the regiiiraBsntB

FCOjCUSto) - F(0,0.861) = 0

give
= 2.08^8, C-l = - 0.3509.

Thus

F0(x) ■ 3Hox + 2.0848 - 0.3509 e
- 4/35/3 Nox

(2.69)

F(o,ix) » 0.8670 - 1.5 Pi(u) + 0.4386 P2(u) + 0.5189 P3(n), (2.70)

and the extrapolation distance is

P _ 2.0848 . 0.695 
3Nff " Tfa

Wick* a Method

An ingenious variant of the spherical harmonics method based on the Gauss 

integration formula has been proposed by G. C. Wick (Zeit. fUr Physik, 121, 702, 

1943) and >>m been applied to many astrophysics! transport problems by Chan­

drasekhar (Astro. Fhys. J. 101, 348, 1945). The idea of Wick's Method is to 

approximate the integral in the transport equation (2.1) by Gauss's integration 

formula. As will be recalled, in Gauss's formula, the Interval -1 ^ u 1 is 

divided into V + 1 (odd) intervals spaced at the zeros of ^>+^(d) - 0, Thus

-1

where the universal constants Eg. and the roots (tg. hare the following values:

(2.71)

= + 0.3400,

ij. “ + .8611
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If Gauss’s approximatiosi is substituted into the integral, equation (2.1), 

and if the angular distribution is specified at the points u^y which are the roots 
of P^+i(u) ~ 0, then (2.1) can be replaced, approximately, by the set of equations

V+l
^ Ki,^) + tar(x,u1) = Z_ ** T(x’ur)- (2.72)

The solutions of (2.72) are a
linear combination, vith arbitrary constants, Ap of the form

*(x,u±)
y®l Ho + (2.73)

where each satisfies the characteristic equation
P+1

Mqao Hi __
'2 i-1 HoTH^ =le (2.7^)

If the numerical values for Ep, and ur are substituted into (2.7*0 and the 

res-ulting algebraic equations are solved, it is found that the roots )£r of 

(2.74) are identical with the roots listed in (2.28) for the even approximation 

spherical harmonics scheme. Thus (2.73) is identical in form with (2.34); i.e., 

the angular distribution predicted in -p -xh approximation by Wick’s Method is 

identical, at the points vith the angular distribution computed by last col­

lisions from the P^) approximation total flux.

The total flux, F0(x), is found from (2.73) by integrating over p». Since
1

F0(x) - ^ F(x,p,) dn 

-1
and, in this approximation

1 P+i,

-1
F(x,u) du s 2-—- Ft F(x,u_),

G 120
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ve have

Fjx) [,(x’ dp, so
2

m
>4i P+i

i-l r=l (N® + m)
Hi-\e i

(2.75)

by virtue of (2<.7^)» Since the >^r are the saaae as were found in the spherical 

harmonics approximation methods, (2.75)* is identical in form with the flux distri­

bution (2o2l)c

Equation (2®73) defines the angular distribution only for value of p^ which

are roots of P. (p.) = Oo In Wick's Method it is assumed that the actual angular y +1 1
distributlonj, in directions for which

H i _ Hff
/r

is the analytic continuation of (2,73)? namely
7>+l

= 5!S2 21 --- -- -
2 Ns + p

Hr5 (2.76)

Evidently at p^ the distribution is singular«

The constants Ar are determined from the boundary conditions. For example, in 

the extrapolation distance problem* the boundary condition is

FfOjPj) - 0 0 Z pi 1

and this set of ^ equations is sufficient to determine* except for a normal­

ization factory of the constants A^j the remaining (- l) Ap

are zero because only the decreasing exponential non-asymptotic solutions are phys­

ically significant.

As an example of the usefulness of Wick's Method* we solve the extrapolation 

distance problem. Since j)+l

F(0*p) - mao Ar

'vr

Ncr + h
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the constants Ay, are to be determined so that

^ A
•51 ----- -----  = 0

He + ^r
i ■ 1,2,....-p+1 (2.77)

it being understood that the Ap corresponding to the non-asymptotic, positive

\t are zero. The set (2.77) are linear equations and can be solved in a straight- r
.forward manner.

If there is no capture in the medium, the angular distribution contains

a term linear in h as well as terms of the fora (2.76). For, in this case, the 

equations (2.72) are
V+l

hi ^ Ff-x,^) + He F(x,m) ■ 5Z Hy Ftx,^).

.We put

F(x,a) = A + Bx + Cp ; (2.78)

according to Gauss's approximation formula, vhich is exact if F(x,u) is a poly­

nomial in u of degree 2 "p -1

P+1
dp. = 2

-1

P+1 1

P+1
z u du = 0.

-1

lance, on substituting (2.78) into (2.72) ve find that (2.78) satisfies the 

Boltzmann equation provided

C
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In a non-capturing medium, therefore, the complete solution of (2.72) is

This is exactly the condition vhich led to the approximation summarized in 

(2.6?) and (2.68).

In Table I the angular distributions for F(0,p) approximations are compared 

vith the exact value. It will be noted that these give better values for F(0,u) 

than do the approximations with vanishing odd moments.

In Fig. 2-17, F0(x) in P]_, P3 and P^ approximations are compared vith the 
exact value.

(2.79)

In V = 3 approximation, Ag and B/A are to be determined from the requirements

f(o,.861) = f(o,.3^0) = 0.

This leads to

F(x,u) = A 1 + 1.1*09 (Box - 4) - e
-1.9720 Nox

1 - 1.9720 4 (2.80)

The value -jj^r for the extrapolation distance is very near the value computed in 

Pg approximation with vanishing odd moments.

In 5 approximation

1 - 1.2252 4 1 - 3°2030 4
(2.81)

here the extrapolation distance is -7P39 .
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Table 2-1

F(0,|i) Approxisaations (Wick's Method)

h Exact Approx 0 Approx. P,_ Approx. (P^ - Exact)

0 ,5000 •5359 .5111 .5057 .0057

-ol 06237 .6287 06167 06189 -.001*8

-o2 07252 .7215 .717k .7199 -.0053

-«3 08213 oSikk .8151 08180 -.0033

-ol* o9lk6 .9072 .9108 .9133 -.0013

-.5 lo006k 1.0000 1.0050 1.0068 + .0002*
-06 lo097l I0O928 1.0983 1.0991 +.0020

-.7 I0I870 I0I856 1.1907 1.1905 +.0035

-.8 l0276k 1.2785 1.2826 1.2813 + .001*9

-°9 1o3653 1.3713 1.3739 1.3716 +.0063

-loO 1.1*539 loi*6i*i 1.1*61*9 1 .l*6l6 +.0077

3) Neutron distribution near a black sphere o*

A black sphere of radius a is surrounded by a non-absorbing, isotropically

scattering Infinite homogeneous medium<» Because of the spherical symmetry the

monoenergetic neutron flux will depend only upon r, the distance from the center

of the .black sphere and fi, the cosine of the angle between the direction of the

neutron's'velocity and the radius vector.

Thus if fl is a unit vector in the direction of the neutron's velocity, the

non-absorbing, soureeless Boltmann transport equation becomes
1

A- " VF(r,p) + NsF(rsti) = I— \ F(r,p) dp (2.82)

-1

* B. E. Marshak and W. Seidel, MT-49j and G. H. Plass, ^-2^5367
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By regarding a given direction S\ in space as the polar cuds r is expressed in 
spherical coordinates and Eq» (2.82) will depend on r and 9 hut not HU .

/a/

n A A
= cos 9 r - sin 9 9

or r o9 or r op o9

J\ • ^F(r,n) = cos 9 _ EZUi'kik . „ + ±-j£.
■— or r flp 09 dr r op

and (2.82) becomes

-i

p) dp = 0 . (2.83)

For convenience let the unit of length equal Ho. Then Eq. (2.83) becomes
+1

p + ■1-~ ft- ^I.rlE? + F(r,p) - — \ F(r,p) dp = 0. (2.
dr r op 2 1

(2.84)

-1

Expand F_(r,/i) in Legendre polynomials as in Eq. ,(2.3),

r<r,|i) - %(*) (2.85)

Upon substituting (2.85) into (2.84), multiply by Py (p) and integrating over p, 

in addition to the resalt given in Eq. (2.12) there will be terms arising from the 

second term in Eq. (2.84). In this manipulation^, use is made of the identity

JLU+ 1)
dp (2/+ l)(p2 - 1) v/+l p/-i>

Ms
-1

2i + 1 .. / \ .
—2" \ (r) p^(^) dp

1 1 M+-il^(r)
^-1 " *1+1

-1
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1
r

-1

,(£ ?) (r). , („ sj/ **

(V + IKV + 2) r - 7^(7^—1) -. \ 
r(2 V + l5 V +1 r(2v + 1) V -1

In obtaining the avove Eq. (2.7) was used. The Boltzmann equation thus reduces 

to the following infinite set of differential equations

/ + 1
2Y + 1 ' +1 21> + 1

Ty -i
+ (“J h- + 2)

r(2y + 1)
^(0 - 1) 

+1 " r(2-^ + 1)

= Fo 8o^
(2.86)

The corresponding harmonics equations are

F* + _1 = 0 
1 r

| F‘ + ^ F» + — Fr 3 2 3 o r £ ♦ F-, (2.8?)

2 F® + £ FJ + 12 Fq - 2_ Fn + Fr 0

- F2 + Fq = 0 
7r J

In ^ approximation the solution of Eq. (2.87) is

F = -^2^ + B o r

r = zhi
i 7

and
F(r,n) = zM + B _ ^Au

2 gj.2

(2.88)

126
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1

(i F(a,ii) dji = 0

By requiring the first odd moments to vanish for F(a,n), i.e.
11-32

l

I
(2.90)

Eq.. (2.89) becomes

F(r,fi) = A His + ^1+ —^ - ^l±_l
[2r 2a V 3a/

When F0(r0) = 0 ve find from. Eq. (2.91)

(2.91)

1 +

and the extrapolation distance is a - rQ.

2a - r,0 o3 + - a

Note that as a ►®o, a - r0 - 

in the approximation for the plane case.

In P3 approximation the solution of Eq. (2.87) is

^ which is the extrapolation distance obtained

F0 = -3A + B - 20 e 
r r

F, A

f2 » - §L. + £
V35 r

^ - 18A + V39 C 
3 ^ 7r

(1 +

_ V35

V35 r 35r2;)

V35 r Tr2 ?V35

(2.92)

7
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corresponding terns In e 3 ape excluded because of their behavior as r—^oo.

By requiring the first two odd moments to vanish, i.e., Eq. (2*90) and

u-33

1

^ P3(ji) F(a,|i) dp » 0 
0

the constants B and C can be expressed in terns of A:

C b A a e

t VBa 
3

B = A [Ki+fe+^)+s6-^-^)
vhere

/35 a

1=- (l + 2l + l£\
|/35 V ha 'la?)

+ + + + sl (i +-as-N
V 32V35/ V35aV &V35/ Ta2\ 32V35/

35 \ + 81

the extrapolation distance a - rQ becomes

32V35/ 7A/35 a3

a - rQ =

K1 + i? + i)+fe(l-M_______2.
V35 a ?a2

and as a—>00 j a - rQ —y .705I0

By using an alternate boundary condition which requires that, in the approxi­

mations, F(a,p) vanish at the ^ ^ ^ positive roots of *s 0, Eq. (2.89)

becomes

F(r,|i) = A I- i. + + 3.^ - &-\|_2r 2^ a J 2r2j
and the extrapolation distance is

a - rc » , ^ .
V3 + 3a »

fif’d 128



By applying these ccaaditions to Eq. (2.92) B and C can he solved for In terms 
of A tfausly;

J2& 11-34

C = Ape ^

B = A b + 1‘01994 _ 93972 _ T.knik + P A6.06893 + 9.89333 + 10.69316 + 4.76^31) 
|a a^ a4 V a a4 /

vhere
p = 1.33333 (1 ^ .43683a + .12123a2)

1 + 2.40886a + 2.41700a2 + 1.07753a3

the extrapolation distance is obtained frcaa

a - rQ = a B/A - 3 
B/A "

In Table 2-II the extrapolation distances are given for various black sphere 
radii in both and approximations. For the same approximations the total
neutron distribution is given for a black sphere of unit radius (as Bo) in 
Fig. 2-Y.
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Table 2-II
Extrapolation Plertances as a Enastlon of Black Sphere Badlns

Gauss BootsOdd Moments

The Time ■"Dependent Boltzmann Bauatlom
The time-dependent Boltzmann equation with plane symnetry is

u + 5cF(x,4,t) = 52aa
dx 2

F(x,n,t)da - i
▼ Qt

-1

In approximation.

F(x,n,t) = | F0(x,t) + | Fx (x,t) m j

(2.93)

(2.9^)

ve substitute (2.9*0 Into (2»93) and obtain the foliovin^of equations:

+ No F0(x,t) = IcrSo F0(x,t) - 1 (2.95) cant'd.
OX ▼ at
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HcF,(x,t) + i fafei*). =_ i 
1 3 fa. ▼at

07

(2.95 co^t

By differentiating the first of these equations vlth respect to time and the 
second vlth respect to space, and subtracting, ve obtain the following second order 
equation, for Fo(x,t):

v aSpCxjt) 
3Ua 3x2

fi ^ °a\ 1 3^Fo(*^t)(1 + ) -------- +--------------
a 3t Nov at2

(2.96)

It Is a remarkable fact, which is not usually appreciated, that the correct 
first order approximation to the time-dependent Boltzmann equation is not the simple 
diffusion equation (which is first order in t), but is the telegrapher * s equation 
which is second order in both t and x. The general solution of the telegrapher's 
equation shows the phenomenon of retardation — i.e., the solution has a well-defined 
ware front, in addition to a residual disturbance which persists, at all points 
traversed by the ware front. The telegrapher's equation thus lies between the 
simple wave equation whose solutions have a wave front but no residual disturbance, 
and the diffusion equation whose solutions have a residual disturbance but no wave 
front. That a solution of the time dependent Boltzmann equation must have a wave 
front — i.e., a region beyond which there are no neutrons — is obvious physically, 
since a neutron travelling with velocity v requires at least a "retardation time", 
x/v to reach a distance x from a source. Beyond the point x there can he no neutrons 
until time x/v. As the mean free path of the neutron decreases, the probability of 
the neutron reaching any finite distance without a collision becomes smaller and 
smaller. Finally in the limit of zero mean free path and zero absorption cross- 
section hut infinite velocity so that the diffusion coefficient

D 1 v_
3 U (2.97)
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and the neutron lifetime, 7T = l/NoraT are finite, the telegrapher type equation 
redaces to the diffusion equation

It is a veil-known property of the solution of the diffusion equation that an 
instantaneous source inmediately produces a disturbance at all points in space, — 

i.e., there is no retardation in the solution.
Diffusion equations vhich arise in mathematical physics — e.g., the heat 

equation — usually are approximations to the Boltzmann equation in vhich the mean 
free path is assumed vanishingly small hut the diffusion coefficient is finite.
•For heat conduction or molecular diffusion the assumption of zero mean free path 
is a good approximation and the existence of a retardation time is generally over­
looked; in neutron diffusion on the other hand the mean free path is usually so 
large (~ several centimeters) that the existence of the wave front in the time- 
dependent diffusion equation cannot be Ignored.

In order to make these qualitative remarks more exact, ve write down the 
solution of (2.96^ and of (2.98) from an Initial distribution vhich is zero outside 
the region x^< x i.e..

^Fo(3C,t) Fo(x,t) S?0(x,t) 
ax2 " “ dt

(2.98)

F (x,0) = £(x)

a 0 elsewhere

everywhere

For simplicity, ve assume no absorption. Then, for (2.96) the solution is 
(cf. Webster, Partial Differential Equations of Mathematical Physics 

1933J , p. 179)
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x+vt/Vs
(2.99) -

(x - a)^j

lo being the Bessel function of Imaginary argument. The first and second terms repre­
sent vaves travelling to the left and right with velocity v//y/3 . Since 3* (x) 
vanishes outside x ^ Xq, the neutron flux is strictly zero, at a point x, until 
time t =^3 /v (x - xg), on the right, or t =J^3 /v (x^ - x) on the left. Once 
t exceeds either of these times — i.e., once the disturbance has reached x, 3 (a)

in the integrand is non-zero and the integral contributes a "tail" which persists 
indefinitely. The neutron flux, at such times, is given by

For the diffusion equation, the solution is simply

F0(x,t) S - 3Ntf(x - x* V

?(z,) "W?(Wvtrw
\3H<5 7

i.e., the neutron flux appears instantaneously at all points in space — and persists 
indefinitely — there is no retardation and no wave front.

The approximation time dependent equation is an improvement over the simple 
diffusion equation since the solution does exhibit the phenomenon of retardation — 

however, the propagation velocity is only v/ . instead of v. This short-coming 
of course arises from the approximate character of the asstaaed nngniay distribitlon.

t> r. 1 33
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Evidently those neutrons sMch reach the point z first must have suffered no 
collisions — their angular distribution must he very strongly forward, and could 

. really he represented only by a large number of spherical harmonics. It is therefore 
not surprising that a approximation does not treat the first arrival neutrons 
quite correctly.

The fact that the undeflected neutrons have a strongly forward angular distri­
bution and therefore cannot he represented in approximation is very important in 
the discussion of slowing down of neutrons. In computing the spatial distribution 
of neutrons from a monoenergetic source, the neutrons which have lost little or no 
energy are analogous to the "first arrivals" in the time dependent problem. The 
difficulty of representing the angular distribution of these neutrons mates calcu­
lation of accurate slowing down distributions at large distances from a high energy 
source difficult; an asymptotic solution has been given by Wick.*

130

* G. Co Wick, Physo Rev. 738, (19^9)°

13$
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CHAPTKH HI

SLOWING DOWN OF HEUTBONS

Since the average energy of a neutron produced in fission is several Mev, 
vhile the neutrons most effective in producing further fission have only ther­
mal velocities, it is necessary in a slow neutron chain reaction to reduce the 
energy of the fission neutrons. This is accomplished by nH-g-ing the uranium 
with a low atomic veight material, such as graphite. The neutrons suffer 
elastic collisions vlth the light nuclei and lose some energy at each encounter. 
In this way their velocity is "moderated" by elastic collisions — hence the 
vord "moderator" for the low atomic veight material.

In this chapter we shall study the manner in which neutrons lose their 
energy by elastic collisions. During the process of slowing down, the neutrons 
diffuse away from the point at vhich they originated. Thus after having lost a 
certain amount of energy the neutrons will be distributed in space, in energy, 
and in direction of motion. In order to calculate this distribution, it is 
necessary to solve the 'Boltzmann equation in vhich account is taken of the de­
tails of the energy and momentum balance at each collision. Unfortunately, the 
asymptotic solutions for the energy dependent Boltzmann equation are much harder 
to obtain than were the asymptotic solutions for the energy independent equation. 
For this reason ve shall be obliged to deal largely with approximate solutions 
of the energy dependent equation.

It has been customary to assume on the Plutonium Project that the scatter­
ing of fission neutrons by moderator nuclei is isotropic in the center of gravity 
system. This assumption is valid only for hydrogen. The maximum value of the 
isotropic scattering cross section is, on very general grounds, just 4*^^, vhere 
2 * ^is the deBroglie wave length of the neutron in the center of gravity of

G-i .140
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the system neutron-(-nucleus. In terms of'the neutron energy, 12, 

H
\ .045/VE x 10 -where E is the neutron energy in Mev. Hence

'-2,( c2.the TiwYiTinun isotropic scattering cross-section is x (2.54/e) x 10"
A perusal of H. H Goldsmith's and H. I. Xbser's collection of the neutron 

cross-section shovs that, among the light elements, only hydrogen has a 

cross-section which is less than the isotropic maximum at energy below 1.3 
Mev. This means that the occurrence of non-isotropic scattering (corresponding 

to higher angular momenta) must be a very widespread phenomenon even at neutron 

energies of only about 1 Mev. Under these circumstances it is rather risky to 

place too much reliance on any slowing down calculation in which isotropic 

scattering is assumed.

It has also been customary to ignore any inelastic scattering which may 

occur in collisions with moderator nuclei. This is probably a good assumption 

since the level spacing in light nuclei is so large (~' 0.1 Mev), that excita­

tion of a nucleus is unlikely by inelastic scattering. However, there is no 

real experimental evidence to prove that the inelastic scattering in graphite, 

e.g., is negligible. The main justification is that range calculations based 

on the assumption of elastic scattering are in fair agreement with experimentally 

measured ranges.

The theory of slowing down which we develop here is applicable only to 

neutrons whose energy is well above thermal energy. A neutron which slows 

down to thermal energy remains almost in thermal equilibrium with the atoms 

of the moderator until it is captured or until it escapes from the boundary 

of the system. Thus by the time the neutron reaches thermal energies on the 

average it neither loses nor gains energy. As the neutron approaches thermal

* 'See, e.g., H- Bethe, Eev. Mod. Phys. 2, 103 (1937)> eq.* 3?6a*

fO - j. \ 41
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energy the effectiveness of the moderator in slowing it down tends to become 

smaller and smaller; finally at thermal energies its effectiveness is noil.

The manner in which the moderator starts to lose its effectiveness depends 

on its molecular state. Thus, if the moderator is crystalline (as, e.g., 

graphite) at low energies the neutron loses energy only by exciting lattice 

vibrations. Again, if the moderator is a proton bound in a molecule, then, 

if the energy of the neutron is small compared to the binding energy of the 

molecule, the molecule acts as a whole in an elastic collision and therefore 

the loss in energy per collision is less than if the proton were free. At 

somewhat higher energies, the neutron can excite molecular vibrations — 

such collisions are essentially inelastic.

A calculation of how the moderating power of graphite decreases at 

energies close to thermal was made by Metropolis and Teller (CP-387). Their 

results were used by P. Morrison (CP-506) to calculate the slowing down dis­

tance in graphite.

The Mechanics of Neutron Collisions

We consider a neutron of velocity v which strikes a moderator nucleus 

of mass M, velocity zero, and is scattered elastically through an angle 0 

as measured in the center of gravity system (Figure l). The assumption that 

the moderator nucleus is at rest is Justified since, except for neutrons close

Figure 1
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to thermal energy, the neutron velocity is much larger than the velocity 

of thermal, agitation of the moderator nucleus. To calculate the slowing 

down of neutrons near thermal energy is very complicated and will not he 

attempted here. The center of gravity (c. of g.) of the system neutron-t-

scatterer travels in the direction of v with a velocity v = —— .— ^ -e.g. M+l
Hence the velocities of neutron and of the scatterer in the c. of g. system

After the impact the lengths of the velocity vectors of the neutron 

and the scatterer in the c. of g. system must he the same as before impact, 

and they must still lie along a straight line — otherwise energy and mom­

entum would not be conserved. However, the common line of motion is now 

rotated through the angle 6. We shall denote the cosine of 9 by rj.

In the laboratory system the velocity after impact is obtained by
vadding vectorially the velocity of the c. of g., , to the velocity of

M+l
the scattered neutron in the c. of g. system. In this manner it is easy 

to see (Figure 2) that E, the kinetic energy after impact is related to 

and E', the kinetic energy before impact by the formula

v

M *are respectively -S- v and-- =-M+l ~ M+l

(3-1)

M+l

M+l
o

Figure 2

' 43¥ 1 '
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It is importemt to note the ratio of final to Initial energy depends only 

on 9, the scattering angle in the c. of g. system. If the scattering is 

isotropic in the center of gravity system, then any final energy between 

E = E' (for a glancing collision, V}= 1) and Esa^E*, where =

(for a head-on collision, V) = -1) is equally probable. Furthermore, 

the average logarithmic energy loss per collision, E , defined by

/in f- dn 1 
-1 1 /

d^

-§ f In —-1- * 
2J (l+M)'

a. = i + ^ > a2 
^ 1 1-a2

-1
-l

« ~r f or M » 1. 
M4§

(3-2)

If the scattering is non-isotropic in the c. of g. system — that is,

if the probability of a scattering event resulting in an angular deflection
*

between v\ and rj + df| is some function f(E,,rj)dr|, of the initial energy 

and the angle of scattering — then the average logarithmic energy loss per 

collision is

M2 + 1 + 2Mh
(1+M)‘

f(E',y| )d»| (3-3)

Evidently the average logarithmic energy loss will not be Independent of energy 

if the scattering probability f(E',^ ) depends on the initial energy, E'.

The average logarithmic energy loss per collision, ^, as given by 

(3*2) is tabulated in Table I for several elements assuming isotropic scattering.

* Throughout this chapter "f" means the probability of a neutron scattering 
event and is therefore not always the same function of its arguments.

14£
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Since the number of collisions suffered per second by neutrons of a given 

energy is proportional to Nas , vhere (tBo is the total scattering cross- 

section, the product Na3o^ is a measure of the rate at vhich neutrons of 

a given energy will be moderated. It is this product, rather than ^ itself, 

which determines the efficiency of a moderator in slowing down neutrons. The 

quantity o8of is called the microscopic slowing down power of the moderator. 

Its value in the energy region of 1 to 10,000 volts for several important 

substances is also given in the table. In computing Ob0^ for this region 

it has been assumed that the scattering cross-section is constant throughout 

this range.

Table I

/W

Average Logarithmic Energy Loss per Collision, J?, and Microscopic 
Slowing Down I over aSo? in the Energy Region 1 to 10,000 ev

Element %?

H 1 19
D .725 2.39
He .425 0.637
Be .206 1.26

C .158 0.76
0 .120 0.50

p .101 0.41

u .00838 0.068
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The Boltzmarm Bguation for Heutrons Xfodergoing Elastic Collisiona

In order to write down the Boltzmann equation, including energy loss 

by elastic collision, it is necessary first to determine the number of neutrons 

in a unit volume vhich will be thrown into unit energy and solid angle range 

around (E,fL) as a result of elastic scattering in that volume. Since the 

scattering angle in the center of gravity system is uniquely correlated with 

the energy loss according to (3-1), it is appropriate first to compute the 

number of neutrons thrown simultaneously into a particular element of solid 

angle in the c. of g. system, dco, and solid angle in the laboratory system, 

dTl., and then, by the usual formulas for transformation of integrals, to cal­

culate the number thrown into an element of energy range and solid angle in 

the laboratory system.

Let

»»«(*■ x <3-'0
JL

be the macroscopic differential scattering cross-section for deflection of 

a neutron of initial energy E' into the element of solid angle* dco = dvj d(^ 

in the c. of g. system. The total number of collisions occurring at r involving 

neutrons whose original energy and direction are E', is

yy/Nas(E»,co) F(r,E',IV)cL>7 d^ » NcrSo(E*) IfeESA’),

Y* 7
so that the probability, f(B' »co )dcQ, that a given collision will deflect a 

neutron into the element of solid angle (measured in the c. of g. system)

(3-5)

Since solid angle elements in both laboratory and c. of g. systems will be 
used, it is necessary to introduce two different notations to keep them sep­
arate. In the c. of g. system, the solid angle element is dco = dvi } in 
the laboratory system, the solid angle is dJTL = dp0d^.

S-'.' •



N(Xj,(E! w)dr) ids 
f(E>, co)du> = — 71

NaSo(E‘)
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(3.6)

If the scattering is isotropic in the c. of g. system, then Hag(E,,co) = 
KoSo(E') ,
-------- and f(E*, to ) = , a constant. Since, the scattering is always

azimutbally symmetric, it is permissible to integrate over ^; then the prob­

ability that a neutron will be deflected into an element d^ is f(E', yj )di| = 

2«f(El t 6>)dY| .

The cosine of the scattering angle in the laboratory system, vhich 

we denote by n0 = Jl* * X\ (ri’ and XY are the directions of the neutron 

velocity before and after impact) is just

Po(^)
_____1 + Mr)______

(1 + Mp + 2M^)1/2
(3-7)

This follows from Figure 2. Moreover, the probability of a particular 

direction after collision can depend only on p0 = XY • XY', not on XY and 

XL* separately. Any collision in vhich the cosine of the c. of g. scatter­

ing angle is will have the cosine of its scattering angle measured in the 

laboratoiy systenr given by (3.7). Consequently the probability that a scat­

tered neutron of initial energy E’ and direction Xl* is thrown into an element 

dY| (measured in the c. of g. system) and simultaneously into an element dp0 

in the laboratory system is

f(E',)rj ,p0)dyj dp0 = f(E*,y| )5j^0 - ^0(V))j d>j dp0 (3-8)

where p0(rj) is the function (3.7) and 6 is the Dirac delta function. If 

(3.8) is integrated over all directions in the c. of g. system — that is.

with respect to 17 from -1 to +1, the result is the probability that a neutron
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(3-9)

(3-10)

is scattered into the element dn0 in the laboratoiy system:
1

f(E',ii0)dti0 = p(E'i7) - M^)] dv\ •

-1

To evaluate the integral it is necessary to transform to n0(r|) as a new 
variable. Then
■•v* M1)

J f(E*,ir|)8^i0-ix0(>j;jlT|= J' f S,,^(tio)j5^o-^o(y))J = f|sSyl(»Io)J ^

that is, the probability f(E*,|i0)d|i0 of scattering into the element d|i0 
in the laboratoiy system is, in terms of the probability f |e 1 ,*|(n0)J dvj of 
scattering into the element dY| in the c. of g. system,

f(E',M0)d40 = f^*, >,(>*o)] 3l*— dn0 .

As an example of the significance of this result consider the case of iso­
tropic proton scattering (M=l). Then by (3.7)

“oty C1 +rl)l/2> V|(H0) = 2u| - 1, ^ '

and therefore, since f(E', >■) ) = l/2,

f(E’,ii0)d|x0 - 2n0dp0;

(3.H)

(3.32)

(3.13)

i.e., the scattering in the laboratoiy system obeys a cosine law if the 
scattering in the c. of g. system is isotropic.
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The foregoing discussion was given because it illustrated the use of the 

S function in transforming scattering probabilities from one variable (>|) to 
another (n0). Suppose now we wish to calculate the probability f(E',E,f\ S^JcLEdA. 
that a scattered neutron originally having energy E' and direction JO.1 will be 
thrown into dEd.fl. This is related to fCE',^ ,ti0)d*j d|i0> the probability that 
a neutron with energy E' is scattered into dr^ (in the c. of g. system) and 
dn0 in the laboratory system, by the transformation formula

f(E',E,a’,a)dEda = f(E*,E,^0)dEdMod9 =

)U«S

(3.1^)

the factor entering because the scattering probability is independent of 
azimuth.

Now from (3*l)

so that

h(E',E) = U+M)g E/E1 - (M2+1) 
” * 2M

3ri _ (l+M)1
8E ~ 2ME*

and therefore

(3.15)

f(E,,E,Cl,,0.)dEcLrL = ffE,,yi (E1 ,E)uQldEdCl. (3*l6)4«ME* u y j

Substituting for f(E', >],h0) from (3-8) into (3«l6) we obtain

fCESE^'^JdEdn^^fCESE^oJdEdrL - f[S,0 (E’>E)J 8^o-ji^E',E)]dEdfl
(3.17)

*')
f-'D
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'vhere ^(E*,E), vhich is found by subatinuting for )| in (3.1) its value 

-found in (3*7)> is

|a0(E',E) =| < (M+1)(E/E')i - (M-1)(e7e)^| .

For isotropic scattering f(E’,V^) = and therefore

(3.18)

fCE^E^H'^dEdCl = -^■1—8 f Po-MESE)! dEdfl .
“ SitME' L _l —

(3-19)

We are finally in a position to calculate the total number of neutrons 

in a volume element vhich are thrown into dEdfl from all initial energies and 

directions E’, and O.', as & result of scattering collisions in that volume 

element. This number is found by integrating the product of the total colli­

sion density NOg^E') F (rjE'j/V) and the probability f(E’,E,£V,£l) over all 

energies and directions vhich can lead to the energy E. Evidently a collision 

can result in a neutron of energy betveen E and E+dE only if the neutron energy 

before collision fell betveen E and E/o^. Hence ve have:

total number of neutrons thrown into dEdfl- per second per c.c. by 
elastic collisions

dEdfl J F(r,E’,fL') fp',r|(E‘,E)J 8jp0-p0(E*,E)| ~ ^

(3.20)

vhich is, for isotropic scattering, (f = 1/2),
E/a2

dMQ jJlioeo{V) F(r,E*,CV) 8|V0-p0(E-,E)J dll’. (3-21)

t £L'

We are now able to write down the Boltzmann equation for the elastic scattering

of neutrons. We suppose neutrons are produced with energy Eq at t£e„rate 150
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S'Cr^E^ri) per second per c.c. per unit solid angle. The source strength 

can therefore be represented as S'(r,E,Q.) = S(rtQ) 5(E-E0). Our usual 

material balance yields immediately
E

(1+M)2

E n!

V F(r,.'.5V) + NoF(r,E,C\) NaCo(E') FCr^ESCL') x

E*,^(E',E)| 5 ji0-ji0(E',E)| dO.- + S(r,CL) 5(E-E0) (3*22)

If the scattering is isotropic in the c. of g. system, the Boltzmann equation 
reads

No_ (E') FCrjESn') x bo ~ —

s|^0-^0(E»,E)J ^§7 41' + S(r,ri) 5(E-E0J. (3.23)

In the more general case of non-isotropic scattering the scattering 

probability f^E',rj(E,,E)J is expressible as a sum of Legendre functions:

f[j;',Y^(E',E)J = J] ^4^ (3*24)
Os

where f = 1. For example, if two harmonics are sufficient to represent f, 

then

-!♦! . (3.25)

r +.S--
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The Boltzaoann equaticn with anisotropic scattering is therefore

E

2i +1v- + NaF(r,l!,£D .

E XI*

2 ^S0(E*) X

(3.26)

F(r,3',SV) ^(E*) ^ [*|(E*,E)] 5 [ p0-p0(E*,E)j dQj + S (r,^) 5(E-E^).

At this point it is convenient to change from the energy to the logarithm 

of the energy as variable. We put

u = ^n Eq/E (3-27)

where Eq is the source energy. The value of u corresponding to E0 evidently 

is zero. Then if 7(r,u,X\.) is the flux density per unit u and D., we have

3P(r,u,rU dudXV = y(l,>E,J~l)dEdXL (3-28)

or, by the transformation formula for integrals

= E^,E(u),0.j ^ = -Eoe'u l[r,E(u),XX] . (3-29)

Upon substituting the new variable u, into the isotropic Boltzmann equation 

(3-23)t and simplifying, we obtain
u+jfao^

V* 1 + No jfeu,!}.) - / / N08o(u’) 3f^r,u*,Xl,) x
U J.L

5U U 8|ij.0-g(u,-u)| dXl’du' + S(r,fl) 8(u) (3.30)

.52
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where

f if u'-u u'-u 1
g(u’-u) = |i0|E,(u),E(u)j = i |^(M+l)e 2 - (M-l)e“ 2 j . (3-31)

In the anisotropic case we define

htu'-u) s = i.1^. -e^~ (3-32)

and therefore we can write (3-26) thus:
u-bfow2

V*7(r,u,ri) + Uai?(r,u,n) = - 2 I?:'1??)? F / 2^+1
_ >4,M ll:

2 NaSo(u') x

(3-33)

’ZiEt'*1,0;') fjp(u') ^jhCu^uJ sljio-gCu'-u)^ eu U dCl'da' + S(r,J[i) S(u)

*) = f^ {e*(u* is the coefficient in the expansion (3*24) 

of the scattering function considered as a function of u*.

Equation (3-30) involves p0 which is the scalar product of the initial 

and final directions, IV and IV it is therefore unsuitable for further 

analysis until the 5-function is reduced to an explicit function of £\. and IV. 

This is done by applying the addition theorem for Legendre polynomials to the 

expanded form of the 5-function. The procedure is essentially the one used 

in deriving (1.28) from (1.18), and so we shall not dwell on it at great 

length. We have

where f^(u

By the addition theorem for Legendre polynomials we can express (|i.0) as 

a series involving ^(p.) and^(p’) £cf. Eq. (1.26)J . Hence

(3-34)

v i • • ^ '.33
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the terms in y and are unimportant if the angnlA-r distribution has a 

symmetry axis, since they disappear on integration over J>. If we substitute 

(3*35) into (3*30)> and integrate over J), we have, on the assumption that 
the x axis is a symmetry axis for the angular distribution, and that the 

neutron intensity does not depend on y or z.

The assumption that the flux angular distribution is axially symmetric is 

correct only if the source S(x,Xl) emits neutrons with axial symmetry; this 

we suppose to be the case.

In case the scattering is anisotropic in the center of gravity system, 

the Boltzmann equation reads

u+jfco2 4-1

d y(x,u,n) + N(Jv = _ (1-rfl)2 V 2i.+l
dx 2 ^So^') ^(^uSu*) x

u -1

u*-u
e

where, as usual

3F(x,u,u)

0
2* (3.37)
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U+J&O^ +1

- 5. ^ ^s0(u') X

?(x,u*,n')eU U ^,(u*) P^,|h(u» -u)J ^^g(u'-Ti)] ^(n) ^(n«)du'd|i«

S(x,^) 6(u).
(3-38)

Equations (3*38) and (3*38) are strictly applicable only to neutrons 

•whose energy is less than l/a^ times the energy, 10, of the most energetic 

neutron emitted by the source. Evidently there are no neutrons with energy 

greater than E0. Consequently it is necessary to add, in addition to (3.36) 

and (3*38), the requirement

^(x,u,ti) so if u = ^n Eq/E ^ 0. (3-39)

An alternative way of stating this condition is that the upper limit, 

u + Jtx?, in the integral Equation must be replaced by 0 for all neutrons 

whose energy lies between Eq and E0/a^; i.e., for all neutrons whose energy 

can be reached from the maximum source energy in a single collision. In the 

case of hydrogen, assuming that the proton and neutron masses are identical, 

sill energies below the source energy can be reached in a single collision.

The Tapper limit of integration in the case of hydrogen is therefore 0 for all 

energies.

The Boltzmann Equation for Mixtures

In case the scattering medium contains several different nuclei having 

different atomic weights, the Boltzmann equation must be modified to take

/' t r.?%>
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account of the fact that the cross-sections and the maximum energy losses 

per collision of the constituents will in general he different. The deri­

vation of the Boltzmann equation proceeds very much as in the case of a single 

scatterer, and we simply quote the result. If we denote quantities referring 

to the i-th constituent with a superscript (e.g., N^ago is the total macro­

scopic scattering cross-section of the i-th constituent), then the one-dimensional 

isotropic Boltzmann equation is
u+jftiCa1)2 1

I* ^U,u,n) = ? ^ f jc^Baa0(u*) x

ISJL

-1

5f(x,u',ji,)e P^/Cu'-u)] ^(|i* Jdu'dii' + S(x,n) 8(u)

where c1, the weighted "concentration" of the i-th constituent, is

* Niot

(3-^0)

(3-41)

and
lTi i2 IToS , TSa 2 . (3-42)

In the first slowing down interval for each constituent the upper limit
jL 2u + ^n(or) must be replaced, as before, by zero.

Many moderators for nuclear chain reactions — HgO, D2O, BeO, to mention 
a few examples — have more than one constituent atom. The Boltzmann equation 

for mixtures is therefore of considerable practical importance.

5(3
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The anisotropic Boltzmann equation for mixtures is easily seen to be

IS 3

u+inCa1)2 1J J x

u -1

Beduction to Age Theory

There are two directions in which simplifying approximations in the 

Boltzmann equation can be made. On the one hand, the angular distribution 

can be expanded in spherical harmonics, and the resulting infinite series 

can be cut off after a finite number of terms. On the other hand, the colli­

sion density, Ncfg^^(x,u,|i) can be expanded in a Taylor's series in (u'-u) 

under the integral, and only the first few terms kept. This is valid if 

NcTsqT- changes very little in a single slowing down interval, (l - a )E.

An expansion in spherical harmonics evidently is valid only for neutrons 

which have suffered many collisions — that is, neutrons which have lost a 

large amount of energy. This can be seen by considering the energy and angu­

lar distribution of neutrons which are far fboma monoenergetic, isotropic point 

source. If the energy of the neutron is close to the source energy, either the 

neutron has suffered few collisions, or it has suffered many small angle colli­

sions. In either case the angular distribution of such high energy neutrons 

will exhibit a strong forward bias which is poorly represented by a finite 

number of spherical harmonics.
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At very great distances from the source there will he few neutrons 

which have neither reached thermal equilibrium nor have been captured. Those 

which still have energies appreciably greater than thermal energy must have 

travelled predominantly in a straight line from the source — otherwise,, had 

they suffered large angle collisions, their energy would have been low, and 

they would not have progressed very far from the source. Consequently non- 

thermal neutrons found far from a point source will have a predominantly for­

ward bias, which, as we have noted, can be represented only by many spherical 

harmonics. For this reason we cannot expect a spherical harmonic expansion to 

be very good either for very high energy neutrons, or for any non-thermal 

neutrons at very large distances from the source.

A very similar situation was met in Chapter II in connection with the 

time dependent diffusion problem without energy loss. It was pointed out 

there that the neutron distribution at very short times after an instantaneous 

burst of neutrons could not he represented by a few spherical harmonics, for 

the neutrons which reach a given point first have suffered no collisions and 

are therefore travelling forward; their angular distribution tends to he singu­

lar in the forward direction. The use of only two spherical harmonics led in 

that case to a retardation time which was too long by a factor tfz.

With these limitations in mind we proceed to simplify the Boltzmann 

equation. We suppose that y(x,u,p) can be represented by a sum of just the 

first two Legendre polynomials:

^(x,u,p)pc| ^(x,u) +| p^p), (3-44)

and that the source is isotropic: S(x,p) «=• i SQ(x).

ISf
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Upon substituting (3-^) into the isotropic Boltzmann equation (3‘36) 

and equating coefficients of Legendre polynomials of the same order, we obtain

The integral equations (3-^5) can be converted into differential equations 

by substituting (3»^6) into (3-^5) and integrating. The resulting equation 

for Non is the basis of the so-called "age" theory first introduced bys0 o
Fermi.

Before giving the remaining details of this reduction to age theory we 

examine the conditions under which an expansion in Taylor’s series is satis­

factory. The functions Ncfa and Ncrq J* are supposed to change slowly in°o O O 1
one slowing down interval; this apparently will be the case the smaller is

(HM)2 KaSo^i(x,u’)eU U g(u'-u)du'

u

u+^na (3^5)

d ^(x^)

/•N0So^o(x,u,)eU,~Udu’ + S0(x) 5(u) .

u

At this point it is customary to make the assumption that NcrSoj^o and 

NffSo^1 change very slowly over one slowing down interval. It is then per­

missible to expand in Taylor’s series, and keep only two terms:

(3^6)
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the slowing down Interval — that is, the heavier is the atomic weight of the 

scatterer. If there is no absorption, this is true. However, if there is 

absorption then the Taylor’s series expansion is not valid. For the heavier 

the nucleus, the more collisions a neutron will make In any particular energy 

interval. If the moderator absorbs neutrons in this energy interval, then the 

longer the neutron spends in the interval, the greater is the likelihood of 

absorption. But heavy absorption in an interval means that the neutron density 

changes rapidly, and therefore an expansion in Taylor’s series is not justified. 

This fact — that the Taylor’s is not appropriate if absorption is present — 

was first pointed out by E. P. Wigner.
For the reason given in the preceding paragraph, the remaining discussion 

will be confined to the case of a non-capturing moderator (Ha = NaSo) of high 

atomic weight. In this case alone is the TsJylor's series expansion justified. 

Substitution of (3-^6) into (3*it-5) yields the two equations:

/
u

u

u

Nasn^(x>u)
3u ° ° /(u’-u)eu ”Udu’ + S0(x) 5(u). (3-*7)

u
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Of the four integrals on the right hand side, the simplest is

u+^na^

_ (1+M)2

It is of order (l^€)°.

The next simplest integrals are respectively the average logarithmic 

energy loss per collision, and the average cosine of the scattering angle:

/S7

/ eU,-Udu' = 1.

(UK)
4M (u'-u)eu,-udu' 1 +

l^2
^no2

u

(1-»M)2
4h

u-finer2/g(u’-u)eU Udu' = p. 2_
3M

2
MTT (3.W)

(3-49)

Both quantities are of order l/M.

Finally, by integration by parts, it is easy to see that 

u+^na2

(UM)* (u‘-u) g(u*-u) eu‘"udu*

is of order l/M2.

To show that the average logarithmic energy loss,^, and the average cosine 

of the scattering angle, p0, are given by (3*48) and (3.49), we proceed thus:

JlLn(W/TS) f(l,,E,I].,il)dEda.= Jln(E'/E) f [e*, vj (E',E)]
O^E’ Ct^E’A

(3-50)

5[p0-p0(E',E)] dEdIl= /jfc(E’/E) ^ (ESE)J dE.
2ME ^E'

H.’i
\ 61



Upon changing to u = Jxl ^q/E as variable, this becomes 

u'-^nct2

= ^2M^~ ^U~U,^ ^(u'-u)] U Udu'

for general scattering lav (3-51a)

(1+M)'
u'-^na2

r
! (u-u*)e du (itM)

\-JkicP

2 fj (u'-n)eu’-u,,

for isotropic scattering. (3.51b)

In a similar manner, the average cosine of the scattering angle is 
E*

Vo = f J |io(*S*)
c^E* Q. arE'

u’-y^ncr2

= J g(u'-u) fJe'(u), h(u'-u)]eU "Udu

dE

for general scattering law

-jPrcfi

■ (1+M)2 
4M

g(u'-u)eU udu'

for isotropic scattering.

(3.52a)

(3.52b)

Since

t

u'-u
g(u'-u) = i|(M+l) e 2 - (M-l) e

c.

j?na2
_ (1+M)'

J

u'-u
i|(M+l)e 2 - (M-l) e

u'-ul
8J'

U'-ul
2 1 u'-u 2
J6 du = 5

(3-53)



111-24
A5?

provided the scattering is isotropic in the c- of g. system.

Upon substituting for the integrals their values in terms of ^ and p0, 

and neglecting the term of order l/M^, we obtain

1—---- + Ncfg = Ho Nan Ji3 dx so 1 so 1
(3-54)

—J: + NaSo = NaSo^o - f (KaSo J0) + S0(x) 5(u).

If the first of these equations is differentiated with respect to x and 

is then substituted into the second, there results a partial differential equa­

tion which approximately describes the slowing down and diffusion of the neutrons:

1 _d_ 1
3 9x NaSo(l-p0)

9
Bx

+ S0(x) 6(u) = Z RcjSo J^o(x,u3 •
< ou

(3-55)

This equation is the fundamental equation of the so-called "age" theory.

If RcrSo and p0 are independent of position, the equation can be written

32[h<Js0 *^0(x,u)] SQ(x) 8(u)
0fNaSo(l-p0) 8xc /

a_
3u

jNaSo^o(x,u)] ;

(3-56)

i.e., the collision density (number of collisions per c.c. per logarithmic 

energy interval) satisfies an equation like the time dependent heat conduction 

equation with u replacing t, and — ..... ■■■■•*•--------  replacing the thermal dif-
SK^ophsoU-Ho)

fusivity (thermal conductivity -f- specific heat x density). The name "age 

theory" is suggested by this analogy between logarithmic energy loss u, and 

time, t.

.63
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If the scattering is isotropic in the c. of g. system, is constant, 

and it can be put under the differential operator in Eq. (3*56). Thus the 

one-dimensional slowing down equation for isotropic scattering can also be 

written

ILo

3NaSo £NaSo(l-p0)
—- + S0(x) 5(u) = JL NaSo^(x,u)

32
(3.56a)

The quantity

q(x,u) = NaSo^J(x,u)

is called the "slowing down density". As will be shown later, q(x,u) is the 

number of neutrons which, in the course of slowing down and diffusing, cross 

energy E per c.c. per second.

In the case of a mixture, the procedure which led to (3-56) must be

modified slightly. We now expand each of the functions c%0_ J (x,u)
so o,l

in Taylor's series and insert in (3*^0). The result, correct to terms in 

the first derivative with respect to u, is

____________ 1____________
3(NoBo)2I e1/1 EcTi-mJ)

3gZ c1^1 ll<;a0.^0(x,u) 

3x2
+ S0(x) 6(u)

(3-57)

i.e., the quantity

in which ^ is the average logarithmic decrement of the i^ substance, 

satisfies a heat conduction type equation in which the average logarithmic 

energy loss and the average cosine of the scattering angle are

v> C f .164
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= Z cy and jro = Z , (3.58)

prorided^ of course, the scattering is isotropic, the slowing down density 

in the mixture case can therefore be written

q(x,u) = N0So £ cy ^T(x,u) = HoSo^>(x,u).

There is nothing in the derivation of (3-55) which involves the assumption 

of isotropic scattering in the c. of g. system. It is equally valid for a 

general scattering law; however, and jl0 in that case, have the values given 

in (3.51a) and (3.52a), and are, in general, energy dependent. It may be 

noticed that and p0 are energy dependent in the mixture case also; in this
respect slowing down in a mixture is analogous to slowing down in a non- 

isotropically scattering single element moderator.

Finally, the treatment given here has been confined to diffusion in one 

dimension. In the general three-dimensional case (3*55) must be written

sdi^) v?°(£’u) + So(E) 6(u) ‘ ft K^)]’
(3.59)

and, for a uniform medium.

Sn(r) 5(u)
-------- --------- A.Nas ^ (r,u) + ———S^pasoU-iTo) 0 °' J h'>8 Bu so u) (3.60)

It is well at this point to recapitulate the assumptions which underly 

a differential equation description [for example, Eq. (3*56)3 of the slowing 

down process. These assumptions are:

6 165
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1) Heavy moderator; i.e., average logarithmic energy loss per 

collision is small. It may be noticed that the terms retained in (3-^7) are 

of order l/M; in fact, the Taylor expansion leads to a power series in l/M; 

as is suggested already by a comparison of (3*^8), (3-49) and (3-50) • ^be 

important case of moderation in a hydrogenous medium cannot be handled by 

this formalism.

2) Ho absorption.

3) Small distance from source; i.e., neutron angular distribution is 

fairly isotropic.

4) Mean free path varies slowly in an energy range comparable to

If this were not so, the Taylor's expansion would not be valid. This re­

striction, like (l), renders this simple theory inapplicable for hydrogen.

U,2L

Simplified Derivation of Age Theory Equations; the Slowing Down Density

Placzek has given a very simple but instructive derivation of the age 

theory equation which shows why the term "age" is appropriate. We consider 

a monoenergetic point source of neutrons which emits S neutrons per second at 

energy E0. Let n(r,t)dt represent the number of neutrons at r which have 

been emitted by the source at a time between t and t+dt before the interval 

dt of observation. We assume that the loss of energy by collision, instead 

of being a statistical process, occurs in a continuous, non-statist!cal manner 

so that there is a definite correlation between the time that a neutron has 

diffused and the energy which it has lost. In fact, if a neutron had diffused 

for a time t, it has suffered

v(t)dt

:i> '* ' J t t>
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collisions. At each collision ve assume the neutron loses ^units of logarithmic 

energy; hence the -value of u = Eq/E which the neutron has at time t after 

leaving the source is

u(t) NoSo ^vdt.

The neutrons are assumed to diffuse according to a time dependent diffusion

equation; the diffusion coefficient D = ——— is a function of t because theSNcrtr
energy of a neutron changes as it diffuses. Hence, provided the diffusion coeffi­

cient changes hut little during the time between collisions.

A.n(r,t) = ^7 (£#*) •
6n
8t^tr

We now change to u as variable. In the usual manner, we have 

n(r,t) = n£r,u(t)J = NaSo^vn(r,u), 

where n(r,u) is the neutron density per unit u. Also,

j3__du 3
dt dt Bu f'

hence, substituting (3*63) and (3•6^) into (3*62),

AK0Sopo(z^) = NaSo^|-Na8(|j»:o(r,u) .

(3-62)

(3.63)

(3-64)

3N0t;

In the case of isotropic scattering (^ = constant), (3.65) and (3*56) are 

equivalent for all u > 0.

(3.65)

i G 7
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The neutron density n(r,t)dt cooprises all those neutrons in r uhich 

have diffused between t and t+dt seconds. During this time they have exper­

ienced a continuous degradation of energy and at time t their logarithmic 

energy is about to fall below the value of u which corresponds to the diffu-r
sion time t. Thus, n(r,t)dt is the number of neutrons at r which cross the 

logarithmic energy u (or the energy E) in the time interval dt; i.e., n(r,t) 

is the number of neutrons crossing energy E per sec. per c.c. at r. The 

quantity n(r,t) is called the "slowing down density", and is denoted by q.

The slowing down density is expressible in terms of the neutron density 
per logarithmic energy interval, according to (3.63) as

9 = H<tSo £v n(r,u) = Ha80 ^(^u)

The meaning of this formula is the following: Hc^nv is the number of

collisions occurring per c.c. per second at r. On each collision a "distance" 

£ in logarithmic energy space is travelled by the neutron. Hence q = number 

of neutrons crossing E per second per c.c. = collision density x distance in 

logarithmic energy travelled per second = HffSo jfv n(r,u).

Equation (3*65) can be further simplified by a change of variable. We set
t(u) u

vdt / dur(u)
3“°tr 7 ^tr ’ (3-66)

The quantity Z'(u) is called the "age" of the neutron; it is the chronological 

age, t, of the neutron since its birth, weighted with D, the^average of the 

diffusion coefficient during the time of diffusion: D = i — dt:
t JQ 3Natr

TCu) = D t(u).
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The age has units cm^, not seconds. 

In terns of 2T

3 d Br
3u 3? Bu 3NO|.r Naao^ dft 

and therefore (3*65) becomes

[ a. [ Jq(£^)1
L3N(Ttr J- ar [ 3Hotr J '

(3.67)

where -5£)(r,T) is the flux per unit 7T.

The slowing down density in terns of the neutron density per unit 't is

.£ (*> r)q(r, r) n(r,T)
-^"'tr 3Natr

and therefore the age equation can be written

A . , dq(r,T)
Aq(£^ t) = ——7— •

(3-68)

(3.69)

The analogy between (3.69) and the heat conduction equation is apparent.

The Space Independent Boltzmann Equation; Energy Distribution of Reutrona

If the production of neutrons throughout all space is uniform, then the 

neutron density cannot depend on x. The general Boltzmann equation (3*38)

reduces to
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Ka.?(u,|a) (1+M)‘ Y, 2^+1 2£'+l

2 2 Nas0(u*) ^(u,,|x,)e
(3-70)

^•(u') P^u'-u)] ^[^(u'-u)J ^(ji) ^(n'Jdu’d^* + S(m) SCu-Uq) .

The total neutron flux per logarittmic energy interval, -^(u), and the total 

number of neutrons produced per c.c. per second, SQ, are

-?0(u) =j Ku,»x)dn 

• x

so = y s(n)dn.
-i

Thus, upon integrating (3*70) over p and p', there results
u+ JlvoP-

Haiz0(u) = - ^1+^2 / NaSo>0(u')eu,"u ffuSMu'-u)] du* + S0 Bfu-Uo). (3-71)

In the isotropic scattering case, f = 1/2, this reduces to
u+jg-no2

Na^o(u) = - NoSo/0(u')eU,“Udu* + SQ 6(u-uQ).

u

It is to be understood, as before, that ^(u) ar o if u <u0.

The distribution ^(u) for large values of u (i.e., at energies far from 

the source energy) is easy to calculate provided there is no absorption (No = Na^) • 

In this case the distribution equation (3*71) is

170
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u+ jbac?

He 7

*(u) U+M)2 s0^0(u-)eu,-uf[u^htu’-u)] (3-72)

Now, since f(E*is the probability that a collision by a neutron of 

energy E' and direction f\* results in an energy E, and a direction Pl,

fCESE^SnjdEdD. = 1;

£L e*

(3-73)

hence, on transforming to the variable u, and integrating over angle, we find

(1+M)2
2M

u+ j^no2

J eu'"u du' (3.7^)

Consequently

Na_ I?(u) = C, a constant,Ho o

satisfies (3*72). However, since this solution does not satisfy the initial 

condition £ .hich is derived from (3*7l)J> namely.

Ha ” S°

it cannot be correct close to the source energy Uq. Thus NaSoJj£o(u) = C 

is only the asymptotic solution of (3*71), correct at energies u which differ 
from uQ by several logarithmic slowing down intervals v/na2.

We compute the value of the constant C in the case of isotropic scattering, 

i.e., f = 1/2. This is of most practical interest since the asymptotic solution

b-S "1
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applies only to neutrons vhich have lost considerable energy, and therefore 

the scattering by the moderator vill usually have become isotropic by the time 

the asymptotic solution becomes valid. To compute C ve equate the number of 

neutrons vhich cross a given energy £ per second per c.c. in the course of 

slowing down, to the number of neutrons produced per second per c.c.

To calculate the number of neutrons vhich cross £ per second per c.c. 

ve observe that all neutrons from logarithmic interval du* vhich enter a' 

logarithmic energy interval du" lying below u(£) will have crossed £. The 

number of collisions per logarithmic energy interval du* per second is

Up?

Haso'5b(u,)du,J

the probability that these collisions will 

result in neutrons being thrown into energy 

interval dE" is

: du’

u(E)

du"

(1+M)2
2M •Is*, ^(E*,E")J IE"

or, in the logarithmic energy variable,

eU,~U" ifesMu'-u" )]&*"♦

Hence the total number of neutrons thrown across E per second per c.c. is

(1+M)2
2M

5(u,)eU~U ffu'^u'-u^JduMu’ . (3*75)'o o

Since the scattering is assumed isotropic, f = 1/2. Hence the number 

of neutrons crossing energy E per second per c.c., i.e., the slowing down

172
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density q(E), which is to be equated to SQ, is

u+ j^no2 u—

.(1±M)2 c J J eu,-u”^uti^ut ^ q £ _ H(yao 3^(u) ^. (3.76)
u u'-^na2

q(E) = Sn =
0 4M

Thus

c = /
and the energy distribution is

’BO?

In terms of E, rather than u, the distribution is

Na_ fEV
or in terms of v.

n(V)=^P' ’

(3.77)

(3.78)

(3.79)

The energy distribution (3*77) can, of course, be derived from the 

approximate equations (3*56a) and (3*57)* In the case of isotropic scattering 

in a mixture, the slowing down density in an infinite medium in vhich neutrons 

are produced uniformly satisfies the equation

3u

where

[a<’B0?/0(u)J

J=5 °T-

S0 5(u) (3*80)

U' 173
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Bov the solution of (3-80) is

= 0
u > 0 
u < 0

(3-81)

and the neutron, energy distribution implied by (3*81) is the same as that 

of (3.78).

The assumption of a single substance vas not necessary to obtain (3.8l); 

on the other hand the differential equation vhich led to (3*81) is an approxi­

mation vhich vas valid, because it involved a Taylor series expansion, only 

if c*- (in the case of mixtures) varied slovly over one slowing down interval. 

Actually the energy distribution (3*8l) is a rigorous asymptotic solution of 

the space-independent Boltzmann equation only for isotropic scattering in a 

single substance. For mixtures or anisotropic scattering, (3.81) is only 

approximately correct.

Spatial distribution of Slowed Neutrons; the Slowing Down Kernels 

The slowing down density satisfies

A<i(£> r) 3<l( gj ‘C)
ar

with the initial condition

(3.69)

8<l(r, X)
lim /Vq(r, r)----------- SQ(r) 6(20.r-*o a?:

Suppose a point source emits one fast neutron per second at r = 0 in an 

infinite medium. The slowing down density at some lover energy corresponding 

to age X will be the solution of

3q(r, r)
A<l(r>7r) +6(2:) 6(r) = —=---- . (3-82)ar
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This equation is identical in form with the time dependent diffusion equation 

discussed in Chapter I. The solution, as was found there, is

q(r, T)
-r2A^

_e_______  .
(4*r)3/2 (3.83)

i.e., the slowing down density of neutrons from a point monoenergetic source 

is distributed around the point according to a Gaussian function. The range 

r0 of the Gaussian (i.e., the distance at which the density falls to l/e of 

its value at the source) is

(3-84)

For many purposes it is important to know the second spatial moment of 

the slowing down density. If the slowing down density is Gaussian, then the 

second moment of neutrons slowed to age X, which we denote by r2( '£)} is

CD - 00
^l(r, T)r^ • ^nr^dr r*- e dr

^) -------------------

^/q(r,T) • 4sr2dr 
0 “0

67 .
2r e ‘ dr

For a Gaussian distribution, the following relation holds between the age, 

the second moment, and the range:

T = r2/6 = r2/4 .

The relation between '£ and the second moment of the slowing down dis­

tribution is the same as the relation between the square of the diffusion 

length, L, and the second moment of the distribution of thermal neutrons

,■ - ■ S> 175
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around a point source. For this reason is often called the

I1JL

slowing down length.

The age t is related to the logarithmic energy according to (3.66) by

«na is therefore a nonotone increasing function of u. Thus the spatial 

distribution of slowed neutrons keeps a Gaussian shape as the neutrons lose 

energy, but the neutron distribution gradually spreads out since the range 

r0 increases with u. The distribution of neutrons slowing down frost an 

energetic source is in this approrimation exactly the same cm the distri­

bution of heat from an instantaneous heat source.

The energy distribution of the neutrons slowed from a point source is, 

according to (3*83)

^(u) being the function expressed in (3*85) • If all cross-sections are 

constant, then

u

(3-85)
0

-x^A^u)

r(u) =

and

e_3Ncrtr®crs0 ^ r^ /4u

6^ !.7<J
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At a given point the flux as a function of u vaxes and then vanes; the 

maximum occurs at the logarithmic energy given hy

^teax
^tr^sof3*2 (3.87)

The slowing down density (3*83) from a point monoenergetic neutron 
source may he designated the "point sieving down kernel”. Following the 
procedure used in the discussion of the time dependent diffusion equation, 
ve can write down the corresponding kernels in other geometries.

Slowing Down Kernels

Source
Geometry Rotation________ Normalization ____________P

Plane 1 neut/cn^/sec at -Ix-x'^/M'Z'-^')

Point 1 neut/sec at 
(t*^)

-\TrT'\*/k(Z-Y)

j]3/2

Line ]^(r,9;*jr',9'/2?) 1 neut/cm/sec at
(r’,9*,r)

2
-^•1 /kGr-v)e

jo2 = i^+r’2 - 2rr,008(9-9*)

Spherical
Shell

Ps(r,2-/rMr') 1 neut/sec per 
shell of radius 
r' at age

1
Wrr*

-1e

- Fr-r'l 2/h(^-z e
j1/2

r+r *| 2/4(t'-'t*)

J1/2

r)

Cylindrical
Shell

Pc(r/2,r,,7r') 1 neut/sec/cm 
of shell of 
radius r' at 
age 2-'

-lr-r'IA(r-r) / N

**&--*) lo\2(Z^)j

' . 177
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From the slowing down, density arising Aron a nonochromatic energy 

source it is a trivial natter to compute the slowing down density frco a 

fission neutron source which is polyenergetic. If the number of neutrons 

emitted per second between energy E' and E'+dE* from a point source at the 

origin is

per c.c. at r. Since in a chain reaction the neutrons 6riginate froa a 

fission spectrum, the slowing down distribution as given by (3*88) is the 

one appropriate to a chain reactor in which the moderator is non-hydrogenous.

Elementary Improvement s on Age Theory

The age approximation, and the Gaussian slowing down distribution which 

it yields, resulted from a spherical harmonic expansion of the angular dis­

tribution, and a Taylor's series expansion of the energy distribution. As 

has already been pointed out, the Taylor's series expansion is valid only 

if the mean free path varies slowly over one slowing down interval, while 

the spherical harmonic expansion could be expected to be good only fairly 

near the source. Thus the age approximation is poor in hydrogenous media 

(where the mean free path changes rapidly), or at large distances from the 

source in any. medium.

f(E')dE' ,

then the slowing down density from such a source is evidently

EL J
is the number of neutrons crossing energy E per second

(3.88)
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That the Gaussian cannot be correct at large distances is evident 

from the following physical argument: Consider neutrons which have made no
ktto~Narcollisions at all. These will be distributed like ---- , where No is the
knr

macroscopic scattering cross-section and S0 is the

source strength. Now at small distances the Gaussian slowing doun distribu­

tion will exceed this exponential; at large distances, however, the ratio

______ source neutrons______
Gaussian moderated neutrons

approaches oo, since the Gaussian falls off faster than the exponential. Thus 

at large distances, the.distribution is more exponential than Gaussian.

An improvement on the age theory distribution which at least is free from 

this "first collision paradox" can be expected if the "aging' process, which 

leads to the Gaussian, is assumed to begin only after the neutrons have made 

their first collision. The points at which first collisions occur act as 

"sources" for the slowing down process.

The first collisions are distributed as

4jtr2

the 0 referring to u = 0, the source energy.

According to this picture the slowing down distribution should therefore be

q(l,T) * 4jir'2
0

-Ir’-rfA?

(4jiT)3/2
dr * .

79
b
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A further improvement con he made hy taking into account the fact that 
after a neutron has suffered a collision which throws it across energy E, it 

experiences a "free ride , without changing its energy, until it suffers its 

next collision. To take this free ride after the last collision into account, 

it is plausible to include another exponential with mean free path appropriate 

to the lower energy. Thus the slowing down distribution, including both 

first and last collisions is

/">4

q(r,T) >Q(0)e-Hg(Q)>^
4xr'2

-/r"-r'| 2/V£ e-No(u)(r"-rl

4jt|r"-r,|2
dr'dr" (3-89)

where c(0) and o(u) are cross-sections at the initial and final log energies 

respectively. Formulas like (3*89) are of course not rigorous; they are 

rather more plausible than the simple Gaussian and have been used to repre­

sent the slowing down distribution from a point monoenergetic source.

In order to compute the second moment of the distribution (3.89) we 

first state the well known result that the second moment of the distribution 

from a plane source is Just 1/3 the second moment from a point. This foUows 

from the relation between a point kernel and the corresponding plane kernel.

Bence
OO CD

/ r^PpfrJj^dr / z^P’ (z)dz

?Pp(r)r dr
7-

fir.
ISO
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Upon integrating by parts, and using the fact that r3p^(r)—>0 as r—>-ao 

far any kernels of interest, ve obtain

r2 = 3z2#

being the second moment of the plane distribution.

With this preliminary ve compute r^ for the distribution (3*89) by com­

puting the corresponding plane second moment, and multiplying by 3* The plane 

distribution corresponding to (3.89) ve write as

oo CD

q.(z,*2r) = / / Kifz'JP <(U,-z"l)M|zn-z|)dz'dz" (3-90)

n?

-OO -CD

where K^(z) and K^(z) are plane transport kernels and is the plane Gaussian 

kernel. The quantity q(z/7) is the convolution of the three kernels K^Pp^, and

V
How, if K^(B2) is the Fourier transform of %(z), i.e., if

00
^(B2) = ^^(z) e^dz,

—JO

then z2^, the second moment of the distribution defined by K^(z) is
p P
d %(B^)

“2 dB== —
Kl ^(B2)

(3.91)
B = 0

Furthermore, the Fourier transform of q(z, ?:) is

q(B2/fl = K^(B2) P^B2) ^(B2), (3-92)

' XS1
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as follows from (3-90) and the definition of the Fourier transform. Hence

ny

o o
d q(B , T) d\(B2) d%f.(B2) d^(B2)

dB2 dB2 . ^ i dB2
i(B2,T) B - 0 %(b2) »- 0 ' V(e2> B = o %<b2)

that is.

and
(3-93)

In other words, the second moment of a distribution which Is the convolution
of several kernels Is the sum of the second moments of each kernel.

Ve now apply this result to the distribution (3*90) ♦ The second moment of the 
_ -Nc(0)rtransport kernel —.—_— Is

4*r2
2

[MO)]2 '
and the second moment of the Gaussian is 6 7. Hence the second moment of the 
slowing down distribution corrected for first and last collisions is

[MO)]2
+ 6t + 2

[N(T(u)]2

or, upon using the formula (3.66) for 7,

(3*94)

r2(7)
Oso(0)]2

+ 2 (3.95)

(
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The distribution (3-90) is unwieldy analytically, and it has therefore 

been customary to replace it by a single Gaussian (for a point distribution)

e
(4«t*)3/2

nj_

where '£■', the corrected age, is chosen so as to give the same second moment 

as (3-95)• Thus the corrected age is

u

V(U> ‘ ^ = 3[Mo)] 2 + 3 / + 3[3!My ’ (3'96)

and it is this age, together with the simple Gaussian, which is usually used 

to represent the slowing down density in a heavy moderator.

The Group Picture

The Gaussian slowing down distribution with the corrected age (3*96) is 

a fairly satisfactory representation of the slowing down process in heavy 

modefsfEors. However, for certain problems, e.g., those involving slowing 

down in composite media, even the elegant Gaussian age theory becomes very 

unwieldy. The analytical difficulties arise because the age theory equation 

is a partial differential equation. To avoid these complications a simplified 

formulation of the slowing down problem which describes the process by a sequence 

of ordinary differential equations has been used very widely in pile theory.

The general idea of this method, called the method of groups, is to 

divide the total logarithmic energy interval through which the neutrons pass 

into a finite number of energy subintervals. Neutrons in a given energy group 

are supposed to diffuse without energy loss until they have experienced a number 

of collisions equal to the average number of collisions actually required to 

pass through the energy interval; at this time they pass into the next lower
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energy interval. Thus removal from an energy interval is treated as an 

"absorption" process, the "absorption” cross-section a* being determined 

from the relation

IJV

number of collisions before removal from energy range.

The cross-section for removal of neutrons from one group is also the cross- 

section for creation of neutrons in the next lover group. The slowing down 

density, i.e., the number of neutrons passing from the energy group to 

the 9+ 1st group, is therefore

V = ^ (3.97)

where is the flux of neutrons in the energy group. If the magnitude 

of a logarithmic energy interval is denoted by up , and j? is the logarithmic 

energy decrement per collision, then the number of collisions required to 

cross up is up /j^ , and the "absorption" cross-section for the y group 

is

Sil
“ii

«!- (3-98)

where o^pis the average scattering cross-section in the up energy interval.

If Dp is the average diffusion coefficient in the ’7)^ energy group, 
then the neutron flux $p(r) in the -y group satisfies the diffusion equation

Tty A&v> (£) " K%>$(k) + Hcra>> -1 fp.i(z) + ST)(l) - 0, (3-99)

Sp(r) being the number of neutrons produced by an external source per unit 

volume at r in the energy interval.

184
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In a one group picture, "p= 1, in which the external source is a 

5-function at the origin, the group equation is

DtL Af! - Nor* ^ + 5(r) = 0; (3-100)

this has the solution
e-rM

B°yi(r) = iss
(3-101)

where

T ■ V1«!, • (3-102)

The second moment of this distribution is 6L. , and the slowing down length 

is given by

r2 *2 Di
T = L1 =i^T ' (3-103)

If we substitute for No* and their expressions in terms of cross-sections, 

we obtain

£  -----±—i- (3-10^)

This is identical with the age theory expression for one sixth of the second 

moment provided the product is chosen as

U1

1 1 / du
No.tr/^i Ul J Natri(u)lJaSi(u) (3-105)

With this choice of average cross-sections, the one-group picture is seen to 

give a spatial distribution which is exponential instead of Gaussian, but which 

has the same second moment as the age theory.
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la the n-group picture the distributiaa from a localized source of 

energy neutrons is readily found hy solving (3.99). For simplicity ve deal 

with the problem with plane symmetry; the solution from a point source is then 

found by differentiating according to (1.141). The differential equations to 

be solved are

(3.106)

To solve these equations ve make a Fourier transformation.

00 oo

-00 -00
The transforms satisfy

t:,
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and therefore

|itl) - s
ico x

Dl°^ + Ne^
• 00

(3-107)

i*JX

-oo D^2 + No^ V=2 (D^ + No^)

Since is the product of the Fourier transforms of the preceding the

distribution ^(x) in a given group must be the convolution of the distribution 

of the previous groups. Physically this means that each group acts as a source 

for the succeeding group.

To actually compute ^(x), it is necessary to evaluate the integrals in 

(3*107)• The integrands have poles in the upper half plane at

»- i/1*. (3.108)

and we assume for simplicity that all roots are simple. Hence, according to 

the residue theorem.

few

&

I
r*/LJ

Naak j=l (l-l£2/L*2) (l-L*7Lp .... (l-L*7Lf)
r*2 .#2.

r*2 /r*2, r*2/T*2^ (3-109)

where the term (l-Lj /Lj ) is omitted from the sum. If k = 1 (one-group 

picture), (3*109) reduces to

-*/4
- 2—r (3*110)

which is the plane equivalent of (3.101).

*'• i 187
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Since ^(x) is the convolution of all the previous (J^fx), the total slowing 

down length for the neutrons slowed out of the group must he the sum of the 

squares of the slowing down lengths in each group individually:

4 t*2 T*2
L1 +t2 + (3.1U)

If the number of groups becomes infinite, but each ly is reduced so that 

__ oo

(3.H2)r2oo
V-l

where Y remains finite, then the group picture should go over into the con­

tinuous age theory. Hie slowing down density in the oo-group case can be com­

puted most readily by first passing to the limit in the integrand of (3.107) 

and then evaluating the integral. From (3*107)

CD

No,SA(3c) _1_
2s

ieax

-CD
(1 + + +

Now

.0 Klim

SxK: ^Vl U + ^

a2 Zt*2, y y = e (3.H3)

as is verified by taking logarithms of both sides. Hence

CD
,

Ixm 
k —>-oo ak

icox
NatMx) = 2t e e dw

-x /kr

(4s r)1/2
(3.H4)

6 fi/,• 188
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that is, the group picture and the age picture merge when the number of groups 

becomes infinite.

The great merit of the group method is that it involves ordinary instead 

of partial differential equations. By taking enough groups it is possible to 

approximate the age theory slowing down function to any degree of accuracy, 

and still deal only with ordinary equations. The approximate slowing down 

functions which are constructed out of group picture exponentials are called 

"synthetic" kernels. In pile problems involving EqO as moderator, it is 

customary to use one or two fast neutron groups in addition to the thermal 

neutron group; in piles moderated by heavier materials, as many as five or 

six groups have been used.

In assessing the relative accuracy of the group method and the age theory, 

it must be remembered that the slowing down function frcm a point fission source, 

even in, say, graphite, is not a Gaussian because of the energy spread of the 

source neutrons. Thus in graphite the three group model is only slightly less 

accurate than the single Gaussian while in HgO, because of the very long mean 

free path at high energies, the slowing down is more nearly represented by a 

single group picture than by a Gaussian.

Average Transport Cross-Section in Group Method

In order to obtain a one-group distribution which has the same second 

moment as the Gaussian, it is necessary to average the product of the trans­

port and scattering cross-sections according to (3*105)• In problems involving 

only one medium it is only this product which determines the neutron distribu­

tion. However, in problems involving composite media, since one of the boundary 

conditions across an interface is continuity of the net current, and the current

Its
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is proportional to the transport mean free path, it is necessary to find an 

appropriate average for the transport mean free path separately.

To calculate an average transport mean free path which will insure con­

tinuity of the net neutron current in a group, it is necessary to make some 

assumption with regard to the actual energy distribution of the neutrons in a 

given group. Evidently the energy distribution will depend on the particular 

arrangement and properties of the slowing down media on each side of the 

boundary. However, as a simple approximation, it is useful to assume that 

the energy distribution of the neutrons is the asymptotic distribution

|(x,E)dE = f(x) —- 
"ffs0

(3.H5)

where cr8o is the scattering cross-section.

The total flux of neutrons in a group from energy to Eg is

%

and the net current is

(3.H7)

where ^.r is the correct average transport mean free path. Thus combining

(3.116) and (3.II7), we obtain

(3.118)
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if is constant; i.e., the average transport mean free path which will give 

continuity of flow and density in a group in which the asymptotic energy dis­

tribution holds is an average over l/hcsoB*

the -energy Transfer Distribution of Slowed Heutrons

It is a natter of some practical importance to calculate the manner in 

which the energy transferred to a moderator by elastic collisions of fast 

neutrons is distributed in space as the neutrons slow down from a plane source.

If the flux of neutrons of log energy u = JLn TSq/E is j^(x,u) (plane symmetry), 

then the number of elastic collisions per c.c. per second at energy E = E0e~u is

Nors0 (u) 3Kx> u)

Since the logarithm of the ratio of the average energies E* e-nd £ after two 

successive collisions is

Jn E’/E =

the average energy loss per collision, A-S, is

AS = 2’ - E = E(e/ - 1); (3.119)
i.e., if the moderator is neavy,

(3.120)

fhis energy increment appears as kinetic energy of the moderator atom. Hence 

£(x), the energy released per c.c. per second to the moderator by elastic 

collisions, is, for heavy moderators,

7 7
e(x) » / iaSo(u) 2fE ^(x,u)du = Eq / ICTSo(u)^e"uJf(x,u)du. (3.121)

^ 0 J
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To evaluate this integral an assumption must be made with, respect to the 

neutron distribution ^(x,u). This we take to be Gaussian:

-x2/hZ{u)

“ NaSo^ [k« r(u)]1/2 ' (3-122)

where S0 is the number of neutrons emitted per sq. 'em. per second by the source. 

Hence we obtain for the integral (3.121),

£U) = SEq
• (u+z^^u)}

p^rtu)]1/2
du. (3.123)

This integral can in general be evaluated only by numerical methods. However, 

if all cross-sections are constant, then, in simplest approximation.

ru)

and

€(x) — S0EC

^trX
3/

.-Cu + 3x2^AXfcr^]

(3.124)

f

1/2 du. (3.125)

Evaluating the integral according to Watson's Bessel Functions, p. 183, we obtain

where
1/2

(3.126)

(3.127)

The total energy emitted from one side of the source plane per sq. cm per second 

is S0Eo/2; thus, according to (3*126), the fractional energy release in each 
cubic centimeter falls off exponentially with length constant l/a.

192
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Slowing Dovn Distribution in a Finite Block

In order to measure the slowing down distribution from a source it is 

customary to place the source on the axis of a long parallelepiped and measure 

the activity of Cd covered In foils placed along the long axis of the parallele­

piped. Since In has a deep resonance at 1.44 ev, the activity of such a foil 

will in good part be proportional to the flux of 1.44 ev neutrons. Actually, 

because of higher resonances, the reading of the In foil is not quite propor­

tional to the 1.44 ev flux; according to Hill and Eoberts, at points close to 

a source of 30 kv neutrons in graphite, almost 4-0$ of the activation of In is 

due to absorption above 1.44 ev. Farther from the source the perturbation due 

to higher resonances becomes less so that the mean sqaure distance to 1.44 ev 

as measured by In foils is in error by much less than 40$. The theory of this 

experiment is a good illustration of the usefulness of the age approximation, 

and we give the details in the following paragraphs.

Suppose a monoenergetic unit source is placed at the point x - 0, y = 0, 

z = 0 in an infinitely long moderating prism of sides 2a’. The slowing down 

density satisfies

A<i(*,y,z,r) ------—----
ar

(3.128)

rJ^0 <l(x,y,z, r) = 6(x,y,z) (3.129)

where we have assumed the long direction is along z. The boundary conditions 

may be taken with sufficient accuracy (provided the width of the block is much 

larger than the mean free path),

q £ 0 on the extrapolated boundary,

the extrapolated boundary being the geometric boundary a' augmented by the

G ! 93

(3.130)
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extrapolation distance 0.71 Xtr* We denote a' + 0.71 by a. It is con­

venient to assume X^r Independent of energy; again this is an unimportant 

assumption provided the block dimension is large compared to a mean free path. 

The solution of (3*88) vhich satisfies the boundary conditions is

IJO

• -[b2 t bS]t
q(x,y,z, 2_j cosB^r cosBny e - ^"l/2

a m>n 
o

where

(kxVY

(2m + 1) ^ , Bn = (2u + 1) i

(3.13D

(3.132)

The sine solution is not used because of the symmetry of the source distri­

bution.

The shape of the distribution along the z-direction is the same as from

an infinite plane. As the neutrons age ( ?’ increases) the intensity of the
-(B§ + 2%)'?'

distribution falls because of the exponential factor, e. . This

factor accounts for leakage out of the block. Its dependence on 2* arises 

from the circumstance that neutrons with large "ZT must have diffused for a 

relatively long time and therefore must have had a good chance to leak out of 

the sides. The magnitude of the leakage is determined by the ratio 'Zr'/a^.

The distribution (3*131) Is represented as a sum of characteristic 

functions. The slowing down density can, of course, also be computed by ob­

serving that the neutron distribution from a point source in a finite block can 

be viewed as the superposition of distributions from point sources and sinks 

appropriately distributed in an infinite medium. The mathematical relation 

between the source-wise and characteristic function representations of the
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distributions is established by means of the Poisson summation formula 

(Courant-Hilbert, Methoden der Mathematischen Physik, p. 65):

00 00 r r \

2 S r(m,n)= z E dudv. (3.133)m n 
00

A n Jy
- 00 -00

Upon applying this transformation to the series (3-131) with

f = ~~4~5' cosBjjjZ cosBnye^a2 + Bn2)^
we obtain

<l(x,y,z, r) 1 v y , A+|i4j Lj exp
-00

- f(i-aXa)' +(y-2»xa)< + z2]/
(3-13^)

Each term in (3«13^) represents a source or sink of unit strength situated 

at the point (2Xa,2na, 0). The source-wise representation of the slowing 

down distribution converges better than the characteristic function repre­

sentation at points close to the source; at points far from the source the 

characteristic function form is the better converging.

Measurement of Slowing Down Length

The second moment of the distribution (3.131) is

oo.

/■
q(x,y,z, 2^)z dz

o 0zd *3 ar> 2^;

q(x,y,z, ^)dz

that is, the second moment in a finite block is the same as in an infinite 

block. Hence foil measurements in a block of finite width yield the same

• ? 195
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second moment as measurements in an infinite medium. This result is inde­

pendent of the relative importance of the various harmonics contained in 

(3.131) and holds provided only that the distribution is strictly Gaussian.

Most neutron sources are not monoenergetic, nor is the slowing down in­

trinsically Gaussian, For both these reasons the mean square distance meas­

ured in a finite block is not strictly the same as the mean square distance 

in an infinite system. For example, if the energy distribution of the source 

is f(t',)d'2r', then

q(x,y,z,'?') = -% X» cosBnjX cosBny 
a m,u

-[4 + Bgltr-r) -£/k(c-v)»- J f(y) e
[>jt(r-r j]1/2

dT’ .

The second moment of this distribution along the z axis (x = y = 0) is
00 00 -|J + Ei];r-T)] o

^ / / e 1“-iU f (r^*) z2 e
*,n^ 0 [iwCT-'J*)] V2

dzd'S’

2/7in,i- J J
X 0

(3.135)

[4n(r-r )J 1/2
dzdT*

In general this second moment will differ from the second moment z^,, measured 

in an infinite medium:

oo 00 -z2/h{T-V)

zi - -‘tD OD. OO
If0tiv)*2

-z2/k(T-V)
f{T>) ---------jr-.d.zd't'

',j l^AT-V )P/2//■
(3.136)
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Corrections must therefore he made to the observed finite system in

/?3
order to obtain the true infinite system . it is possible to compute 

these corrections for a completely general kernel and this will be done in 

the remainder of this section.*

The corrections will be made by observing that the neutron distribution 

in a finite block can be considered as the sum total of effects from a suitable 

distribution of positive and negative sources in an infinite medium, provided, 

as we shall assume, the extrapolation distance can be neglected compared to 

the block size, or is independent of neutron energy.

Now a point source at the center of the z = 0 plane in a long block of 

sides 2a is equivalent to a sequence of positive and negative sources spaced 
at intervals of 2a in the z = 0 plane. Such a sequence can be represented 

as

6(x) 5(y) 6(z) = S(x,y) S(z) = 6(z)
m,n

(3.137)
where x and y are allowed to have any value from -oo to +oo .

We consider the function
CP 00

<l(x,y,z) - + z2 dx'dy'
m,n

-oo 0
(3.138)

x
m,n

* M. E. Bose and A. M. Weinberg, MonP-297-



ifbere P(B^ + B^,z) is the tvo-diiaenaional Fourier transform of the point 
slowing down kernel, P(r):

(3*139)
-oo

The function q(x,y,z) can be viewed as the slowing down density in an infinite 
medium in vhich the infinite array of positive and negative sources defined 
by (3.137) is situated. Since, according to (3*138)> q(x,y,z) vanishes on 
the boundary of the block, it can also be viewed as the slowing down density 
in the finite system due to a single point source at x = y = z = 0, provided 
the extrapolation distance is energy independent. A range measurement results 
in the observed 2ktl1 moment z^:

We now show how the moments in an infinite system can be expressed in 
terms of the observed moments in the finite system. Since F(x,y,z) is an 
even function of x,y,z, we can replace cosE^x* cosEj^r* by cos(BD1x + Bj^y) in

00

- oo (3*140)

(3*140). Now retaining only even functions

(3*141)
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irfiere .C is the binomial coefficient 

2V 2s

ns

2iP2£ [2(>> -s)]! (2s)!

Upon substituting (3»l^l) into (3-1^-0) we find
GO

_ Z I 2 i p(„ 5$WI ^(y ~8)^° Iff ^ 'a)y2az2k r(s)toiTte
2k m n V s=0 ^ -oo2 —

5 L? £ w“’“
m (3.1^2)

[If-00
The integrals which appear in (3*1^2) are of the form

= jU* x21y2^z2L P(r)dxdydz,

and can be evaluated by shifting to polar coordinates. Thus
zTiTS, (2i)! (2J)! W- (1 + J + 1)!
fVN 2/>VV “ ZQO

i! j! L! (2i + 2j + 2L)! 

Upon substituting (3*1^3) into (3*142) we obtain

Z 2 Z Z ^ 'B)^m n r s=u

z z z z *m n y s=0

V y 2(-»> -s) 2s ^ zl,
B.n s! (V-b)! (2t»!

(3*143)

(3*144)

which is an infinite system of linear equations relating the observed moments
ov 2kz“ to the infinite system moments z^ . The system can be solved for each

in terms of the z^ by successive approximations, in vhich, at each stage 

of tiie approximation only a finite number of equations and unknowns are used. 

Such a process will converge well if the block dimension is large compared to 

the slowing dovn range.
fr;
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If the source^ Instead of being concentrated in a point, is distributed 

over the z = 0 plane like cosBqX cosB^, only the tena n = n - 0 appears in 
(3-lWO • The infinite second moment can then be expressed explicitly in terns 
of the measured finite system moments:

neutron ranges are sometimes performed by using the thermal neutrons from 
a thermal column which are distributed like cosB0x cosBny to produce fissions 
in a flat plate of fissionable material. The fission neutrons in such an 
arrangement will be distributed also as cosBqX cosBoy, and therefore the results 
of this section are applicable.

(3.1*5)

and this expression gives the correction for converting z2 into z^. 
Equation (3*1*5) is of practical importance since measurement of fission


