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Introduction

At tha present time the first generation of fa-
cilities having electron storage rings designed for
and dedicated to synchrotron radiation research are
beginning operations in the U.S., Europe and Japzu.
The use of wigglers and Yndulatorl as snhanced sources
of synchrotron radiation® plays an important rols at
all these facilities. Moreover, racently there has
been much acti!i:y in the design of the next genera-
tion machines,” which will place even greater, and
perhaps exclusive, eaphasis on the use of wigglers and
undulators. The operation of thase insertion devices
has been made even more attractive by advanges in the
design and construction of permanent magnet” wigglers
and undulators. This reliable and economical technol-~
ogy sliminates the need for more complex superconduct-
ing magnets, except to achieva very high magnetic
flelds for the production of hard photons from rela-
tively low energy rings.

It is reasonable to expect that iz the coming
yesars the importance of wigglers and undulators in
s;nchrotron radiation ressarch will increase. It is
with this in mind that we discuss some of the proper—
ties of the radiation from these devices, and some of
the considerations which arise in their design and use
in storage rings. Space limitations prevent us from
describing in dgtail the properties of both wizglers
and undulators. We have, therefore, chossn to eapha~-
size the discussion of undulators, and we have not
considered the polarization” properties of the radia-
tion. Our emphasis on undulators seems jyetified
since the properties of wiggler radiacion’ are de-
scribable in terms of the characteristics of synchro—-
tron radiation from arc aources, which are well~known
and well-documented. Undulator radiation, on the
other hand, although undersiood long ago by Motz,”~ is
probably less familisr to most of us.

Our paper is organized as followes: Firg:lgnlfe-
view the spesctral propsrties of the radiation,” "»
emphasizing the complementary aspects of tima= and
frequency~domain analyses. We next atudy the bright-
ness of the undulator source. Finally, we coneider
some limitations associated with operating an undula-
tor in a storage ring. |

Radiated Spectrum

We consider a wiggler magnet located in the
straight section of a storage ring, its axis being
parallel to the unparturbed electron motion (z-direc-
tion). The magnet produces a vertical magnetic fleld,
By, which has a period length Ay in the z~direc-
tion, and to a good approximation is sinusoidal,

B, = B, sin(272/4 ) . 1)

The magnetic field causes an electron to be deflected
in the horizontal plane and we denote this deflection
x. Meaasured in uniics of its rest mass, the slectron
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has snergy v, and wa let py denote the radius of
2urvaturs corresponding to the peak field B,. The
angular deflection, x' = dx/dz, of the electron is

x! = § co-(Zt:/Ac) . (2)
where the maximum angular deflection § is given by

§=2f2mp, , (&)

and_the amplitude of the transverse oscillation is
podz. The magnitude of the slectron velo divid=-
ed by the speed of light is denoted £ = 1-7-2, Due
to the transverse deflection, the average vealocity
B* in the z-dirsction is reduced from the value 8,
and is approximately

8" = 8(1-6%/4) . )

Consider a wavefront radiated in the z-direction
by an electron passing through the periodic magnetic
fleld. At time A,/8"c later, the electron has
passed through one period of the magnet, and a second
wavefront emitted at this time will follow the first
by a time interval

T, =3 /% - AO/"c . )

An observer downstream of the magnet looking in the
forward direction sees a radiaticn spactrum comprised
of the fundamental frequency w; = 2v/T; and its odd
harnonics wy = kwj(k=1,3,5,...). Defining

K3 yé ~ 0.93 BO(T)Ao(cn) ’ (6)

the fundamental wavelength A} = cT); can be expressed
as

Ap = (A1) (2] [6))

If an observer is looking et radiation emitted at
polar angle 6 relative to the z-~axis, then the time
delay between wavefronts eamitted before and after an
elactron has traversed ons period of the magnetic
field 1is

T,(0) = xola'c - A, cosblc , (8)

as illustrated in Fig. 1. One should not interpret
Fige 1. as describiung spatial interference, but

rather temporal coherence, i.e. a regularity in the
time dependence of the electric field. Off the for-
ward direction the radiation spectrum is comprised of
both odd and even harmonics of the fundamental fre-
quency, The fundamental wavelength is

21¢0) = (3, /2v?)(14x%/2+v%0%) . 9

For a magnet with N periods, the radiated pulse
from one electron passing chrough the device has a
time duration of NT;, hence the pulse contains M
radiation periods at the k th harmonic frequency
wge Consequently, the line width at fixed observa-
tion angle 8 is .

du /u, = 1/RN (10)
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Fig. 1, Path difference vs angle 8,

Due to tha dependence of the frequency on observation
angle, if the observer accepts radiation in an intar-
val A6, then the width of the line is broadensd rela-
tive to its natural value [Eq. (10)]. From Eq. (9),
we see that the angular broadening due to accepting
radiation in a cone °5 hnli—nngl A0 about the forward
direction is Awy/u=v“(46) (1+K /2). This broad-
ening will bs small only if

seca,, . (1

whare we define

Yo = / QxZ2y/ 2 (12)

In the forward direction, radiation from a wig-
gler is in general charactsrizsd by two time scales,

The first is the time interval T, already discussad in -

Eq. (5), and the second is the time T, chruurio-
tic of synchrotron radiation,

Tc - 41'90/3:7 . (13)

When the magnetic strangth parametar K» 1, then

Ty » T., aud the time depandence of the radiatad
elactric field has the form illustrated in Fig. 2a.
For high harmonic number k, the frequency spectrum is
charactarized by the synchrotvon radiation cutoff
fraquency we = 23/Te.

For a zero-smittance electron beaam passing
through a wiggler having N periods, the photon flux
per unit solid angle emitted in t” forward diraction
at the k th harmonic froqulncy is

(dnCw)/dal = e’y 281y (x) (14

i
axpressad in photons/sac, steradian, Aw/w, I(Amp). We
have danoted the fine structure cona:mﬁ by a = 1/137
and the electron charge by e » 1,6x10™*" Coui. The
function Fi(K) can be expressed in teras of Bassel

fumtions,“ and for k odd:

R - Terg

A iy ) - 0 *‘2)1 a9
u?/n? TEL Tup? kL

In the limit K + », with k/K? held fixed,
PR = (/e )? X5y (ki) , (16a)
k, =3x8, (16b)
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Fig. 2. Electric field vs time for (a) wiggler, X!
aod (b) undulator X = 1.

= kow). Substituting Eq. (16a) iato
Eq. (15). one Findu

[dnCe )/d01g 38170 (21 2 (anCw ) /0] §TDCR-T2d (37

Hence, radiation in the regieme of X > 1| and k > ! has
the spectral propertias of normal syachrotron radia-
tion and is called wiggler radiation.

When the fisld strength parameter K < 1, then
Ty { To, and the time scale T, characteristic of
synchrotroa radiation dzrops ocut of the probles. In
this case one usually spesks of undulator radiation.
From q. (6) it is seen that undulator radiacion is
produced by devices which have short periods and low
fields. Yor an undulator with X = ], the time depen=-
dence of the electric field in the forward direction
has the form illustrated in Fig. 2b, Yor X € !, the
electric field has almost a purely sinusoidal time
dependence and hence the radiated spectrum is dominat-
ed by the lins at the fundamental frequancy w). When
K increases toward uanity, the third-harmonic becomes
important, corresponding in the time—domain to a
sharpening of the psak of the electric field. As X
increases toward aven higher values, the highar har-
monics increase, correspouding to well-defined pulses
of width T, separatad by time T;, as in Fig. 2a.
Even for large valuas of K, however, temporal coher-
ence effects are still significant for the lowest har-
monics.

Let us now compare the angle integrated spectrum
of undulator radiation with that of synchrotron radla-
tion. For an undulator, the peak value of the inte-
grated spectrum at the fundsmental frequency is
[photons/sec, Auw/uw. I(Amp)]:

2
n(u)-'w R} . (18)
LR TP

Note that although the value of the fundamental fre-
quency #) depends on tha elsctron energy Y, the peak
height n,(w;) is independent of Y, For a bending
magnet, the integrated spectrum at the critical fre-
quancy &, is [photons/sec, Aw/w, &mrad), I(Amp)]:

£ w1 -3

ny(w, ) = 0.55 27 Y we &x10 (19

Here, ng(w.) is seen to be proportional to the
energy Y, in coutrast to ths case of the undulator.

The ratio of the angle integrated flux at the
first~harmonic of an undulator (N,K) to the flux from
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1 f!d of an arc mource at the critical frequency ug
"

n, (0, )/aga) = 17500 NK3/[vC142/2)] ,  (20)

for tha same bandwidth Aw/w, As an example take N =
100, X = 1, Y = 5000, then the flux radiated by the

undulator is ebout 240 times that radiated by 1 mrad
of the arc source.

The total radiated power from a wiggler or undu-—
lator is given by

P(kW) = 1.9x10"7 m’xzr(up)/xo(c-) . (21)

An important advantage of an undulator over a wiggler
is the reduced radiated power. As an example consider
producing radiation of wavelength A » 1A from an undu-
lator with N = 100, Ao = 2 cm, K = 1/2 operating at

Y = 10,000. The total radiatad power is 2.4kW/Amp and
the angle integrated Y?oton flux [see FPig. 3.] at the
spectral peak is 3x10°°ph/sec, 1%, Amp. Wa compare
this with producing 1A radiation from a wiggler with
N = 10, A, = 14, K = 20 operating at y = 6850. The
total radiated pngr is 25 kW/Amp and the integrated
photon flux is 10" photons/sec, 1%, mrad 8, Aap.

In Figs. 3-5 we plot the angle integrated spectrum
of radiation in a cone of specified half-angle 48, for
three different undulators operating at three differ-
ent electron energies. The undulators of Figs. 3-5
deliver hard x-rays, soft x-rayl, and VUV-radiation,
respectively.

Brightness of the Undulator Source

In the preceeding section we have considered the
angle integrated flux (photons/sec, unit bandwidth) as
in Eqm. (18) and (19), and the flux per unit solid
angle (photons/sec, steradian, unit bandwidth) as in
Eqs. (14) and (17). For experiments which require a
photon besm with small angular deviation incident upon
a suall sample, the true figure of wmerit of a source
1s its brightness, i.e. the flux pir unit phase space
volume (photons/sec, steradian, mm®, unit bandwidth).
The brightness of an undulator can be 10,000 times
that of an arc source,

To understand the phase space of the undulator
source, it is necessery to consider the phase space
distribution in the electron beams. The transverse
dimensions and the angular spread of the slectron besaam
are determined by the emittances €y, €y of the
storage ring and the local values of the betatron
functions By(s) and By(n), where x denotes the
radial direction and ¥.the vertical. We suppose the
undulator to be situated in a ring insertion, within
which the betatron functions have the form (when €,
B(s) or ¢ appear without a subscript, the equation is
to be understood as holding separately for x and y):

B(s) = 8" +a%/8", (22)

where s is the distance from the insertion center g =
0, ‘fie elucbron bean size Lo given by u(e) = VipB(4)
and the angulur wpread o' () = 7Ye/B* £ o', At the
insertion center,

g0t = ¢ , (23)

and off cantar o(s) = /é* + (a's)z . )
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10'¢

10'8

104

sl v sl g san s sed 4 g

1013

L 1 L I 1 I L

| S
100 200 1700 2500 000 4100

ENERGY, kev
Fig. 3. Uadulator spectrum for A, = 2 ca, N = 100,
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It 1s interesting to note that Eq. (14) can be
rewritten in the form

[dﬂ(«k)/tm]e_0 =- nk/hdiz . (24)
where ci wvas defined urlicr in Xq. (12) and
n, = TaN(1k%/2) 2 F () 222 2%

is the contribution from the k th harmonic to the
angle integrated photon flux at frequency wy, ex-

pr d in {photons/sac, Aw/w, Amp]. For mmsall K,

ny is approximately equal to the total angle inte-
grated flux at frequency wy, but for lesrger X, har-
monics higher than the k th also contribute. In the
casc of the firgt h!tlonic, k = I, and mall X,

F1(X) = X°/(14%“/2)*, so Eq. (25) is seen to raduce to
Eq. (18) given earlier,

Inepection of Eq. (24) suggests that ::t'R is the
rus angular spread of the undulator radiaction ﬁth
freaquency “. Following the approach of Green ™ in
his treatment of synchrotron radiatio: from a beading
magnet, we would expect thet in the prasence of angu~
lar spresd o', o' in the electron beam, Eq.

(24) should be replaced by -
(dn(w )/d8]_, = nk/(ZtZ;t;) N (26)

- a2 4 g2 ' @n

B! .
%Y R XY

vwhere

The subscript x,y means that the equation holds inde-
pendently for x and y. The effective size Iy y of
the undulator source depends upﬁ ics length j

NAgs, and again following Green, "~ we assume

_ ) 2
t’y-r/a:'y+(dk +a2y . (28)

2
4
x %2,y

The brightness By of the undulator at frequency Wy
is

B, = b (dntw)/dalg g (29)
xy
which can be rewritten using Eq. (26) as
2
B .= nk/ (€3] zxz;:y:;) . 30)

It is intarasting to nots that
2 2.,2,,,1/2,,

Ly Txy 2 (o, g+ Lo 1978 2 c:',-l-k.‘lz » (31)
where the emittances cy , were defimed in Eq. (233,
and we hive used the expression

2 2 2
M= o L= (A /EY)AEYD) (32)

for the wavelength i, of the k th harmonic. The
inequality (31) provides a diffraction limit on the
phase space of the photon source, snd implies an upper
bound on the brightness,

LAY nk/tzkf . (33)

In Eq. (33), the right hang side will be exprassed in
photons/sec, steradian, mm®, Aw/w 1if Eq., (25) is used
for ng and Ap is expressad in mm.

For fixed values of the undulator parameters lq,
K, L = NA,, snd the ring parameters y and ¢, the

source brightness at wavelength A can be optimized by
the choice of 8%, Defining the scaled parameters

b=g*/Land £~ e/2, (34)

the phase space area of the source can be written

II' = A /(142/b) (Eo+E/4b+1/4) , (335)

where we have used Eqa. (27) and (28) together with b
= g“/eL. The condition for the function in the square
root to be a minimum is found by differentiating with
respect to b for fixed E, and wa obtain 2p°=b-E = 0,

For E = ], the optimum value of the betafunction
12 given by b = 1, hence (IZ')gi, = /3¢, slightly
larger than the lower bound of 1.5 ¢ which follows
from (31). On tha other hand, when E >> 1, then the

optimum value is b ~ (E/2) 1 3, and the corresponding
minisum phase space grea is (II')p4, » €. In this
case, when € D> A, the phase space area II' g a
slowly varying function of 6* in the neighborhood of
the minimum, This veak dependence on 8* {s dewon—
strated by noting that: :

I' =/Z ¢ for b= /2, (36a)
It ¢ forb e (e/2)l/?, (36b)
X' » Y2 ¢ for b = E. (36¢)

We conclude that the brightmu is quite
insensitive to the valus of 8* when 8* lies in the
interval

er> 8Ly 12 (37

Taking the peseimistic value, [ I' = V2 ¢, we obtain
the following estimste for the brightness at the
first-harmonic frequency with K < 1, which should be
useful for design purposes:

. laxiol2  w? 38

1 e 12

B
in units of photons/sec, 0.1%, mrad?, mm®, imp, when
Ty, y ATE in mm-mrad. Clearly the key to achieving
b:l.gg source brightness is to obtain small electron
beam emittances.

When an undulator is operated in en insertion
v
having B" JI. - ‘x, Jl, the radiated wavalength is

correlated with obsarvetion angle, as described in
2q. (9). The bandwidth AA/A is on the order of that
given ia Eq. (10), and hence certain expariments not
requiring very nsrrow bandwidths cau benefit from the
elimination of the need for a momochromator. On the
othar hand, when ouns operates the undulator ia an

*
insertion having smaller 'x.y' such that the angular

epread in the electron besa is on tha order of 1l/v,
then the radiated wavelength is not correlated with
obsarvation angle., The spectrum seen by an obeerver
accepting radiation into only a very sssll solid augle
will be proportionsl to & partislly angle-integrated.
spectrum, since the sprsad in directions of the
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average velocity vectors of the different electrons
produces essentially the same effsct aa does a spread
in observation anglea. One can still take advantage
of the high brightness by using a monochromator.

Lat us conclude this section by recalling
that the brightness is a key parameter in determining
the utility of a source for holography. If the source
siza is characterized by I, ¥ then only radiation
within a solid lugl.,1 ’

AQ = xz/azxzy , (39)
is spatially coherent. From Eq. (29) we see that the
coherent flux'' within this solid angle is

a, = 3ON?, 40)
showing the importance of high brightness B()) and the
difficulty of holography at short wavelengths. In 2
Eq, (40), 1f B(A) is given in photon/sec, 0.l1%, mrad<,
m“, Amp, then A should be in uam.

Limitations Associated with Storage Ring Gparation

As noted earlier, Eq. (38), the key to achieving
high sgurce brightness is to obtain small electron
bean emittances. A storage ring lattice structure de-
signed to produce low emittance .lac:rosteans vas
proposed by R« Chasman and G. K. Green,'” and has been
implemented at the NSLS. The lattice is comprised of
achromatic bends separated by insertions where one
locates wigglers and undulators. For such a lattice
with M achromatic bends, and hence M insertions, the
lowast possible emittance ia

€ = (7.7 x 1071 aerag) . (41)

In order to avoid undesirably large values of the bet-
atron functions, practical designs seem to yield emit-
tances about two times greatar than this lower bound.

For a given machine, the. egittances depend qua-
dratically on energy, €y, 13, so at the cost of
softening the radiation the brightness can be in-
creased by operating at lower energy. Since the pho-
ton energy from an undulator is proportional to
¥°/1y, the only way to obtain hard photons age
smaller Y i3 to reduce the undulator period. How=
ever, there is a practical limitation on how small

Ao can be made without having K become unacceptably
suall, Very small K values are not desirable since
Eq. (38) lhgwl that the brightness at w; is propor-
tional to K°. If G is the full gap of the undulator
magnet, one finds that tha peak field varies as
B,~exp(-%G/1,), hence B, decreases rapidly with

Ao unless the gap G is also reduced. The minimum
gap allowed by the operation of the storage ring thug
limits how small A, can be made. A fixed gap 1is re~
stricted by the aperture rsquired during injection.
If the gap is variable, i.e. large at injection and
narroved after the beaa is stored, then the minimum
gap is limitsd by quantum lifetime effects, transverse
resistive wall instabilities and gas scattaering.
Saall values of the vertical betafunction (By * L/2)
will reduce the seri s of all these effects and
allow a smaller vertical gap, Instabilities and gas
scattering are less troublasome at higher energy,
hence saaller gaps may be expected to be achieved at
higher electron energies. :
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