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ABSTRACT

The role of iostaostons in the breakdewn of chiral U{N}
asmmétry iz studied in a two dimensional model. Chiral {1}
ig always deztroyed by the axial vestor apomaly. For N=2
chiral SU{N} is alao gpontanecusly broken vielding massive
farmiong and three {(decouplad} Goldstone Bosohs, For N 2 3
the fermions remain massless. Reslistic four damensional
theoriag ars belisved te bebave io a similar way but the
critical N abave which the fermicns cease to he masgive i

not Kbown in fouy dimensions.
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I. IRTRODUCTION A0 SUNMMARY OF RESULTS

. 1-4
It has recently heen dizcoversd

that gauge theorieg
exhibit the peculiar phepomenon 9f tunneling betweeén distincl
vacuum states win the instanton mechanism. The existence of

this effect means that the =zcandard perturbation thepry wvacu-
um 1& not }aally & vacuukm stats {cluzter will bhe loat}. The

correct vacuuwm {G-vacuum) ig constructed by an appropriats

3.4 4)thougn

puperposition of nalve parturbation theory vacua.
previous arguyments have heen more Kinematic than dynamie in
natura, we have besn able to identif:p3 a number of interesting
way3s in which the B-wvacua will hava qualitativaly nwew proparties.
By far the most interasting of these gqualitative features
arises when masgless fermions are present. Then 4 vacgum tuti-
peling event aptomatically produces Iermlon pairs of non-2€ro
chirality [(hence the hrezking of cbhiral U(1}) invariance hy thz
instanton) and would appear to SUppress purs vacuum tunneling.
Bewevar A tuonaling followsd by an aati-tunneling fto abzerbh the
pialr} 1= not forbidden but doexs have an amplitude which falls
off {due to the massless fermion propagators) as a power of the
geparation between the (wo events. In short, the magsleass
tarmions produce a strong long-renge corralation, or affective
potential, b=tween instantensa. It is therafpre nacessary to
a2k whether the gualitative properties of the vacuum are oot
quite different from what we found in the more general case

where Che instantons do not inkervact. significantly.
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The abzwar to thie guesation is both yes ard ne, and to
abtaln a ¢lear idesn of what 1z going on 1t iz szcezgary to Qo
somewhat beyond the rathar Kinamaticdl weak coudl-ng argumsnts
go far developed to study thie subject. O courge. suificiently
powerful gensral methoda do not at the moment zxist and wa are
cbhliged to turn fér guldanceé to gemi-acluble gpicial cases.

The =pecizl caze which 1z the mubject of 1aiz paper and
which will turn out to be vary LAStructive 12 cle=ged scalar
electrodynamicE in two space time dimensicng. 1t possesses
instentons {Euclidesn Nielzea-Uleson vorti:csal aad, while not
goluble, turns out to be quite manageable. In $bz absence of
farmion=, and in the weak coupling limit, the vacuum of ths
po=-fermion medel is accurately described 3% a aom-interacting
gag of low denslity (particles are instantons &mi Ehe chemical
patentinal iz the elasgicel action of a zingle inzgkantop). Ope
of our mzin polats ix that when R specles of raszless fermlon
arm added, an affsctive Coulemb interaction betwesn instantons
appears and the vicuum functional becomes essemt.dlly the parti-
tion Iunction of & Coulomb gas at temperature B od. We then make

uxm of axisting ztatistical mechanics nrgumentsﬁ‘T

to ghow that
tha aygtam hag two quite different phagez: a diglectrie phase
for lerge N in which the fermion remilns masslegs and vacuum
tupnalips sffacty Are strongly suppressed and a Copduetling, or
plasma, phaze for amall H 1o which the farmiocz weguire a

spantanecusly generated mass and vacuum tunneldling effects are

-

nut supprezsed, The phasé trangition is gueh that it must hawve
a four dimenz_onal analog which cowld provide a four dimensional
mechanisnm for breaking not juzt chiral G(1) but chiral SUCNY.
Actually, the phage trangition uncovered in this war is
mare general -ban the particular problem {massless fermionz 1o
twd difensional modala) which ealled if to pur atiention. (It

& in sratis-

#lso occurs in & oumber of two dimensionzl problams
tical mechanits and ie the one dimensional Ising medel with a

Ii -,1‘|'1z intaraction.) Heing logarithmic in natura this Xind
¢! phase tiansition iz natural in a2 scale ipvariant cheory such
ag Iour dimenzional QCD., We have, in fact, already ﬁuggesttdg
that a phese -ransitioo of this kind could be responsible for
guark confingment. Thiz will ba briafly discuksed at the snd

ol the paper.
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11 TNC DIMENSIONAL WODEL WITAOUT FERMICHS
The model we will uss to study the phepomens: mentloned
in tha Introduction 15 the familiar one of charged scalar electro-
dYnRARiCE 10 fWe Space-time dimenglong Tone Lagrangian 1%

- Losgn, - 3,55% « () (D) - Vis'®) 21

wherw Du¢ = {au-luum atd 1.?(4\*“ = —u2¢+¢ + %{;'“ﬂ with hoth
-u2 apd L takan pogitive T}e minimum of the potential V 1: not
unlque as long as u2 *» 0 {1t ocxurs for any ¢ sucsh that [ = ¢D=
1&5}1} and one his the usuil degmrerats vACuunm-sPONtan#ols Sym-—
matry brawkaing probles The standard treatment agsumes that by
a choace ol gauge, one can brang any ralevant f103d4 confaiguration
to & Yorm which 12 A amall pertorbation oh § = ¢D gvarywhare Then
an exgmipation of the small periurbdtions about this vacaum shows
that ol the two degrees of {resedom of ¢, ooe 15 a booa-f.ods mas-
s1ve scalar while the ether 13 a would-be Goldsioone bogmon whach,
by the Higgs mechanism, combines with the electric Field degres
af fresdom to creats 3 magaive "phaton' of mags by ¥ e¢ﬂ Thaza
two particles are manlfegtly neytiral and one wsually concludes
that there 18 oo way o wntroducing charged sourcss ioto CLhe
systam bwcausé the long-range Couwlombh interaction 13 acreened
{z1pce the “photop" 15 maszive)

Howaway, 2z wa have racapntly lsarnsd from the study of
the topology Of gaugse theory vacui, one must conarder field ¢on-

frgurgticons whlch cannoct be brought o the form ¢ = tﬂ by a

-E-

nor-singular gavgEe tranaformation This 13 hest understood by
congidering the wvacuwm fupctional integral of the theory 1n
two dimengional Euclidean spacetime The requarement of finite

action wmposes only the constraint that on the ciTele st anfapaty

14| = #y and 4&::"#.”-% {in » gauge when A =0, for instance,
thig 1mpliez that nﬁ - é% A hiﬂeJ"E for Large r} The fimite

aetioa filald configurations thus fall into topologically dlistrict
classes indexed by p aod 1t turns out that 1o congituct a true
vaguun fuoctigonal 1t 1% necessaly to add together the contribu-

180 ra fixed but ar-

tions of all poasible Slassas with phases &
biteary)

The bazit configuraticon out of which we congtruct every-
thang else 1% the mizimum gnergy configuration an the p = +1
sector It 1s Dot too hard to s€€ that thas 1s Just tha Hielzen-—
Olesen w;nrten,5 thought of az an instacton in 2 dimensional
Euclrdesn space rather thanp a5 a solicon in 241 dimensacnal
Mitkownkl =peeatima The vortex zolution has & regiom, which

1

may be centered anywheére, of radius -u; in which ﬂnﬂl- alﬁﬁ -

E7 Qand {¢| 15 Outside this core region, ¢ and A APPFOACH
vacuum values espenentially rapidly {in Landau gauge, 1t the

E "
vortex 15 centered at x=0 § - éuela A - % —!3%3 1 and the
total acticoh of the configuratlon 1% SO - Hr Thers 15 alsa an
A0tl ingtanton with CPpPDS1te 3LEn for A Since the reglroan of

nen-vacuom fiseld 315 aell-localized st 1% BAxy to construst ap-

proximite zglutions of anmy desired n by supsrposing n, lastantons

-
at locations ﬁ;i and A_ = f-n, AREL 1AZLANCORE At locatlons x;
£ long ag all separations are large compared to u;'l The method
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of superposition is just to add the instanton vector potentials
(&u - E+a:{x- xi+} + E_ A;(n-xI}} and to construst ¢ outzide the
vor{ex cores aceording to |4]= 44, D, = 0. This is equivelent
to 4ix) = ‘D exp i [: dquu. the integral being taken along any
Path avalding vortax gﬂras. Einee { ﬁx"ﬂu iz a multipnla of 2n
thiz leads to no ambiguliiy,

It 15 thea easy to Copngtruct R resscnable approximaticon
to the true vecuom funetional by Summing over all such configu-
rations and doing Gaussian functional integraticn over zmall
perturbations abaut them, Up to svponantially =wosll esrrections
the zeticn of n widely separated instanton= i just nS. and the

o
B-vacuum functionml iz well approxlvated by

LA _n_n' : et P
* - -8
(o1 ey - § IT:_dmfi t d}Ti = Jotnen
non_ nJ: a_is o
{2.2)
x
The x,  integrations are taken over a fipite but large volume

L T and ?0 fa 3 normglization factor of order u‘rz &winna i Zing

the réesult of doing the =mall fluctuation iategral about the
n:#%i;%?zt?ntnn configuration. Apart frowm the phase factor

-] " thkis i% nothing other than the grand cancnical en-
eemble eapression for the partition function of nDon-interacting
particleg of chemical potential Sﬂ par particlea. The partition

fuoctish ¢f a oon-lnteracting grne iz trivial to evaluate and

ona finds

coleWT|g> = ¢ ? (2.3)

the oost probable conlfiguratlons belng thnge where the mean
ilnstantoen densicy is approximately ?54 e- 0

How that vacuum topclogies have been properly aceounted
for, thara are £oMe importznt qualitative features of the phymics
of the maod=l which Alffer from expectationz bhaged on naive peRT=-
turbaticon Ehegry, Fir=t of all, in the standard perturbation
treatment, there 1z a sense in which che scalar field has a
nop—earg vicuym axpectation valwk t¢G: althouﬁh 4 iz gaugs
varisnt, one cen find & gauge in vhizh, wp vo emnll quantum
fluctuations, 4 = ¢u. Onee ohe has proparly taken poesunt of
transitions bDetween dlifferent vacuum topologies by sunming ovear
he 1n5tantﬂn5. it becomes clear that the only possible vacuum
expectatica value for ¢ ig zero. The megnitude of ¢ iz 4,
egsentinlly everywhere, but the phasze varies randomly in a way
which cannst be wndene by A nontingular guge transformaticon when
ONE AVEragsy OVEr instanton positions. In the present coatext,
hewever, nathing of physical interast depends on the vacuulh Ex-
peciation value of 4 {({he heevy photon magg iz proparticonal to
-=+'r}:v. whizh quantity is still approximetaly equal to ‘DE}' On
the other hind . the assertion, buged on paive berturbation Eheery, that
the E¥yStem cannot support : long-range Coulonb fisld end that any
charge Latrodoced inta the sSystem must be completely screened
appears to be falsified by the preopatr inclusion of Lnatant;us.
Indesd, the distinguishing feature of a #-vacuuym is that 1t iE .

4 ztate in which the expectation of E & 3 A, -3 A l& poh-Zaro,

071 170
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In the aon=-interacting plasma Aapproximation of the préevious qualicative nature of the seresbing process s changed by
piragraph, one finds explicitly <E*> = -2 zin3 e'so le. the quantum mEchanical vacuum tunneling process.
3dpce Fuch an eleciric field must have 4 non-Z¢ro source, it is
manlifestly possible to intreduce incompletely screened charges
inte the asystam.

A particulearly revealing wiy of di=cussing this questicn
is 1o ¢cal¢ulata tha energy of two widely zeparated charges *Q
in 2 8 vacuun., By the well-known argusent of Wilsen this amounts
to calewlating the B-vacuum expesctation value of axp(iQ {dx"ﬁd .
the closed losp being of dimengiong large compared to the charae-
terigtie lengths of thé system. But thix just amountsE to the
congtructlon of & System 1o a & vacuum outside the loop and in a
B+ Zx g vacuwn (racall that & 15 the Charge carried by the Higgs
fiald}) ioside the loop. Since the O-vacuum is characterized hy
AQ &OETIY par uuit.vulume, the zpergy of tha loop iz proportional
to the area of loop, which corrvasponds by Wilson's argunant to
a liperr or confining potential Lecwgen external charges @ which
ars non-iotegral multiples of . HNote that i1f @ iz an integral
multiple of &, tha spaygy 15 Zaie bBEcauze the VACUUN SAAFEY 1S
pariodic in 8 with peripd 2v. Indeed, any external scurce whose
charge 1£ A multiple of the charge carriesd by 4 can obviously be
sereeped by the formation of neytral bound states. HNote also
that the fleld set up by non-integer Q {which iz a gign of in-
gomplats ereaning) 1z & purely quantum «ffesct zince E 12 pro-

-3

portional to e ° - e'lfu, Thatrefore, even though classical

arguﬁhnts would indicate that any § is completely screensd, the




5. MASSLESS PFERMIONS
Fuor tha reaswns cutlined in the Introduction we wogld now like to
add to the syatem just dascribed H idewnotical apecien of masgless [ermion,

coupled andy o the Fauge flald

“5“":.):{1 ¥ ‘f"tﬂ'“- eAL W, - 5.}

The vacuum functional integral ia now
-HT -S4} N
< 0 o Det (A 3.2
|= [:-._,"w.“e [ HFII 3.2}

whete Dt MH' ig the functionsl determinant of the operator 1;“{&“-'::5“1
and Dat 1'&“} appedts raidwd to the Nlu.1 power becanne we have N indepamd-
ant apecien of farmivn. We atill expect the important H.p configurations ta
be {at lengt for waak coupling) supecposltione of malkiple inatartsna and
anti-instantona, bot wa sxpoct the propartiss of the vicuum unctional -
aeld to be quite different beopase of nostrivial dependence of the dete rm-
inint of yl#-icA) oo inatanton locations. Thug cor major problem s Lo
avaluate et [ﬁ.’l ta

Before turning to that problem we should commant brielly on tha
aymrmetry proparties of the system. Formally, the N identlcal macaleaa
farmnions aupport o glokal UIN)@ UMY aymmetry. We will see that in
certnin casss thers is spantaneeus gencration of fermion mase which would
oorinslly, bacause of the spontaneous breaking of the chiral symmetry,
leed to croldstone besons.  Since matsless bosons ate forbidden io two
dimnenaions such rmiaas generatlon would seermr (o be forbidden by general

priociplen. The resolution of this pacadox ig provided by the pecoliarly

-1z-

iwe-dimensicnal possibility of bosenisation of Fermi fielda. Each 4,
may ba written as the sxponential of 2 massless Dosen d‘-‘i and ths toeal
current $Ei"'p¢i may be shown to be a funciien only of the nerrnalized
field . N

W& bt

)

Tha othkr ti-1 farmion degreee of [resdom, independent of i% dji. re-
main free and masalers oven in the presancs of .k# and provide a baais
for the symmet ry SO % SEMNY. The r¢‘mii.'ni.ng chiral symmetry iz just
U] and corrarpands to the (reedom (o translatea $:% — ¢ + w. The ¢hiral
anomaly sautomatically reduces this continaous symmetry to a4 didcreta
translation groap which fop M > 1, ix gnough ta forbid & fermlan mase term.
The point ie that the elfective determinant interaction genarited by the an-
amaly ean eaaily be ssen to depend anly on & and to heve the explicit form
cos AN &. Thiz now aupperta only the discrete translation symmatry
TS EEE u?;% for inkegir . Since & Mdea terr would have tha form
cos ¥ ©. this discrets symmatry sulfices, for N > |, to forbid & mass.
The apontanesus tymmeicy breoking we ahall firdd 13 2 Breskdawa anly of
a discrata chiral ayrenetry and generaten no Goldatone hosona.

Lat s tarn now to the avaluation of Det {AF}. For a sufficlently
wall-behaved ﬁF. Dt MHI hza an obvicus graphh:il- expansion, i11uut1ra.-
ted in Fig. '- For massless farmions in twa dimenmions the four- -and
highar--.point current correlation functions vanish identically. [This i

why the Schwinger madal is 4alukla,} Therafers

2 S
D!:t!ﬁ} . B i
Tog | Det {0} LR fdx dy A fﬂiﬂpubt yisfyt. (3.3
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The surrapt two-point fanction, if we include the anomaly tere nesded

to guirantas currant conserviation, has the valoe

1 1 2
ﬂ“u:'g“pﬁ.[ﬂ—{“zauapfnx . 1. 4}

[f owe adopt the gavge B+ A = 0. anly the delis fonction terin contributes.

and wa have the wimpls axplicit resulr

z
Datlhl, = &z
log f_._”_ﬂ}_ = - _z.f "= Al ) . fa. 5

L]
An immediate consequency of this repult concarns the relative

coatribution of the dificeent topological clasaws of AI-'- mentioned in Sec-
tian Z. Recall that exsepe inthe n = © claps, A, must fall oif as 1) for
large r { Zrn = ﬁ dx- A} . Therefors for n # 0, f d%x A% muat diverge
logarithmically and Det (&) must vanigh. Thin iy the Fwo-dimgnaisanl
analag of 't Hoolt' 3 dil:wcrfztht wiadslenk farmiohd bave & zete eigen-
valug in a tapologleally non-breivial gauge field configuration and tharefore
wvanishing detarminaat. It mignifien the suppremalon of vacuum tunnelling
38 an aeympiotic process [Khough not as an intgrmediate process with fin-
ite liietime} and tells ua that in computing the vacuum-ta-vacyam ampli-
tuda we naed only include n = O configuriations fequal number ol instantons
ard antl instantsna).

For such configurations we shall adopk the veckor feld icial func-

tion
n
_ ik + (1]} -
R A N 3. &)
wh:re'ﬁFWI ia the Mlelgen-CJleren vortex aa];atl-un inthe é-A o 0 gauge.

TR

. O 1
In this gange we may of tourse writs A“ T ﬂ'udl with = . in e
autside the vortex core, vz{edn} = p, p 20 outside the vortex corg
and jdzgp = 1. Then as long as no voriax cores averlap. the guantity
%fd"';mz la identical to the twoa-dimens iopal Coulomb energy of n char-

g3 +1 st locarlons :i+ and n chargen -1 at locations Ii-' Explicitly.

2
& ] 2 3 + - L 2 . -2
erd x Ay T Fj tnow g, B0 l"'n;:j'!‘“""wi’"li"‘t‘i‘I '1;"3!”"whi -,
s the " T} (2.7
i b
and + -
ar Hx, Y Ex 1
pReidt - s 3.8)

Having #valuated tha fermnion daterminant we rmay tow integrats
over the relevant gauge fiald configurations tc consrruct the vacuum fanc-
tional itacll. A in the ne-fermion cape, we expact that we need anly In-
tegrate over the locatlons of instantons and anti inetantons a3 well &
Framming over thelr number (keeplng pel Ilnstanton number squal 1o 2eral.
The result for the 9-vacuam «nergy is, for M masileas fermicns

n lﬂzu.i Ldzx rC ﬂ-lzﬂ -Nuc![u:}l{x;}}

{ﬂrc-HT gr e 2y [ — ] — |‘=__ .
e 1T v

fn b il
9

OF coxrae aince n,tnm there in no longer any explicit dependence on 8,

4

Alwo, we never allow vortes coren ta overlap in inkeg rallng over 17 .
L
More importantly. we see that if in the no fermion case, the vacoum la

egaentially a grand cancnical enasmbls af nen-inlataceing phrtlcley with
-5
1

chemlcal patential ‘-’n_ * . M species of massless fermion convert the

syakem inte & twe-dimensional Coalomb gas with the same chemical paots

antial. but & termparature ﬂqzl M. We will 24 that the qualitative
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{patures of the ayatem can be very different from the ¥ 2 0 casa and that
ohags bransitiona o thin zlangica!l stabistical mechanceal apstem Tead b=
drastic changes in the qualitative phrsice.

Conaldar for instance a nearby [matanton anti instanten pair at lo-
cations x and y. A9 leng a4 they are far from all other instantons we will
heve

T O A 3.10)
In other words, the larger M, the more strongly the “natantons and enti
mstdnteme will clump tegather 'n phivs whode mein peparation i tha or-
der of the vortex core size. Qutalde each pair, aince ite net topological
“harge 1o zerm, the vacown b indistinguishable €rom the standard pariuy-
batian theory vacuum amnd the previcesly discossed qualitative =flgcta of
vacuum tonnelling are muppreased. Apothar way of mying this in that,
bacadsw oF the intaractions hetwasn indtinton and ant, instanton. sach
vacuum tonnelling event ia bmmediately (ollowed by = anti tunnalling
which cancels out mny physlcal efficcta of ¢ither gvant. In crder for the
wffacts of tunnelllng b0 be [elf the carrealation betweaen tunnelling #nd anti
tunnellitiy shoold oot ba too clope,. We reduce the correlation by decrean-
ing N {incraasing T} and the key questlon in whethar £ phaze Lrangibion s
o phagse In whicth instantans and sntl inskintsrs ke sspentially decorreia-

ted pecurs for & phyeically weeful valoe of N (M = 1)

= G-

4. ENUIWALENT GRAFHICAL METHODS

The clagpcal lws-dimensienal Coulomb gas may of course be
studiad directly in order 1o deterrmine tha location and natere of ite
phage tranpbionsa.  We ahell find it convenient ta ficat praa by ancther
routs which makes die of the fact that [or va, only integar values of N
are relevant. In that case we can (ind an squivalent graphical represen-
tatian forthe paetitlon function which makes axplicit tha notion that sach
ibatanten 9. Because of the chirid anomaly, the source ¢f mivaslesa
ifarmicna in 3 staie of non- zers chirmlity. The resulting graphical rules
will glve wa & upgful intgitive previgw of the subject of phise Franmitiome
and will allew ua e ¥exe in ddvance what new phyaics arises at a phane
transition:-

Asgall that we [ound that the farmion detarminiant in the vector pa-
lential corresponding to n instantons and o anti lnetantons at locations [x:}
and {x;} was Just un:p'[ -Utﬂ x,l+] . [x,l_}]'r - Given the explicit loem of
Uc as a yum of {ogarithms s may saaily ahaw that [or o inatantons and

n anti inataptony

T N 2-”-'I_ e, ox, f}

i=j l.‘#_]

21" axe -U ] - .1

L” l'x - N, }J
It va wall-koown Erom studiea of the Thirring meodesl and other two-
dimensiony] medels with maasless termiona that this ratienal functiog
af coordinate diffecanicas cin be reexprensed in a [orm thae hay & 1impls

interpretation in terma of fermios Feynman grapha,. To contruct fhis
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expanglon, kb lg B¢t ko intraduce the notion of & "tycla', an ordered aet

+ - *

3 - -
of Zm points [xl x L L } which is thought of aa invar-

1 i1 2 2 m m
iant under cyeclie permutation. The entirg aet of Zn palnts can by decom-

posed ln & number of ways knte & product of eyclen. Ta each cyele wa

aspign & value by the ryle

h:t‘u:-”x: x; ]=1x:‘x;){x[x: ;.Ht:: x, _'Ibt; K:]'
112 ™ m (N R m'm ‘m"
fx+x-} z S fx‘x+i = L 4.2
* - + -4
-z T -1

where ={x} ia 3 complex vornbe? conatructad out of the two-vector x ac-
cording to Ep) = xIHxD. To L‘ghren derampaaltion &l the 2n paints inka
n product of cyeles we apnign 3 value equal ko the produect of the values
of anch cycle. Than the theorem La taatl the ratignal functlon mz}“ﬂp[—uc]
s equal to the aum over all posalble decompositions into cyclesx of the 2n
paints {:H:i*}. {:If.l-:" (valean being asaigned 1o each cycle decompoaition oy
ahave).

It la perheps halpful to comanlt Fig. 1 where this theorem iy stated
pictorially for the chse n = 2, It i# not too hard to recognize the vacuum

_ ()

disgrams for multipla insertions of Z
= M=yl ;
and 4§ = 5 ¢ [korresponding to the x }.  The oriented propegators t::+n I

1 [corresponding to tha x, )

and ﬁt'xl‘] ara nuthing more than the Edclidean rotated and Yg projested
rmagglaps Mirmlon propagators. We will uae this geaphical intarprecaklen
of the partition functing to conatrost o Sarticularly weaiul inkarpratation
of the Coulomb gas it the special ternperaturas corresponding to Inteager

M.

J18-

Consider now the partition function for M = 1. The decomnposition
theararn just Jezcribed may be zsed directly; Wea have to integrale over

L IR -

the Zn coordinakes [x.l.xl] and then 3um over N, At the same time we have
in principle to remember the cutofl inatruction that forbids sny coordinats
Giffarence ko Be ledn than t@ice the vortex radiua. The chemical porenrial
and asgociated normalization lactors in Eq. 1. 9] give & weight

R | -1 Eﬂ 1
( FwVD¢ Dl T l,.. w= ) to each of the vertices labelled by xi.-t and the
varicus tarma in the partition fanction axpineion have an sbviows ioterpre-

3“ -1_ ﬂ:‘;si

tation ag maltiple ingartions of the vartices lpw\?ae ) L1 1‘-_ i on
farmion loops, Thead opardtor insertiony summariza the effect of the in-
ptanton on the system and we see explicitly in the cise N = | that the in-
atanton {anti inatamten) is replaced &y an alfective interection

S -1 gy, ’ g -l l'-l"w5
(p*".l'n; U’ |.||l—z—"] ﬂpw?uej E{—z"- ¢ which s praciaely the sort
¢l chiral invarigoce breaking term found by 't Hoolt in four dimenalang.
It should be noted that tha technique for conatructing this effactive inter-
action in feur dimeneions whith relies on finding normaltieable zeara ¢n-
ergy solutions of the s equation woeld not work hera: Although zerc
energy solutiony can be found, they Ate not normalizzble and there is no
clear way @f deciding on the sorrect normalization.

With thiz simple graphical interpratation ol the N = | partitian
farclion ik by exsy {o recognize that it is just the sxponential af the ¢an-
nécted lanp graphs constricted accarding to the same rules {Flg. 2).

But the jum of Eae connéctad graphe iz obviously just the expansion in

powers of maag of the vacaym loop graph for & [ree fermion of masgs




- 13-

L

cparor F{qz} p“‘k’nc ﬂ) where F[qzl iy & Momenturm apace tTRNE-

form of the pesition gpace cutoff ingtruction ased in integrating over

ti'*’r FiOy = 1, Fios: = 0 and F pangas from 1 to zero roaghly at qzt ujl.

Due to the cutoff, tha loop integral, ctherwine lagarithmically dive rgent.

in convergent, and there are no divergense difficultiea in dafining the

partition frpction. Mora impertantly, the fermion clearty behaves ap b
-1

it han dcquired a maaa vac."s } + and all carreintion langthe roaat

5

be finite and roaghly of the arder uw\r * O' large inzolar as S'I} is large,

L
byt finite. For & ternperatura correaponding to W = L, the Coulomb gas
muat therafore be in the plasma phass with 3 fipits s<raming length of

5

the crder of F'V - °

o On tha other hind, for large M, ss argued be-

fore, the system must be In 2 dielectric phasa, with infinite acreening
length, and there oumgt be pome Intermediate value of If at which a
phade transilion occurs,

Ingofar a3 the plasma phoge iy sasacinted with 3 pon kerd, Spah-
tanedusly genersted (ermion mana, M we shauld flad that a3 we in-

credss N Ffrom N =1, m_ should decrenrs and at saome critical value, M .
<

F
should vanish. For integer W greater than | the grapbical trastmant of
the partiticn frpction is sigohficantly diffatens irom the discossion we
bave jupt given. Conalder firat the capa N = 2. For a given &t of in-
stantons and anti natantons we need the graphiconl sxsangion of
t#zntl!p{ -Utf{ #i}]{ 2} 1] 2 i.e. its expansion as & aum of products

of fazmion propagators]. The genexn] Tale is cemily extracted from the

particular example of Fig. L. The sgoare of that gurn of graphy 1%

ol

diaplayad schematically n Fig. 2 apd is clearly the sum of vacuum
‘:raph..; constructed cut of guadrilinear vertices Ell'l+';ihh ]EZﬂ+"'5]¢ P
for the inatantona and E-ll'l'\'ﬁhb ﬁznwsm 2 [or anti inatanicns. T
congtruct the [ull partition function, it is necessdry o weight wach
vartex with ‘nivﬂesjll and jum sver numbers and locations of in-
atantons as belore.

The partition [upctien is again the exponantial of the sum of con-
nected graphs constructed out of Lhyse new verticea. Some of the poasible
structures &¥e displéyed in Fig. 4. Now, of courge, the conmected
graphas have a rathar complicated structure. and in particalar capnoe
he interp-¢ted as ganevating o fermicn mass in any obvious way. Thia
i n line with gor dikeuddion of the chirsi sytrmetty prapereies of the
effective Fermlon interaction generated by the instantone: Although Lt
"breaky'" the c:rntinuau-.-:hint aysametry. it lgaves unbroken a dia-
crete gymmelzy which gafflices to exclude a fermion masa aperator. How-
aver w atill may ask whether this formal diacrete gyrmmetry L8 not spon-
tanecunly broken, and s fermion mazs generated in 4 non-pertarbativa
fashiomn.

The simplast. and probably reasonably accursts approximation
to the integ ral #quatlon {or the ermion mass aperater 13 shown in Fig. 5
whire e | h.p. s the ety operabtar, the internal line on the roh. 1. ia
tha full fermion propagator inclading the mass operator, and the vertex
in the ingtanton-geansrated pffactlve by rmion intaraction. Thae ruulti:g

integral aguatiosn iz

"3 . a%g Fip)Fi
rofpl =§s {3 modal : .3
[Z#) L] +rnF;q y
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5. RENQRMALIZATION GROUF METHODS

Neadlesn to say, the two-dimenvsional Coulomb gas hes besn
studind intanwively on ite own merite by the atatistical machinice com-
munity and we should be able to verify the pictare we have developed in
Euction TV by compariaon with krown resuita. In thia connection we fingd
the work of Kt}lthili.t:? o8 b helpful and in this sectlon we would like to
paraphrase hin reaults on the tvo-dimensiona) Coulomb gas o 2 way
which will, we hopa, give waight to the picture we extraceed from crude
diagrammatic arguments.

The Couwlomb gea parctltion fanction hae the exphclt form
x -x |2
in 2’ i |_!-r'JI
1 F z
z-%} —T K “J‘Trdx.la 5.1
nt) T

whera ¥ ia tha chemical petentlal, + = 4 aceordiag te the aige of the charge

located at Ay and the integratiens ere carried cul within a large volume

¥ with the instructive that & circle of radiosa T arcund each charge is
-&

sxcladed. Fotr uwe Pﬂa= M. K= 'V;l [ e and T~ FWI , the inatenton rad-

we. COndimensiandal grounds alone we may aay that Z = z;lz-, '.rzﬁ, M =

- - T

zllz. E.Nl.  The quantity K is the dimansiotless chemical potantial, and
T -5

Thas, varying * halding ¥, N

in oot tase edpentially equal to e
fiwed, in the aame as varylng V and should caase no chinge in intensive
quantities such an me {rasuming there to be a thermadynamic lmle).

Cm the other hand, Koslerlitz has egtablished regsaling agaations, valid

for amall chemical petential, which ahow that small changes in T may

be replacsd by amall changea in the peramaters Eand M. For gaantitles
3

a2

whera £ lu 1 pore nurnber of order 1 and we hive includsd the cubefl
function Fipd Figh in the definition of the vertex. Tha stracturs of the
aquktion Le such that ml-"l:ﬂ 2 mF + Fip) and mF in sithar zern (of no

interagt] or aatisfiss

- F z
E‘u 49 F {a}
1= T2 2.2
) q +mFF Q)
-5 pw 2
] ] 1
e f —9-: 3 T . . 4}
fam} g+ mF

Because of the indrared divergence a4 ™~ 0, it ie clear that thla egqua-
tion hag & solutlon with I'I'I.F il expi-§ esoh in sthet worda, for N = 2.
there is a svlution with non-tera [althoogh exceptionally small) spontane-
ocualy generated [ermion mags and the system 1a still in the plasma phane
with finita correlation lengthe. On the othar hand, the extreme smallness

of ™ Buggents that we are oear the critlcal point where m vanishes and

r

thet for I{ = 5 oF gEreater we ahould oot be able to find & solation with mF;’u.
Indesd, for N = 3, the $ame ¢ruds approximation Lo the integral

#quatisn for the maas operetar yields the ayatem pictared (B Fig. &

Procaeding in the sime way as above. we oblain the vgquation

m -5 2 ] 2
mraﬁ.“—Fenl:_'Iu’ z—{ﬂ—ze?‘ —l . 4. 5)
o fZny a +rnF.F' =]
Under the asgumptlon that mFﬂ;il small, this hecomey. approximately
2
a5 ™ iy
] a =(__F log -—E} ' aty)
|'|'“| F‘W‘

which manifeatly doea not have & solution when S>> 1, which ig the baalc

o
walidity eriterion far all the approxirmations = have bean making. 5o for

M =3 (and by extension for any N> 3) we have m_=0 and the system is no

F

longer i the plasma phase.
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ilke I'I'I.F which are icdepandant of T, the rescaling squationas therefore
delina trajectorier in K. M apace along which these oguantitiss Are con-
atant.

Koslerlitz' rescaling aquations srs en-il-].l stated in terma of the

parameteras y = hl-_i. x = M- fthey are valid only for ¥ << | and t = fnT)

dx 2 x+E.2
@D

5. Z)
d

Theane squationk have 2 Nved point 4t & = v = 0 apd ltl:‘r&.lrli renormalicd -
Ilur; group -lore suggeats that the trajeactory passing throagh the fixed
point i» apsociated with @ phanse transition. We already expect a phase
franaition apeociated with the .vnnilhing of the ppontanacuily gene rated
fermlon mass somewhare nedy N o 2, and the important question is how

Ncﬂ.l: depends on denaity. In the immediats seighbachood of the fieed

point wa may replace the rescaling squations by

g2 dy,

dt dt T 5.3

The zolutlon of Buis system which pavses through x e vy = 0 in xz- y2= o
and wa fiod that

Nmit =2+ 4K > 2 ., 5.4}

The critical value of N la precively 2 for zerc density, bat for amall
-5

Ki~e "hN__ in slightly lacger than Z and she physically interesting

valua N = 2 ligs in the pleama regime, which is ons of the Impettant

thisgs we wanted to chow.

g~

We may also get an impredsion of haw the rpontanesazly gensr-
aked Tgtmins mass varies with M from the fellowing argumeant. For
M 2 {x«< 0)and y << 1 (armall density) wd c3n p2sily shoor that to fitat

arder in Yo tha solution of the trajactary agoations is

M

r. D
wirh ==y yir) = ?ﬂi.r—ﬂ!

(5. &)

£n dimenaisnal grounds the epentanecunly genatatad fermion mass musk

have the fusctional larm M. =lf # fx.v). Along & Lrajectory e munk
ke indepancent of T, Thus

T ™0

1 : _1
;f' Hﬂ-!’nfa] =T "[xndrn'l 5. b}
o
nr
-1
Oix, vl v B )y Ix 5. 73

The interesting thing about this ix that it talis ua haw tha spontanecusly

ganerated mapy depends on the chemical potential for varying M. Fer
-5

1]

H=li{x=l wa asa that me obp}“ aa exactly 33 apecified by our dia-

grammatle argumient, Far M s 2 we cannet uae the above formulag aince

we are cloae o the critical peint. The Hartree- Fack result that abk 1 = 2,
5
Lag r.nPn- - EI'. 8 not onreasonable, alnce, according lo (5.7} na N apfprolch—
-&
an &, M vamishes &+ & higher and highar power ol = o. On the other hand

rescaling trguments do not aszem L be powerfial enough to prove the preciae
form of tha Hirtrae-Foeck result.
In aum, the resealing argument of Hosterlitz shows that thers iz 2

Fhaae tranaitlon at M slightly greater than &, {The scparation from 2 de-

creasas wth decreasing denaity.] For N » Ncrit



T

tha {armlon meas ia zero {dislectric phaae of the gaml while for N < Ncr b
1
the apontapcoasly ganerated fermion mars la non-zero (plagma phase,

finite correlation lengtha), and varieg wlth N in a8 manner conslstent with

the findingn of our diagrammatic calculnticns.

T

b, CORCLUSICNS AND SPFECULATIONS

Let us naw kuenfiscize the cepaiis of cur diacassion belore ai-
templing to apesulats on their meaning for more physically relevant the-
origs: Our (irat achievement” Was Lo extracl explicitly the baaic elfective
interaction etwenn the iastenken and the masgless fermlons.  Just ag bn
four dimensiony, the inatanton necessdrily credten mangless farmion
pairs of non-z¢ro chirality {ag many pairs as there ars MMavora of ferm-
ion]. The tachnique of evaluating this vertex by flinding s4ro-ensrgy solu-
tiona of the Dirac aguation doesn't wark in two dimensions (the zcro an-
ergy #olution cxiats, byt it is nat nermalizable | and we must regort to
spucidl trickery. This then allows un 1o condlruct graphical rules far
the vacuurn functional and establizh that it ia idantical to the pariition
fanetlon ol the clagpsienl Coulamb gas ab spgeiol temperaiures,

Frowm the structace &f the partition fuhctiop ik id clear thit adding
maasslesn fermions to the criginal Higes moedel 'l:hll.l'l.g'el the phyeice of
the inatanton gaa representation of the vacuum quile draglically. With-
ouwk fermions, the inataptons behave as gtatlaclcally indgpendent nen-
interacting particles, With massleax farmione there are girong farces
between inatantons and &nb inztantens and in the large -M limik ore mogt
expect bnatantans to be tighily Bound ko anti indthitond in pairs. Outeide
#uch a pair the liclde arc thoee of & non-inatanton vacuurn, and for all
practicnl purpoaes, the instantcna have no effect on the sy3tern, For
payalcal effecty of the inptanton to manifest themselvaz some fizite (rac-

tign ol the bouod paits must *ionize. " Since the binding potential is
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logarithmic f(and therefore rimes without imit) ionization per sa 19 not
poasible. bot by increaaring the termperatare (dacrveasing Nyone caasea
the medn separation of the paire tc increane and ane may expect that at
some crltical M. the lnwtantons becormna sufficiently uncorrelated to re-
astablish significant physical effacta.

Az a algn af thia phave transition, o [ocus on the mess of tha
Iermion. The fermions are added to the syatern with pers mang bat the
poznibility remains that apontansoua breaking of chiral symmetcy mdy
cause m to be non-zere. I ™o # 0, then the long rangs correlations
batweern Instantons and antl instentone which suppressed thair effectn on
the pbywica go away. For mF;’ﬂ all correlationa are ehart rengs, and
the lpstantons reappear ar 2 significant dynamical variahle. By B com-
binpticn of diagrammatic and statistical mechanical arguments we find

thet lndesd. for M =1 and B = 2,/ in non-zero and the original chiral

F
symunetty of the theory is viclated sponinnscunly, Far M = 1 this eym-
metry breaking la identical o that nriming from the chiral anomaly via
the Instanton, while {or M = 2 it is & parely dynamical phenomenon bep-
pening on top of the anoma.lgr. [t pignifies that despite their binding by
an infinite range potential. tha instanton pairs bave partially icnieed and
thelr constitaents bahive ih an uncerrelated fnahion. Fox M > 1 this
dossz not happen: Tha fermilon mass is sero.

The existence of two regimea in the nomber of fermlon davars- -

ona like the no-fermion cage hecauss fhe iRsEANTONA ara in ah uncacreba-

ted plusma phase. the ather llke old fashioned permarbation theory

2=

becanse tha instantond are so tightly bound to anth Lartantons that it is
a4 il there were o inatantona at 311 e of interwst in i3 own right in
arder b0 nderstand the physica of the two-dimensional gaoge theory.
More intersating are tha fuggedtions it makes abont varicus aspecés of
four-dimensional gaugs 1h-ao-rias+ Conyider for instancs the question of
spontencays breaking of chiral SN} flaver In four dimanaions.  With

K massleas farmion flavora, the chizal anomaly only breaks the chlral
LH'II., laavipng a chiral 30(H) and leaving open the podsibility that dymam-
ical effects further break this down to ordinary SUM). In the "diluke
instanton gae' approximation, the diagrammatic picture is neacly idan-
tical to that prasented in Section I'VY. For ¥ =), the fermlon direckly ne-
gquires a masa frem the anomaly. For W > Lclearly the instaotors and
anti insrantons will ke tightly bhound in palre. there will be oo aurviving
effgeta af lnstentene cnd rnF will be zero. Somewhere in betwesn thers
claarly must be & phame transitioh. If |t happets for H > 2, then thers

will ke at Ieaat one cese [ = 2} in which the instantons not only aolve

the Iil} problem, but are responaible {9t the dymamice of ordinary <hiral

aymmetry breaking. In four dimensions we would expect Goldetane bhog-

cne which do not decouple. Howevar, the four-dimensional inatanton gas

ples farmion dyatam ia not equivalent 12 sanything a3 simpla.as the Coulormb

g&a and we do not have a quichk way of satimaling Ncr“,

Firally =a note thak the key feature behind tha phare transition

digcyaged akove i9 not the dimepsionallty of space gt that the potentinia

are logari:hmic. Inan earlier plpera we pointed out that in four dimensions

"
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an itwltanton can aplit inte two half inatantons {merons} at 4 coat in action
which i proportlenal ks the lnglrithr:'l of the distapcs bétwrean the e rons
ik wrnall coupling {low temperatiral. The métons are permatently pair-
wine bourd inte instantona. However becausa the potential la only logarith-
. coupling
mile Lt Ly likely that st moderate of larg;-ﬁhigh temperabtire) therg will be &
phars transition in which the merons becwne [rea. 3nd the quarks bacome
coofined. Whatevaet ita inttinsie matita, the theory atadied here i% an in-
terssting model for the phise transitisn which we Believe 1o be reaponsible
Ent tha dynambes of confinmment in foor dirmendions.
. ¥
Ona of us WCGC) gratefully ackanwladgzas the henpitality D.I'l;tha Labk-

aratobre de Phyalque Theorvigque of the Ecule Mormale Superizuc, whers
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FIGURE CAPTIONS
Graphlcal expansion of the fermlen Jeterminant for an external
vector potentls]l. The wavy ling stands for the ypecifiad extgenal
fisld and the loop if constructed out &f free mazilaps fecrmion
propagacars.
Graphlcal interpretation of the contribution of t#o Inatantons and
twa anti-indtantona b0 the parkition function in 2« cese oF e
flavor.
Resumrmation of the partition [unchion far one [avar,
G;r'ﬂﬂ'llul iiterpretation of the o invtinton-t@3 dnti-igkkinton
conbributlon to the partition function for two flacora.

Resnrrastion of the pactition fanstiom (o foro Aavace. i

Graphical sxpression of the Hartres- Fock aqoziion for two flavery.

Hartres Fock squation for three {lavore.
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