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L E G A L  N O T I C E
T h is  r e p o r t  w as p r e p a re d  a s  an  acc o u n t o f G o v em m en t sp o n so re d  w ork . N e ith e r  the U nited 
S ta te s , n o r  th e  C o m m iss io n , n o r  any p e rso n  a c tin g  on b e h alf  of th e  C om m ission :

A . M akes any w a r ra n ty  o r  re p re s e n ta t io n , e x p re s se d  o r  im p lied , w ith r e s p e c t  to  the  a cc u ­
ra c y , c o m p le te n e s s , o r  u se fu ln e s s  o f th e  in fo rm atio n  con ta in e d  in  th is  re p o r t ,  o r  th a t the  u se  
o f  any  In fo rm a tio n , a p p a ra tu s ,  m e thod , o r  p r o c e s s  d is c lo se d  in  th is  r e p o r t  m ay  no t in fringe  
p r iv a te ly  ow ned r ig h ts ;  o r

B . A ssu m e s  any l ia b i l i t ie s  w ith  r e s p e c t  to th e  u se  of, o r  fo r  da m ag e s r e su l tin g  f ro m  the 
u se  o f  any  in fo rm atio n , a p p a ra tu s , m e thod , o r  p r o c e s s  d is c lo s e d  in th is  re p o r t .

A s u s e d  in  th e  above, “ p e rso n  a c tin g  on behalf  o f th e  C o m m iss io n ”  in c lu d es any e m ­
p loyee  o r  c o n tra c to r  o f  th e  C o m m iss io n , o r  em p loyee  o f  su c h  c o n tra c to r ,  to  th e  e x ten t th a t 
su c h  em p lo y ee  o r  c o n tra c to r  o f  the  C o m m iss io n , o r  em p loyee  o f  su c h  c o n tra c to r  p re p a re s ,  
d is s e m in a te s ,  o r  p ro v id e s  a c c e s s  to , any  in fo rm atio n  p u rsu a n t to  h is  e m p loym en t o r  c o n tra c t 
w ith  th e  C o m m iss io n , o r  h is  e m p loym en t w ith  such  c o n tra c to r .

A p r i l  1 9 S 6  
AT(30»1)-875

Notes by Go 3ndarshm  ax^ Po S igs:^ ll

In d iv id u a l cop ies w i l l  ba supp lied  as long as the supply lastS a  

Not to  b© publislsed

0 01



 
 DISCLAIMER  

 
This report was prepared as an account of work sponsored by an 
agency of the United States Government. Neither the United States 
Government nor any agency thereof, nor any of their employees, 
makes any warranty, express or implied, or assumes any legal liability 
or responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents 
that its use would not infringe privately owned rights. Reference 
herein to any specific commercial product, process, or service by 
trade name, trademark, manufacturer, or otherwise does not 
necessarily constitute or imply its endorsement, recommendation, or 
favoring by the United States Government or any agency thereof. The 
views and opinions of authors expressed herein do not necessarily 
state or reflect those of the United States Government or any agency 
thereof. 

 

 

 
 

 

DISCLAIMER  
 
Portions of this document may be illegible in electronic image 
products. Images are produced from the best available 
original document. 



lo  C la s s ic a l d isp e rs io n  Theory

In  c la s s ic a l  physics^ ^disperaloK'* i s  the depersdence of tdie index of r e f r a c t ie n  

of l ig h t  on i t s  froquencyo I t  ia  we3J. knofe'n th a t  fo r  glassy blue l ig h t  i s  re fra c te d  

xaox  ̂ than red  l i g h t  ( in  the ■srisible reg ion ) so th a t  >/hite l ig h t  i s  decCTiposed upon 

passage through a g la ss  prisreio In t l i is  cen tu ry  the ph8nom8n«ai o f d isp e rs io n  has been 

■of considerab le  in5)ortance in  the develojjjaant of p h y sica l ideaso There i s  nothing ia  

Maxwell''s th eo ry  I t s e l f  t o  t o l l  us anytliing about the re f ra c tiv e  index o f a homogen^  ̂

ecus mediuxrs ejroept t i ^  r e s u l t?  ^

where i s  tha phase v e lo c ity  o f e lec tro isag n e tic  waves in  the raediuins

M .

We knoK’ th a t even t h is  r e la t io n s  although wBll<---’S a t is f ie d  fo r  hoaopolar gases and 

vaporsg does n o t liold fo r  s o lid  and l iq u id  B®diao For example^ the re lav en t fi.gures 

fo r  w ater ares
-  | . 3 ' 3  3

C. (‘■V' ! o— I z .
' i& jP

Ihus MaxwoUJs ©quations do n o t give u.s a clue to  the depen'Jonce of n on /j) (fi-equancy;- 

Apparently^ thenj, d isp e rs io n  provides us inform ation about the e le c t r i c a l  ch£r“=

a c t e r i s t i c s  o f m attero

I f  we consider tha  s c a t te r in g  of l ig h t  as ivarformed by e l a s t i c a l ly  bound electrK jos

F +■ w t  E =  -  - I t e

ia  the oqno c f  jeotion o f ah e l e c t r o n p o l a i - i a a t l c n

£ =  N ( T - e r ) =  f  (■= ’̂ S )

where N i s  th© d en s ity  of e lec tronsj. la  the su sc s p ib il i t ;^  su b s ti tu tin g  p  in to  

the eqi^o o f motion

P + '̂Jc: P  -  A/'.in.L i"

w ith  the 3oli!tions A/
m  iO o^-ur

y r C ( u )  = ^ K - i  ■*- i  '= ' ' " d f d - a i

/ ,  ,1 .-19



or i f  se v e ra l resonant, fn iquencles  are p re sen t

“  M -  4-t -  ^

f^e can a lso  include a  rad i.a tion  re a c tio n  ("dajnping” ) terro in  the eqno of motions

J.u u/<- jr >v̂ ^   ̂ 3  pvi X.

then the so lu tio n  becoisssJ „  . j

30/^1, I s  now ccajqjlex, i-eprosenting abso rp tion  out of the incoming beamo 

2o Quantum Theory g iv e ss

y K ^ a o ) - ^  i i -

hero MB t r a n s i t io n  p ro b a b ili ty  fo r  ( X  —*r O )

Hsfe " o s c i l la to r  strength**

obeying

,  \  „  W i W a
=“ (d iffe ren ce  between energy lev e ls),.

This i s  tite Rayleigh R itz  Combination P rin c ip le  in  actior*,,

3-3 Kramerss 1927

4 - i r  ^

Kramers noticed?

tv

( i )  or* i\ '2 / j i
l^i2 -41 ( ^ )  *-■= i-i' ^  p i w ’ ------------------  —

This vas the f i r s t  equation  i 's la t in g  the r e a l  and imaginary p&r-ts of the index of 

re frsc tio n o  W© c a l l  th i s  a d isp e rs io n  re la tio u o  

Scat.tering Thaoxys 

incc
^ ----    s c a tte r in g  cen ters

f ig h t  ^  ___

^ -0  03



Taxious au thors have derived  the follow ing r e la t io n  between the index of re f ra c t io n  

(ifO and the forward s c a t te r in g  air?)litude - f  C(^) %

yjC'CUJ) ^  I i -  ^  s  of
'  ' Sca-Hchhcj Cch-hhS

Where 00 i s  the frequency being considerodj, But does the forward s c a tte r in g  am= 

p litu d e  obey a  d isp e rs io n -ty p e  equation? We w il l  seek to  r e la te  the r e a l  to  the 

imaginary p a r t  o f the am plitude by invoking cfflisalityo We define the ''C ausa lity  

r^qulreBsent*’ ass

I f  an in c id e n t wave packet reaches a p o in t Z 0 a t  ® 0  = ^ - the fctrwaid

s c a tte re d  outgoing waves (scatter*^^' a t  o r ig in )  must n o t be seen a t  a d istan ce  ( T ) 

u n t i l  a time ( ) has e lapsed  o

Consider an in c id en t wave on such a s c a tte r in g  c en te r , obeying t t e  c a u sa lity  

requirem ent? ^  - A.^ \
-  J ^ o u  e  - y -  ( 2  )

H y
VO

^  -f-  ̂ — 4^
yo

0 ^ ± <0

For example, l e t  A be a s in e  waves

A ( t ) -<:? I n  -t < o

then r  '  ^  , f  ( i

This i s  o f the above- g en era l fonso How look a t  tbs sca tte re d  wave? d e fin e '“a (uJ  )'* 

such th a t?
f j  ,  X -

A I A ) ^  a tiO ) ; ^  Urt ,

^  ' - i -  2 t  7 j7 T f= iy r ^
H

u 4



c4j,»

the  sc a tte re d  waves P* ) f  -^(CO/ C
-  Yc)

•=:. 0 for  "t" <  Pc ^  (V j i s  analytic in  and I® 

define % V ' ^  upper (p o sitiv e ) iioaginary plane

1°̂  as lower (negative) Im ^inary plane 

I® -s. th e  rea l axiso  

Mote th a t  the  sc a tte re d  wave obeys the ca u sa lity  requirement i f  i

1) the incident wave i s  causal

2) the scatterin g  amplitude i s  anal, in  and I®

Consider a  l i t t l e  math?

given & -^u^c4r«y^ "ĵ (Z) analo in  and I*

thons -f (a)
.IT A

_ L _  d .
J 2  -  Ac%

addings ^

providingj, o f ccnirse, contributions fTOTJ the in f in it e  sem i^circle vanish^ 

Now separate in to  rea l aiKi imaginary parts?

equate r e a l  ard iaoaginary terms separately in  tbs principal value squatica?

I

k .(x )c k K
C O

(3) i « )  = ^  ( ? X - a ,

ik)
( x ) ^

•OO
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Such functions are ca lled  "conj’agate functions'’ or "Hilbert Transforms" of each other,
/* X X

i-Jote tb.at i f  - p  ® than (sin  X x )  and (cos X ,x ) are conjugate fn"So

Kra»»rs’dispersion equation could have 'een obtaixted without o sc illa t in g  electrons  

or other kiiids o f models o This i s  the prime r e su lt  of dispersion theorjo There i s  

s t i l l  one point (in  the above) vhich needs to be talked abouti we asstiased

b u t tills  r e a lly  follow s from ‘the sunmetry proparties o f the theory as we sh a ll show 

in  la te r  le c tu r e s« Given a scatterin g  matris: or S  for (/J '^ o

find an an al, (using ca u sa lity  and appropriate boundedness) in  I and I® which

icLll go tojQ;u)a3 I *  ^  1*0 This w i l l  determine S C -'^ ^ )  o There are 2 possi='

b i n  tie s*

(5) Is j- ( -OJ)  ra ^  (UJ) t th is  i s  what the Krairsrs eqa, useso

{6} II* X  ( -  6U) ^
/9

(?) I leads to i , i X 2  /-n  / O/'duJ^
=  - i r

(3) I I  leads tos <x>

Hote that I I  i s  more convergent than I ,  in. that I contains an extra factor ( }  

in  the numerator. I f  greater convergence i s  neededp one can derive d ifferent^  formulas s
! X 9

Jtj M - I  (u>.) =  I  c ?  j  X ( u j ' )

(9)  OT* ^ .((^ )  ( o j o )  C

(10)

CU.UJ oouJi
j ( u ) o )  GP Q  -

S- / 0

La) ^

(jJo ^  {OO) ^  OJ<l  ( u ^ )   ____ 2  rX) 0  ----- -

Uo



Thas the pattern la  s e t i

1) Given S  CUJ ] s defined for  (tJ ^  o  cm lo 

it / Continue analo ^ly in to  1*

FiiKi fs/ CoJ-{-Jt M C ^  'r ^  1^) i s  Anjfcr y J> o  and lim ~~ S(<y-̂ )

5) and ^  M (uO -t ^ )  i s  su ita b ly  bounded;

holds fo r  ^  > a and a lso  on I*o Causality helps to  f tn i  r  *

symmetry reqo "s t e l l  whether K f a l l s  in to  I  or II® or neither i s  then a ssix ture—  

and what sort o f dispo r e l ”n i s  sa tis fied o  

Program? l )  V/rite dovm S=inatrix assignment as p o ss ib le«

2) Formulate ca u sa lity  property and study what a n a lit ic  prop*s are 

ascribed to  S’=matrix eleuo

3) Study symmo properties in  p articu lar to  decide vjhatliej* i t  i s  I or II  

which i s  sa tis fied o  Study a»scOT‘»nucleon scatto 1 st ws learn hcsj to  KTlte i t  properljc

O'



DISPEHSION RELATIONS FOR PIOK'»NUCI£ON SC:a1TERING 

A nalytic P ro p e rtie s  of the T^^natrix,

We s h a l l  s t a r t  from the fo llow ing general theorem on the S--»®atr:bc in  tersTss of 

Heisenberg opera to rs

(11)

where T  [v ,  ̂ vv ̂  i s  the time ordered operator

 > iŝ ) » T  b<,) Ai'^a) A(:<.sj
and i s  the D,®in'>^ordon operato r

This r e s u l t  i s  derived  in  t t e  appendixo

We may na? make a stiore d e ta ile d  study o f meson^-nucleon sc a tte r in g s  To s’̂ ecify

the i n i t i a l  and f in a l  statess> we use the n o ta tio n  j to  denote

a s ta te  w ith  a nucleon of mcHnentum (li^vector) p and a tneson of morrientum k. and 7\.

stands fo r  a l l  the o th e r in d ices  sp ec ify in g  the s ta te  ( lik e  spin^etco) The in3 .tia j

and f in a l  s ta te s  wofild then be rep resen ted  in  the fo m

^  ! P'X *<> ' h’ k 'y

The t r a n s i t io n  element fo r  the re le v a n t case i«» the  •

(1 2 ) <  \> I ^ (r J  I"! ^  Pi) 1 A  At,

where (j> (x) i s  th e  meson f ie ld  o p era to r. For charged mesons one has to  consider 

complex f ie ld s  and u r ite ^  in  th e  w ell known manner,

t - t  -  4 ,  -

The corresponding tra n s itio n iisa tr ix  element would be k-y)

I f  we \»rrite th e  r e la t io n  between the  S and T m atrics  ( s c a tte r in g  and t ra n s i t io n  

raatrices) in  th e  form

S  .  1 . -  . T

- - J  d 8



ue ha^e, 7 ..̂  1 4 '* '* ’ 4  M !''> ^'^:i

I f  we now assxnne th e  i n i t i a l  and f in a l  s ta te s  to  be steady s ta te s  v;e can 

remove th e  ’i n ’ , ’o u t ’ la b e ls ,  as we have done in  the l a s t  equation fo r  T-.“ L

cj^W) =

where j  (x) i s  a lo c a l  in te rac tio n s , 4* meson f ie ld  o pera to r. The rnescn

nucleon coupling i s  here not n e c e ssa r ily  o f Yukawa type but i s  n ecessa rily  lo c a l .  

^  d e f in it io n  of th e  chronolog ical o rdering  o pera to r,

-  ' ' ' C * ' ' ’ + ^ J ’3  +  S*
With „ ■'

Then
T  =

{1 3 )

provided \ (x) does not depend on 4  *-''■- • case j (x) i s  independent

of 4  a lso , the  l a s t  term a lso  van ishes. Then
, 1  k ̂ )

T  V (  4  i ® J * ''■" ®  ̂J 1 7 >  e

I f  I v4> denote a complete s e t  o f orthonormal s ta te s  the  p ro jec tio n  operator

^  l - >  < - 1  -  1
%-v

may be Introduced betwesai th e  two j  opera to rs  on the  r ig h t  s id e . R ecalling  th e

p ro p e rtie s  o f th e  displacem ent o p era to rs
~lPx ^

J  (X) €  j  C-" 5 e

W8 o b ta in  \  — K.j

7:* \ ' . . V ~P<'-i ik x
J  i “V  /  t  .  . .  .  {

T  = IS .  ̂ 1 \  . 4 v .a .):i

-:5'' . [ 0  L?  1 ^
( u )

'r / ' i - . i r N l -  i \ I F/
'  : £   ̂ <ip ij  v c 4  ' J

.-e 3 fe’ •

. 7  , U  <p ij v c4  'J

r. 0  J kip 
•+-^ ' J

•v̂

09



"9“

The req u is ite  in tegration s over x and y  may be performed leading to  the following

expression for  the T matrix element:
3

(1 5 ) I = \  ;    «• o y7~l L~ i A
= p 'i '  1 -

where the summation i s  now restr ic te d  to  those s ta te s  which conserve the 

momentum and -  i£  i s  an in fin ite s im a l negative quantity which ensures the correct 

contour for  the evaluation o f T.

I f  T i s  considered as an an a ly tic  function of the complex variable we may 

represent the s in g u la r it ie s  o f  T on the plane. The s in g u la r itie s  f a l l  in to  2

groups, those with p o sitiv e  real parts a l l  ly in g  in  the lower h a lf planej and those 

with negative rea l parts a l l  ly in g  in  the upper h a lf plane.

S in g u la r ities  o f T in  the ko -  plane

Comparing the properties so fa r  discussed o f the T matrix element, with those of 

a c la s s ic a l  scatterin g  amplititde d iscussed e a r lie r , we see that T i s  not a proper 

scatterin g  amplitude for deriving dispersion re la tio n s . This i s  connected with the 

requirement, outlined e a r lie r , that there should be no s in g u la r itie s  in  the upper 

h a lf plane, for  a dispersion re la tio n  to  e x is t .

The f4~matrix

We may however construct a new matidx element that i s  more or le s s  sim ilar to  

T but with the desired properties. To do th is ,  observe that the location  of the 

s in g u la r it ie s  o f T in  the plane are connected with the -  12. occuring in  the de- 

nominatorj hence we would have a proper scatterin g  amplitude i f  we a lte r  the sign  

of £ in  the second term in  the expression for  T. We w ill c a ll  the matrix element 

so obtained as ^  < p’ 0 V .|p >  ^

(1 6 ) ?  “ e ; , .  ' )
- X -

/  -LU



- 1 0 -

We sh a ll denote the meson and nucleon masses con sisten tly  by p. and k  so thatj, 

always J

li ôm the e x p lic it  expression for  M i t  i s  c lear th a t, for l<o'> P,T=M, since in th is  

range the s in g u la r it ie s  are unchanged between T and M and no ambiguity resu lts  by 

om itting the in fin ite s im a l imaginary part in  the denominator of the second term.

For the en tire  physical range p. and hence, for the en tire physical range, T and 

M coincide.

One can immediately w rite down an in teg ra l representation for M which i s

(17) M -  , J wO  I

and i s  eqtdvalent to  replacing 1^ 90<-'j) in  the expansion of the chronO“

lo g ic a lly  ordered product in  the in teg ra l representation of T. We may hence form 

the d ifference T-M:

-  -i. <"10' I j  '^1 J ’ 111 I [)'> e

_ ,  V l2 -R ^
'^0- t*o“ *
•VV T p '- k

Oiere we hav© used the fa c t  that

I t  i s  to  be noticed that there are no energy denominators in  the f in a l stimmation, 

since the d ifferen ce of two energy denominators with opposite values of £ may be 

replaced by a S -function  of ener=y d ifferen ces and th is  we have taken care of by 

the r e s tr ic t io n  on the summation. For th is  summation the only contributinfr terms 

are those with
'VV tL f>’ — l-<

Then,  ̂  ̂ k

and hence

< 1">

W > A . ,

: i X



“1 1 -

However, |w ^ a re  one p a r tic le  s ta te s  and hence

n2 > k 2

Hence there are no s ta te s  with p o sitiv e  energy for which both these conditions 

can be s a t is f ie d . Hence, as we asserted  e a r lie r  (from h eu ristic  arguements)

(18) T-M=0 fo r  p o sitiv e  energies.

The Negative BVeQuency Behaviour and the Class o f the Dispersion Relations

The structure and sjnsmetry properties o f M may now be investigated . The most 

important ones are those connected with the Lorentz group and with the charge con­

jugation operator. These are, resp ectiv e ly , related  to the behaviour under rotations  

and (space) r e f le c t io n s  and to  the behaviour o f negative energies.

Consider now the case o f scatterin g  of charged mesons (of f in i t e  mass) by a 

nucleon (a lso  o f f in i t e  mass). As usual, charged mesons are represented by com- 

pi ex f ie ld s  and one would have two d is t in c t  matrix elements M , M“ for the scattering  

o f p o sitiv e  and negative mesons t . _«.Wvj ^

here we have used the displacement re la tio n
Pv -  xPx  . *'ir•e j^^o) e  = J

to  perform one o f the in tegration s (with respect to  x ) .  On the energy s h e ll ,  the 

matrix element M may be w ritten

(1 9 ) I jb ^ O i  ^

sin ce, on the energy s h e ll ,  we have the connecting rela tion

V _ k’  ̂ O’- —

since  ̂ = k'"’’ =

the Lorentz metric i s  used in  writing J

enabling us to  express k' as a function of k, p, p .

/ . • O  1 2



- 1 2 -

The Matrix element being a Lorentz invariant should be expressible in  the

form

(20) M '  1̂’ ’’

where and are functions o f the products k^p, k»-p̂  and p-p^ o f which only 

two are independent. I t  i s  best chosen as a function of and p»p  ̂ so that

(21) F- = F- (  -ils + p’)

qI  = 5 , }=* I’’ )

-  K ^ e i - , )  < r ' U j ’ w ,

So that _ I s i<

'J

Hence

W -.h.c'' -  W  (.-k  , p .p ’)

which, in  turn, g ives . , \

(22) F Ip-p' . P'p/^ -  ^

I f  we now introduce the lin ea r  combination

F, .  F *  *  F '  G,, ‘

(23a) -  F'^ - F '  C ,^  -

these s a t is fy  , \
F ' (  ,p -P ')  = +  L  ,p  p )

f ' / ( ,  = -  P .
G , ” ( w.ip*p'> , Fp' = -  G, (_  Fpp-p'i .p-p)
& » * (  V.vftp'> , P'f') = Gi(^_ k-(p*p'> . p p')

These sunplitudes have hence the transformation properties of the required type for

providing us with dispersion r e la tio n s . These are fvmctions of two variables  

y  ̂ -  W + 1 and ">̂2 - . I f  ue keep one of these fixed  and the other

varied , one can obtain dispersion  re la tio n s of the type

8 e  = —  f  — i i -  9 ^
_oc

".-3 : o
V  *



“ 1 3 ~

In  th e  cen te r  of nsass frame one has 

(2^) = p, [s' ^ ( 2-

and F, G become fu n c tio n s  o f th e  center-of-m ass v a r ia b le s  l<j  ̂ . However,

when varyin?^ x.^, keeping X2 co n s ta n t, we have to  keep k^sin&c constan t and 

mt_ © . ( I t  may be re c a lle d  th a t  2̂  ^5,'® ''' ~  I s  the  momentum tra n s fe r  in  

th e  s c a t te r in g  and i s  rep resen ted  by th e  th i rd  side  of th e  momentuiTi ti*iangle

) . Hence th e re  e x is t  no d isp e rs io n  relations^connactin '^  s c a tte r in g  

am plitudes fo r  a fix ed  value o f 6  ̂ .

I f  we consider th e  lab o ra to ry  system 

P -- O P ' p ’ -  ^ po'

so th a t  keeping fix e d  means keeping th e  nucleon re c o il  f ixed  a t  the

value <̂2 pc w hile x , -  ^ • Ip + f'' ’ = o P 'S Mcvv»ecl.

}

The frame in  which th e  forrnlae appear s im plest i s  defined by P p = o  .

I  - 0 , 0 , P 
0 , 0 , - p

In th is  fram e, we may sp ec ify

The *'Bpickwall" System

P
k = Q , o , _ P

W' o -Q  , 0 ,

30 that

(25) 

and

The d is j

(26)

j’opo

k  =■

H- I

F

\ -V

4 - t e  ^

now be o f the
f O O

(?
\

r '

Except, of course, fo r  th e  s in g le  case Q. =0, wtisre keeping 0  ̂ f ix sd  i s  the same 
as keeping f ix e d .

' I  
, ) . 4
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We aiust nou d is tin g tiish  between M'' th e  no sp in  f l i p  and N  the spin f l i p

am plitudes. In  the  "b rick -w all"  system. Ip -v |[̂  ™ o   ̂ we have

(27a)  , ,___________ _
a '  ^ /*c = ( fo r  no sp in  f l i p

U  ̂ i-j.W u -

and

(27b)
~  7 'I ?U = O V for  spin f l ip
U U ik'u  = PQ />« ^

Consider

(2 8 ) m '1  .  ± -  F k k . P )  < 3 ( , k ,P )
Pt 

11M i s  a fu n c tio n  o f Ju s t 2 v a r ia b le s  ko and P with the  in te g ra l  rep re sen ta tio n

(  r’l Tjio.  ̂ jb jO  1

We now n o tic e  th e  im portant f a c t  th a t  th e  e n t i re  k© dependence o f K l i e s  in  the  

fa c to r  The f a c to r  f  (y ,p ) = '̂j [Ij(o)  ̂ in te g ra l

i s  a fu n c tio n  of x and P alone and i s  such th a t  i t  vanishes everywhere except in  

th e  backward l ig h t  cone.

I t  can be shown th a t  th e  m atrix  element M(ko,P) possesses a nuirber of sym­

m etries  and as a r e s u l t  can be w ritte n  as

M (l<o , P ) = j P )  ̂ C&& {^Q  ^

v^ere 'V(>‘ ,P )  i s  r e a l  and van ishes ou tside  th e  backward l ig h t  cone. (A. Salamt 

Nuovo CimentoI 1 F eb ., 1956 A. Salam and W. G ilb e rt: Nuovo Cimentot 1st

March, 1956).

Thus the  v e r i f ic a t io n  th a t

=  f  r  a k ;

j  —  iX )  W.  k

i s  r e a l ly  the  v e r if ie a .tio n  th a t

^  Co ̂  V o ' ^ o  V j I ' y.

7k J J '

2^-nl 1 5
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I f  on the righ t s id e , the order of x and kj in tegrations can be interchanged, 

then th is  i s  the same as the rather "simple” v er ifica tio n

" -L k ' _ k .
I t  can now be shown (see Goldbergers Phys. Rev. 22» 979, 1955) that th is  

change o f order of integration  i s  v a lid , ( i f  a t a l l )  only i f  f(x ,P ) i s  a function  

vanishing everywhere except in  the backward l ig h t  cone. We shall, not repeat h is  

arguments since the proof i s  very weak at th is  point and one has to  assume that 

f(x ,P ) does not possess s in g u la r it ie s  worse than the S -f\in ction  or i t s  deriv­

a tiv e  on the lig h t  cone. We r e c a ll that the quantum mechanical causality  re­

quirement for a r e la t iv is t ic  f ie ld  theory demands that lo c a l operators separated 

by a sp ace-lik e  in terval should commute; and corresponds to  the requirement that 

the measxirement process connected with e ith er  operator cannot influence the 

other since no sign a ls can be propo^ated with a v e lo c ity  greater than the speed 

o f l ig h t .  In partictilar th is  im plies in the present case 

 ̂ fo r  x-y  sp ace-lik e .

This guarantees the vanishing o f f (x ,P ) for space-lik e < . I t  i s  particu larly  

in stru ctiv e  to  note that the cau sa lity  requirement enters only a t - th is  stage of

the theory; and further, th a t, the cau sa lity  i s  demanded "in the sm all” and not
-13merely fo r  d istances larger than, say, 10 cms.*

m e aispcrsion  reaaxions are

(29) Re = i -  ( p r

(3 0 ) ^  ^  ̂ (?  r  9rrv> 6 ?
k. TV J„ I ,.-

* I t  may be shovm that i f  we assume that cau sa lity  i s  not va lid  in  very small but

f in i t e  regions, the dispersion re la tio n s for such a case would be mixed:
F(,kot^) Co5 OpFo FiWo.P)

2  ̂ (P P  F (k . p)co^ -V (Rft ^

(Sudarshanjto be published)
Cf. R. Oehme, Phy. Rev. 100, 1503 (1955)

:G
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Since and G are  in v a r ia n t and only the  apinors u , u chanrre re fe rre d  to  a new

system, we may now w rite , sajj, fo r  th e  cen te r  of mass system,
G f  ) u ^(31)

(R'S Svj stivv-. ,

The theo ry  developed so f a r  can be c a rrie d  thrc3Ugh to  give the  d'Lspei-sicn 

r e la t io n s  fo r  any sn ita b le  p rocess , say th e  sca tte rin p ' of charged psenJoBcalar 

mesons by n eu ti’ons and p ro tons, however fo r  s im p lic ity  we s h a ll  consider a case 

which i l l u s t r a t e s  a l l  the  re le v an t p o in ts  of th e  theory , namely the o ca tte rin g  

of n e u tra l s c a la r  mesons ty  s c a la r  nucleons. Then we have only one i'unction F and 

one d isp e rs io n  r e la t io n
f \  /TV r  (I  ^  ( P  ico'  P  ( K '  , P )  J )(,.12) Ft)., ,P) - — r r r —— —

To w rite  the  r e la t io n s  in  th e  c e n te r  o f mass frame, we may s u b s ti tu te  the  expression 

(33) .  j h "  Y  -1- "-c'" -  P "  '

fo r  kp and ob ta in ,

. «  « .  .  I -  «■ f

where <g = au(j

F\ kc  . P)  i s  to  be taken to  mean F p) . Since l<o-

P<(k^<C'^ and < -skp

Hence of th e  range of in te g ra tio n  0 to  00, th e  reg ion  0 to  i s

tinphysical, ie - th e  th resh o ld  o f th e  process i s  at the  energy -> y -

For the  case under eo nsidero tion  (n e u tra l mesons) the  imaginary p a r t comes from

the in f in ite s m ia ls  i& in  the denominat»3R * U sin ' the r e la tio n

 ̂ _ (P  ̂ B \ -A. }

\  -F

* This assumes th a t  the  numeretor i s  r e e l .  Cf,. Salas; and Snlga

P oJ I T
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we obtain,
«£' (  !>'I 3' ^°’ 1 j*-®’ ^  < P  j j^ o > h X '^ i  t")

(35) y v̂x » vN=),’-k

The s ta te s  (v'^ contributing- to  the sum be represented in the follow ing manner;

' / / / /
V

YV. = (,&4-|U,)̂  

■TK- 
TVs O

*7 ”  K ,  y Q S  K c ? I A  C » j T  ^  O - .- ^

S i c v  4  o j '  W ,  U -rv b)^YSv.C<rvl C o w 4 l - > x w  

13o»av>es _ S'lT^bz
‘ I

We have to supply the^wsF for the unphysical region ourselves.

The various contributions may be separated in  the -^^asbcov  ̂ p
9 vn FCk, ,P ^  ^  ■» ■ ^o'TA jaUv|S\.Cc4 5tfv.H^) ■+■ ^ Ccv̂  . 1

-4- W I k  , P >

where the la s t  term i s  the contribution from the s in g le  sta te

which i s  usually  ca lled  (somewhat inappropriately) the "bound state"
o oThe appropriate term fo r  n ~ k r  i s

— P ' l  1
Graphically,

n?-=

where the intermediate nucleon l in e  represents a real nucleon. Taking radiative  

corrections to  a l l  orders and lumping these in to  a vertex m odification, we may 

w rite an expression for  the bound s ta te  contribution. For scalar nucleons th is  

gives a contribution proportional to

0  i-B
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r
where * i s  tha vBrtex raodificationJ

r, S3 [ C (p'_-!<)") , te-)

.  r  1̂’' )  “ ,»^)

Tims the  t o t a l  c o n tr ib u tio n  i s

vxhere G i s  the unrenormaliEed coupling co n s ta ito  We can now define

(36) = G, ?

and then th e  t o t a l  c o n tr ib u tio n  i s  sjja^jly th e  Born approximation re su lt^  prov'ided
(«•)

the renorm alized coupling constan t i s  usado

In  the f u l l  pseudoscalar theory^, t h i s  gives tha  co n tr ib u tio n s i

(37a) u ’. p i H . l .  u ' ( p  S l r - I - - ’

(37b) 9^  u%r', u \ | , , s (h P -h '- - - '^ )
>4-k

So niuch fo r  the  ’’bound s ta te "o  Nov?̂  the co n trib u tio n  from the second unphysical 

reg ion  i s  much hardero One suggestion  i s  to  d i f f e r e n t ia te  the r e la t io n s  obtained 

p rev io u sly  w ith  re sp e c t to  and pu t P “ 0=, In th is  marirer we now ob tain  an in f in i te

number o f in te g ra l  equations o These ai-e n o t merely id e n ti t ie c o  The s tru c tu re  of 

th e  th eo ry  (aogo t l ia t  i t  i s  local*  r e l a t i v i s t i c  and th a t  the Kjeson has odd p a r i ty )  

comes in to  what we c a lle d  the Vound s ta te  terms Also meson-nseson a t t r a c t io n  terms 

of the tjTpe A were nsglectedo  I f  they  had been kept in ,  an ad d itio n a l

term would have appeared in  the  r e la t io n s  (eqo2’),3o)

on the r ig h t  haiid sideo
PTo i l l u s t r a t e  the r e s u l t s  ob ta inab le  by d if f e r e n t ia t io n  w ith  re sp e c t to  P ,

l e t  us s t a r t  w ith  the o r ig in a l  r e la t io n
I t c P I I — )

1̂0 I 4-f) Svv. §!( ' d ^

.  ̂ A . (p   Pj

= ’________________
*- ( i ^ ~ p ) -  c;] " p*’’ ̂

T*) Gjĝ  so d efin ed ,' c fiffe rs  by terms of 15z5eFpiA/^T^Trton™Hie~usuiT~3e7XnH^
where = G, f  (fc- ,o ,  ‘ j ; q



I f  we nov; d i f f e r e n t ia te  tM.s equation  w ith  re sp e c t to and then put ?2 ® 0^ we 

o b ta in

1-k-^
, ' c  I ' c  , 1  /  1 _ j _

(39a) = a -  ( p ; g i u t - * - i ) r s ' ‘ S t  H £ _ ib L  c h c . ' . V " ^  T T ^-fK J o  U c  - - - - - - - - - - - - - - - - - - -
A i A c ’ )

where vre have introduced the sjrn&ols

(3%) (5^ -  5^' =

Ic  ̂ .  = j p 7 w ^

A + V^k‘ ) = k ' ’ O  - t  (^|of IT *<> )

One may proceed in  a  s im ila r  manner to  ob ta in  fu r th e r  re la t io n s  by repeated  d if f e r e n t  

t ia t io n so  The c a lc u la tio n s  are s tra ig h tfo rw ard  b u t tediouso

We have thus obtained an in f in i t e  s e r ie s  o f in te g ra l  equations which are fu lly  

r e l a t i v i s t i c  J w ith  due regard  being paid  to  a l l  the syiranetries o f the theoryo No 

approxim ations have so f a r  been raadeo This in f in i t e  system of equations can be made 

to  serve as the  b a s is  of a new approxim ation methodo For example, n eg lec tin g  all. 

excep t a f i n i t e  number o f phase s h i f t s  would correspond to  a  c u to ff» which however 

i s  app lied  in  a r e l a t i v i s t i c a l l y  in v a r ia n t fashion^ In p a r t ic u la r ,  by neg lec ting  

a l l  terms except the  p=wave phase s h i f t s  and takes k  —  ̂ oo ,  one ob ta ins

the Low in te g ra l  equations (The Chew»Low equations are  no t obtained th is  way, since 

th e i r  in te g ra l  equation i s  fo r  the in v erted  function  and not the s c a tte r in g  airplitudeo 

One remarkable f a c t  to  be n o ticed  i s  th a t  the only p lace wi^re d e ta i l s  o f the 

coupling c<me in  e^q ^ lic itly  in  e v a lu a tin g  the bound s ta te  con tribu tiono  In p a r t ic u la rA
both th e  PS and the P7 th e o r ie s  give the same bound s ta te  co n trib u tio n s  and hence 

d isp e rs io n  re la t io n s  do n o t d is t in g u is h  between them.o Worth n o tic in g  i s  the f a c t  

th a t  the P7 d ivergences have disappeared  in  the d isp e rs io n  re la tic n o

To ob ta in  s c a tte r in g  len g th s  a sso c ia ted  w ith various 1-- values i s  q u ite  

straightfoarw ard nowo Notice th a t  eqn.^ ( 2><g ) s t a r t s  v;ith  ̂ ® 0 on the left-hand

0 ,  .0  2 0



knaw a l l  phase s h if t s  on the rigjithand sidsc Consider mesonF=nucleon scatterisa,^

where we kaoow la rg est phase s h if t  c In Cambridge GiUsert has "teled to

compute the zero* energy lim its  o f   ̂ rising th© generaliz*^

d ispersion  relationso  The raeson-meson a ttraction  t ermAcf>^was retained? so that

the d isoersion  re la tio n  for no spin^flip? no iso  topic i^ in - f l ip  anplitudeso contain

an a^'Htional term A  - f  ( the r i ^ t  hand sides { ^ .^ 'a re  the in i t i a l  and

the f in a l nucleon ^moinenta)?. The crudest atroroximation o f  retain ing only ^ 3 3

phases under the in tegra l sign  (on the ri^t^band side) was madeB ^ 3  3 i t s e l f

being taken to represpnt tlie exoerimental curve up to ~  ^00 IfeVo The follow ing

are the resu ltss  -=- 

1 .

i i )  iL  B the pseudoscalar coupling constant is  largeJ'~ ’ 12o
<T ,  1

(■A) ( 4 ,  1- i  ~  J i - 0 . 4 i  HereKand^

are nucleon and meson maŝ êso 

( 111) (<?,  - 1̂ 3 )  ~ 0 . i

r  I _ i f _ l
( iv )  In the ^  p h a se-sh ifts  an additional constant / I .  a rjh 4^i\ I 

appears due to the X Q  meson»a>eson a ttraction  ternjo This constant 

could be comnutede using Bom Approxinsation., For a small value o f  th is

constant x

a y  -  -  a -0 ^  04, :  = -  di-o 3

Bbr a s l i ^ t l y  larger value

-  — d- 0  3 - - < 5 - O r

The i®8on=“ffieaon a ttraction  temss i f  present ani largse ssakes l i f e  hard

as far as obtaining u sefu l ijafornation from these re la tio n s i s  concernedc

In c lo sin g  we may recap itu la te  the s ig n if ic a n t  points? f i r s t ly p  a l l  the

syii-Bie triee  o f  th e  theory c o b s  in to  the d€3velcT̂ i;’eT>.o re tum lly .,

2 j



im n o rta ^  -oointg to  n o tic e  a re  th a t  the  th e o ry  i s  e s s e n t ia l ly  j^ c a l  find tJ)at 

" e a n s a l ity  in  th e  s m ll^  i s  denanded (m icroscopic c a u sa lity )  o in  connection w ith 

th e  la t te r c  th e re  i s  no flmdamental len g th  p lay in g  any s ig n if ic a n t  p a r t  in  the 

theoryo The e v a lu a tio n  o f the  hound s ta te  c o n tr ih a tio n  f ix e s  a  sca le  fa c to r  fo r  

the  theoryo

An e s s e n t ia l  p o in t o f  g e n e ra li ty  o f  th e  theory  l i e s  in  th a t  the  assa,ned co»= 

m utation ru le s  fo r  th e  ®in* ‘ out* f ie ld  o p era to rs  do not n e c e ssa r ily  deaand canonical 

commutation ru le s  fo r  the (non-asyffiptotic) f ie ld  operatorso This i s  m r t i c u la r ly  

o f  I n te re s t  in  view o f  th e  con jectu red  in co n sis ten cy  (o f s ta te s  o f

f ie ld  th e o rie s  s ta r t in g  from sanon ica l coumutation ruleso

We have not y e t learned  how t e s t  to  comhine the equationse fflix>roximte to  

them a i^  s e t  uo consis tency  r e la t io n s  to  o b ta in  d e ta ile d  in fo rm tlo n e  This req u ires  

deeoer studyc C au sa lity  aM  d isp e rs io n  r e la t io n s  a re  nrebably  d estined  to dominate 

on th e o r ie s  fo r  & few years y e t to  cbmso



^ p e n d ix  I  Oehnse; P, R<> 100^ 1^ I j<=6

/-p®*
i f  ^ ( ( t J 0 d c 4 ) ^  f or  O

CO —̂ (ou i -^ ^ )
—€?0

A ^{ i ^ i -  A O )  ---— ^ f o r  j /  o
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Acpendsj;: I I
I iirf^TtifnHi>nrTTir---iii-ir-r--r-T— n

^” M atrix la  terms o f Heisenberg Operatox"s

In a  progra® fo r  d e riv in g  d isp e rs io n  r e la t io n s  fo r  a r e l a t i v i s t i c  th eo ry  i t  i s  

f i r s t  o f  s21 necessary  to  w rite  down the p r c ^ r  s c a tte r in g  am plitudes w ith  su itab le  

symsietiy p ro p e rtie s  fo r  t h i s  purpose we esqpress the S-m atrix in  terms o f Heisenberg 

operatorSo We adept tiie fo rE u la tic n  o f f ie ld  theory  due to  Lehmanj, Symanzik and 

Ziaaaennan mid s t a r t  w ith  tlie fo llow ing d e f in it io n s  and a u x ila ry  leimnasS 

Taka any fu n c tio n  which s a t i s f i e s  the  Kleia<«<iordon equation

K, - f u ;  = o  k .  =- o '
which i s  nonnalizad so th a t

-  I f  1

For a r^  cp e ra to r A(-x.; we may c o n s tru c t the operator

° " I L
the space in te g ra tio n  being c a rr ie d  ou t over the space^like surface <, I f  in

p a r t ic u la i” the opera to r A(:<) s a t i s f i e s  a fre e  f ie ld  equation

k  A U ) -  O

tlien the o perato r A ^.l) s a t i s f i e s  th e  r e la t io n

= . 0
^  ̂ M i .and hence i s  independent o f the sp ace -lik e  su rface  ^0 ■ t  „ This r e s u l t  may be

im m ediately v e r if ie d s  by d i r e c t  s u b s t i tu t io n  we havsj

-  L  ^  — ^ ( x ;  t ;  A ( k ;  ) i 2  = o

where in  the second s te p  we have used Green’s theorem to  tra n sfo n aa tio n  from volume

to  su rface  in te g ra ls  end the l a s t  s tep  follow s from dim ensional considerationso  

I f  L denotes th s  l in e a r  dimensions o f  the volume considered? the In te g ra l  goes as 

U*" hence vanishes in  the l im it  J  o Hence fo r  a f re e » f ie ld

op era to r A (y) A i s  a co n stan t of the raotiffiio ,̂ | ILj.
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We new in troduce 2 s e ts  of operatorsj. la b o lle d  re sp e c tiv e ly  ’i n ’ and ’out" f ie ld  

operato rs ^which s a t i s f y  the  free«^fiold equations

j< A , -  o

and the coraiiaitation ru le s

uaa'> .

These a b s tr a c t  o p e ra to rs  are  endowed w ith p h y s ica l con ten t by demanding th a t  fo r  

any two ph3rs ic a l s ta te s  rep resen ted  by . - 4 ' .  and any operato r AC-t ">

( c i >  . A h  > 9 )  = C ^ , A ' A t '
1  _ J j _ S X 5 ^  _  . 0

C oo ^
I t  i s  to  be noted th a t  the righ thand  s ide  i s  independent of t  since by v ir tu e  of the

free=»field equations obeyed by the "in* and "out" f ie ld s ,  the righthand sides are 

independent of ^  o

T h ^ d e fin e  the  form alism  of the f i e ld  theory  under examination and c o n s titu te

s tro n g  requirem ents on the s tru c tu re  o f the theo ry . As an example i t  i s  to  be
sn o ticed  th a t l i i is  requirem ent does no t make much senate as app lied  to  cases when one 

of the two states®  say ^  i s  a s c a t te r in g  s ta te  and the o th er a bound s ta te ?  fo r

t

since A(.>.> i s  a lso  a s c a t te r in g  s ta te  and i s  thus orthogonal to  ■

By a d i r e c t  ex tension  to  d e r iv a tiv e s  we may w rite  down corresponding r e s u l ts  fo r  

the l im i ts  ^  ±  <?o

We may now d efin e  the "in® and "out’ vacuum s ta te s  by t t e  defin iiig  equations

where, as u su a l, we have s p l i t  the free<-field  operato rs A^^, ^out p o s itiv e

and negative  frequency components ^  On® fiow from the follow ing

two s e ts  o f  orthonorm al states®
O '*  w  . 0(!

I  ^  n ;■] -)5

'  fr\  ̂ v\.\ ^
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where V», . ,  . , are the occupation nunfcers ajxi the expression imrolving the

fa c to r ia ls  i s  the usual normalization factoro 

The S»roatrix may be w ritten

1V ^  osJ:
where 1,0̂ ', ^  5 stand for the s e t  o f in d ices completely defin ing the s ta te s » The 

S=matrix so defined i s  unitary and has the property that

The inTariance of the formulated theory under spaco^time translation  together 

with the asymptotic properties o f the f ie ld  operator lead to  the existence of a 

^“Vector operator P $ which i s  the generator o f in fin itesim a l translations, with

the p r o p er tie s  

— ji

- • ■ { 2  P f - .  °
The vacuum s ta te s  s-feady s ta te s  and by choosing an arbitrary

phase factor  we may w rite

n . .  I
hv̂

The stead iness o f the 1 p a r tic le  s ta te s  lead to  the rela tions

) -  ( n , A W c i ^ i )  -  

C A ,  <$„::>)
These r e su lts  are equivalent to the LoW“Gell~Mann resu lts  on adiabatic switching on

o f the in teraction  lik e

jTriiO Vacuum'  ̂ ® S  ( o , — |  Bare ¥acuuin^

^True Impart s ta t ^ «  ^  ~ '^ )|B a re  1 parto s t a t ^  etco

The general theorem on the expression for the S-matrix in  termn r.f heisenberg



" 5 -

operators can rsow bo stated  the aquations p / N 0  4

where T (̂ Y.  ̂ stands for the ohronologically ordered Wick product

T  x ^ )  ^  A ( x , ) ...........  A (x^ )J
aM i s  the Klein^Ocrdon operator defined e a r lie r <>

To prove th is  r e s u lt ,  d e fim

Then form the basic postualte o f the theory, one has

( - 0 . , T  , .  . . .  y j )  '

In th is  derivation  we have used the postulated asymptotic connection between A v 

and k  - {%) o In the la s t  but one step  we have dropped a term a t  ̂̂  = o<s (coming

from the ^^integration) ^

i. C C i~ y   ̂ T  c > c , , ' j ' ) - D - ) ^  Ly)

=  t x x  A "  , T  u ,  - , ' ^ v . , ' , ) r a )
O  v v

which vanishes by v irtue of the defin ing property of
X \Hr

The theorem stated  and proved ju st now can e a s ily  be extended to s ta tes  

containing two or more p a r t ic le s « The generalization  for the 2»particle case, 

for example, would read

We could as w e ll have replaced the jTX on the l e f t  side by, say, a without
h. 1 :>v

impairing the v a lid ity  of the resu lto  ' ^ '


