
^  %

APB 2 7

7 2 x> -  ^

Renormalizable Electrodynamics of Scalar and Vector Mesons II

Abdus Salam
Imperial College, London, England

MASIIIl

Robert Delbourgo
Imperial College. London, England

and
University of Wisconsin, Madison, Wisconsin

ABSTRACT

The "gauge technique" for solving field theories
2introduced in an earlier paper is applied to scalar

and vector electrodynamics. It is shown that for scalar
^2 2electrodynamics there is no \qp 9 infinity in the 

theory, while with conventional subtractions vector 
electrodynamics is completely finite. The essential 
ideas of the gauge technique are explained in §3, and 
a preliminary set of rules for finite computation in 
vector electrodynamics is set out in Eqs. (7.28) - (7.34)
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§ 1. Introduction
The phenouieixal success of renormalized perturbation theory 

for electron-photon Interactions has on balance probably been 
a disaster for the development of quantum field theory as such. 
The disaster lay in the somewhat fortuitous clrcianstance that 
the magnitudes which the theory was powerless to compute 
happened to be '’unobservable” quantities like self-mass and 
self-charge. Even when for renormalized meson interactions 
it became apparent that such magnitudes included measurable 
quantities like the r - r (self-) mass differences, theoreti­
cal interest unfortunately did not shift back to the central 
problem of trying to discover if and under what conditions one 
might expect finite solutions of field theory Integral equations 
to exist.

Physically of course the most attractive possibility would
be If at least for some theories —  and this may Include some
that are currently considered non-renormallzable •—  finite solu-

1tions did exist but only for special values of the constants
2of field theory. In an earlier paper It was suggested that 

this last possibility might be the one realized for electro­

dynamics of spin-one charged mesons. The suggestion was based
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<m the use ot a new (non-peirturbative) approxlraatlon procedure 
which made consistent use of Ward^s identity. One purpose of 
the present paper Is to exploit this approxiioation technique 
not only for the electrodynamics of spin one, but also of spin 
aero mesons. Even though in the latter case one is dealing 
with a theory with only a few infinities, it is instructive to 
follow how at least some of these disappear at the crudest 
attempt to improve the conventional perturbation approximation,

The paper is divided into four parts: Part 1 gives the
main theoretical ideas and the general approximational scheme; 
Part XI sets out the equations for the general two and three 
particle Green's functions, in the two particle unitarity 
approximation, in scalar and vector-electrodynamics; in Part 

III these equations are solved consistent with the requirmnents 
of analyticity and unitarity of the theory, and in Part XV we 
give the final rules for computations of S-matrix elements.
These rules replace the Feyimian rules and are guaranteed to 
provide finite integrals (including those for the renormalication 
constants) in the theories discussed.

The paper unfortunately is long. The reader mav perhaps 
find it easier to go straight on to  ̂3 which briefly sets out 
the main ideas of the calculational technique before returning 
to Part I.



Part I

This part is an amplification of the ideas of paper I.
In § 2A we derive a boundary condition for the high energy 
behavior of (a product of) the basic two and three particle 
Green's functions. If this boundary condition is satisfied, 
integrals involved in all other Green's function would exhibit 
an approximational stability for high energy behavior and 
will essentially be finite. In ?2B we turn to the basic Green's 
function and show that for gauge theories an approximation 
technique exists which makes the vertex function equation 

essentially redundant, so that the general boundary condition 
is equivalent in such theories to a high energy limitation on 
the tehavior of just the two particle propagators. This allows 
us finally in § 2C to connect the flniteness of (all integrals) 
in a gauge theory with the (almost kinematical) information on 
high energy behavior contained in the well-known spectral 
representation of the propagator,

§ 2, The Integral Equations of Field Theory
A field theory is defined by a set of integral relations 

among its Green's functions. As a rule all such relations



involve an infinite number of terms; thus of their nature the 

integral equations need scMue type a£ approximation procedure 
for their solution. Depending on the approximation procedure 
to be follov;ed, one can vrite down a wide variety of equivalent
sets for one and the same theory. One such set is due to

3 4Dyson and Schwinger ; another is the unitarity set defined
c 5in s2C; still another set is due to Symanzik .

(A) Dyson-Schwinger set; the fundamental criterion for the 
stability of an approximation scheme and high etiergy 
boundary conditions on P , D and S 
For a typical 3-field (eg, electron-photon) interaction 

the well-loiown Dyson equations are

S“  ̂» Z- S + Z, e^ \ I' S r D 2 o 1 0  oI r s r
d’  ̂« Z, D “  ̂+ Z, e^ [r s r s3 o 1 0  ' o

r  “ Z. r  + e ^ f r s r s r D + e ^ . . .i O 'J

M « M [r. D. s]

S and D are the (renormalized) electron and photon Green’s 
functions; P  is the (renormalized) vertex function and e is



6 pthe physical chargeo The three functions \ t D and S 
we shall refer to as the basic Greenes functions□ M represents 
any other Greenes function; the important remark of the Dyson
formalism Is that all M*s are functionals of the three basic

7Green*3 functions S and D,
Tiie Feynman solution of field theory is recovered ar a 

power series iteration of (2d) - (2 3), the iteration starting 
with

S “ 7 • P - a, D~ «■ p ” p and “ Ẑ, « » 1,

This assumption of course right away precludes the possibility
that the Z**s might be zeroo (It is worth remarking that
these zeroeth approximations (e<,g. S  ̂« 7 . p =■ m) do not
coincide with the inhomogeneous terms of the corresponding
integral equations (cog, Z^C 7 . p - m^)))o

In the sequel we wish to set up a different approximation
procedure for solving a field theory. Basically the idea is

to find non-perturbative solutions of the basic set (2d) - (2,3)
and then to substitute for D. S and P in (2,4), To estimate
the high energy behavior of the integrals involved in M,

(N)one knows from Dyson-Schwinger formalism that M ■ 2M' ' where
(N)M has the following structures



E N-E -E
"T* o A (--- o—  ̂+ 1)- J c s T d )̂** S ^ D ^ (d\) ^ (2.5)

Here E and E are the number of external photon and electron y e

lines and N is the number of irreducible vertices. Now it is 
clear from (2.5) that the high energy behavior of the integrand
(and therefore of the integral as a function of external mcxnenta)

8 9is independent of the order of iteration N if and only if

1
SpD^»0(l/k^> (2.6)

for large k. Equation (2.6) is the fundamental criterion for
the stability of any approximation procedure for computing M
which bases itself on the Dyson formalism. It serves as the
boundary condition to be satisfied by the (product of the)
three basic Green*s functions.

This stability criterion is satisfied by the basic Green*s
functions in all ''renormalizable" theories. A straightforward
iteration of (2.1) - (2.3) shows that S « = 0(l/k),

D a Do = 0(l/k )^ r — spinor electrodynamics
and S « = 0(l/k ), p ^  - 0(k) for electrodynamics of

10spin zero particles. Our contention in I was that the 
boundary condition (2.6) can be satisfied by the solutions of
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Eqs. (2.1) - (2.3) even for some non~renormalizable theories, 
provided these equations are solved non-perturbatively, with 
possibly some extra conditions on the constants occurring in 
(2.1) - (2.3). The present paper is concerned with a detailed 

verification of this statement for electrodynamics of spin one 
particles. We have chosen electrodynamics as the prime example 
because a proper use of Ward’s identity makes the problem of 
finding non-perturbative solutions much easier, and because 
for such theories, condition (2.6) can be reduced (as will 
be shown in ̂  2B) to a boundary condition on the charged particle 
propagator alone. Just to illustrate how the new technique 
in any case improves the convergence properties of the integrals 
in field theory, we consider all along also the conventionally 
renormalizable theory of electrodynamics of spin zero particles,

(B) The Gauge Approximation and a Reformulation of the Stability 
Criterion

In a gauge invariant theory as a consequence of current 
conservation, the vertex function P and the propagator S 

satisfy the Ward-Takahashi identity

tgrg(p,p*) “ S‘^(p) - S”^(p») ; p « p* + t (2.7)



This Identity makes Eq. (2.1) of the Dyson-Schwinger set redun­
dant. In fact one may define S from the relation

s~^(p) - n„(pp p*)a a 7‘P* " m

Also ( - 2).
Conversely of course the identity states that if S is known
a part of P is determined and is no longer arbitrary. We

Ashall call this part P [̂ sj; thus

r  - r^'Ls] +  r B

where

Now these identities do not in any way uniquely define the 
split of r , but whatever the precise definition of P 
since ZS^~ is part of S (see Eq„ (2.1)), zP^^, the 
inhomogeneous part of the vertex function equation which is 

(usually) defined as Z(S^ ^ )̂ (p + p*)^

P - P

must form part of P ^ [ S 1 . Therefore, quite generally, 2 P
Acan be eliminated in Eq. (2.3) in terms of P in the

following manner. Write Eq, (2.3) in the form

(2.8)
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T a  ^oa + '̂ a C

Define

n  ^ « z r  4- F (2.11)' a oa a '

-1 -1where F is a linear functional of (S - ZS ) with the a -----------------------  o
property

t F « (S"^ - ZS - (8"“  ̂- ZS*"ba a  o o

- t a K a [ r , s ]  (2.12)

Using (2.11),

T a "  r^a' + ‘‘a - * ' a "  Ta^-^^^ab-S, «] <2-»)
11Eq, (2,13) differs from Eq. (2.3) in having as its "inhomo-

n A ngeneous” term y in place of Z r . Eq. (2.13) togetheroa
with Eq. (2.8) viz.

S“  ̂- Z(7.p - m ) + t K  [ r . s ] |  , (2.14)

now replace Eqs. (2.1) and (2.3) of the Dyson-Schwinger set.
To solve (2.13) and (2.14) we use the simple iteration 

scheme suggested in I. This scheme is based on taking the
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inhcxnogeneous term of Eq. (2.13) as the first
/ \

approximation P  to P . This will be called the "gauge
approximation" in subsequent work.

The "gauge approximation" has the merit of decoupling 
(2.13) and (2.14), Explicitly define

g(n)-l ^ [ T

, r/[s^"^] + Xgb “  (2.16)

where p  = P  (2.17)

and S is a solution of the equation

S<o)-l. z<°>(7-p - t.) + t^K^ [r<°\ - n. •

Clearly S, T " , P provided the sequences
n oo

and converge to a limit.
To see the decoupling of (2.13) and (2.14), it is sufficient 

to remark that P  is a functional of S alone, so that
Eq. (2.18) is an equation for lust one unknown . Once

and therefore and have been determined.
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(1)one simply writes down P from (2.16). At each subsequent 
iteration stage there is again just one equation (Eq. (2.15)) 
to be solved for P being determined by substitu­
tions in Eq. (2.16). This makes the method fairly practical,^^

In terms of P ' and the prnuso »̂r>p>'OYimat’?on, we can now 
restate the stability criterion. It is so easy to see from 
the structure of the kernel in Eq. (2.13), that if
P satisfies

S r  ^[sj “ 0(l/k?>. (2.19)

then

p (n+1) „ o(P^ (2.20)

To see this, we remark that K in general has the form (see
(2.5) with E - 1, E « 2)i y e

2 P (SfD^)*^ (d^k)^^^, so that any iteration solution of
X

(2,16) which starts with P ^  and with (S P^D^)~ 1/k^ 
will always reproduce a P satisfying P = O(r^),

Equation (2,20) therefore not only gives us a justification 
for the iteration scheme set up in (2.16), it alloi.7S us also
to replace the stability criterion (2.6) by the much simpler



relation (2ol9)„ Assuming for tlic ruoment D ~ = 0(1:
(2»I9) reduces still further to read

S [si - 0(l/k) (2,21)

In this final form, the stability tri.terion is provldir/;; 
high energy boundary comlitib:!:, for Just one Greenes fuu 
i.e. the meson propagaror S alone. The- crux of the t

p i ' o i s j , i . ' . : :  i i - i ,  S ' i w i .  - s . ' ,  .. i - - . ?  i . . : . s i . i v i 3  - S I '  i J  .  . .  : j

field theory in our ne-̂v appro,daatioa schoiao is i,:s,.rs 
reduced to tlir folloi.di'igs is there a choice of P ’ Is
which one single equation S  ̂ ZS^ +• [ f
a finite solutiou?

For gauge tiieories one may even anticipate the an
Since Ward’s identity "roughly” states that S /
would seem that (2.21) is always satisfied and electroc
of charged particles (of any spin whatever) is intrlnr
divergence free. The mistake in the past has been takl
as the starting approximation P “ P rather than P ~o
the problem of the present is to sharpen the "roughly" 
statement above.

The di scussion above may appear highly complicated 

we shall see in  ̂3, in practice the procedures are rat
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transparent and simnle. Suranarlzing the contents of this sec­
tion, we have used Ward's identity to provide a first approxima­
tion n to the full vertex function P which depends
only on the meson propagator. In specifying p there is a 
degree of arbitrariness; we exploit this to choose P 
in such a manner (if at all possible) that S P ̂ [S] = 0(l/k), 
for all directions iit (p, p') plane. Here S is the finite
Boluci.on of S, V »» ZS  ̂ + t K r p CSIj, ^  which satisfies(p) o a a L  ̂ J
-he boundary condition S(p) p  [ S(p] ~  l/p for large p.

If such S and P ̂  S ̂  do exist, the structure of the equation 
for the full vertex function P already guarantees that for 
high energies P and P ^ behave similarly. In this sense 
P ^  is a good approximation to P . The entire question of 
the finiteness of a theory is thus made to depend, in this 
approximation scheme, on the possibility of solving just one 
equation—  the equation for the two-particle Green's function —  

with the boundary condition stated above.

(C) The unitarity set and the equations for S and D
The end result of the discussion in f 2B is to make

the high energy behavior of the charged particle propagator 
S —  and possibly also of the photon propagator D in case
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A 16P is chosen to be a functional of both S and D —
the pivotal questions for a discussion of the flniteness of a
theory. Now the Dyson-Schwinger equations for S and D
even for the simplest choice of

p (o) « (s“  ̂- S»“ )̂ , P^°^ - (2.22)
p - p*

and even for the simplest approximatloii to the kernel K still 
present a horribly non-linear aspect (see § 8 where the equation 
for S is written out in full). To expect that one can 
solve these equations using the mathematical theory of integral 
equations as well as guarantee that at the same time one can 
preserve the physical properties of the theory—  like unitarity 
and causality —  is to ask for miracles.

That these physical properties are of crucial importance 
for a correct estimation of high energy behavior cannot be 
stressed too strongly. It is perfectly possible to find approxi­
mate solutions to the Dyson-Schwinger equations for S and 

D which show highly convergent behavior^^ but which were 
obtained for example by sacrificing the positive definiteness 
which comes by considering unitarity properly.
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Now field theory has unfortunately not progressed to the 
extent that one can write down for any Green's function a 
(spectral) expression exhibiting the consequences of causality, 
unitarity and crossing. But just for the case of the two- 
point functions a complete spectral representation does exist 
and we would like to exploit this representation to estimate 
crucial high energy behavior of S and D in conjuntion with 
the gauge-technique described in § 2B,

The following is a summary of the known results. By con­
sidering the momentum transform of <C 0 | | 0 ̂  (for simplicity
of writing the formulae assume a scalar electron);

In S - -S [ + ,,, ] S* (2.23)

where (1) stands for mass shell wave functions like

9(+ pQ)5(p^-m^)
(2) etc, are the contributions frc»n<(0 | f I

< 0  I 4>,..
2 2 and (3) Re S(p ) is recovered from Im S(p ) by the stan­

dard Lehmann-Kallen dispersion relation. It is 
this dispersion relation which sets a powerful 

(minimal) limit to the high energy behavior of 
S; for a theory with positive definite metric it 
states that S must be at least as divergent at 
infinity as Sg .
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The manner In which we propose to use (2.23) is as follows: 
The r.h.s of (2.23) contains P  the toass shell for two 
particles^ as well as the four and higher point Green's functions

M^,.... For P  (on the mass-shell of two of the external
momenta), one can likewise write the following unitarity 
relation.

0 - Im rjF5^6^M^* + 2 2 2 <2*2^>L -'Ip a q m ^

Here F(s) « F [(p + q)^j - <0 | j(x) | P. q/^ 2 2 2 ^
(2.25)

and ReF(s) is related to Im F(s) by a dispersion relation.
Using (2.24), (2.23) can be reduced completely to read

S - S [m^. Mg, ...J (2.26)

At this stage, not having relations like (2.23), (2.24)
18for M^, Mg, we are reduced to a use of the Dyson-Schwinger 

formalism to express (as before) the M's as functionals of 

S, D and P • Our final procedure will then be the following:
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(1) Use the Ward-Takahashi identity to define P ̂ [s, D J.
(2) Write (2.26) with expressed as known functionals

of S, D and P . Approximate P « to write down
an integral relation (2.26) for S.

(3) If a solution to (2.26) exists satisfying the self
1. A r •)consistent boundary condition D^S P jjŜ  = 0(l/k )  ̂the 

theory is finite.

(4) Also, as discussed in  ̂2B, the full P , computed from
(2.24) by a straightforward iteration, will behave
similarly to p  ̂  at high energies. To see the force
of this last remark, note that the arguments of § 2B
regarding the behavior of the Integrals concerned apply
equally to (2.24). This is because the dependence on
external mcxnenta (p) of unitarity integrals like 
r 2 2 4\F(p, k) ... 5 (k -m )d k is (in general) similar to

4
that of integrals like C F(p, k)  -----  .

 ̂ - m^ + l€

Siamnarizing: whereas the stability criterion derived by con­
sidering Green’s functions other than S, D and P , gives 
a general boundary condition on a product of S, D and P , 
the spectral representations of S and D give additional



19

information about the minimal (possible) high energy behavior 

of S and D themselves. This information ccxnbined with the 
stability criterion sharpens the requirements on the initial 
choice of P^[s. b j  .

In part II we shall write down in detail Eqs. (2.23),
19(2,24) and (2.26) for scalar and vector electrodynamics, 

in a two-par tide unitarity approKiraation. In part III of the 
paper these equations will be solved and the general statements
(3) and (4) will be explicitly verified. In part IV we shall 
indicate how one might set up a practical calculational scheme, 
consider gauge co-variance of the scheme and indicate how the 
scheme, may improve in successive stages to include higher 
particle states and go beyond the approximation of P “

Part II

This part forms the calculational heart of the paper. In 

 ̂ 3, we rapidly illustrate the main ideas of the new approxima­
tion technique which incorporates Ward’s identity. In § 4 
the general spectral representation of A and D, and the 
form factor decomposition of P , are written down and the 
two particle contributions to Im A and Im D are evaluated.
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^  In § 5 the same is done for Im P both for scalar and vector 
electrodynamics. We also consider in § 5 representations for 
C-parts (two meson, two photon graphs).

§3. The Approximation Scheme
In this section we illustrate the approximation scheme 

in its barest essentials by computing A, the charged meson 
propagator for spin zero and spin one electrodynamics. We 
wish to show in particular hox'7 the use of Ward’s identity 
improves the convergence of the integrals in the theory and 
start by solving for A and V by using the following two 
exact equations for the basic Green’s functions

Im A(p) - - S |<0 I 9(0) I n>| ^ (3.1)
n

tg (p. p*) "• a ’^(p ) - P* + t - p (3.2)

(Ward-Takahashi identity)

Equation (3.2) determines the A dependent part P ^ of P .
In this lowest approximation other Green's functions are computed
by drawing "irreducible diagrams" for these and then by inserting 

_ AA and P for the meson lines and the vertices. The result 
is a theory which is more convergent than conventional per­
turbation theory.



21

(A) Scalar electrod3mamlcs
If m is the meson mass, one can Introduce a spectral 

representation for A~^(p) in the form

A ^(p) « (p^ - m^) Z (p^) (3.3)

Z(p2) - 1 - f dK (3.A)
Jg P - X +  ie
m

Define Z - ^  Z(p2) - 1 - j G(x) dx (3.5)
P

Provided that all integrals converge,
2

p~ - X + i€

Since

Z(p2) . z - { P(») (3.5)

A*̂ (p) - A'̂ (p') - (p%'^> [z + Ci2i|x'l (3 3)
(x-p ) (x-p' )

Ward's identity gives the exact relation

^aETa-f^a^l'-O O-B)

where
r /  - (p + p')^ Fz + r ,G(^) dxi“ a 0 (̂.p-!) (*.p.Z) J
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Note that r /  = (p+p*)^ Z(p'^) 5^(p'^-m^) (3.10)

Quite generally P has the form^^i

r .  “  r /  - d .(t) (p +p ')k  b (p ^  p * ^  (3.11)a a ab
2 2 2 2 From FT invariance, B(p , p* , t ) ia symmetric in p and

2p* but is otherwise arbitrary.
Now assuming two-particle unitarity, one can write the 

following equation for Im A :

Im A ■» "^ 1̂ 4. (P^~ro^) ■^ir5^_B^P ^ A* or more precisely

Here [dgb<t) - 5^( t^) is the absorptive part of

the free photon propagator in an arbitrary gauge specified
by the constant a. Let us now make the first approximation

Aof our theory and take P • P (Eq. (3.9)) on the right side 
of (3.12). Using (3.3) and (3.6), and evaluating the integral, 
we get

1  I m Z ( p ^ - -  q(a-3) (p^ + m h  | z ( p ^ ) M  9(p^-n^) (3.13)
2 2 P
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2 2 2 I 2with a S e /Sir . Dividing by |Z(p )| we obtain equivalently
^  Im Z"^(x) a(3-a) (s 4- m^) 9 (s - m^); s * (3.14)

2s
21From the well-known analyticity properties of the propa- 

-1 2gator and using Z (m ) • 1» we can write the dispersion 
22integral

oo
Z^^Ch) • 1 + aC3“a> (s-m^) ^  dx____  (3.15)

^ 2 x(x - s + ie)

I + alsrll . Z )  (“log j - i| - - 1)1
L m ’ m

(3.16)

Clearly,

Z -  ^  Z(s) - ^  flog (2s)l ^ - 0 (3.17)
s -*» s ^  m

for all a y 0 and a t* 3 

Asjm^totically,

A(s) « . G(s) - « Fats^ logZ (S
2s 7?(s-m ) L m J

-1

(3.18)

To obtain P  , one may substitute (3.18) in (3.9). Now note

that the factor [log (*^) 1 in the expression for G(s)
L m
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acts as a built-in convergence factor for the theory. To see 
this, consider for example the lô î est order irreducible diagram 
for meson-meson scattering as shown in Figure 3.

Let the mesons P2» P^» on their mass shells.
If meson self energy insertions corresponding to A and vertex 
insertion p  ̂  are made in this diagram, the contribution 
to the Dyson integrand from the (p̂ ,̂ p^) line in Figure 3, 

equals P (pĵ , u) A(u) P (u, * Since (Eq, (3.10)),

r.(Pi* “) “ (p^ + u) z(u^) 2 2

the net contribution from the (pĵ , P2) line is
2 2 2(p^ 4* u)^ (p2 + u)̂ j Z(u )/(u - m )o Thus Figure 3 with

all its insertions gives

I - d \  X(u) Z(u^)3 

where X(u) is the normal perturbation theory expression which
1 ”2 /U \log (-sr)behaves like 1/u^ for large u. Since [z(u)^^= 0 2'm

integral I is no longer divergent. Even with this simplest
of modifications, apparently the need for a new subtraction

23constant to cancel the meson-meson scattering infinity has
•4*̂ 2disappeared and no q> qp type of counter term is necessary.
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It is perhaps instructive to compare our expressions for 
A and P with those obtained fr<xn perturbation theory. The 
perturbation A may be obtained by substituting 
r * (p + p*) and A • (p^ -  ̂ on the r.h,s of (3.12).d
The resulting expression happens to coincide exactly with the
one obtained in (3.16). This however is not the case for P ;
whereas in our expression for P ^ the coupling constant a
occurs in the combinations |̂ 1 + a ?v.og <’̂)'^ and 
r s*1 + a log (“Y)J . standard perturbation theory expands these
^ m ssame combinations in the form 1 - a log (—^) and

g t ro
1 - a log (— 2*) thereby visibly sacrificing the high energy 

m
convergence properties of in order to achieve consistency in

24the power series sense .

(B) Vector electrodynamics
The procedure is completely analogous to the spin zero

case. Here we set down the barest essentials leaving to § 7
the fuller details. With the notation of X, the general
propagator A depends on two spectral functions (associated
with the transverse and longitudinal projections d^^ and
e ) Write pv

- d(p^ - n?) Z^<P^) + e (3.19)
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where

9 9 9 f G,(x)dx
Z (p'') - 1 - (p -m‘') )   (3.20)

p -3Cf*i6

« « p G-<K)dx « p G.,(x)dx
Z^Cp") - 1 - 9.2 i  p2 ̂  - l - ~  (3.21)

p -x+ie

The wave function renormalization constant Z and the bare
Biass constant are given by the relations?

Z « Z^(p^) - 1 - J G^(x)dx (3.22)
00

t a h  ^ , 2, , 2 r
2 2m p -=» 00

Defining

2.2

Z2(P ) - 1 “ ^ \  (3.23)

(x) “ (x-m ) G^(x)/x + m GgCx) (3.24)

and

7 (p2) . z   (3,25)
0 ^ p - X + i€

one may rewrite (3.19) as

A'J (p) “ • 2^(p^) + P^Py'J(P^) (3.26)
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Since,

<p> - <p’> " - ^i<p’̂ >]

+ P^Pi['^<P^)-^P'^>] + P^'=v'5<P^>+Vv?^’’'^’

one can satisfy Ward’s identity in the form:

(3.27)

t f r  . r  *1- 0a L 3M-V J (3.8)

where

n A ^
afiV - (P+P*>, g I 2 + f

I 0 , 2.. ,2.(x-p )(x-p* )J
- p p*V, (x-p^)(x-p*^)

+ V a v ' ^ ^ P  > •*• p X p '^^P* >
-1To evaluate A use as before the equation

Im A

Noting that

(3.28)

(3.12)

(p^-m^)^Gj^ " “ "I; Im A“b. m^p^G2 « ̂  Tr(e Im A“b  (3.29)
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we obtain

i Im. Z\i)TT '
and

2 4 m^s' >- (3.(3.30)

- Im Z (s) *»T Q  4^2om S 3ara^(s4tn^)|Z2(s)| ^ -3(s-3m^> |Fĵ (s)| 

-2(s»m^)(2s4ta^)Re Fj*(s) V^(s) 

-^(s-ra^)^(s+m^) |F2(s)| ̂

/

(3.31)

where

Fj(s) ■• -(s-m^) Z^(s) - m^Z2(s). p2(s) - 2Zĵ (s) (3.32)

The equation for is Imnediately soluble. For large s,

Im \s) * 0(s). Thus

Zĵ (s) •“ 0 ^(s log s)*^ (and Z • 0, a > 0) (3.33)

From (3.31) and (3.32)

Im Z *^(s) - 0 (1 + Re [ Z,‘\s) (log s)'^])
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and the solution has the form

Z^is) - 0 ((log s)“b  (and » 0) (3.34)

I7e shall return to the full discussion of (3.33) and (3.34) 
in ̂ 7 . Here we simply remark that high energy behavior of
type (3.33) and (3.34) is precisely what was stipulated for

2 2 Z^(p ) and ^^(p ) in I, in order that a ‘'stable'*
approKimation scheme for a finite vector electrodynamics can

be set up.
We have not considered in this section the confutation of

the full Pi In §6 ,  ̂7 and ̂  8 we make this ccxaputation and
explicitly ve rify the astsertion of § 2B and | 2C that P and 
oAP behave similarly for infinite energies.

I 4. Form Factor Decomposition of P  and Two Particle Contri­
butions to A and D 
In ^3 we set down the spectral representations for A 

and those parts of P which depend directly on D through 

Ward’s identity. In ̂ 4, we write down the general spectral 
representation of D, the photon propagator, decompose P  
into fomcQ factors and compute the two-particle contributions 
to Im A and Ira D. In the next section §5 are written the
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two-particle contribution to Im P . We also rectify In f 5 
the cnnlsslon so far In not considering C-parts (2-meson,
2-photon graphs) which for spin zero and spin one electrodynamics 
play as crucial a role as the vertex function P  itself and 
are in any case necessary for ensuring gauge-invariance.

(i) Neutral vector meson propagator P (massive photon in 
an arbitrary gauge)

25Following Feldman and Matthews we write the photon 
propagator in the form

fi*^(t) -d(t) (t^-K^)Z3<t^) - (4.1)

where

2 r (t^-p^) C,(x)dx
Z.(t^) - 1 - \ ---- 9---->2---   (4.2)
3 ^ t^ - X +i€

h  *  ̂‘ I G3(x)dx (4.3)

P r G-(x)dx
2P

“ 1 “ J --- (4.4)

Note that in this formalism the absorptive part of the free 
photon propagator equals
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^ Im - d(t) e(t) 6^(t^-X^) (4.5)

(11) Th<i vugtia! fmigtlgn
(1) from C and P Invariance

r,(p.p') - r,(p'.p) - - f^,(-p'.-p) (4.6)

where transposition (^) refers to cliargad meson Indloes.

(2) From the Ward>^Takahashl Identity must have the form 
(true for any arbltary gauge)

f"a - r /  + r /  - r /  - (4.7)

where

t,r/ " a’^(p) - A"^(p') and t^P,® - 0 (4.8)

Poaslble fotns for P for acalar and vaccor nesona ware
displayed In equations (3.9) and (3a28). Ilie properties of 

are listed below.

(A) Scalar case
(1) From symmetry considerations

B|, - (p+t>’)^ B(p®, p'®, t̂ ) (4.9)
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with B(p^. p'^, t h  “ B(p'^, p^, t^) (4.10)

(2) Tit® physical rcquiretaeiit that does not exhibit
2a pole at t * 0 Implies that

I ill » finite (4.11)
t 0 t

(3) Tit© requirement that the melons carry unit charge 
tmposes the restriction

|W«|

rg(p.p’) M « •» 2p as t 0
fl

2 2 2Thus B(m , 8 1 , t ) "^ 0 for t 0, This con­
dition ifj in fact part of (4.11)

(4) On the meson-photon mass shell

rg<P*P*> ■ ®<p^> - [e<P^)“2(p^)J

where E(p^) ■ Z(p^) + B(p^, p^) (4,12)

For p -» 0 write

n  BiEL»yji!l . E.(p2,

•* (4.13)
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Thus

|2 _ 2 p' m
2 - 0

(4,14)

On the two-meson mass shell

r.(p.p')| 2 ,2 2 p >»p' “m
= (P+P')a [l + - (p+p')gi(t^)

(4.15)

This last equation defines electric form factor ^(t^).

(B) Vector case

r B
" * apv

with

Bb^v ■ (P+P')b[®l8, . v + V / v  + “s V C  ® 4 V i  + ® 5 ^ S l

+ <8bv*^-Sb^«:v>®6 * <Sbv'=j.^^S>®7 * ®bvP^®8 * V ^ ® 9  (4.16)

Thus

rai»v (x-m^y^ Gj^(x)dx 
(x-p^)(x-p*^)

+ <=-P''>SavPH]

(4.17)
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(1) The sytnmetry properties are

_ . 2 ,2 2. _ , ,2 2 ̂ 2. 
By (p ,p* ,t ) - - B- (p' ,p ,t )

®8.9 “ 89,8 (P’̂ -P^>t^)

®2,3 (P^-P'^-P^) “ -83,2 <P'^-P^’P^) <4-18)

Clearly only seven of the nine are Independent.

(2) In order that P have no pole at t̂  “ 0,apv

-tlm B.(p^,p*^, t^) 2 2
^2 ̂  Q ■■'-...... .... • B|(p .P* ) for all 1 except

^ i “ 6 and when
P^ 1* P*^ (4.19)

(3) Contracting out on the polarization vectors of one 
meson

Bb^v(P.P’) (P*p')b

■** **■ ®bpS^®7*'®bvPp®8
(4.20)
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so just siK form factors remain. Contracted out on 
the second meson polarization vector only three form 
factors survive*.

Vp'f)
+ ('^owp' ̂o-cr t|o) 0M 5 (4.21)

with

-g (t^) - 1 + B^(m^, t^>

Q, (t^> * -Bg(m^, m^, t^)

- Bg(m^, u?, t^) (4.22)

We shall call cH> and Q  the electric^ magnetic 
and quadrupole form factors (through the designation 
is not strictly correct in the last case). These 
must be gauge Invariant just like in the scalar 
case. In the static limit we obtain

(0) “ 1 (unit charge)

- K (magnetic moment In units of |^)

Q  (0) - \  (q + K - 1) (q is the quadrupole moment
® €in units of — 5) (4.23)

irr
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(Hi) The 2-partlcle contributions to D and A; General 

Expressions
In our calculations, the 2-particle contributions will 

play a crucial role. These are computed in this section 
with completely general spectral functions of for scalar 
and vector electrodynamics.

(A) Scalar electrodynamics

(1) Photon self-energy

-1In terms of the spectral function for D and the
form factor of P this reduces to

 Y J  (1 - (4.24)
6(t -n ) t

with ”̂ (t^) defined in (4.15).
(2) Meson self-energy

This has been computed before in ^3 for " 0 

and r r • For the general case it is convenient 
to separate the photon mass shell contributions into 

two parts; one part coming from the Fermi gauge
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2 2*®ab second coming from the
renalntng terae

in the photon propagator. Thus,

i Im A(p) - A(p) [x(p^) + Y(p^)J 2l*(p̂ )

2where the gauge dependent contribution Y(p ) 
equals

(4.25)

2(Here <p(p ) is the quantity which arises naturally 
in evaluating the phase space integral

(4.26)

Indeed the result with p • m has already been 
used in (4.24).) The Fermi gauge contribution.
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2X(p ), to Im A(p) equals

2(,‘

with E(p ) defined in (A,12). All in all then^
(A.27)

G(p^) U(p^) - p(ap^)l + (A.28)
2p P <P -m )

It is worth remarking that for a -*► ®® , (i.e. no
2time-like photons in intermediate states)^ <p(afji ) “ 0

and G is positive definite as indeed it should be.
2In the limit as ^ 0 (4.28) gives

g(pZ) . Z*(̂ ‘) t'(|>')l
2. k L K*- - J

(4.29)
with E*(p^) defined in (4.13)

The total number of unknowns appearing in the equations for 
A and D equals four (G(p^), G2(t^), E(p^) and "^(t^)). Thus 

besides the two equations for G and G^ we need two more.
These are provided by writing the two-particle approximation 
to r using (2.24) and are set out in §5.
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(B) Vector electrodynamics

(1) Photon self energy 
From the equation

[A*”) GjCO a “ ‘̂P®’ t̂vO-

we arrive at26 3
2

G„(t ) • 4 2 2
^ 24m^(t -H )

—  ̂-- ^  (1 . ) 0(t2«4m^)
t

(4.30)

with the form factors and ^  defined In (4*22)
(2) Meson self energy

A rather lengthy evaluation gives the following 

general expressions

- { 3  +

\ lt">‘|>’ 4»'b‘
(4JI)
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with

E(P^) - Zj(p S  +

Q(P^) ” -BjCp^. m^, 11̂ )

M(p^) ■■ Bg(p^, p^)

N(p^) - Bj(p^, p^) (4.32)

The first equation (4.32) is anfilogous to the scalar counter­
part (4.12). Further,

{V 4-mYV' ' ' '

(4.33)

where

Fl<P^) “ -(p^-m^)Z^(p^)-ni^Z2(p^)+|(p^-mV)(M(p^)+N(p^))+p^Bg(p^.m2. p̂ ) 

F . ( p ^ )  -  2 E ( p ^ ) + 2 p \ ( p ^ , n i ^ , P ^ )  -  (p^-m ^+p^)Q (p^) +  M(p^) -  M(p^)
(4.34)

2In the limit |i 0 as noted in (4.19) only E and M
are non-zero. All other form factors N, Q, B„, — * 0.

Z o
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2 2 Also in this limit, E(p ) ),

Fl<P^) ^  [Zi(P^) -iM{p^)] - m \ ( p h .

T^iph

Writing

2 Z j( p ^ )  -M (p^)

It
2 np 0

Sip. . Q- e t c . end E '(p") .  Hip h
2 . 0  ̂p * 0 (4.35)

rti

Q.(p‘) =
<4.36)

3ar.̂ (l>Vm')|7̂ (l>")|̂  - U|)^-W) I F,
+ F,V)F,'(p")

-  i  (|P-in’’f(p '’'Fm'’)|Fi(p’’)l*+ Fĵ (|>‘)FiI(f'')4-

(4.37)
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The total number of unknowns for vector electrodjmoiiics in 
2the limit n —^ 0 appears to be ttielve,

Gĵ. Ĝ . Gj. E(p̂ ).̂ (t̂ ),M{p̂ )jH(t̂ ),Q(p̂ ).'2,(t̂ ).N(p̂ ),B2(p̂ ).Bg(p̂ )

Besides the three equations for A and D we need nine more 
equations (from the two-partlcle approximations to the vertex 
function) to make a complete set.

S 5. Vertex function in the two-partlcle approximation and C~parts 
(two~meson. tx̂70“photon processes).
The Basic equation 
By considering < 0 | j(0) | p.q « <0 | j(0)| 2̂ ^̂ . ^ ^ 2  ] p.q

and PT invariance, we get

Im (A(s)r<s)) «> Re 5 A(s) P(s) 5^5^M*(s) (5.1)

0 « Im Ja(s) P(s) 5^6^M*(s); s - (pfq)^ (5.2)

One may extract from M the one-particle reducible parts in 
the s-channel thus writing

M - + r(s) A(s) r<s) (5.3)
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Using Im A * C (5-1) and (5.2) reduce as
follows :

Im r “ Re j Mj^j* (5.4)

0 - Im M(^j* (5.5)

To see the character of these functions, assume all amplitudes 
are scalar functions, Eqs. (5.4) and (5.5) are equivalent to 
the (two-partlcle) unitarity condition on •

Im 5  6 + B + " ( l ) *  + I !  V A l ) *  1 ^ ‘  °
and the equation

Tm P 5 « 1 \tan Q « = ___l-±r£ill.,„- /c 7X
™  ^ Rep « M *

This Is the homogeneous Riemann-Hilbert equation which has been
27extensively studied by l&iskhelishvlli and has the solution

r(s) • cX(s) (5,8)

where

(5.9)



44

The inclusion of three and higher particle states converts (5.7) 
essentially to the inhomogeneous form

Im r - tan 0 Re r + U(s). (5,10)
r

which has the solution

U(x)dx
x -b) ^ ) X(s) (5.11)

(A) Scalar electrodynamics
We will not'7 consider the t̂ 70 cases 5

9 9 2 9(i> r for the unphyslcal photon (t 9* 0, p “ p* “ m )
2 2 2 2 2 (ii) p for the unphysical meson (p 9* m , p *  “ m , t  “ 0)

(i) Unphysical photon
To make the problem tractable we must approximate to

]̂ (1)* crossing synmaetry for M, ®̂ (i) include the
one-photon contribution P (k) A(k) P (k). This contribution,
by itself, however does not satisfy unitarity; in fact for the

2 2relevant values of k (i.eo k < 0), ^(i) purely real
and thus needs to be supplemented by further terms. Tliese are

given by (5,6). Neglecting jim compared to Im

unitarity gives Im “ - [rc With Re •“ fA P
28in this approximation we finally obtain
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tan 9 - ^ 5^6^rAr (5.12)

Using the phase space integrals listed in the appendix, this 
works out as

0

e(t==, - 2g.CtW l   ̂ r ak==
2lt-lmTt^y 0 Imi - e  ^

4m2-t2 (5.13)

2 *• X 2where ^  (k ) and Z^~ (k ) are real for the integration range 
of k^.

Collecting all the relevant equations in the two particle 
approximation with the photon unphysical, the propagator and 
vertex function equations are

iln. Z^(t^) - I  (1- (t^)p (5.14)

- (4W - 4 w ^ J 7 " 11.*-)
1 (l:̂ _ J (5.15)

with the boundary conditions 2 (0) • "^(0) “
« #

(ii) The unphysical meson and consideration of C~parts 
The calculation is similar to the above. It is more 

coaq>licated in so far as gauge invariance demands a proper 
treato^t of two-meson two-photon (C-part) contributions which 
are involved in the intermediate states. Some remarks about 
the C-parts are therefore needed ;
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If P'; k') stands for a proper Compton scattering
graph (i.e. one meson Irreducible graph) it is easy to show 

29that"^^

k^C^b^p,p* ;k,k*> *• r^(p4-k, p*) - P^Cp, p' - k)

h^C^b^P* P*5 k, k*) - r^<p. p4-k) - P^(p* - k, p*> (5.16)

These identities can be represented diagranmatically as shown 
in Figure 6.

The symmetries obtained by C and P invariance are

“ C^^(p'.Pj-h.-k*) » C^^CpVp-.k’.k)
(5.17)

Similarly to the vertex function we may define a '*gauge cox'ariant*' 
separation

*=ab “ < b  + ‘=!lb “ •''”‘=8b ■ ° (5.18)

Now I itself consists of two parts, P and the purely 

transverse part (see (4.7)). Thus (kC^ • P - D  itself 
consists of tetms (kC^ m['^ - P ̂ ) and terms
(kC^® - r ®  -p®). Now,

Cx-^")Lx-Cp-k)^]
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80 that we may write
A A rdx(x-m ) G(k )N ,(p,p*;k,k*;x)

- 2g^,z 2̂ - 72—  ̂(x-p+k )(x-p )(x-p* )(x-p*-k )
(5.19)

where

Nab(p,p»;k,k* ;x) - 2g^^(x-p^)(x-p'^> + |(p+p*)|jk*g“(p+p')gk^^(p^-p*^)

r(p+P*)„(p+T>')u“l^k» "|(p2+p»2.2x) L. a D D aj (5.20)
B BSimilarly from f “ P “^7 write

Aft
Q b  (hi'';'*'''') - tnf'X >iib v'*w - B(pb'‘, v'7 k')]' 

k
+ U  B ( R ‘ K; k')]

{B(Fn:* f , k'*) - 6 (|,̂  ̂ '-k‘ k'̂ )j 
k.

(5.2X)
The expressions (5.19) - (S.21) for C possess sll the requisite 
symmetry properties and together give the P dependent part 
of C, It is this part whose inclusion in any calculation is 
necessary to preserve gauge invariance.



48

We can now return to the discussion of the vertex function 
with the meson unphyslcal. At the outset we set the photon 
mass zero so that

P a ^ P . P * )  j “  ( p ^ * ) g Z ( p ^ >  -  < P ^ - m ^ ) ( p - p * > ^ E » ( p ^ )
l p » W
t^“0

Clearly

<P-P*)» r«<P»P*) • <P^-m^)Z(p^> « A“ Ĉp) anda a

(p+p'>a rg(p.p') - 2 { p W ) Z ( p ^ ) - ( p 2 V ) ^  E'(P^)

ApproximatHh|̂  to in (5,4) by the gauge covariant combina­
tion31

» . p* AP* + C**
"(1) '

we obtain (after a lengthy calculation) for the vertex function ;

r-v

i:
(5.22)
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Equations (5.14), (5.15), (5.22) and (4.29) together with the
2boundary condition Z(m ) •» 1 complete the set of two and

three point function unitarity equations. Before closing
this section, it is as well to be reminded that (t ) and 

2E*(P ) 85̂ ® themselves boundary values of the same function
B(p^.p*^,t^),

-g(th - 1 + and E'(p^) - ,

and that the full stability criterion (relation (2.6)) specifies 
for these the boundary conditions

H  p^E*(p^) it (t^) m 0(1).
2 2 p ->>00 t oo

(B) Vector Electrodynamics

The exact unitarity equations for P are far too long and 
complicated to write down in full generality, particularly 
with the meson unphysical. This is on account of the large 
nuiriber of form factors involved and the need to include the 

C-parts properly for preserving gauge covariance. The problem 
is slightly more amenable with the photon unphysical because 
here one deals only with three (gauge-independent) form factors 

, tMa 8nd Q  as defined in Eqs, (4.21) and (4.22). Nevertheless
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the general expressions for Im , Im vMd and Im Q  in terms 
of % ,  vM j and Q  (given by the one photon exchange approxi­
mation to as in the scalar case) are still very compli­
cated. We shall content ourselves here by stating the unitarity 
equation for Im *§ (the simplest) .

I - it (ii.‘)8 - 1 ,1 ,1 ,5)

+ Ii,)- I.tli)}

+ 4 (V.') It (Is - 17) - I,X, (I, I« - lili)}
t  ( I m ' I s  ■ I t )  -  L |  ( 1 1 , 1 , 7  - 1 <  I i  - 1 ?  I 1 5 ) }

-Rt<a (!:■■) (at'+k'-- Ij (iiii-i)ii)a'ft')|
(-2t,Cv.‘)aCk‘)r3(iii,i'i,L,l,.)

4<H(k')a(k‘)[ 1^(1414 - Ijl,) - Ijlj)}

(5.23)
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The I*s are single traces of jd(p), ^(p*)» d(p-k) and d(p*-k),
2and are listed in Appendix II. In the region of large t we 

get

h m  -§(th /2-i

32mV 5
V  k'̂ (kV 3t')[i V ) ' f i
- 4Kn'(i'-+k')>t(k')̂ o«‘)+zt'-k‘u ’+t'-)J4(k’-)a(i»'')

s

(5.24)

This equation together with two similar ones for Im lAtand ImS, 
and Eq. (4.30) for Im  ̂ completes the two-partlcle unitarity 
set for D(t) and P(t).
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Fart III

The two and three particle Green's function equations of 
Part II are solved (In the gauge approximation of ̂  2B) to 
obtain eKplicit expresslems for D, A and P ^ in ̂  6 for 
scalar electrodynamics and in §7 for vector electrodynamics. 
Also verified is the statement that the full P (in the two- 
particle unitarity approximation) behaves similarly to P 
In § 8 we go back to the Dyson-Schwinger equation for A and 
show by actual substitution tlmt the unitarity solutions of 
I 6 and § 7 satisfy this so far as the high energy behavior 
is concerned.

§ 6, The Solution of Onitaritv Equations for P. D and A for
Scalar Electrodynamics
For scalar electrodynamics we are dealing with a renor-

malizable theory. One solution (the perturbation solution)
of the equations is well known; it involves (for A. P and

2D) a total of two subtraction constants (Z(m ) * 1, 2^(0) • 1). 
In this section we attanpt non-perturbative solutions; these 

will serve as guides for the more complicated case of vector 
electrodynamics. We also find that the photon subtraction 
2^(0) ’m 1 is not really necessary.
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(A) Meson eaiiattcma
Rewrite the meson propagator equation ih,29) In the foxm

Im -* tan 7 Ra Z“^(p^> + ll(p̂ ) (6 .1)

where
Re ^ C B„ p ,.aJ„ 8(p* . ^2) E'(p^)

«•“ -____   E_____________________    (6 Z)

p

„(p2) , . aCiL£.J l J a l i : .̂ P^. (g.s)
2p^ Fl 4 lo E*(p^)lL p J

2The equation for E*(p ) has the form

where for large p
o

to (p* - m*)E'(p*) - |Z(P^) I ^ f(p^) (6.4)

2

I(p*) «  r  <1* [a (*) +  [Re Z'^p*) 2*(p^x)] B(*)] (6.5)
-I

wtth A(x) - 2 S - ^  B(x) - t 1

2Note U(p ) ■• 0 for the special gauge a •• 3.
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0slng I&istsliell8hvlil*s result^ (6,1) has the formal solu-
»1 2tion (subject to Z (m ) ■» X),

.2 2

where

, 2,.X(p ) •* esp

Also from (6,4)

f r  ,6 k ,
L  ^ (k  ■» p^)(x -

In writing (6.8) we have asstaaed that the vertex function for
scalar electrodsnoamics needs no extra subtraction besides the

2 2 2 one at Z(m ) ■* 1, Since f(p ) — ^ constant for p <k> ,
2this asstm^tion is equivalent to Z(p ) -̂  0 at least as fast 

2as 1/lnp , We naist now show that the expression (6,6) for 
2Z(p ) Indeed does confirm this.

To see this, note that if (6,8) holds, (p^-m^)E*(p^) Q#
so that o(p^) — ^ constant and tan y(p^) — ^ 0, Therefore 

2X(p ) in (6,7) constant apart from a possible logarithmic 
factor, &it (whatever this factor) for a # 3, X(p ) times

(6.6)

(6.7)
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the integral within brackets in (6.6) must increase at least
2 32as fast as (In p ). This is precisely what we set out to 

-1 2show for Z (p ) (compare ^3, Eq. (3.16)).
One may now set up a detailed iteration scheme to solve 

(6.6) and (6.8). A wide variety of schemes are possible 
depending on what we take as the effective coupling constant; 
a particularly convenient scheme is to go back to Eqs. (4.29) 
and (5.22) for E' and Z and to start with the first 
iteration P = defined in ^3), i.e.

= 0 writing the higher iterations as follows,

2m /p

dq'
2(p -m )

o  2 22m -p

(6.9)

titysiT'

J
:

(6.10)L
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At each iteration stage Eq. (6.9) itoproves Z(p ) and
therefore P ̂  1 , while Eq. (6.10) gives the corresponding

B A BP ( P » P  + P ) o  The starting expressions from (6.9)
are

i  Im - - -S.(P..r-a ,) (a-3)(p* + m^)
' 2p

(6.IX)

giving

-1 1 + b Lm^  (X - ^ )  In (1 - ^ )
p m

(6.12)

ie precisely the expressions written down in § 3. In the next 
order of the iteration, substitute (6.12) on the r.h.s of
(6.10), This gives ~  Im E*^^^ which in the limit of large
p equals

U

- I m E  <P \ >

-P

2a 33
2 n

|a(3-a) In
m -I

(6.13)
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Using the dispersion relation (6.8), we get for

(p^ - ^ j  (6.14)
ĵ o<3-a)^^ In ^

Collecting all terms, this means that the ’’first order” 
correction to the full P equals

lEtE 'Ja—  . ---. . ( 6 , 1 5 )
P' " "■ S S ^ I  £  fO-«) In« 2 2 m
t •» 0

As expected frcxn the earlier discussion, the correction
2term (for the fullp) P » behaves asymptotically in theo

A 9same way as the initial term P  ~  (p + P*) /In P • If we
(1) * 2insert e '*̂ ' (p^) (ie the full T ) of Eq. (6,15) into (6.9)

2 Awe obtain Z(p ) (and therefore P  ) to the next order ;

i  Im 2------5- r 1 +
a(.-3) m 2 (4 ) ^

m

or Z^^^*'^(p^) 1 -I* 2lSl2l 1̂ (2^) f i + ^
m L (a-3) J
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which has exactly the same foxm as (6.15) apart from an effec*
34tlve change in coupling and this behavior will persist in 

all higher orders.

(B) The photon equations

Like the meson case, we first set down formal Hilbert- 
Ikishkelishvili solutions for the photon propagator and vertex 
equations and then construct explicit expressions for D and 
P by an iteration procedure where (as in § 2B) the iteration 
starts by assuming f • . Rewrite Eqs. (A.2A) and
(5.13) in the form:

(6.17)

Im (t^) - tan 0(k’') Re (t^) (6.18)

where from (5.13) , tan 0 ^  o6  ^^3 .( (6,19)
o J k -t2 ^ o o  0̂0

The boundary conditions are 2^(0) ■ "§(0) « 1 while the

stability criterion specifies that (apart from logarithmic
a 2 2factors) at worst g (t ) ^  1 for large t .



59

Now the Huskhellshvlll solution o£ (6.18) (incorporating 
*i>(0) ■» 1) gives

- e*p ^ 9 (x)
(x-t^)x

(6.20)

Now apart frcwi logarithtaic factors this behaves at infinity 
35like'

, 2 2  4m -t
24m

IT (6.21)

Since from (6.15) 9(«0) 0, it is clear from a substitu­
tion of (6.16) into (6.13) that ** (1 - <oP.

Also it is perfectly possible to write an unsubtracted
2dispersion relation for ^^(t )

-  ( A  r* “  T m  , (6.22)

provided o satisfies the boundary equation 

1 -  23(0) - 1  [ d  - ' i i a i !  a. (6.23)

To see how the unsubtracted integral (6.22) behaves, con­
sider as an example the case p » 0 discussed in Footnote 35.
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If ■5 l/(t )^» (6,22) gives(apart from logarithmic factors),
2

1/t ie. The photon propagator constant for large
2t . Intrinsically there is nothing in the discussion so far 

to preclude such behavior (the stability criterion is still 
satisfied since ^"S^l); however (in spite of the attractive­
ness of the eigen-value Eqn, (6,23) we do not feel warranted 
to entertain an unsubtracted dispersion relation just from a 
discussion based on the two-particle unitarity approximation 
with one photon exchange. Taking the •''•"'ervative attitude 
that the dispersion integral for Z^(t') needs one subtraction, 
we write

-1, X -P, , xl 2
, a  . 2 \ „  4..13/2 I 23-^0 % ( . ) | dx

(6.2A)
Z ( t ) » l - - ^ t  ^ ( 1 - )  2

® 'J x(x - t )

-1 2so that apart from logarithmic factors Z^ (t ) 1,
Like the case of meson equations one may now set up an

iterative sch^oe to solve (6,20) and (6,24). One attractive 

scheme which is fairly close to perturbation solution can be 
obtained by writing (6,18) in the form

i  Im - tan (9 + 9) Re

ImZ (6'25)
where tan p — r— y

Re Z2"̂ (t'̂ )
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AssiHBing that the fine structure constant (2ra) is small so 
that tan (9 + 0) ^ 0  in the lowest iteration, a first

approximation to (6 .20) which incorporates ^ ( 0) « ^3 ^®^ **  ̂

is given by

Substituting this on the right in (6.24) we get

i Im "3- (1 -
L h(t “fj. ) t

so that

4m^ * C6*26)

2which for 2^(t ) gives precisely the usual perturbation 
expression.

For hi^er iterations define

2 3/2
i  Im Z^^’**'^^(t^) « 7  (1 - - ^  ) 9 ( t ^ - 4 m ^ > ^  (6.27)

0
I lm^^"^^^(t^) >■ r dAe^"^(t^)i^^^^k^)Z^"^ \k^)

2 (t -4m t )^ J ^
4m^-t^ . (4m^-t^-2k^> ( 2t Vk^-4m^)

(4m^ - t^)k^
(6.28)
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with Notice the similarity of the iteration
procedure to that adopted for solving meson equations„ The 
approximation is essentially the statement
tiiat r  - r_p] Inserting as given by (6,26)
in (6,28) and (6,29), we obtain in the 'hiext order**

i  Im r  ^^2 l t V 2k b .q t W j.
2,2 a in(4 )J-t2

m
a In C~^)

(6.29)2 ,t:a In*" (■*̂ ) 
m

00

2C- ( . -11 |S-_-_ ,-   Z2__ (6.30)
a(K-t )ln- (-5) ^

4m m “ ' Vm

Tills Q 2 f" B *1is expression for (t ) i,e f* j is to be compared
A  'V.'J''?  ̂  ̂̂  ̂  ̂ ,—1  ̂* j 0'\/' ,-V.,

a In (*^)

The magnitude of the "correction" gives an idea of the "effec~ 
tive expansion paraoaeter". So far as the behavior at infinity 
is concerned this is
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Ita , (11- %  1« t^) - (1 f I  In t h  _ ^

with and given hy (6.26) atKJ (6,30) respectively.
The ixoportant remark is not the size of this “expansion para* 
meter” ; what we wish to stress repeatedly is that our major 
concern in this paper is with the hij^ energy behavior, and 
a consistent and stable behavior is being provided by our 
iteration procedure which starts with j' « (ie “•

Sumaarv
To summarize the work of this section ^

2(1) We have shown that Z *» lim Z(p ) *» 0 for all a > 0,
2p

a 9* 3o
(2) We have obtained two solutions for the photon equations; 

one of these corresponds to the usual perturbation 
solution with one subtraction, the other is a new 
solution and exists only for special values of a, 
provided no subtraction dispersion relation is valid.

In this paper we do not wish to choose between the 
alternative solutions.
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(3) For eitiier case a good first approximation to P is 

provided by

2 (p, -p'

••1 “1 r
n, » n • L  “ J

This expression has the merit that the two«particle
photon (propagator as well as vertex) equations are
identically solved for P « . This is not true for
the corresponding meson equations, but a simple itera-
tion scheme can be set up which starting with P .
computes the full P out in successive stages. A

(o)convenient lowest Iterate for A' ' is given by

r 1 + (1 - 4 >  In (1 - '
L  p m ^

The corresponding iterate for (for the case
when we allow one subtraction constant) is given by

. [z - 1 + ̂    O  - ^  (6.26)
x(t -x)

4m
nAIKiis p has the property that when any pair of particles 

is placed on the mass shell its aoymptotic behavior 
in the unphysical axxnenttsQ k( * p, p* or t) is

(6.12)
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^ In ^ In k
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(6.32)

with constants Y  and 0 proportional to the fine 
structure constant 2ro. Ihis characteristic behavior 
is always retained in every subsequent iteration where 

and are replaced by and .
This ssKoe behavior is exhibited by any iteration to
the full p  (on the ttv-o particle mass shell) —  i.e.
B AP behaves in the same manner as P for large values

of the momenta.

i 7. Vector Electrodynamics
(A) The power of the stability criterion in specifying acceptable 
high energy behavior of A, P and D is first really exhibited 
in the conventionally unrenormalizable theory of vector electro- 
dynsBQics. A full discussion was given in 1; we summarize the 
conclusions,

The Dyson equations for A are

' p - m /  ' p - m  /

m + Tr (e, • (7.2)
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Since by definition

Z « lim Z^Cp"") and Zm^‘‘ « lim ^ (7.3)
2 2  ̂qqp — ^ oo p -> ̂

the second terms on the right of (7*1) and (7.2) naist approach
zero. Now a sufficient condition for P «  1/k to hold 

A(with r for exffaple defined in (3.28)) is given by (see
I. (2.21))

lim p^ «  Z^Cp^) (7.4)
2p 00

There are two distinct possibilities
W  Either Zm^^ is finite so that (7.1) must be solved with

2 1the boundary c<mdition Z^(p ) »  — (i.e. Z • 0)
LB] or Z 5̂ 0, but Z^(p ) «  p . For this case the equations

2(7.1) and (7.2) naist then be carefully interpreted and m^ 
must be intrinsically quadratically infinite.

For case we expect therefore

A » 1, P ̂  1/p

For case [B] ̂ A «l/p . V
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These two will be called the vector and the scalar alterna- 
40tlves respectively« The two alternatives are differentiated

by the number and character of subtraction constants.
r 2In J 7B - 7E we assume m^ oo and Investigate In

detail the "vector alternative” turning briefly to the "scalar 
alternative" In Appendl:? III. It appears that the "vector alter­
native" gives results similar to lowest order perturbation theory
for the propagator A though not for P . The "scalar altema- 

2tlve" (m^ «at oo ) if It exists has no correspondence with the 
perturbation solution for A or P  »

(B) Using Mushkelishvill methods we may (as for the 
case of scalar-electrodynamlcs) seek to find (formal) solutions 
for the set of equations for A, P , and D, and thereby 
verify that

(7.5)
t p

Alternatively we may use the simpler procedure of  ̂2B; le
n  A Achoose P  which satisfies P ~l/(ap4bp*) and check from

the equations (4.31), (4.32), (4,30) that Z^, Z^ and D

as well as r (on two particle mass shell) do exhibit
the behavior (7.5),
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On account of the cc«Bplesiity of the equations for vector 
electrodynanics xm use here the simpler procedure of  ̂2B»
The required acceptable form for d”] will be

constructed in stages» first by considering the photon equa­
tions and then the taeson equationso

(C) The photon equations
Since the spectral function is gmige independimt and 

positive definite^®, one can use Leliaann^s theorem directly.
This states

Z A t h  « m 0(1) (7.6)
^ t
2 ^

implying from (4.30) that t^^(t^), t^H^t^) and t%(t^)
41beliave in the like manner at infinity.

2 2 2The stability criterion (on the mass shell p •• p* » m .) 
licwever gives relations like '^(t^)Z2*^(t^) 1/t^. Thus
for consistency one needs

»  s  Ith -» (Ms (t^) »  1/t^. ^(t^) W  l/t* (7.7)

for large t^.
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Rewrite now Eqs» (A..30) and (5^24) in the form

Im -a 4-..] (7.8)

ImCZ^*^) « tan 0^ Re(Zj“^ )  + tan Re (Z^’ĵ ,) 4- .. (7.9)

* tan Re(Z^'^> 4̂ tan 4* (7.10)

with a similar equation for Here tan 9*s are compli­
cated functionals of 2^. ^  Just to examine
the structure of these equations» consider (7.6) and (7.7)
only. If cH? ^  are treated as unknown functions, Eq,
(7,8) has the inhomogeneous Jfeikhelishvlli form

In. (.ẑ '̂ -g ) - tan 8 Re(Zj'^) + U(t^)

i^ccordlng to Ifuskhelishvlll results the (homogeneous) equation 
possesses a solution vanishing at infinity like 1/t if 
and only if the phase change r. This then is
the (gauge-independent) restriction on the possible values of 
the constants of the theory like a and the observed magnetic 
moment K.

This condition and its implications in terms of CDD poles 
and bound-states (Levinson’s theorem) will be discussed in a 
separate paper. Assuming hower the behavior (7.1) we may
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approximate P P  ̂  or equivalently as
follows t

A r 9 fDefine [ Z 3 J - A Z^Ct^^) J - f
G-(x)dx 42

t  - X
<7.11)

and take as the first approximation

i - . d/^ - H)* [ 2 3*] -K'S.*(t^). S , - S , * - o  (7.12)

where A is the noinaaalisation constant
specified to ensure ^(0) “ 1. Using p  <• P  ^ from (7.12), 
equation (4.30) reduces to the form

1 - 1 2  i  to Z3 \t^) - -
/ 2 3/2 a 4m s

 g-2r24m t t

(7.13)

If k • 1 (normal perturbation theory has such a magnetic
moment) we notice that the bracketed expression in (7.8)

2has a less singular behavior at large t than for any other 
K. For reasons stressed further when we consider the meson 
equation, we consider a general value of W. In that case, a 
solution of (7.8) (exact in the asymptotic limit) can be con­
structed by first neglecting Z^ on the right side and solving
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for a constant 2^(0)- Thtls gives (allowing for one subtrac­
tion constant 2^(0) • 1),

7 " - - ’ ------------
(7.14)

«. 1 - — ^  h>.
24m (Z^*(0)) jEhs

To obtain Z^'CO) in (7,14) all we need to do is solve the
equation which it provides for itself  ̂ viz

v\Vl
Z *’̂ '(0) - Z,'(0) - — T— 2 j f  '
 ̂ * 24m^(Z,'(0)) J X •iKx C'<'iw) + xU+

(7.15)

2 ^Clearly ■^(t ) ^ ... ..... — - . The electric and magnetic
3^2 , 2
a t In t

form factors for spin one electrodynamics for the caae K # 1 

are therefore highly convergent quantities. The solution

(7.14) was obtained by neglecting Z^ on the right of (7.13). 
The form of (7,14) shows that this neglect was perfectly justi­
fied if we want to get the asymptotic behavior. To solve (7,13)

43exactly, substitute (7,14) for Z^ on the right and iterate.
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So fur vre have not considered (5.24) for the full vertex 
function • We first verify that if the approximations 
g -  ^  M/" [Zg] With given by (7.9) are
substituted on the right side of (5.24), the full g  behaves 

similarly to L^3l* Explicitly a lengthy calculation 
gives

A  Im l(t^) |-g r dk^ z *^(k*)g^{fc2)Re|(t^) . ( A 2k * ) ( t W )
32m t J

-t^ [-4t^( A2t^)«l*8k*(t^4-k^)l< 4- 2t^K* ]

m

a t

k dk m ....... 5-----» ^ - 5 -----------  (7.16)
In t In k r  9 « 9

a^t"^(ln t*̂ )̂

and M s  exactly the s«se fethlvte as Xm . Ukewise
we have conaauted Im and and have shown
that the form factors tend to zero in the expected manner 

it l/t^( Ih t^)^ and l/t^(ln t^)^ These were some of the 
most lengthy and arduous calculations of this paper and the 
verification of the stated results was a CCTOseauence of a 
noiaber of caiKtellations iditch could not have been forseen 
when the calculations were first set up.
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To obtalo Re , Re and Re2t» one can write down 
dispersion relations. On account of the rapid convergence 

of %  * ^  • dispersion relations for these quantities
need no subtractions* If this is the case, the three conditions

^  (0) - 1 - - i  ̂  dx (7.17)

>H,(0) - K - - ^ jllrftsi dx (7.18)

^ f t & s l  dx - 0 (7.19)

(bhe last necessary in order that ^<t ) satisfies the 
stability criterion and exhibits at infinity the behavior 
Xft ), determine three equations for the three unknowns 
a, yL and the (physical) quadrupole mcxoent q, introduced 
through the definition

2| « . 1  4. 1 . K
m ^ ^ see (4.23).

Conditions (7*12) • (7*14) are the analogiULes (for our iteration 
solution) of the exact Muskhellshvlli restrictions mentioned 
earlier on the phase-change 09

»oo
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(D) The meson propagator and the final form of T ̂

We follow the procedure of § 7C and examine first Eqs,
(4,31) and (4,33) for indications of high energy behavior of 
A and the full P . Unlike the photon case the spectral 
fuiu:tions and are not positive definite except in
the radiation gauge. Thus we cannot use the stronger form of 
Lehmann’s theorem. However the equations have the form

Im a [̂ p̂  + terms involving Z^ Hf, etc,"j

Im Zg ^ ot + terms involving Ẑ "‘̂ Z^t Ê, etc ̂

so that barring a cancellation of the leading terms within

the brackets 3 » ®®y expect Ẑ  ̂ ^  , Z^ »  1.
PThis is (partly) confirmed if we consider (4.31) and (4.32)

as they stand and impose the requirements of the vector altema~

tive (see ̂  7.A) »e. ^  5 Ggdx < ̂  ( 7̂  and
2Zm^ finite). This would need

Zĵ  -»E -Si (v\ ’»  P̂ E* -Si p̂ N* «  pV  1/p̂ . ^2 ^

or equivalently A '**’ 1 and P  ^  l/(u* *♦* Pp*).
We are now in a position to specify a form for \_L, d"]

The tentative form suggested in Eq, (3.28) satisfies Ward’s
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identity but behaves unacceptably like —  «f — , * It also hasP P
no functional dependence on the photon propagator D. Both 
these shortcomings are sinniltaneously removed provided we 
replace in (3*28) the factor

8a. k .  V ^ >

8av *’5' [Sav + (1 -

and p^pJ(pH>')a by p^p;(p4u')^ (1

44Writing out in full, we propose to choose

-

(7,20)

rt /VWith this P , the meson equations reduce to the form

V

i l m  z -\s) - SSlfrfl <s4«2)
^  ̂ 24m s"̂

9  9  9  9 9 9  2 ^3a<s4m^>^ - 2(s-m‘‘> -3(s^+10m^s4m )

4- 2(s-m^)^ <16M(̂ > /(7,21)
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1 1„ ZjCs) - 2&a 8
3am̂ (s+tn̂ ) |z2(s)ĵ  -3(s-3m̂ )|Fĵ (s)|
-2( s -m̂ ) ( 2s+tn̂ > ReF*(s) V^is) f (s+»̂) I hi^)[

(7.22)
where

Fĵ (s) « .|(s-m^)(2-lOZj^(s)-m^Z2(s). FjCs) - <2-K)Z^(s)

Whereas Eq, (7,21) is inffiiediately soluble, the sane is not 
true for (7,22) except in the special circumstance K *« 2,
corresponding to the fully symmetric Salam-Ward-GlashowA5electrodynsnilcs. For simplicity of solution we might fix

Aon K *» 2 to determine y , other possible values being 
treated as a perturbation. For 1̂ » 2, Eqs. (7.21), (7,22) 
reduce to the fomr

(7.23)

2 “1 
i  Im Zj^'^(s) - 0(s-m^) r3(a-l)(s4m^)^-s(sVl0m^s4m^+12(s-m^)^

24m s L  -J(7*24)
~  Im Z2”^(s) ■* - O(s-m^) |^a(s+m^) « (s-3m^)"^

"*XSince Im Z (s) cê s, the dispersion representations for 
A will Involve one extra subtraction constant other than

(7.25)
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Z^(m^) “ 1. This will be taken as Z(0) Zĵ (O) *
The equations possess the following solutions

„ -1  ̂  ̂ T . 2. ri-z*^(o> s r ^®^1Z- <s) - 1 + (s-m ) ---- \ -----=-|_ ra Jg x(K-m )
in

1 + sjs q fdK (Mtn^l r3(a-I)(3H-3m^n
m 2Am J x (s-x) l  +(10x-3Am^)j

^  ^  ri-z“^(0)] - In (-^) (7.26)
m "* 24m m

^1 .1 s f ImZ “\x)dx
Z- ^(s) « Z •\o) - I  f2 TT X(S-X)

2m

oo

Z'hoy +  ̂  f [a(»h»2)-(x-3m2)]
'J CS**XjX (s-x) 
2m

«  z“^(0) + M f Z..U  In (|^) (7^27)

Clearly Z ■» lim Z-(s) * 0 for all a ^  0. Surprisingly, s oo ■*•
however Zrn^ * lim Z2(s) is also zero for this particular

S ^00
approximation.
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To treat the case of arbitrary K! la not difficult.

With the solutions (7.26) and (7.27) as the basic solutions 
a simple subsidiary iteration of (7.21) and (7,22) can readily 
be set up. We shall not write down the resulting expressions.

(£) Summary
To summarize, vector electrodynamics is a finite theory, 

provided the following insertions are made in vertices and 
lines of irreducible diagrams for all Green*s functions 
other than P  , A and D.

r- r*-
+ p^p;(p+p’)b 3  ■

Ogb‘^<t) “ - ta«^/a- (7.30)
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A convenient first choice for Z y  Z^, Z^ and ^  is as 
follows

„ -1,.2. , at^ f dx (x^4-20m^x4-12mS »,vZ- (t ) « 1 -----  \ U  “ ~ )   2 2 (7.31)^ 24m^ J ^ (Z.*(0»'^<x-t^)
4m2

f ,2. ==3<"^> C
I  (, ) - ^2, (7.32)

00
_  -1. 2, 1  .  (p^-m^)Cl-Z~^(0)l +1 J  ~ 24'«‘ J xUj.'-x) __® ' j;' ' (7.33)

P^J(P^> - (p^-m^)Z^(p^)+m^ Z'^(O) + ^.-1
»vs

0® . 1 I3ap2 f i*X [« -w") r.  ̂ '
8 \ siŜ .v v\l

(7.34)

AATo complete this set we also write down C (computed frcxn
of Eq. (3.1%) as in the scalar case)

C**(p,p'lfc.k') - Z - ^8ab®pvl

f \buv^P*P* ;x)(x»m^)^G^(x)dx
J Q?-p^ [x-(p+k)^[x-p»^][x-(p*-k)^

,  -^(x)dx
[^x-p^^|x-(p+k)^^[jx-p*^^[x-(p’-k)^J (7.05)
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where l( Is the total magnetic moment, is defined by
Eq, ( Slo), and 6^ are the spectral functions of the 
meson propagator introduced in Eqs. (3.2-(>) and (3.^^),

+ [8bM.K*®bv"il[< 2k -p ^-p ' ̂ ) (p+p' ),+k'(P^-P ’ ̂)] (7.36)
and

'^ a b p v ^ P - P ’ *''’ ’^ ' ! * )  “  (*-P^)(i:-p‘̂ ) [ g a j , S b v l ’‘' ^ P ' - ‘'> ^ i+ 8 a v 8 b p l’' ’ ^P^*'^^}]

(p+p *+k* )gp^gj5^<x-p *̂ ) 

4-<p4-p *+k)^p* g^^(x-p^)

[x-(p’-k)^]

(p+p*-k*) p»(x-p )
Q  V

+(p4-p*.k)^^p^g^^(x-p*^>

[x-(p+k)^]

(7.37)

These expressions provide a first approximation based essentially 
on two-particle unitarity. These can be improved upon, within 
the two-particle unitarity system of equations and also by 
incorporating higher particle states. Any improvement means 
a reccxnputation of A, P and D by the methods described
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in § 7 and Is a toajor undertaking* It is however a perfectly 
feasible undertaking. The general procedure has been described 

already in f 6 and | 7. It will be suionarized in a practi­
cal form again in part IV, where also we discuss how good an 
approximation to the full theory is obtained by just the 
ansatz of using (7.28) - (7.34).

I* B. The Dvson-Schwinger Equations and the Unitarity Solutions 
Just to make doubly sure, we go finally back to the 

Dyson set for the basic Green’s functions. We saw that the 
unitarity equations for A and P  in § 6 and  ̂7 were rela­
tively easy to solve. The corresponding Dyson equations are 
much more complicated; also as mentioned earlier any truncation 
of these results in equations which do not possess even approx­
imate unitarity. Rather than solve these equations ab initio, 
we show in this section that the high energy behavior exhibited 
by the unitarity solutions is consistent with the corresponding 
Dyson set. This will ease our conscience.

In the equation P  “ zf^ (2.10)

approximate to K  by the gauge-covarlant expression
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K -  jjrApAP + P ac + c a P ^  D <8.1)

w h e w  C Is the proper Compton graph. The choice of yC is 
the closest in Dyson-Schwlnger terms to two-particle unitarity.
Since

.2
t.K - «(2t)* T(P» P-k)A(p-k)P(p-k, p)D(k)

“r<P*»P**'k)A(p*-k)P<p*-k,p')15(k) (8.2)
we obtain the followit^ equation for A*^

2 p
a ' \ p ) - ZA "^(p) -^^— r  \d\r(p.p-k)A<p-k),D(k)r(p-k,p)

(8.3)

(A) Scalar electrodynamics
Writing

ra<p.p') - (p+p')a[s,b*<P^-P'^)-'’ab^t)»Cp^P'^.':^)] (8-4)

where

A(P^.P'^) - ^ (8.5)
P - P*

equation (8,3) reduces, when p is time-like^to the form



83

. 2X dydz<p(x» Vp z)A(y)
4k (2t ) t p W ^ )

 ̂ 2 - H- I

^ ^  . cx - 3f
Z i N  * (8.6)

Here

2 2 2 2 <P (x»y*z) " X  4- y 4 2 -- 2x^ « 2yz - 2zx

2 2 2 with X “ p » y * (p“k) and a « k

(8.7)

(8.8)
p is the photon toass and a specifies the gauge.

Using now the iteration procedure described in ̂  6 and 

starting the approximation as in Eq. (6.9) with

B(x ,y.z) • A(x,y) [ 2^(2) - ij

equation (8.0 reduces in the Fermi gauge (a •“ 1) to

-J£-3Wdz.(x.,..)4(y) 1 _4x(2t)-^J L * y  J  z-^^+i .

2, . 2 
Xi2l . -JL-. -  l2=Zl2 z ]

(8.9)
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To recover second order perturbation theory, make the usual 

approximations on the r.h.s,^

Zj - 1. 1.̂  - ^ ^ W - A  .̂(yj . 1. nils gives

- 2A -^(s) - fdy dz sLr.M)LzrZ:^-t^ (g ^oj
° 4x (2tt) j <e«p -f t€)(y-m 4-ic)

2For p • 0 this verifies the well-known result

~  Im A*^(x) “ - ® (8.11)
tT X

More generally neglecting the radiative corrections to the 
photon line in (8,9) (these give rise to inessential complica­
tions), the equation reduces to the form

xA"^(x) • xZA^‘‘̂ (x) d3«(x,y)A(y) [a“^(x) - A“^(y)]^ (8,12)

where K(*,y) *  (8.13)
(x-y)

for large x and y. As in the conventlpAal Dyson trealmient 
we shall make two subtractions before considering the conver­
gence of (8,12). This is achieved by using the boundary con­
ditions
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(8.14)

which filially give for A 

A

-1

■^<x) « Z
-1

2)̂ ®ia J

+ ^  <3y)^x.y) A(y) |̂ A“^(x) - A"^<y)]

with

X i   L
x(x-y)'

(8.15)

(8.16)

Clearly

~  Im A*w ^ ( x )  X  X  C — ^
J(x-y)

XinA(y)|Re2[A” (̂x)-A*’̂ (y)] |A“ (̂x)-A‘^(y^j

+2ReA(y)RejA ^(x)-A (̂y)*j Im|A*’̂ (x)-A'"^(y^
(8.17)

Inserting on the right of (8.17) the unitarity asymptotic values

~  Im A(x) «  5(x-m^) 4* ̂

Im A ^(x) a  x/A In^x

A(x) -X Re A(x)
X (8.18)
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and using the follmv^ing results

49
n > 1 (8.19)J (3:-y) lo“y (In x)

a

QO
 ^ m  CCjgjXn^l)

7 n n } ® ‘(x-y) In y x(ln :t)

we check that Integrals appearing in (8.17), integrals like

 ) L _ i
'J y(''’-y) [ In K In yj

2are precisely of order 1/ln k . This verifies that for large 
x we do Indeed recover back the unitarity solution;

“1 2Im A (x) «  x/^* In x. This argument does no more than verify
asymptotic self consistency; it is impossible of course to 
make any statement about matching of A* with A in (8.18)
without fuJly fujlving (8.9)."'

(™) Vector electrodynamics
Tlie Dyson equations for the longitudinal and transverse 

parts of the meson propagator are much more coaqilicated than

(8.20)



(8.21)
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In the scalar case but can still be written in the form •

»^yd2K(x,y,z)Jj^"^(x)-A"^(y^ A(y)^A‘‘̂ (x>-A“\y) J *I-Zx̂ ” (̂x)

2  ̂ , v2 .2X “ P . y ■ (p-k) , z •» k .

To show that the asymptotic solutions of (6.21) are correctly
described by the unitarity solutions of ̂  7, we shall concen­
trate on the transverse part of A. Equation (8.21) may then 
be reduced to the form

x(x-m^)Z^(x) «.^dyK(x.y) [(x-m^)Zj(x)-(y-m^)Zj^(y^ ̂ (y-m^)Z^(y) (8.22)

The kernel R(x,y) arise from quantities like 

Tr ^d(p)je(p*)^ and it has tte form

t  pxy t  n h w / .  P > y  /'y^? large values of
xy(x-y)

s and y.

If we substitute the unitarity solutions of ̂  7, viz.

- I  Im Z^'*^(x) 5̂5 [5(x-m^) 4- a] (x-m^)

~ Im Z,(x)(x-m^) 1/A In^x
V  X

(x-m^)Z^(x) Re(x-m^)Zj^(x) ^  A In x (8,23)
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in the r.h.s of (8.22) and make just two subtractions:
2 2Ẑ (ra ) “ 0, ) ■» 1, we obtain an integral of the type

S
2

^ -^-2 [2i(y> (xZ^(x)-yZ^(y»^^

r 2 (y) Re^<3cZ (x)-yZ (y))^. typicallyJ ('x-y)  ̂  ̂ ^
2r y.fe ..  f

J (x-0^ L
1

In s: In y

which does not converge. This means that an extra subtraction 
constant is needed, Z(0), exactly as we encounter in the 
unitarity equations. Making use of (8.22) and (8,23) we again 
recover

~  Im Z (x) ~  1/x In^x from
IT i

i  Im Z (x) ft. [ j   L-)'
J (x*y) In x In y
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Part IV

Sunanary and Conclusions

In I 7 we have set down the general form for [4. d ].
We have also written down a convenient first choice for 
& and D consistent with the txc'O particle unitarity approxi- 
Biation. The claim is that if we draw irreducible diagrams for 
any other S-matrix element and insert P » ^ and D from
<7 ,22) - (7,^4) for the vertices and the lines, no infinities 
will ever appear in the theory, Our discussion is still 
inadequate in two vital directions ;
(1) How to improve the approximation scheme ^
(2) The inclusion of C-parts and the gauge co-variance of 

resulting S-matrix elements,

(A) Improvement of the Approximation Scheme
In principle this problem is conqpletely solved once the 

form of P ̂  £ A, d1 is fixed. Given this form, one determines 
A. D and the full P  by solving the Dvson equations to 
any desired approximation as described in §2B.

In practice we did not solve these equations; we found 
it more convenient to use the two-particle unitarity equations
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to construct explicit expressions for & and D. The practi­
cal problem of improving the approximation scheme is thus 
different from the problem in principle. First let us indi­
cate how to inq>rove the unitarity approximation,
(1) Fix the form of T ^ D (satisfying Wafl-Takahashi

identity with the requisite boundary properties). Com- 
A Apute A and D from the relevant two-particle 

unitarity equations; this involves only (0 l<p I 1) '■5^ 

and (0 W  I 2) “ r  ̂  .
(2) Write the Dyson expressions for all other Green’s func­

tions M [̂ A, r, . Substitute P • P A » A^,
D “ D^ to get ^ therefore

<0 I <p I 3). (0 I q)l A)^..
(3) Use (0 I qpj 3)  ̂ etc. to recompute A^  ̂ with three 

particle and higher contributions taken into account. 
Write down now the new P ^ [̂ A, and the improved
expressions for ,

The scheme above is a consistent approximation to the 
fun. field theory; it is approximate to the extent 
that P • r The next problem is to ccxnpute a 
better approximation to p and then carry through the
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steps (1) " (3) once again. If we possessed a spectral 
representation for p (for all three particles off 
the mass shell) anal®gous to the general spectral repre­
sentation for A, one need only modify Rules (1) - (3)
above in an obvious manner. Unfortunately no such representa- 

51tion exists. We are forced therefore to fall back on 
the Dyson equations for A, P and D. Here then 
is a practical prescription for using A^, D^, P ̂  computed
above to provide a starting point for solving the Dyson 
equations

(A) Suppose step 1 (i.e. two-particle unitarity) has been
A A Acarried through and A , D , P are known. The cor­

responding approximate Dyson equations (see 8) are

-1Im(A ^) « Im ZAo* + ^ P a P D  - I m V P A P D  (1)

P - p ^ + X jPA P A P D + j CAP D + JpAC D, 

provided p depends only on A (and not D)

<2)

Rewrite (1) as

ImA"^ « Im (a "^)^ + Im ^(PA P D - (3)

and solve (2) and (3) by iterations which start with 
r*» P A “ A^. We nov7 possess the full A, (and similarly
D). Further tenns can obviously be introduced on the right 

hand side of (1) and (2) and procedures similar to the above 
carried through to any desired stage.
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In practice It is hardly likely that step (4) will ever 
be carried out and the real possibility of improvement in com- 
putlng r beyond the approrlunation V will come when a proper 
dispersion formula for P is discovered.

One merit of our formalism is perhaps worth stressing; 
the causality of this formalism in a Feynman sense is fully 
manifest. Every S-matrix element can be written in the form

I .. dxdydz .... G(x)G(y)r- ^ ^
J (!c -k ) [(p-k)‘'-y]

This is true whether we use P “ P full P  obtained by
iterating (2).

(B) C-parts

The C-part contribution has a dual role; first, what we
AA AB ccalled the C and C -parts in | 5 are necessary to preserve

BBgauge covariance; second the intrinsic 0 parts are basic
insertions, in fact as basic as the vertex or self-energy

BBinsertions. So far as the problem of C contributions is 
concerned, we need to write a fourth Dyson-Schwinger equation.
Gauge co-variance of the theory however needs only the inclusion

AA ABof C and C contributions.
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In this sense this short-coming of the present paper is not
AAterribly serious» The problem of the computation of C

Ali rand CT contributions was solved in 5 5 for scalar electro­
dynamics and a ccsapletely parallel procedure applies for 
vector electrodynamics a In a separate paper we propose to 
return to the computation of the contributions. The
procedure of choice is to use ^-formlism instead of the 
wave-fomallsm of this paper« In this case there are no C- 
part insertions at all though o£ course the number of form- 
factors for P (as well as A) is considerably increased.

The methods of this paper apply tor all theories where 

a gauge transformation (partial or exact) exists, Using these 
methods the range of ’’renormalizable" theories is considerably 
extended - it seems to include almost all spin one theories. 
Discussions of Lie group gauges on the lines presented In this 
paper as well as of electrodynamics of spin | particles will 
be published separately,

We are indebted to Professor P, T, Matthews for his care­

ful reading of Part I of the manuscript and to Mr. J, Strathdee 
for discussions. One of the authors (A.S.) would like to 
thank the hospitality extended by Professor R, G, Sachs at
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the University of Wisconsin where part of the work was carried
OUto
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AppendIk I
Fhase space lnteg;rals

We will present here a collection of relevant phase space 
integrals for easy referenceo Some overlap with equations in 
the text is unavoidable, The self energy integrals are

r ̂  fj. ^.2 21 .4 „ T , 2 2 2.j 5^(t )5^j(p-t) -IB Jd t = ?(p .tn )

^ [ 2 F/ 2 2 2.2 , 2 2*-~-K- y i p - (mfp) 1 (p -61 “p ) -4m |i
A  ^  —J ̂1 . «•2p

(A-l)

In the special case when p m
F(p-i:)“-m^]c!% « | (1 - ^  )  Q (t^-4m^> (A-2)

t“

As for the vertex integrals,

^ d^q f(p^.q^) 5^[(p*-q)^ - 5^ (<t-q)^-m^3

(m^-p2)2/p2
_ iroCp̂ -Cnrl-p)̂ '̂  T . 2^> 2 2. ,.« ---- I dq f(p . q ) (A-3)

2m^42p^-p^
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and
0

f dk2f(t^,k^)
2Tt -4m t j ̂  J

/ 2 2 4m -t
(A-4)

in the limit as fi m.
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Appendix II
In the evaluation of the spectral function of the photon 

propagator and the vertex function with the photon unphysical, 
we encounter a host of terms which involve traces of mcxnenta 
and d and e projections. These scalar products are set 
out below to facilitate computation:

Iĵ  « k^(p)p»

Xg “ p ’l(p)p*

« kd(p-k>k 

* kd(p“k)p*

I^ » Trd(p>d(p*) 

Ig “ kd(p)d(p*)k

*» kd(p*)p 

w pd(p')p 

*“ kd(p’-k)k 

** kd(p*~k)p 

*■ Trd(p-k)d(p*-k) 

kd(p-k)d(p*«k)k

- A i  - 4 >4m
2 k^

4m
2 k^ t^ 

4m 4ffl
t4 2
4m m

* kd(p)d(p*)p kd(p*)d(p)p*

Ig * kd(p-k)d(p*-k)p kd(p *-k)d(p-k)p *

Tg -  P * d < p ) d ( p » ) p
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^22 " * kl(p)d<p*)d(p*-k)d(p-k)p*

^23 * p4.Cp *)1(p )1(p “^)1(p *"^)^ *“ p®^(p)l(p*)l(p*-J«)4(p'^)^^

^24 " ^(P*)l*CP)i(P*“^)J(P“^)P* “ ’'^l<P>l(P*)d(p-k)d(p*-k)p

For the case of the meson self energy with 9 defined as in
(A-I) the following relations are useful;

pd(t)p 2// 2 « 9  / 4|x

td(p)t 1., 2 " 9  / 4p

td(p“t)t 2// 2 “ 9  /4m

Trd(p)d(p-t) - . 1,, 1 1 ■*3 + 9  /4m p

Trd(p-t)d(t) ^ . 2 „  2 2 • 3  + 9 /4m n

Trd(p)d(t) 0-1. 2,, 2 2 • 3 + 9  /4p p

td(p)d(p-t)t ^ f 1 2 2. 2 , q 2 2• (p -p -m ) 9 /8m p

td(p-t)d(t)p ^ , t 1 2. 2,0 2 2  • (p -ra ) 9  /8m |i

pd(t)d(p)t ^ f 2, 1 2 .  2 , q  2  2
•  ( p  + J I  - m  )  9  / 8 p  p
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td(p-t)d(t)d(p) t “ 9^/16m^p^|i^

pd(t)djCp)d(p-t)t » [(m^-n^)^-p^](p^/16m^p^p^

td(p)d(p“t)d(t)p - [m^-(p^-|i^)^]cp^/I6m^p^|i^.
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Appendix 111

As remarked in ̂  7»A, if Zm^ «* 0© , it is possible that 

alternative solutions to the Dyson equations may exist, with 
the boundary behavior

A 1/p^, r «  p . D cs. 1/t^

2Very crudely one may see the effect of *» c>o in
the following manner. The so-called *’free unrenormallz:ed” 
propagator has the form

* !«!v2 2 2 2 2 p -m m p -ra* ^ 0  o o
One may expect that as a result of self-energy corrections

2 2the first t e m  changes to the form -g /(p -m ) while the
|A  r2second drops off in the limit m^ giving for A the

2scalar behavior A  «. 1/p ,
To examine if the equations (4.36) and (4.37) for 
2 2Zĵ (p ) and Zg(p ) can possibly admit of solutions behaving

2 2 2 like Zĵ (p ) «, 1 and Zg(p ) «. p , rewrite the equations
in the form,
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Im 1 + ap^ Im M + . / ]

1̂ I Zj ̂  + Re Re M + - ”] (A.5)a

Im Z^Cp^) 1 4- ap^ Im <■ ap^ Im M + ."̂

» a [\Z2\ ^ +  <p^)^ I Zj  ̂4- ] (A.6)

or alternatively

Im Z^"^(p^) « U(p^) 4- tan 9 Re Z^“^(p^) (A.7)

where

tat, 9 »  -2e! | ^  (A.8)
14-ap ImM

0(p2j ^ ----- ^ -----  [ l  4- I
14-ctp Im M

and a similar equation for Z^ ^(p^).
Now if M(p^) «. 1 (ie, r  ** p)» the term op^ Im M

2dominates over 1 in the denominator of tan 9 and U(p ),
_ Oo

Provided therefore that J * 0* solutions may exist
m^

2 2 2 with the characteristic behavior ^  1. ZgCp ) «  P
m ^ cO ,o

(A. 9)
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In a sense then the "scalar alternative" would exist if 
in the original Eqs,, (A5) and (A6)

ItQ ~  ap^( \Ẑ \ ̂  4- Re M Z^* 4- I ^  -I- ) * 0

2one can neglect caapletely Im 2̂  ̂ for large p in comparison 
with the rest of the expression.. This emphasises perhaps 
dramatically the eigen--value nature of this alternative

r -3 y 5(compare L® 1 ̂ 2 *** 0) * Hote that if M(p ) u(p )
and tan 9 are escGntielly independent of the fine structure 
constant Zra.

To construct the scalar solutions, to check their exis­
tence, and to check that no extra subtraction constants are 
introduced in the vertex function p  (besides possibly a sub­
traction for magnetic moment) one needs to solve simultaneously
with the Eqs= (A5), (A 6) above, also the equations for

2 2 2 M(p ), E*(p ), Q*(p ) etc. This we shall ixjt attempt here.
If the scalar alternative indeed exists, we have the

interesting demonstration that the (renormalized) unitarity
equations (which essentially state relations between Re
and Im parts) need supplementation by a specification of the
number and character of subtraction constants to distinguish
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between possible alternative solutions. The number and nature 
of allowed subtractions In turn determines if the solution 
Investigated exists for all values of the constants of the 
theory or only for special values.

It has repeatedly been emphasized in the text that our 
stable solution to vector (and scalar) electrodynamics is not 
a solution where convergence has been obtained by summing cer­
tain subsets of graphs, Even though the final two particle 
unitarity expressions for L resemble second order perturba­
tion expressions, the convergence of the theory comes not from 
A but from p ̂  f A, d1 which displays scant resemblance 
to its perturbation counter-part. Further in principle we 
have the procedure to build up the full theory - ie we can Include 
every Dyson-Schwlnger "graph” and without redundance at any 
stage. We do not claim that the precise form of chosen in
the paper gives the best approximation from the point of view 
getting closest to physical answers, nor that after three, four 
and higher particle contributions have been summed up, the 
behavior of A, P  etc, may not change. All we claim is that 
each unitarity contribution individually behaves in the manner 
indicated in the text and that the stability criterion continues 
to be satisfied at each stage of computation.
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1. In this context the following remarks of A. Einstein (Phys.
Rev. 329 (1953)) are possibly relevant: ”If there exist
elementary solutions of the equations which depend upon a 

continuous parameter, then the field equations must prevent 
the coexistence within one system of such elementary solutions 
pertaining to arbitrary values of their parmneters.•.If a 
theory does not possess these features then the theory is 
Inatkaissible." We are indel^ed to Dr. J. Bronowski for 
pointing out this reference.

2. A. Salmn, Phys. Rev. 130. 1287 (1963). This paper will be 
referred to as I.

3. F. J. Dyson. Phys. Rev. 75. 1736 (1949).
4. The Scfawinger formulation of Green's function theory (J.

Schwinger) Proc. Wat. Acad. Sciences (DSA), (1951))
3is parallel to the Dyson formulation above; it however 

offers some advantages for gauge theories (see S9).
5. K. Symanzik, Journal of Math. Phys. I, 249 (1960); an 

extensive study of this set has recently been completed
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by J* 0. Taylor "On Field Equations I-VI", Nuovo Cij&ento 

(to be published).
6, The constants 2̂ ,̂ occur In the Lagranglan and

are thesnselves defined as boundary values of S. D and
~1 - 1 2  2 P . For electrodynamics «a *» p #

2 2m y und m^ and (which always appear multiplied
by Z_ and Z respectively) are the unrenormalized Z 3
mass constants. Graphically, the Dyson-Schwinger set 
corresponds to the drawing of Dyson's irreducible diagrams 
for any Green's function and then making vertex and self­
energy corrections to these. For all 3-field interactions 
the structure of the Eqns, (2.1) - (2.4) is the same* the 
distinctive differences of one Lagranglan from another 
appear only in the specification of the ihhomogeneous terms
S , D and r . Also if 4-fieId interactions occur in o o o
the Lagranglan, this only increases the number of what 
we have called the basic (Sreen’s Unctions.

7. The lack of symmetry between P and in Eqs. (2,1) and
(2,2) has always been an embarrasso^t (the well-known 
problem of "b-divergences"). One recent suggestion to 
deal with this problon is due toKSymanzik (Ref. 4).
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Other alternatives are due to A. Salon (Phys. Rev.
217 (1951)) and J. C. Ward (Phys. Rev, Sh, 897 (1951)).
All these proposed solutions convert the single term on
the right hand side of (2.1) or (2.2) into a series in 
2e and show that the integral behaves effectively like 

^rs PD, To see this at its simplest, eliminate I*'
(2,1) and (2.2), by usxng (2.3), re set 
The treatment of this problem in the text (see the 
unitarity set §2C) automatically restores the *'a*' and 
”b” vertex sjrnsaetry,

(N)8, If this is the case the only integrals of type M' ' 
which may still be non finite and divergent belong to 

the class satisfying “ "f 3 **6 ^ where s
is given by 0 [^1/k®], The relation of these
infinities to the subtraction constants in renormalization 
theory is well known and will be discussed as the occasion 
arises.

9, More precisely the stability criterion states that

(P> r*,i*v»b^P'P***^^ should decrease
2as fast or faster than l/(length) along any direction 

in the (p,p*) plane.
10. It is important to emphasize that the stability criterion 

^mrantees a uniformity of high energy behavior in each
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order of iteration, only to the extent of a power count 
of external momenta. The extra powers of logaritlaos 
which arise in each order M' ' can lead to a different

{{I)behavior for the sum of the series M' ; our problem 
in this paper is not the determination of the high 
energy behavior of this stun 2M our chief concern is 
with each term .

11. To take a concrete example, for scalar electrodynamics 
one may choose

(p+p*) p , 1 1
F« -  2® S‘\p) - S‘\p') I - Z(p+p')

P «P*
(p+P*) t.

Clearly - - 2"- -f i note t^X^^ 5 0.
P -P

12. If has the form J ...Sl^Sl.., the corresponding
expression for would contain ^ •(S-S)... in
the equation for S"^, In other words, in writing down
the expression for t K in Eq. (2.1A) one makess d
consistent use of the Ward-Takahashi identity.

13. One may perhaps stress once again the close analogy of the 
above approximation procedure to that followed by per­
turbation theory. Perturbation theory starts with the 
first approximation m where by definition
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equals p  ̂  L®ol' ^

t^Pa^[s^”^] -  ̂ - S*^"^ by definition, Eq.
(2.16) satisfies the Ward-Takahashi identity to each 

2order in e of the iteration .
14, A still more practical iteration procedure can be set up 

as follows: Define

S<rrfl) . jrCn) g + t K [o a a L' J

p^(«+l) „ p^A j^g(n)̂  ^ . S<’̂>]

where P^°^ -
To start off the iteration, is the solution of the
equation

g(o) « 2^°^ S -f t K r Ŝ °̂ J( ,o a a L* -ilyp* • m

This iteration has the additional merit that the above 
ecpiation is the only one which needs to be solved. All 
higher orders are given by substitutions in the orders 
below.

15. The integrals which arise when (2.14) is iterated with
AP as the zeroeth approximation have the general form
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.  «  ■■ I . s j r i  r n n » -  i • a  i i i

The situation here is similar to the case of renormalizable
given by (2,5) with E • 2, E " 1, so that P »

theories where a straightforward iteration of (2,1) - (2.3) 
shows that if S P is also
0 [l/K^ ] and r is 0 •

16, Equation (2,2) for the photon propagator can be included 
in the iteration scheme thuss

with

D « ^  . This means that P  ̂ should be chosen
(see ̂  6) to depend explicitly not only on S, but also on 
D, At each Iteration stage one then solves two equations, 
one for S and one for D. In practice, using the pro­
cedure of footnote 14, it will always suffice to solve 
altogether two equations and no more,

17, See for example Ning Hu, Phys, Rev, 80, 1109 (1950) 

where the expression for S obtained as an approximate 
solution to Dyson’s Eq, (2,1) contradicts Lelmann’s 
result. The only hope of renormalizing an unrenormalizable 
theory (with positive definite metric) is through an 
improved high energy behavior of P , and not S,
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18. To appreciate the problems Involved in writing a general 
unitary set. consider the Wightman (W) and the time- 
ordered (t ) products:

-<Ol <p(X̂ > ... <p(X^)|0>. r̂ (̂o\ T((p(X̂ )... q)(X^»l 0>

with the definition

r  - z 9(X. - X. )9(X - X )... W(X, . X. . ...).
perms 1 ^2 2 3 1 2

Using the completeness relation

»n " I

and the reduction formula

^out| <j)(x) I in"̂  - ... <0 | T(qp(x)(p(Xĵ )(p(x2)... | o')
2 2where K • O  + m ) we may write

T  -  29(X - X  ) . . .  I T  (K ) ' t̂ , ( X .  .5
” ^  n blocks ^2

“niis last set will be called the Unitarity Set. One could, 
in principle, completely replace the Dyson-Schwinger set 
by this unitarity set, but to make any use of it one nuist
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leam to approxliaate to it, consistently with the general 
principles of field theory* The simplest suggestion 
(analogous to perturbation theory) of approximating to 

, is to retain on the right only two (or three, or 
four,,.) particle intermediate states (i.e. keep only

^2**^3’ ^ 4’ right). This Idea
however comes to grief on account of the presence of the 
0(x) factors. In general it is not clear that even the 
Lorentz invariance of the T products would be preserved 
with this type of unitarity approximation and it is at 
this stage that use of something analogous to local coinmita** 
tivity becomes necessary.

19. It may be noted that for any gauge except the radiation 
(i.e. Coulomb) gauge, electrodynamics uses an indefinite 
metric, thus thcmgh Lehmann's theorem applies directly to 
the gauge independent part of D, its use for the charged 
particle propagator needs care. See ^7 for a fuller dis­

cussion.

20, The transverse projection operator

t t^
and the longitudinal projection e^y(t) •
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were introduced in I. Writing ̂  and e for these 
respectively, note £.£■*©, d.d « -_d, e - d • 1, 
e.d «• 0, Also if A •* X, d 4- then 

- X^*^d 4-
21. In writing (3.15) we have ignored the part of the integrand 

w M c h  gives rise to the usual Infrared divergence
«L 2 t 22 log m /jx , This has no bearing on the high

ft “4 0
energy limits of Z*^(s),

22. Z ^(s) may possess real zeroes (especially when a < 3)
S

for —^  < 1 where 
m

S \ S s
-f - s o r s i  («| . X) log (1 - -f)
m in m

s
If a is small, tte real zero occurs at —j ^

m

and ti^ repzesentation of Z(s) must be modified to
^  00

2 (s-mn . 2v r- («-m ) ^Z(s) - 1 -
(s +

m

G(x)dx
s-x 4- ie 

2

for small a and a ̂  3.

This C.D.O pole in the inverse propagator is completely
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Innocuous for the high energy behavior of the theory 
but of course precludes expansion around a <» 0.

23. P, T. Matthews, Phil. Mag. Vol XVI. 185 (1950).
24, That the perturbation P must contain terms of the

s s ̂form (1 - a log and (1 - a log -^) can be verified
m m

directly by writing tlie perturbation expression for 
•*1 -14 "(S) - A ' (s*) and checking through explicitly for

Ward’s identity.
25. G. Feldman and P. T. Matthews. Phys. Rev. 1623 (1963),

2In this formulation of electrodynamics, X is introduced 
with the significance of the mass of a "time-like” 
photon whose polarization is always along the propaga­
tion direction t^. Current conservation guarantees
that the mass shell S-matrix elements (though of course

2not the Green's functions) are independent of X . ,The 
2constant X specifies a particular covariant gauge:

2 2 2 2 a «■ X /|i • 0 defines the Landau gauge, and a * X /p • 1
2 2defines the Fermi-Stuckelberg gauge. For X /p one

recovers conventional theory of massive neutral vector 
mesons.
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26. *iniat in (4.30) is indeed positive definite
can be seen by defining in place of SI the combination

9C(t^> <■ -(1 - + t^(I - •^-sr)Q(t^)
2m 2m 4m

in which case (4.30) sit^lifles to

"  T T i- T T i3(t -p ) t t 2m

27. N. Muskhelishvili, Singular Integral Equations (Noordhof/ 
Groningen, N. Holland 1946, p. Ill). The solution in 
the text is the so-called "fundamental solution"; it is 
the solution which applies when the change in the argument 
equals zero when x goes from - «« to + *®. When this 
argument change is non-zero, the constant C in (5,8)
is replaced by a polynomial. The high energy behavior 

of r is thus determined by the phase shift |̂ 6~]
-«5

of the scattering emq>litude and therefore (through 
Levinson’s theoran) by the ntaober of possible bound 
states and CDD poles. A detailed discussion of this will 
be published elsewhere.
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28. In writing this we have the familiar dilemma of S-matrix 
theory; how to reconcile within one (approximate) 

expression, the demands of causality, crossing and 
unitarity. Thus absolutely strict (2-particle) unitarity 
has been sacrificed in by hot including terms
of the form ^ ( P A P )  M  ( P A P ) .

29. K. Nishijima, Phys. Rev. 119. 485 (1960)

T. D. Lee, Phys, Rev, 128, 899 (1962).
30. It is perhaps instructive to write the spectral form for

in Mandelstam variables s “ (p+k)^, u » (p*-k)^,

A A r C(x)N .(s,u;x)
(p.p'.k.k-) - 2g,^z

CQfllS8
shells

with

N^^(s,u;x) - 2g^^^(x-m^)^ + 2 [(p+p*)^(p+p*)|j “
Using the identities.

r (x>m^)^ g(x)dx . .
4 (x-s)(x-u) s-u

4 (x-s)(x-u)
Z(s) - Z(u) 

s - u
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this may be more simply expressed as

. p ( 0 - Z(u)^

ft31. approximate In the sense that p and the
Intrinsic spectral functions of C are not taken Into 
account In writing .

32. We are Indebted to Dr. J. G. Taylor for a discussion of 
this point.

232a. Considering the manner In which E'(p ) arises in (6.13)
2one can easily see that E'(p ) came from the following 

combination of terms In the Integral In (A.27)

It" B(p2, m2, t2)dt2

Now from (6,31), B(p^, m^, t^) • ^Z^(t^) -1^ Z(p^)

, 2  2. 2«-  (tr-fT) z(p“) 5—

We thus get E'(p ) m 0 for this choice of



33. The part of the Integrand which gives rise to infrared
divergence difficulties has been discarded and the
asymptotic behavior of the logarittmic integral 

2
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t
..2 2

^    has been used.5 .J  In k In t0

34, The fact that the change in coupling seems appreciable 
is not to be taken too seriously. Thus our neglect of 
oiany-particle contributions to (6.9) and (6.10) must be 
borne in mind as well as the approximation used to 
derive (6.10) which is only rougpily unitary. The only 
important point is that the high energy behavior remains 
stable.

35. From (6.19) clearly 0(») 0. In order however that
2^ ( t  ) does not increase faster than a constant (the 

stability criterion), the fine structure constant a 
o»ist be restricted so that

tan"^ I « '   ■■■"•'-a— Tk • }i >/0
. OO

2For ji ■■ 0, 0(0*0 * '»'/2 so that this condition holds
for all a y 0 and
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236, In order that Z^(t ) has no CDD zeroes, a has to lie
within a special range of values (see Footnote 22),

Just to avoid Introducing these CDD zeroes. In (6,24)
-1 2we have written a dispersion relation for Z_ (t ),

s

37, Because of the gauge Invariance of 1 ( 0 ,  i  cannot 
depend strictly speaking on the gauge varying quantity 
G but only on the gauge Independent function 6^,

38, In a sense this Is equivalent to an expansion of the 
exponent In

Zj'^(t^)^(t*) - exp j  ax
x(t -x)

assuming that tan”  ̂(94'̂ ) is proportional to a.

39, Dyson defined Z and 2kâ  differently from (7,3)
viz. as boundairy values of A (and Its derivative) at 
2 2p " m , The equivalence of the two definitions when
these constants are finite was shown In I (Footnote 6),

-1In so far as Z Is the boundary value of A , the 
renormalized Dyson equation, rewritten as

A*^ *• (11m A"^) A^*^ *f a P d  4- ...

Is clearly far from being just a simple Integral equation 

of a conventional type.
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40. The ”scalar” alternative is the one conjectured for the 
full propagator A by T, D. Lee and C. N. Yang.
(Phys. Rev. 128. 885, (1962)) and arises after a sumoa* 
tion of perturbation graphs.

41. More precisely, from footnote (26) one infers that it

is "^(t^), J*?<H(t^) and 'X(t^) which must possess
the stipulated behavior. An examination of the form of 

) however shows that unless there are cancellations 
between t^^ , and , in general the restriction
imist obtain as stated in the text.

42. One can rewrite (7.11) in the form

^  Afz -I -

43. To all intents and purposes we can regard Eq. (7.14) as 
the exact initial Z^, since all boundary conditions are 
incorporated in its integral representation. The point 
is that it will be subject to corrections from further 
iterations specified in (7.16) in any case.

44. Here we define more properly

C,(x)
dx
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2where the limit )i. ^  0 is taken at tlws end of a calcu*' 
latlon. This ensures that in (4,36)
and (4,37) for the starting approximation f P

45. A, Salam and J, C. Ward, Nuovo Cimento 11, 568 (1959).
S, Glashow Nuc. Phys. JG, 107 (1959).

46. If the renomalization constants possess a correspondence

3 A^ 3 A “
with the constants in a Lagranglan, a teim ^ (-— c — h j

^x ^x

-J a“
In L would get renormalized to '?*(=— ^ -— k) where o > '^x Ox '

^  + Z2*(0). Terms of this type however are not
gauge independent and in conventional formulations Lo

+ •» 2 4* «•contains only terms + M A A so that
° ,G,(x)

one requires both ^  » « Q, i© Z2*(0) ■»J   dx • 0.
This requirement may be used to compute Z2(0).

47. In writing (7.26) we have neglected the part of the inte­
grand. proportional to (a-3) characteristically, which 
gives rise to an infrared divergence.

48, This result remains the same even if the cooq>lete paotou
-1propagator is included in (8.12), assuming for (z)

the unitarity behavior In (•^).
m
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49. For proof of (8.19) see Appendix D, G, Frye and R,
Wamock. Phys, Rev. 130. 478 (1963), We are Indebted to 
Dr. V. Barger for pointing out this reference. The relation 
(8.20) may be obtained from (9.19) by differentiating
both sides of (8.19), Hote that C(Z) 1,

50. It has not been shown here but we have checked that itSratlcms 
of (8.9) (or indeed of the unitarity equations using the 
unitarity solutions), do lead to ccmaplicated transcenden­
tal functions of the coupling constant with an essent^Al 
sin^larity at a 0,

51. In the authors' opinion there is no problem in field theory 

more pressing than an integral representation for the full 
three point functicm such that (like the representation 
for the two point function) the connection of the kernel 
through unitarity with higher Green's functions is manifest.
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