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A, General Considea:ations

1. Consider two planes perpendicular to the axis of the system, with
coordmates x and y in these planes Iymg along the principal directions of
the quadrupoles., Let xl and xl' be the x displacement aad slope of an orbit

at the first plane, while X, and x." are the corresponding quantities at the

2
second plane. Then the most general linear relations between these guaatities

are

This pair of eguations can be represented by the matrix (a b) .
c d

2. Im all matrices encountered in this applicationp the determinant
ad - be = 1, This fact can be used either to simplify the calculations, or
as a check on calculations made without specifically using this fact,

3. If the orbit goes in succession timrough two regions for which the
matrices are known, the matrix for the whole system is the product of the
individual matrices. The matrix for the region traversed first appears at
‘the right in the product.

4, If all elements of a region with matrix {(a, b, ¢, d) are physically
inverted along the axis, as if by reflection in a plane midway between the
planes described in (A, 1) the matrix representing the new situation is:

g’d b) s A'coronary of this is that if a region has a plane of symmetry,
Ve a -
then a = d.



=3 OORL=3532

5. iIf a region with matrix {a, b, ¢, d) is followed by the same region

inverted as in {A.4), the resultant matrix iz

( ad + be | 2db
. dac ad + be o

X

{Note that ad + bec = 2ad = 1 = 2 bc + 1.)

6. Matrices for the y direction are obtained from those for the x direction
by simply changing the sign of the mignetic field gradient throughout.

7. Significance of vanishing matrix elements: From the eguaticns in
{A.1), it is apparent that if the coefficient a = 0, parailel rays incident at
the left are focused to a point at the second plane; if d = 0, a point source
at the first plane gives a parallel beam at the right; if b = 0, a poiat source
at the first plane gives a point focus at the second; if ¢ = 0, an incident

parallel beam gives an emergent parallel beam,

B. Analogy with Geometrical Optics

8. The matrix for a field-free region of length L is

(a1) _

9, The matrix for a thin lens of focal length f is

10
~1/f 1),

b

10. Make the following combination: Field-free region of length L,
followed by region of matrix {a b ¢ d), followed by field-free region of length

Lzo The resulting matrix is

a ¥ cl_az b+ aLl % sz 3 CLILZ
‘ c d%cbi .
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If this combination is to give 2 peint-to-point focus, then acgording to {&.7)
the upper right element must vaniéha Using {A. &), we can write this condition
in the form
, ‘ 2
{L, + d/e) (L, + a/ch=1/c%,

A plot of Ly against szis thus a2 hyperbole. This can also be written

1 N 1
L, +{d - N/c L +@ - 1/c

-,

which has the form of the standard lens formaula, if‘-—l/ ¢ is taken for thé
focal length and (d - 1}/c, {a - 1)/c are taken for the distances of the
principal planes inward from the ends of the lens. Note that if the coefficients

a, b, ¢, d given for the thin lens in {B. 9) are substituted into this, it gives
I/Li + /L, = V/f

If Ly and L, satisfy the conditions given abové; the linear magnification is
equal to the upper left element in the matrix, a + cLz,, The ratio of angular
spreads is the reciprocal of this, These are negative if the image is inverted.

i1, Ile = l'.-2 = L in the above,

L= -% E_g._‘? +’V(3—§-‘—i) +J .

2
- Cr s .a-d a - d)
« linear ma.gnu:ca&;on = — -% 3 +1.,

{The general solution has a a & sign in front of the square roots, but since
the + zign is to be chosen in most practical cases, it is written this way to

avoid confusion, )

€. Basic Quadzrupocie Farmuia‘s ‘

2. Let p be the radius of curvature of the particle in the field at a

distance r from the axis, and let £ Dbe the length of the region considerad.
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Then the matrix for a focusing section is

CcoSs ¢ % sia q:)
-%—’- sin ¢ cos ¢/ .

For a defocusing section, replace ¢ by i¢d to get

cosh ¢ % sinh ¢

% sink ¢ cosh ¢/ .

13. A focusing section of strength %4 focllowed by a defocusing section

of strength ¢Z’ both having the same length 2, has the matrix

¢

cos ¢y cosh b, -% sin ¢y sinh b, 2 (35}; sin by cosh ¢2,+§; cos g, si@%; Bt
: (-4 .sin¢, cosh, +¢$,cos d, sinh $,) cos@: cosh¢ +i"-!-'sin¢ sinh 4
T 1771 272 1 2 RS 2 9y 1 2

The corresponding matrix for the y-direction is derived from this by replacing
& by i4. This combination will be called a symmetrical doublet if $; = 4:2,
A useful approximation is obtained by letting 9y =3¢ {1 +a), 9, = P {1 -~al

and expanding to order 4)2 the coefficients of terms of order a. Then, for
a << 1l and ¢ not too large, the above matrix is represented approximately
by

/ cos pcoshé-singd sinh¢a4¢2u ' %é{sin¢‘cesh¢+cos¢sinhs§: \\

: i

X %i{-sin¢coahg§:+cos¢sinh¢-4¢o.) . cos@ccsh@%sin@ainﬁ@-é:&za /
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This is exact if a = 0, A still further approximation can he obiained by
expanding the functions in all terms. If this iz carried our to two corders
above the leadiag term, taking account of the fact that in the cases we are
interesied in o is of order ggeég we get

z 20

/o

2
2 1 .2 &
_?L’ (-3 ¢"-2a) 1+4 .
{Mote that in these approximate formulas the relation ad - bc = 1 must net
be used to compute elements given to higher order than the others. )

14. A symmetrical triplet is produced by placing in series a doublet

and 2 reversed doublet of equal strength. Using {A.5) and the last form

given in {C. 13}, we get

‘ 1 4 %
492 1 2.1 4
! 7 (-' 3- 4! + § ¢ -2 ﬂ3 1 o
The more accurate matrix {exact for @ = 0) appears in its simplest form when

functions of double angles are used:

c0542¢co~sh2¢—16¢2a %(sinh2¢+sir:2¢ccsh2¢ Y
|
gﬁ {sinh2d-sin2dcoshi$-8¢a) c052¢003h2¢-36¢24 /.

These matrices apply to the case with the focusing section at the ends;
the change ¢ ~ i¢ takes one to the case with the focusing section in the

middie,
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D, Applications

In all cases given below, if will be required that the foci colnecide for
x and v displacements. In practice, astigmatic arrangements may some-
imes be wanted, but this is a good starting point for examining the propertiss
of quadrupole lenses., Arrangements for producing a parallel beam and for
focusing between poiats at equal distances from the lens will be considerad
in some detail, and comparisons made between the doublet and triplet lenses.
The comparisons will presumably hold in more general cases where the focal
distances are unequal.

15, Production of parallel beam from a point source. Refer toc the

formulas in (B. 10} and note that a paﬁrailel beam on the right implies
L, = o0. This leads to ' ‘

Ll = °dIICQ
With the source at the distance L,, the ratio of the width of the outgoing
beam to the angular spread of the incident beam is -1/c¢, If the source is
displaced laterzally by a unit distance, the outgoing beam is deflected by an
a‘nglek c. This displacement has a further effect, since the principal plgn@g
are not neces‘sarily‘a% the ends of the lens section; this is 2 lateral displacemen:
of the central ray {the ray passing through the center of the lens entrancs) by

an amount a - 1/d at the lens exit.

16, Use of symmetrical iriplets for parallel beam from a point source,
Start with the approximate matrix given in (C. 14}, and set ap the condition that

d/c is unchanged when ¢ is changed to i¢. This leads to the requirement
i 4
4= '6 ¢ >

With thiz requirement satisfied, the matrix is very simple, and is the same for

soth x and y directions:

/ 1 ' 4 4

4 ; .
%\a@ E RSN i 7,
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The lemgih L, is 2qual 31 /4 %", and the coefficient -1,z

ratics of deflections and angles nas the same value,
How good an approximation is this? We can compaxr? with botier cais

culations made using the second form given in {C.13}). At o

agreement iz within the accuracy of a b-inch slide rule; at ¢ = 0.2 radiza,

the approximation gives o = 0,022, Ll = 5.8 ¢, while the betier calonlation

gives o = 0.016, L, = 4.3 1. The coefficient -1/c ‘is egual ic 7.6 7 and 5.

a3 - 1/d is equal to -1.1 and 0.6, for the cases with the focuaing ssaosicon in

P
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end 2nd the middle, respectivelv. If ¢ = n/4, the approximation is raih

an exact calculation shows that the foci coincide at the edge of the lzus for
a =0, with -1/c equal to 2.8 7 and 1,3 2,

17. Use of doublets for parallel beam from a point source. Using tha

last form in {C. 13}, we find that the condition for coincidiag foci is again that
as= ¢4!6,, The matrixz is then

1-¢% 21

-2 ¢t /3n 1+ 45 1+t )

The iength Ly=312 /’2 » The coefﬁiciemsz ~1/c differ for the z and v
directions, but their product is equal to Ly to she order for which this
calculation is good, o

A better calculation for ¢ = 0.6 radian gives better agreemant than
with ihé triple%‘.; L 1 comes out to be 3% below the approximate vaiue, whils
the coeificients -1/c are both correct to within 4%. At ¢ = w/4 the
agpraximate vaiue is still rather good; the correct values are given helow,

fvilowed by the approximate cnes in parenthesas'
a2 = 0,056 {0.064); Li = 3,74 {3.9 ¢); g-llc = 2.62 and 8.22 {2.42 and 10.178%

for cases with the focusing section in the 2auds and in the middie, raspeciively.

18. Focusing batween points at zqual distances from 2 symmetrical

This situation can be thought of as two egqual doublats back io back,

3

zanh haring a polnt scurce nuizide and 2 marallel beam atl the point of gontact,
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Therefore the resulis of {D. 17} can be used directly in this case. The linear
magnification = -1,

19. Focusing between points at equal distances from a symmetrical

doublet. Symmetry considerations show that e should be zero in this casae,
and that the foci will automatically coincide for the x and y displacements.
To find the focal distance, use {B. 11) and the first form in {C 13), giving

L= gos % cosh ¢ + sinz ¢ si‘nh2 o+ 1
B3 sin ¢ cosh ¢ - cos ¢ sinh ¢ ’

or approximately L = 3¢ / 4: T6 this approximation, the linear magnzfzcatmn
iz ={1 % ¢z) when the focusing section is toward the source, and -(1 - ¢ 3
when it is away from the source; the ratios of angular spreads are the re~
ciprocals of these.

20, An ngular aperture. This is the angle of a ray from the source that

just touches the boundary of the usable region in the magnetic fieid. Let the
radius of this boundary be r; then the angular aperture for a source distance -
L, can be written as (r/L ) times some function of ¢. In all the cases
‘discussed above, the product of the two functions of ¢ for the x and y dtrcctmng
is equal to 1 - ¢.2 in an approximation good to this order in ¢. More exac‘:: L
values can be computed without too much trouble, and some numerical examplesz °
will be given later. ; ,
21, Comparison of tmpie!: and doublet. Collecting formulas giireh

earlier, to the simplest approximation, we have the following:
=8 [afrp
iy 2
L, "k{ /¢ =k o P /z .
Product of x and y angula.r apertures,

= e/t 1 - B~ OhE R ‘*; (- 2%/2p).
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”"“'z’xe aumerical coefficient is k = 3/4 for production of a parallel beam by
2 triples, 3/2 for the same case with a doublet, and twice these values for
the zase of point-to-point focusing at zqual distances by a 'z"é.pieé and doubklet,
respectively. The compariscon of doublet to triplet can now be made uader
several sets of assumed circumstances, The ratios of qua.nntaea in the doublet
and triplet arrangements do not depend on whether one is considering point-
to-paraliel or point-to-point focusing, to this approximation. |

{a) Same total length and diameter of quadrupole magnet, same focal
distance. Let the product of the angular apertures = A, Then '

doublet ¢ dbublet ~
p triplet z $ triplet z,

A doublet _ 1 -2 d¢
A triplet

Thus the triplet takes twice as great a magnetic field as the doublet, whz!e the
doublet has a smaller aperture. In case ¢t is large enough that the aperture
difference is important, and if the available field is great enough to achieve the
triplet case, the triplet is beiter; however, the latter may not prevail in |
practtceo

{(b) Same diameter and field strength of magnet, same focal distance.

total length of doublet 1/3 bd ~ ,1/3
total Iengnt of triplet (1/4) g 2 2

Ag _1.22/3472
T, Toef

Again the triplet gives a larger aperture, but the triplet requires a magnet
1,59 times as long as the doublet,
{c} Same diameter, total length, and field strength of magnet.

P

g

e




R S 7 3
K1 T e o
fw wﬁ,-,.,., T

gt
,.
|4

riplet by 3 factor of 16 when 9,
sally ha-

The formula given here makes the apertures aqual at

The dcnblet bas a larger aperture thaa the ¢
is smaall: however, if zia: becomes too large, the triplet will eveal
the larger aperture.
$, = 0.49 radian, ¢ g = 0.98 radian, but the approximations used become
rather bad for such large values of ¢,

22, Better calculation for (D.2lc) Let M = total length of magast, A

few values computed using the second form im {C. 13} and exact formulas for

the orbit amplitudes are:

‘ T
M : Lg M : A /A
W by %q | %’ N | (‘JA @‘Ad AR
157 | w/8 | w/a | 153 | 4.2 .0036f 0.032 | 87
3,14 | w/4 n/2 092 | 0.32 | 0.50 1.02 2.04
4,70 39/8 | 3w/4 0.133 | 0.002 ] 7.0 2.9 | 0,41

This shows that the doublet has a" Earger‘ aperture than the ?.ripiez at least ‘ap :tfo
¢ =0.79, ¢ a = 1.57, in the case where both doublet and triplet have the same .
total Iength and the same field strength For larger values of ¢ the focal
point comes uncomfoztahiy close to the magnet for some uses.

The conclusion is that in many applications {particularly where equahiy
of the x and y magmfzcatmns is not important) the doublet will do a betﬁar
job than the triplet arrangement. | |

23, Effect of Gaps.,
to im:rease the strength of guadrupole arrangements,

Gaps between focusing and defocusing sections tend

As an ;uustratmn,
cousidexr the case of a symmetrical doublet with a field-free gap of length

G between the two sections. The matrix elements {for the case mththe

focusing section at the left) are:
~ L A Lé .. :
a = cos ¢ cosh ¢ - sin ¢ sinh ¢ -—g— sin $ cosh ¢,
b= -5 {sin ¢ cosh + cos ¢ sinh ¢ + %i cos $ cosh &},
c = %- {- sin $ ccsh ¢ + co8 ¢ sinh c§>v = 1";—- sin ¢ sinh 4},
- . : o 3 RS L ? i ’ . .
ﬁﬂcgsﬁs«cash@«?sm@szméé‘-}i cos $ sinh § .



A aumerical caleudation with ¢ = w/4, G =
to-point focus, gives the followiang result: The focal distan:

that {or the corresponding case with G = 0, while the aperture

y a fastor of 3.6,
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