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are neg l ig ib l e . Higher symaetries are touched iipon br ie f ly in Sec.5» 

2 . \ki s h a l l use s l l ^ t l y generalized versiozis of the t«o 

ru les : Each of the two col l id ing p a r t i c l e s i s e^xppoaeA to be a o^ierent 

Mxture of the various cc^tponents of an Isotopic spin a u l t i p l e t , ( e . g . 

70 percent proton plus 30 percent neutron) . The same reasons fbr 

bel ieving the o r ig ina l rules support t h i s eansral lsed version of the 

r u l e s . 

3* Tbeoresa 1; Tbts Posaeraachulc-C&un rule i n d i e s tha t a t » 

energy the t o t a l C3x>ss aectioa in a co l l i s ion A+B i s independent of the 

t o t a l isotopic sp in . I . e . 

a^(A+B) - a^(A»4-B») 

i f A and A' , B and B* belonig t o the same isotopic na i l t ip le t . Proof: 

Let a B 1 , 2 , . . . , b > 1 , 2 , . . . denote the m-quantus nimbers of the peurticles 

A and B respec t ive ly . Let 

< a»,b»iO'ia,b > (1) 

denote the forward scattering ai^litude (tines hniO from A-̂ B to A»*B*. 

Hxen the PoiDeraachuk>Okun rul^s states that 

<a*,b»|a|ab> • dia^nal. 

The rule states ia fact that (1) still holds if one changes the repre-
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sentatlons of the particles A by a iinitazy transformation U and that 

of B by a unitazy transfoxmation V: 

< aSbMlMJiVV'^lab > » diagonal. (2) 

It foUovs easily from (2) that o i s a nailtiple of the unit matrix. 

Taking i t s imaginary part one obtains the theorem. 

h. In this section ve shall discuss the conseq[uences of the 

Pcjmeraî chi;̂  rule Irrespective of the validity of the Pcxneranchuk-Okun 

rule. 

Theoraa 2: The PosMtranchuk rule i s equivalent to the rule 

that at " enei^y, Oj - Z "'jj»«j» ^^^^ ^jjt - (-l)^^^(2J**l)f ^ , ] , 

A and B stand for the total isotopic spins of particles A azid B (as well 
k 

as for the pax^icles themselves), tbe •; i for the 6J syabol, and a^, 

Oj respectively for the total cross sections with total isotopic spin 

J in the collisioaa A+3 and A-»-B. Proof; (a) Take the fonmrd scattering 

amplitude aatrix a of (1) and let 

p - - |l(a-Q*) . (3) 

f is thus the imaginary part of the forward scattering aa^itude. Its 

diagonal elements are the total cross sections. Vfe defii»» the corresponding 

matrices a and 3 for A-t-B collisions. The Poneranohuk rule states that 

diagoiial elaments of (f-^) • 0 . {^) 
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Uhder a unitary transformation U on tbe states of A and a unitaxy 

tranafozBBtlon V on the states of B> the matrices fi and 3 traasfoxa by: 

p - uvpv*̂ "̂ , e -* u y^v^'iv^ . 

Thus the ̂ neralized Pooeranchuk rule states that 

dlagona element of (UVpv'V^ - lWV»-%-^) • 0 . (5) 

Since U is an arbitrary unitary matrix opei^tlng on the states of A, 

(5) is equivalent to 

< ablvpV*^-V^V»"^;a»b > - 0 . (6) 

Since V Is imltazy, (6) is equivalent to 

< abl^^v'^la'b > - < a*bjviv"^iab > (7) 

Since U is an ax^ltraxy unitazy matrix operating on the states of b (7) 

is equivalent to 

aw 

< ab|?ia*b* > » < a»bJB|ab' > . 

Or to 

< abjpja'b* > « < ab»lpia*b > . (8) 

(b) We can expresa p in terras of cr. and debsch Gordon 
k "̂  

coefficients 



< ablpjanj* > « Z < ei\)\Jm > o, < Jti|a»b» > . (9) 

wa can also esrpress p in texms of a., debsch Gordon coefficients and 
^ J the symbols ijLt)• 

< ab'jpia'b > - 2^ (b»b"^^bb"»̂  "^ ab»|j»M» > « j , < J«m»la»b-» > . (10) 

J'm* 

Tbe occurrence of tbe symbols (__t) ^B ̂ ûe to tlM deflniticm of p In 

which the rows and coliasna are labelled to correspond to tbs xovs and 

columns of p. 

(c) Substituting (9) and (10) into (d) cme obtains after acoe 

atraightforwarl algebra tbe relatlcmshlp between o- and "eZ, given by 

theoma 2. Tbe use of 6j syoibolB fbr eroaaing relations waa made by 
5 

Wick, 

We now dlaeitss in detail tbe cemsequances of theorem 2 for 

the follovlng three eases: 

(A) A and A do not belong to tbe same isotopic spin multiplet, 

and B and B do not belong to tbe seme isotopic spin multiplet. Zh tbia 

caae we have fbur aeta of o.*s: fbr A*®, A'fB, J.^ and X-*-!. Be repeated 

application of theorem 2 one obtains 

<jj(A*B) • aj(A*l), 0j(A45) • ffj(A^B). 

Wa have made vme of the faet that tbe square matrix M* ooltlpliod by 

itaelf ia unity, eus can be Mwily verified tram tbe properties of tbe 6s 

symbols. FurtlMxiBore, o-(A-f'B) and ff.(A-*>3) are related hy -I^Moram 2. 

Itere are thus altoeatbar 21-t-l linearly independent total cross sections 



vhere I Is the sjoallcr of the total isotopic spins of A and 3. 

(B) A and A do not belong to the Bssae isotopic spin multi* 

plet, B and 3 do. In this case, by definition. 

aj(A^B) » aj{A-»-3) 

TboiB theorea 2 ^ows t ha t aA'^tJ s a t i s f i e s a se t of l i n e a r homogeneous 
J J ^ 

equations. Ihese equations have been cocrpletely and exp l i c i t l y solved. 

In paii i icular tha niES>er of l i nea r ly independent t o t a l cross sections 

3-«-l for A ^ 3 , 

A4-I for A < 3 , 2A « odd, 

\+l for A - " 3 , 2A a even. 

I t i s ob\'iox« by repeated appl icat ion of theorem 2 liiat 

0j(A+3) • Oj(A'fB). 

(c) A and A belong to the ssms isotopic spin multiplet. B 

ami B belong to the same isotopic spin multiplet. In thia C S M , the 

sane conclusions as la case (B) ootaia. 

3» If oi^ ta^s both the Bomeranclmk and t]3« Tooerancbidc-Qican 

rule, one obtains, of course, trivially that all a. are tbe same for all 

J and for A+3, A+̂ B, etc. 



6. The above considerations can clearly be made also for any 

caa^pBct group of synoetries of the strong interactions. To obtain a 

general solution, however, one must fixvt have a proper deflation of 

the 6j symbols, and aam must know certain syooetxy and nsnation pro* 

perties of tbe 6j symbols. This is an unsolved problam. 

It is a pleasure to thank the :aembers of the Ihysics Department 

of the 3rooldiaven National Laborat) xy for the hospitality extextded to 

me during m^ visit. 
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