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_’_ HEPL-68
High-Energy Electron Scattering and
the Charge Distributions of Selected Nucleim
Beat Hahn,™ D, G. Ravenhell, and Robert Hofstadter

Department of Physics and W. W, Hansen Laboratories of Physics
Stanford University, Stanford, California

ABSTRACT

Experimental results are presented of electron scattering by Ca,
V, Co, In, Sb, Hf, Ta, W, Au, Bi, Th, and U, at 183 Mev and (for some of
the elements) at 153 Mev, For those nuclei for which asphericity and
inelastic scattering are absent or unimportant, i.e,, Ca, V, Co, In, Sb,
Av, and Bi, a partisl wave analysis of the Dirac equation has been per-~ 2\
formed in which the nuclei are represented by static, spherically
"symmetric charge distributions, Smoothed uniform chargé distributions
have beeﬂ assumed; these are characterized by a constant charge density \“\\
in the central region of the nucleus,vwith a smoothed-out surface, :
Essentially two parameters can be determined, related to the radius and S
to the surface thickness, An examination of the Au experiments shows that \:
the functional forms of the surface are not important, and that the.charge:
density in the central regions is probably fairly flat, although it cannot
be determined very accufately. An analysis of the experiments on the
nuclei Ca, V, Co, In, Sb, Au, and Bi, assuming for convenience the Fermi |
smoothed uniform shape (1), then leads to the following results: the
radial parameter ¢ (the distance to the mid-point of the surface).scales
as Aé for the nuclei we have examined and is (1,07 % 402) A‘é < 107L3 cm;
the surface thickness t (the 0.9 p_ to 0.l p, distance) is constant for
all of these nuclei, to within the estimated error, and is

(2.4 % 0.3) >< 10723 cm,
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I. INTRODUCTION

In the last two years several-investigationsl-h have been carried
out at Stanford University in an attempt to discover the size and shape
of the charge distribution in various atomic nuclei, These investigations
have been of an experimental and theoretical nature, The experiments
have obtained the angular distributions of high-energy electrons scattered
elastically from the atomic nuclei and have employed the narrow momentum
selection permitted by the use of a magnetic spectrometer in order to
ensure elastic scattering., The theoretical analysis of the experimental
observations rests on a phase shift calculafion applied to the Dirac
equation for a model of the nucleus having a static spherically symmetric
charge distribution_.3 Comparisons between the experiments and the
theoretical angular distributions for various specialized models of the
nuclei have permitted conclusiops to be drawn about the size of the nuclei,
the nuclear charge distribution, and the validity of the assumptions made
in the theoretical interpretation., The size obtained from this work,

511 y.s come to be called the

and from the investigations of others,
"electromagnetic size" in contrast to a "nuclear" size.determined from

pure nucleon-nuclear interactions. The method of electron scattering

is fortunately quite direct in its approach, since its only fundamental
untested assumption is that there is no specificallyAnon-electromagnetic
interaction between the scattered eleectron and the nucleus, Thus far

there is no definite evidence of any appreciable deviation of the electron-
nucleon interaction from the strict electromagnetic type, so that the

foundation on which the theoretical analysis operates seems to be quite

secure,
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Until the present time the more detailed published data have con-
cerned the heavy nuclei Aul97 énd éb208. These elements were studied2
at several different energies in order to test the validity of the
theoretical method as applied to a specific nuclear charge-density model.

L

The analysis™ indicated that two main parameters of the charge distribu-
tion could be determined in the preéent status of the experimental
studies extending up to electron energies of 190 Mev. These two para-
meters may be said to be a mean radius and a surface thickness,

It is the purpose of the present paper to investigate how these
" two parameters vary over the range of new nuclei studied: Ca, V, Co, In,
Sb; Au, and Bi., Another aim of this investigation is to examine, for a
specific nucleus, Au, the range of values of the two parameters permitted
by a fit of theory to experiment within the experimental errors. Our
results for Au and Pb are in agreement with amalyses of our earlier experi-
ments by Ravenhall and Yennie,h by Brown and Elton,7 and by Hill et gl.s
Furthermore, new experimental data are presented without analysis for
nuclei which are probably not intrinsically spherically symmetric in their
ground states and which require a more eitensive analysis involving thei:x
quadrupole moments. Such nuclei as we have studied include Hf, Ta, W,
Th, and U.

II. APPARATUS AND PROCEDURE

The scattering apparatus used in ﬁhese experiments has been des-
cribed in earlier papers.l’2 The following improvements in the apparatus
may be mentioned:

(a) The electron beam can now be centered on the target, by
observing the visual luminescence produced by the electron beam in a thin

CsBr(Tl) crystal, which can be broﬁght into - the target position., A



bright beam spot can be seén from the control room through a telescope

and two mirrors; This fluorescing crystal method (due to Mr., A: Wi
Knudsen) became possible when the aluminum window of the scattering
chamber was replaced by a 6-mil “Mylar? window, the transparency of which
permits observation of the inside of the scattering chamber. During a
12-hour run no drifts in the beam-spot position>larger than 1/16 in..occur,

(b) A secondary emission beam monitor of the type described by
Tautfest and Fechter12 has been installed inside the scattering chamber
just beyond the scattering target. The secondary emission monitor has
been found to have a2 linear response up to full electron-beam intensity
‘and now replaces the helium ion-chamber monitor; which in previous use
was fournd to be slightly non-linear,

The Cerenkov counter which we use for detecting the scattered
electrons is carefully shielded with lead and paraffin, On the average
only one background pulse in two minutes has been registered under con-
ditions of full electron beam, target in place, closed analyzing magnet
slits, and magmet at 90°, With open slits, typical counting ratee of
50 to 100 counts in the same time period are obtained,

In most of the experiments described here an energy spread of
0,5 percent in the primary. electron beam was chosen, The beam spot at
the target was approximately 3/8 in. wide andAL/8 in, high, In all
experiments the target was held at an angle of h5° with respect to thg
direction of the primary beam,

The collision energy loss of the clectrons in the target was a
maximum in the case of Ca, where it was approximately one Mev, The loss
of energy due-to recoil of the target nucleus, at 183 Mev and at a

scattering angle of 90°, amounts in Ca to 0,9 Mev, and in Au to 0,18 Mev;
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The angular résolution of the scattering experiment depends mainly
on the multiple scatté£ing of;tﬁe primary electrons in the target, on
the finite acceptance“angle of the analyzing magnet, and on the finite
size of the beam spot;f_Multiple scattering is the main effect limiting
the target thickness, :The multiple scattering angle was kept smaller
than £ 1,5°, For Au a @aximum target thickness of 5 mils at 183 Mev
(target angle 45°) was ﬁéedo The acceptance angle (in the scattering
plane) of the analyzing ﬁmgnet was adjusted to % 1.5°° In the prepara-
tion of the theoretical gcattering curves the finite experimental
angular resolution has béen taken into account (see Sec. III),

A major problem in these experiments was to separate elastic
scattering events from inelastic scattering events, By an inelastic
scattering event we understand here an event in which the bombarding
electron gives up some of its energy to the target nucleus, which is
thereby left in an excited state, Inelastic scattering in high-energy

15 .. 1 1l
scattering experiments has been observed in Be,13 C,lh Mg, ° 51, ° S, ?

15

and Sr,”” and in other nuclei,

In all of owr experiments the number of counts per unit integrated n

beam is measured for various magnet ¢nrrent settings, Thus an elastic

peak is obtained and in some cases one or more inelastic peaks, depending
on the target nucleus and on the scattering angle, are found, In Fig. 1

a typical elastic peak is shown for Ca together with a small inelastic

peak superimposed on the Bremsstrahlung tail of the elastic peak, The
number of counts is plotted vs eneréy of the scattered electron, In

this particular case the inelastic peak is small and well separated from ;

the elastic peak..
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The best energy resolution of the scattering apparatus obtained
in these studies corresponds to a peak width energywise of O,4 percent
(full width at half maximum)! It is therefore possible to recognize
inelastic contributions arising from excitation of nuclear levels with
energy down to. approximately 300 kevt For the nuclei Ca, V, Co, In, Sb,
Au, and Bi inelastic scattering was either c¢learly resolved from the
elastic events or else no evidence from line shape studies for an
appreciable inelastic scattering contribution down to ﬁOO kev was found,

As a measure of the differential elastic cross'section, a sum of
the counting rates at 6 points defining an elastic peak was usually
taken, No absolute cross sections have been measured so far. Results
with any given target material are however subjected to a kind of
standardization by associating the measurement at each angle with a
corresponding measurement using a standard Au target, After correcting
for the target thicknésses, cross section ratios with respect to Au
become available., In Sec. IV these ratios will be compared to the
theoretical ratios (see Table II). The individual Au runs agree with
one another at each angle almost to within the counting statisties, At
angles smaller than 90° the statistical error amounts to * 5=7 percent,

The over-all accuracy of the relative cross sections obtained in
these experiments is of the order of % 10 percent., At least half of this
error is due to counting statistics., The remainder has to bg ascribéd
to drifts in various parts of the experimental equipmeﬁt. No corrections
were found to be importapt enough to be applied to the direct experimental
daﬁa and no background effects need to be subtracted, A discussion of

possible sources of corrections has been given in earlier papers.l’z’6
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III. THEORY

A, Introduction

The experimental results for Ca, V, Co, In, Sb, Ta, Au; Bi, and U
are represented in Fig. 2; In order to display diffraction structure,
the experimental cross sections have been divided by the angular factor
(cos ©/2)3/(sin 6/2)*, (This factor is proportional to the theoretical
cross section for point scattering obtained using the first Born
approximation.,) From Fig. 2 and Fig. 13, we see that while for the
nuclei Ca, V, Co, In, Sb, Au, and Bi the cross seétions show pronounced
diffraction structure, this structure is much less marked for the nuclei
Hf, Ta, W, Th, and U, The experiments thus separate the nuclei we have
examined into these two groups, which we shall call (a) and (b)
respectively. In this paper we shall analyze the resuvlts of only group
(a) nuclei.

The nuclei of group (a) are believed to have little or no "“intrinsic

deformation" in the Bohr-Mottelson sense,16 and the electron scattering

is elastic, The nucleus‘can therefore be represented by a static,
spherically symmetric charge distribution; The electrostatic potential
due to an assumed nuclear charge distribution is obtained numerically.
The differential cross section for electron scattering is then calculated
by means of a partizl waQe analysis of the Dirac equation for an electron
moving in this potential.17 This analysis, which is also performed
num.erically',l8 is very éomplicated; for gold at 183 Mev, for example,

the first ten phase shifts are modified appreciably by the finite nuclear

size, The relation between chorge distributions and differential cross

sections is therefore known to us only cmpirically, as it were, from
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expepience with many such calculations., One relationship, namely that
betﬁeen the observed diffraction strusture and the relatively abrupt
nuclear surface, shows up very clearly. This might also be inferred
from the first Bors epproximation, which predicts smooth cross sections
for smooth charge distributions such as the gaussian shape

p = exp(-rz/az), but undulating cross sections with diffraction

19,20 As can be

zeroes for the unlform and "smoothed uniform' shapes,
seen from Fig. 2, the experimentally observed diffraction structure

becomes more pronounced for the lighter elemeats, where the Born approxima-
tion is more reliable, This approximation aiso predicts that the
diffraction structure is a function of (2EO P sin ©/2)/fic, where E, is

the electron eriergy, and R the nuclear radiuso‘ Hence the fact that
diffraction dips of the same order occur at approximately the same value

of A§ sin 9/2 which is displayed in Flg. 2 by using Aﬁ sin 9/2 as the .
scale for the abscissa, indicates that some parameter describing the

radius varies roughly as A% from element to elemept. This prediction is
confirmed by the detailed analysis presented in the next section.

The nuclei of group (b) all have properties indicative of collect:vi
motion of their outer nucleons.16 (Evidence for this from other experiments
is c1ted at the end of Section IV,) Hence we expect contrlbutlons to the
electron scattering arlslng from the asymmetry of their charge distributions,
and from transitions to their "rotational® levels, which are so low in
energy as to be unresolvable in these experlments. It can be shown thﬂt
fof suitably chosen nuclear parameters these contributions fill in the
diffraction dips to yield smooth cross sections, like those observed
experimentally. The analysis of this process will be given in another
report.21 Soﬁe of the nuclei of group (a) show properties characteristic .
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of a little collective nuclear motion, also, but to a negligible extent

as regards the clectron scattering.

B. Charge Distributions

As is to be expected, for a given experimental error tﬁe amount of
detail that can be observed in the chorge distribution is limited by the
ielectron's reduced de Broglie wavelength, which at 183 Mev is
1,08 >< 1012 en. Let us first consider "smoothed uniform" charge dis-
tributions, for which the charge density is roughly uniform in the central

regions, with a smoothed-out surface, e have used the following

functional forms:

Fermi: p(r) = p1/{éxp [(r~c)/z1] * i}; . 1)
Modified Gaussian: < p(r) = pz/{éxp [(r2~c3)/z23} + 1\};. (2
Tropezoidal: . p(r) = Py o<r<c-z,
= pa(c+za-r)/223, cz < r <otz (3).
= 0, r > ctz .

Experience has. shown us that at energies up to 183-Mev differential cross
sections depend essentially on only two parameters, a mean radius and a
surface thickness, and are almost independent of the particular analytic
form used for p. Roughly speaking, the radius determinesAthe angular _
position of the diffraction dips, and the surface thickness their depth.

Of course, for each of the above shapes the parameter ¢ adjusts the radius,,
while the surface thickness is related to 2, 2,, and 2z, in (1), (2), anc
(3), respectively. But the exact relationship among the parameters of
equivalent shapes (i.c., partiéular examples of (1), (2), and (3) which
yield aimost identical.differential cross sections) is knowh to us only

numerically, Approximate relationships can be obtained by using the fact
374 011
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that the electron wave functions in the neighborhood of the nucleus are
approximately plane waves with modified amplitude and argumenthl A
simple analysis on the lines of the Born approximation then shows that the
scattering depends, to lowest order in (s/c!)2, on the quantities ¢! and

8 defined by the relations

- .
ct = J p(r)dr/p(0), (&)
0 .

0o . g '
82 = = jo (r=c1)2pt(r)dr/p(0), (5)

¢t is the distance at which p has dropped to half of its value at the
. center, and s is proportional to the rms thickness of the surface. (The
last two statements are true strictly for only (1) and (3), where p obeys
the additional condition that p(ct! + 6) = p(0) - p(c' - 6),) Since the
value of s is found to vary appreciahly with the functional form of p, we
quote in our results also t, the distance over which p drops from 0.9 to
0.1 of its central value, It turns out that t is less dependent on the
form of p than s, .Since the rms radius has been used extensively in the
literature as a measure of nuclear radius, we quote also R, which is "\
proportional to it: |
a=(5<r2>/3)%. A (6)
We shall also use r_ = A“a Rand ry = Aqé c. The quantities ¢, s, and R

are connected by the approximate relation
R2 = o2 [l + (532/202)] / [1 + (352/402)],.' _ N
The surface parameters s and t are related to.the quantities-occuring: “

in (1), (2), and (3) as follows: (1), the Fermi shape, s = 2nz1A/§__= 306321,

ft

t=(4 log, 3)z1 = 4440 2,3 (2), the modified Gaussian shape,

t

(c® + 2z2210393)& ~ (e - 22,2 logeB)% e 2,20 zza/c, (the expression
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for s is only known to us numerically for special cases);. (3), the
trapezoidal shape, s = 2z3/|[§~ = 1,15 2, t =1,60 z,o In terms of

these quantities the central charge density is given by
p(0) = 22 o/ {4mc® 1 + (352/4c?)]} . (7)

The effect of a variation in the central charge density has been

examined in gold by using the functional form

p(r) = pg [1 + (wr2/c2)] / fexp [(r-c)izg] + 1} : (8)

Since. this variation turns out to have little influence on the cross
sections, we have used only two-parameter charge distributions in owr
examination of the other nuclei. Such an effect, if present, will -.
probably show up more clearly when'experiments at higher energies include

several of the diffraction dips.

C. Analysis of the Experiments

The present procedure for finding the nuclear charge distributions -

A\

. \\
- predicted by the experimental cross sections is necessarily one of

successive trials., For any assumed charge distribution the cross section
obtained by means of the phase shift analysis is folded over a small
angular range to allow for the finite experimental resolution. We

assumed a gaussian folding distribution,

- — -1 (% -
5(0) = Gz | oferdexn (e - 61)2/0%] co, (9)

-00
and for £ have used the fixed value of 20. This'is intended to represen?
approximately a spread in incident beam energy, multiple scattering in the
target and finite beam size, besides the acceptance angle of the spectro-

meter. (usually % 1,5°). ' N\,
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Comparison with experiment is made by least squares. The probability

that theory and experiment are in-agreement is
) 2 '
P i[ exp {~ ((o/a€,) - 11" N,/2}, (20)

where o, is the theoretical cross section at.ei, ard g’i and N, are
respectively the experimental value and the number of counts. The
parameter A is required because the experimental cross section is not
known absolutely, and we therefore maximize P with respect to A, The
maximum occurs when A = Mz/M‘,"where M = %: (al/ 8i)nNi; for this
value of )\ the logarithm of the probability is given by

~log P =3 (MM, - M 2/, (11)
Thus for each theoretical cross section we calculate (11) and then look
for the values of r, and s which make it a minimum, This is then the best
fit for that particular shape, We can thus compare the relative merits éf
various shapes, and also have an idea of the error in our results due to
statistics. A comparison of results for various experimental guns‘in

gold shows us the error.due to any slight lack of repeatability in the

experiments, We discuss this more fully in the next section.

'D. Other Effects

. For simplicity we ignore radiative corrections to scattering in the
above analysis, Su.ura23 has shown that, independently of 2, the relative ‘
correction to the cross section is to a good approximation the same as

was calculated by Schwingerzh using the Born approximation. For typical
experimental conditions (E =183 Mev, AE/E = 0,5 percent) Schwinger's
analysis predicts a relative change in the theoretical cross sections bet&een
35° and 120° of 4;3 percent, Since the radiative correction varies smoothly

with angle, however, its inclusion would make the theoretical cross section
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a little.steeper while not altering its detailed shape. This would
decrecase the surface thickness of the predicted charge distribution a
little ( -~ Q.4 percent), and would not alter the radius appreciably.
In view of possible uncertainties in the theoretical analysis, and of
their small and easily predicted effect, it seemed better io omit
radiative corrections altogether,

For those nuclei of group (é) having non-zero spin values and
magnetic moments, there should be a magnetic dipole contribution to the
elastic scattering, Since the magnetic moment (p) arises in the surface
region_of'the nucleus, this contribution éan be expected to show about the
same dependence on the finite nuclear size as the charge scattering, The
ratio of these two contributions will thus vary approximately as (n/Z)%2,
so that although the magnetic effect is appreciablie for hydrogen,25’26
it is negligiblec at this energy for the nuclei examined here,

The analysis of the elastic scattering in terms of static charge
distributions is quite general, but the connection betﬁeen this charge
distribution and the nuclear wave functions may not be so direct, Although

the major part of p(r) comes from eV (r)|3, there will also occur,

ground
in higher 6nders of the pgrturbing interaction between the electron and
the nucleus, contributions involving nuclear excited statés arising from
virtual excitation. For light nuclei Schiff,27 using.the Born approxima--
tion, has estimated that this "dispersion scattering" is only about 1/157
of the scattering from the gréund state alone., In our analysis this effect
would show up as a contribution to the charge distribution which might be
energy dependent, because of the energy denominators in the perturbation
theory. In Section IV we have analyzed the scattering from Bi at both 153
and 183 Mev, but the results at the two energies are probably not signifi-

cantly different,.
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Our calculations assume the Coulomb law of force between the
electron and each element of the nuclear charge. Aqy alteration in the
law of force at small distances would modify the rel;tionship between the
charge distributions and the potentials used in the Dirac equation,
Correction of owr results to allow for this effect would not in;olve much
recalculation., From the potentials corresponding to our quoted best fits
the altercd relationship between potential and force law would immediately -

give us the modified charge distributions., There is at present no strong

evidence for such an altered foree law,

IV, RESULTS -

Gyld, In gold 197 there are five experimental runs at 183 Mev,
The average of these runs is shown in Fig, 3 together with the theoretical
best fit using shape (1), which has been folded to allow for finite
experimen£a1 resolution, Inset in that figure are points indicating the
values of Ty and s for the best fits to the individual runs at 183 Mev,
Corresponding to each of these points, for which P, the probability of
acreement between theory and experiment, is a maximum, therc is a curve
describing charge distributions for which P is a half of its maximum vaive,
" since we are close to the best fit, this curve is of only second degree in.
To and s, i.e,, it is an ellipse, It tells us the error due to statistics,
The scatter of these points about their mean (measured by using as weight*-- ‘
ing factor E:'Ni, the totel number of counts in the run) arise; both fro::
statistics and from a slight lack of repeatability of the runs., Our
analysis indicates that the latter is only about half as important as
the former, The ellipse shown in the inset figure combines both sources
of errer, In Fige. 4 we compare with experiment the cross sections of two
sﬁapes whose parameters differ from those of the best fit by about two

probabl~ errors. (They correspond to the crosses in the inset to Fig. 3.):
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We feel tﬁat these are a significantly poorer fit to experiment than the
shape chosen in Fig, 3; this shows that the estimates of error given by
the least squares analysis are in rough agreement with intuitive ideas
obtained from inspection.

A feature of our results which is not too marked for gold, but
which is very noticeable for the lighter elements, is that the major axis
of the ellipse corresponds to shapes with the same value of the radial

prrameter ¢, This means that ¢ is the parameter that can be specified

most accurately, a result which agrees with our experience that the angular

positibn of the diffraction dips, the most prominent feature of the cross
section, is determined mainly by ¢, The eccentricity of the ellipses
increases for the lighter elements, implying that for these elements the
accuracy of s decreéses relative to the accuracy of ¢. This is linked
with the fact that‘in the diffraction dips, the angular region where the
surface thickness is most evident, the agreement between theoretical and
experimental cross sections is poorer for the light elements than for the
heavy elements., The errors in the results on the other elements are in
any case somewhat larger than those for gold, since the results are less
numerous (usually only two run; for each element). For all of the above
reasons, the errors quoted at the beginning of Sec; V should be regarded

as orders of magnitude rather than precisely known quantities,

To examine the experiments on gold for dependence on surface shape,.

" the same procedure as that just described for shape (1) was followed for
shapes (2) and (3)., The maximum values of P for the three cases were
found ali to lie within a factor 1.3 ef each other, i.e., the agreement
with experiment is not significamtly different for the three shapes. The

values of the parameters for the best fits are presented in Table I, The

374 0
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variation in the radial parameters quoted is very‘smalli in ¢ {phe
parameter oécuring in the definitions (1), (2), and (3)] it ié 1,6 per-
ceﬁt, while in ¢! Edefined by the integral relation (h)] ard in R

| [proportional to the rms radius, as defined by (623 it is 3.3 percent,
There is a much larger variation in the parameters describing the surface
thickness; as is to be expected, although i, the distance over which p
drops from 0,9 to 0,1 of its central value, varies less (10 percent)

than s, defined by the integral relation (5) (i7 percent). It should

be possible to define a radial and a surface pcrameter so that their
values are independent of shape, but as these results show, we have been
able to do this only in an approximaﬁe way. The charge distributions
corresponding to the best fits for shapes (1), (2), and (3) are shown

in Fige 5, It is remarkable how cloﬁely they agree over the surface
region, especially at the two outermost points of intersection. Needless
to say, the cross sections corresponding to these charge distributions
differ so little that Fig., 3 can be taken to represent also shapes (2)
‘and (3), with a slight shift in the vertical scale, ‘

We have used shape (8) to detect any dependence of thé cross section
on the central charge density. The precedure is closely similar to the
preceding ones: for chosen values of w, the parameter fixing the varia-
tion in central charge density, the best fit for varyiﬁg 2g and ¢ is
obtained, We then minimize (11) with respect to w, The "best" value of
w corresponds to a ratio p(O)/pmax of 0,80; the value of P is 1.5 times
its value for the Fermi smoothed uniform shape (1), a difference which
lies within the probable error, The charge distribution is shown in Fig. 6,
. and the cross section is almost indistinguishable ffom that shown ;p Fig. 3.
It turns out that the cross sections are rather insensitive to W.SO that

the limits that can be put on w are rather wide, The reason for this weak
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dependence on w is clear from Fig. 6, in the plot of r?p(r), the amount of
charge at a distance r from the center, vs r, We see that what looks from
the plot p(r) vs r to be an important alteration in shape actually involves
the shifting of only a small amount of charge. This is, of course, why

our analysis predicts most accurately the position of the nuclear surface —-
that is the. place where most of the charge resides,

To summarize, the analysis of gold 197 yields the results that
firetly, there is no discermible dependence on the details of the shape of
the éurface of the charge distribution, although the relation between para—
meters of equivalent dharge distributions is known only numerically;
secondly, there is only a weak dependence on the variation in the central
density, and the best fit has charge density almost uniform in the center,
Hence, in our analysis of the other elements, which we do in order of
increasing Z, we have used only shape (1), With the assumption that the
relations between parame£ers of equivalent shapes is the same for the other
elements as those found in gold (Table I), the numerical results, presented
in Table III, can be reinterpreted in terms of shapes (2) and (3).
respectively by scaling the parameters therein as follows: ¢, by factors ~
1.00 and 0.98; R, by factors 0.99 and 0,97; and t, by factors 1,11 and 1,02,

The expefimental angular distributions for the nuclei Ca, V, Co, In,
Sb, and Bi together with their best theoretical fits (using Fermi smoothed
uniform charge distributions) are shown in Figs. 7-12. The errors quoted a
in these figures are due only to counting statistics, For small angles, a
where no error is indicated, this error is smaller than 10 percent. All
nuclei in this group, except Sb, have an isotopic purity greater than 95
percent, The target thicknesses, measured in mils, were 120 (Ca), 26 (V;;
L2 (Co),.lo (In), 15 (5b), and 10 (Bi). The results for the individual

nuclei will now be discussed briefly.
' 374 019
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Ca. (Fig. 7) A natural Ca target containing 96.9 percent of doubly
4O ’

magic Ca”’" was used, Besides the elastic scattering peak a strong inelastic
p ak has also been found, which is probably due to excitation of the known

- levels in Ca at'3.73 and 3,90 Mev., There seems to be no evidence for the -
lowest known level in Ca at 3,35 Mev (0+) from this experiment. The angular
distribution of the inelastic scattering is indicated by the dashed line in
Fig. 7. As can be seen from Fig. 1, the inelastic scattering in Ca was
easily separated from elastic séattefing. Between 70o and 80° there appears,
approximately 1 Mev down from the elastic peak, an additional small
inelastic peak, the origin of which is unknown to us,

V. (Fig. 8.) 99.75 percent of natural V is Vsl, This nucleus ias
a level at 320 kev, whicﬁ, if excited in our experiment, should show up as
a broadening of the elastic'peak, No evidence for such an effect was seen,
and there is probably no more than 10 percent inelastic contribution to the
measured cross section at any angle, Such an inelastic'contribution would
not alter the values of the charge distribution parameters by more than
the quoted errors, '

Co. _(Fig. 9.) 0059 (natural Co) is known to have excited states
at approxﬁmately‘l.l and 1,3 Mev, Some evidence has been found in this
experiment for excitation of several 1evels'above 1 Mev, the relative
cross section with fespect to the elastic cross section being largest at

about 65o and amdunting to approximately 20 percent. This elastic scattor-

ing has been resolved experimentally.

115 and 4,2

In, (Fig, 10.) Natural In contains 95.8 percent In
percent f,llB. In a high resolution run 0,8 Mev full width at half maximum
of the elastic peak, no inelastic peaks have been foﬁnd. The charge distri-

bution parameters obtained from a least square fit to the 183 Mev data have

374 G20



19

e

been used to calculate the theoretical angular distribution at 153 Mev,
yielding a curve which is in good agreemént with the experimental data.

Sb. (Fig. 11,) Natural Sb contains approximately half and half
5622 ang 56723, 56123 has a known level at 0.15 Mev. This level, if
excited in our experiment, could not be resolved from elastic scattering.
The measured cross section therefore may include some inelastic contribu-
tion, We know however from our inelastic scattering work that the
relative inelastic scattering contribution becomes in general smaller by
going to large nuclei, with the possible exciption of nuclei with large
distortions from spherical symmetry (like Hf, Ta, W, etc.).

Au, (Fig. 3.) The low-lying levels in Au at 77 and 268 kev, which
have been excited in Coulomb excitation experiments, are believed to give
no appreciable contribution to the measured cross sections, According to
calculations by Downs et g;.zl such a contributién becomes important only
at very large scattering angles, amounting to about 10 percent at the
third diffraction dip at ‘115°. A line-shape study of the Au peaks did
not reveal any broadening of the peaks by going to large angles. The
theoretical Au curve at ;53 Mev is obtained by using the same charge
dist;ibution parzmeters as gave the best fit at 183 Mev,

Bi. (Fig. 12.) The lowest known levels in Bi209 (natural Bi) lie
at 0.91 and 1.63 Mev. No experimental evidence has been found for the
_ excitation of these levels by 183-Mev electrons, The angular distributions
at 183 and 153 Mev have each been analyzed theoretically and the best fits
are plotted in Fig. 12, The values of the parameters are r,= 1,201,

s = 2,25, and ry = 1?214, § = 2,03 respectively, These values égree to

within the errors quoted in Section V.
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A valuable check on the coﬁsistency of the theoretical results has
been obtained by comparing the exg%riméntal cross section ratios (with
respect to Au) with the corresponqang theoretical ratios, An average
cross section ratio over the five}smallest angles measured has been chosen,
The experimental ratios divided by the theoretical ratios are listed in
Table II, In view of the fact that cross sections vary by large factors
with changes in angle and from element to element, these ratios are
remarkably close to unity.

In Fig. 13 angular distributions at 183 Mev for the nuclei Hf, Ta,
W, Th, and U are plotted., The fact that these curves show almost ho
diffraction structgre is believed to be connected with distortion of
.nuclear matter from spherical symmetry., All of these nuclei have low-
lying huclear levels which are strongly excited by Coulomb excitation, o
ihdicating high intrinsic quadrupole moments; The averages for natural
Hf, Ta, and W of the_intrinsic quadrupole moments deduced from measure-
ments of the y-ray yield in Coulomb excitation are approximately 10, 4,
and 7 barns respect,iv'ely.z8 The quadrupole moments of Th and U are not
known to us, There are, however, levels at 50 and 44 kev for U, found by
Céulomb excitation, suggesting large nuclear distortion., An analysis of
electron scattering from such nuclei will, as mentioned in Section III,

be presented in another report.21

V. DISCUSSION

Results of the‘analysis of‘gold, the nucleus studied most intensively
in this investigation, are presented in Table I and Fig. 3, and have been
commented on fully in Section IV. Briefly, the following information has
heen obtained about the charge distribution: while not too much can be

said about the central region, except that p is probabiy fairly flat, the
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surface region‘ is now known with the following precision: the radius ¢
(the distance to the half-point ) -is 6.4 < lO-13 cm, accurate to about
% one percent, and the surface thickness t (the 0,9 to 0.1 distance) is

-13

2.4 >X 10 cm, accurate to about * 5 percent, although the precisé

values depend slightly on the particular shape chosen, These values are

4

in agreement with the preliminary prediction of Ravenhall and Yennie,  and

with analyses of our earlier data by Brown and Elton7 and by Hill et al.
The charge distributions for all of the nuclei examined are plotted
in Fig. 14, and the values of the various parameters are given in Table III.
The choice of the Fermi smoothed uniform shape has no special significance,
and the formulae for converting the results to apply to the bther two-
- parameter shapes, assumed to be the same as for gold, are given in Section
IV. As regards the accuracy of the entries in Table III, we feel that

as an order of magnitude the. errors can be said to be about twice those
quoted for gold, i.e., * 2 percent for radial parameters, and % 10 percent
for the surface thicknesses. These errors are, however, difficult to
estimate and, as mentioned in Section IV, the error in s for the lféhter
elements may be a little largef. Not included is a possible error due

to uncertainty in the energy of the primary electron beam, estimated to

be smaller than 1 percenf, This uncertainty would affect all data by

the same amount, and in the same direction,

To examine the dependence of the radial parameters ¢ and R
[defined by (4) and (6)] on A end Z, the quantities r_ = R/A%, r, = 6/A%,
'and r, = R/(2Z)'§ are also given in Table III, ry varies appreciably with
A, but both rl_énd r, are remarkably constant from element to element,
the total variations being only 4 pefcent and 5 percent respectivély.

Our result that r, is constant means that for the nuclei we have
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investigated the mideoint of the surface of the charge distribution
varies as A'k to within * 2 percent, These results are to be compared with

? who measured level splitting in the mu~

those of Fitch and Rainwater,
mesonic atoms of Ti, Cu, Sb, and Pb, The énalysis of the experiments by
these authors and by Cooper and Henleylo assumes a uniform charge dis-

tribution (zero surface thickness), but it appears that af least for the
light nuclei the only parameter that can be determined is the rms radius,
‘'i.e., R, They find that the radius of the uniform diétributibn is given

-13

roughly by 1.10 A% > 10 cm for Ti and Cu (assuming a mu-meson mass of

207 electron masses), A more elaborate aﬁalysis of their experiments in
Pb by Hill and Ford,ll using charge distributions with finite surface

thicknesses, yields the value for r, of 1,18 X< 10-13

cm, in good agree-
ment with our results, There remains, however, a disérepancy between the -
values of r_ obtained from the mu—mesonic atom experiments and from our
electron scattering experiments for the lighter nuclei, especially Cu and
Ti; we should expect results for thesé elements to agree with our results
on Co, V, and Ca, The origin of this discrepancy is not known to us,

As regards the other quantities listed in Table III, we note
first that the surface thickness t is approximately constant, to within
the quoted errors, and equal to about 2,4 >< 10-13 cm, Expressed in terms
of s {defined by the integral relation (5)] this is 2,0 >< 10713 cm. The
central charge density p(0), calculated from ¢ and t by means of Eq. (77,
is given iﬁ units of 1019 Coulomb per cm3, For gold, for example, it
corresponds to 0,068 protons per (10"'13 cm)3, It shows a significant

decrease for the heavy elements. It seems worth noting that if, on the

assunption that the distribution of matter in the nucleus is the same as
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the distribution of charge, we caleulate (A/2)p(r), as in Fig. l4b, the
centfai value of this "nucleon density" rémains roughly constant from
element to element, In the last column of Table III ﬁe give the electro-
static Coulomb energy of the nuclear charge distributions
(Ec = (1/2)~I p(r)V(r)d3r). This turns out to be approximately the same
as the Coulomb energy of a uniformly charged sphere of radiusIRc

These results may be summarized as follows: for seven elements
between calcium 40 and bismuth 209 the nuclear chafge distribution is
found %c have a radius ¢ (to the mid-point of the surface) of
(1,07 £ o02) % 5< 10723 m, and a surface thickness t (0.9 to Ol

distance) of (2.4 0.3) >< 107> cm.
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Shape c A W ct

(l) Fermi 6038 535 - 6038 6.88

(2) Modified
Gaussian

(3) Trapezoidal 6.28 1.49 - 6,28 6,66

(8) 3~Parameter 6,07 613 6L - 6¢9é

6.36 i 2.72 - 6017 6085

27

s t [
1,94 2.35 1.09
2,04 2,61 1,13

1.72  2.39 1.15

- ""‘ 085

Table I.-~Results of the analysis of the gold experiments at 183 Mev,
The first three shapes arc two-parameter shapes of the smoothed uniform
type, while the fourth contains an additional parameter which allows aliera-
tion of g in the central region. All lengths are in units of 10—13 cm,
and the charge density in units of 1019 Coulomo/em3, The accuracy of the.
radial parcmeters ¢, c!, and R is about * 1 percent; for the surface

thickness parrmeter t it is about % 5 percent,

TABLE II
Element Ca v Co In
(o./0, Jexpe ‘ ' '
o/ °m - 1,06 1,03 .85 495
6qx/oAu)theor.

Sb Bi

1.01 1.09

Table II,—Experimental cross section ratios with respect to Au

Ajivided by theoretical cross section ratios with respect to Au for group

(a) nuclei, - An average cross section ratio over the five smallest

angles measured has been chosen,
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TABLE III

c R <:/A'1‘=r1 R/AJ—‘=r o F (22)%74:- 2 t Po E,
Loa° 36k LSk 106 1,32 1.33 2.5 1.8 78
23v51 298 L3 LOT 125 1,29 22 1.2 100
27C059 09 b9 105 L.27 1.30 2.5 1.2 130
wInlU 5.2, 5.80 1.0 1:.19 1.26 23 1.8 360
1S 52 597 L.07 1.2 1.28 2.5 117 380
79Au197 6,38 6.87  1.096 1,180 1,270 232 1.09 790
g8 647 713 1.09 120 1.30 . 27 L7 840

Table III.<~Results of the analysis of the group (a) nuclei in terms of charge distribu~
tion (1), the Fermi smoothed uniform shape. All lengths are in units of 10-13 cm, charge densities
in 1019 Coulombs/cm3, and energies in Mev, The accuracy of these results (except for gold, for.
which the accuracy is given in the caption of Table I) is estimated as follows: radial para—-

meters, £ 2 percent; surface thickness parameter, * 10 percent, although the last figure may
be perhaps a little larger for the lighter nuclei, The quantity o is the normalization
parameter occuring in the definition (1), and physically is probably an average value of p

for the central regions. It is not the actual central density, which cannot be determined

accurately from these experiuents,

030
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Fig. 1

Fig. 2

Fig. 3

Fig., 4

Fig. 5

G

—_—

FIGURE CAPTIONS

A typical curve of counting rate vs electron energy for calcium
at 183 Mev and © = 50°,

Experimental results for several nuclei, The differential

cross sections, divided by (cos ©/2)3/(sin &/2)* to display
diffraction structure, are plotted vs A® sin /2, The solid .
lines are smooth curves drawn through the experimental points,
They have been shifted arbitrarily in the y-direction. The
dashed vertical lines indicate approximately the location of

the first, second and third diffraction dips.

Angular distributions for gold. The experimental points at

183 Mev are the average of five runs. The solid curve at

183 Mev is the theoretical best fit obtaincd by using the Fermi
smoothed uniform charge distribution (1), . It correspénds to tne
open circle in the inset figure of s vs roe Its coordinates are
the weighted average of those corresponding to. the best fits for
the individual runs, represented by the points. The ellipse

in the inset figure corresponds to charge distributions for

which the probability of agreement with experiment is half of

its maximum value, attained for the best fit, The crosses (a)
and (b) correspond to charge distributions whose parameters differ
from those of the best fit by about two probable errors., Their
cross sections are shown in Fig. A. The solid curve at 153 Mev
is for the same parameters as the best fit at 183 Mev, Numerical
values of the parameters for all of the nuclei are given in
Table III,

Comparison with experiment at 183 Mev of cross sections for
charge distributions whose parameters differ by about two
probable errors from those of the best fit, They. correspond

to the crosses (2) and (b) in the inset in Fig. 3. In

vertical scale one of the cross sections has been shifted by

a factor 10 for clarity. :

Three charge distributions in gold, the best fits to the
experimental results at 183 Mev for the Fermi,"modified Gaussiar,
and trapezoidal shapes (1), (2), and (3); the charge distribu-
tion parameters are listed in Table I. The cross section for the
Fermi best fit is shown in Fig, 3; those for the other two

shapes differ from it only slightly. 374 031
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Fig.

Fig.
Fig.

Fig.

Fig.

Fig,

Fig,
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7

10

11

13

S0

FIGURE CAPTIONS (Continued)
(a) Charge distributions in gold obtained using shape (8),
which allows variations%in the charge density near the center.
The full curve is the best fit to the experimental data at =
183 Mev, and the two dotted curves give cross sections for which
the probability of agreément between theory and experiment (10)
is a half of its value for the best fit, The dashed curve,
drawn for éompariSOn, is the best fit using shape (1),
(b) The charge distributions represented by the full and
dashed curves in (a) have been multiplied by r2, to show the
distribution of the actual amount of charge with radius,
Experimental and theoretical cross sections for the scattering
of 183 Mev electrons by calcium. The full line in this figure,
and in Figs. 8 - 12, is the theoretical best fit at 183 Mev
obtained by ﬂsing shape (1), The dashed line in this figure is
the experimental cross section for the inelastic scattering
corresponding to excitation of nuclear levels at about 3,7 Mev,
Experimental and theoretical cross sections for the scattering
of 183-Mev electrons by vanadium,
Experimental and theoretical cross sections for the scattering
of 183-Mev electrons by cobalt,
Experimental and theoretical cross sections for the scattering
of 183~ and 153-Mev electrons by indium, The theoretical cross
section at 153 Mev is calculated for the same parameters as the
183-Mev result,
Experimental and theoretical cross sections for the scattering
of 183-Mev electrons by antimony.
Experimental and theoretical cross sections for the scattering
of 183~ and 153-Mev electrons by bismuth. The experiments at
the two energies were analyzed separately.
Experimental cfosé sections at 183 Mev for the nuclei Hf, Ta,
W, Th, and U, Absolute cross sections have been obtained from
the counting rate ratio with respect to gold, and from the
absolute cross section for gold given in Fig. 3. The dashed
lines are smooth curves connecting the experimental points, and
are not theoretical, The curves have been shifted vertically by

factors of ten as indicated.
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FIGURE CAPTIONS (Continued)

Fig. 14 (a) Charge distributions p(r) for Ca, V, Co, In, Sb, Au, and
Bi, They are Fermi smoothed uniform shapes, with the parameters
given in Table III, and yield the cross sections shown in
Figs. 3 and 8 - 12,
(b) A plot of (A/22)p(r) for the above nuclei, On the assumption
that the distribution of matter in the nucleus is the same as the
distribution of charge, this represents the '"nucleon density",
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