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First principles calculations of .the electron-phonon
parameters of d-band metals can now be performed to an accuracy
of about 10% for "averaged" quantities such as the mass enhance-
ment or the room temperature resistivity. Quantities such as
the spectral function CL2F(U) or the phonon linewidth which
describe the electron-phonon interaction in more detail can
also be calculated. Agreement between calculated and experi-
mental phonon linewidths is generally good but there are dif-
ferences between the experimental and calculated versions of
a2F(u>). Calculations of the thermodynamic critical field and
the upper critical field for Nb agree well with experiment.

I. TECHNIQUES

The two basic techniques which have been used in calculat-
ing electron-phonon parameters are the rigid-muffin-tin approx-
imation (RMTA) and the modified tight-binding approximation
(MTBA). The RMTA is based upon the Bloch formulation of the
electron-phonon interaction (Bloch, 1928) in which the electron-
phonon matrix element 1 ^ ' = tyiJxa • SV|iJ)k̂  is calculated
using the periodic crystal wave functions ̂  and the
change, in crystal potential due to an atomic displacement SV.
The RMTA simply I consists in approximating this change SV by
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u • 6V = u • J7V where u is a small displacement and VV is the
gradient of the crystal potential of the perfect lattice- The
name derives from the fact that the crystal potential of tran-
sition metals is usually cast into "muffin-tin" form and for a
potential of this type the above approximation is equivalent
to assuming that when an atom is displaced its muffin-tin
potential shifts with it rigidly. One nice feature of the
RMTA is that for energy conserving transitions a very simple
expression for the matrix elements has been found (Gaspari;
and Gyorffy, 1972). Given the assumption of a rigid muffin-
tin, the remainder of an RMTA calculation for electron-phonon
parameters can be performed without further approximation
(other than the usual approximations of band theory). We will
present evidence that the RMTA is accurate to about 10% for
quantities such as the mass enhancement, A.

The MTBA is based upon the Frolich (Frolich, 1966) formu-
lation of the electron-phonon interaction in which the crystal
wave function is expanded in terms of atomic orbitr -. <f>m(

r~Ri)
which move with the nucleus as it is displaced. The electron-
phonon matrix element is obtained by considering the change in
the tight-binding Hamiltonian matrix elements due to an atomic
displacement,

mn

where RJJ = R^-R^. A helpful way of remembering the difference
between the two approaches is to note that in the. Bloch formu-
lation one calculates the matrix element of a potential gra-
dient while in the Frolich formulation one calculates the
gradient of the potential matrix elements. The MTBA electron-
phonon matrix elements are of course never evaluated rigorously
using a true tight-binding basis set, although this would be
an interesting calculation, instead, the usual procedure is to
set up a tight-binding interpolation Hatniltonian with para-
meters which can be adjusted until agreement is achieved
between the tight-binding energy bands and those obtained from
a first principles calculation. If additional assumptions are
made concerning the dependence of the Hamiltonian matrix ele-
ments on intersite separation the electron-phonon matrix ele-
ments can be evaluated. There are several variations on the
MTBA technique having to do with precisely how one deduces the
Hamiltonian matrix elements and their derivatives (Birnboim
and Gutfreund, 1975, Peter et al., 1974, and Vartna etal., 1979).



Recently, it has been shown that the Bloch and Frolich
formulations are equivalent (Ashkenazi et al., 1979, Varma,
etal., 1979),! and that for energy conserving transitions
(Ek = Ek') with which we are concerned here it makes no differ-
ence whether one calculates the matrix element of the potential
gradient or the gradient of the potential matrix element- If
the potentials are the same and if both calculations are carried
through without further approximation the results should be
the same.

II. RESULTS

Table 1 displays results of calculations of the Fermi
surface average of the square of the electron-phonon matrix
element <I 2 >,

k
Lkk' (2)

The agreement between the RMTA and empirical values is very
gratifying. <I2> varies greatly in the transition metals
being largest for those materials which show strong d-d inter-
site bonding (Nb, No, Tc). This variation in <I2> when coupled
with the known variations in phonon frequencies and in Fermi
energy density of states explains the Matthias e/a rules
(Matthias, 1957).j

TABLE I. Calculated and Empirical Values
of (I2) for the 4-d Metals

<J2>

e/a Empirical RMTA MTBA MTBA

y
Zv
Nb
Mo
To
Ru
Rh
Pd

3
4
5
6
7
8
9

10

0.0008
0.008
0.011
0.030
0.024]
0.017
0.0054 ,
0.0037

0.0021
0.007
0.0148'.
0.0235
0.0189
0,014
0.009
0.0029

0.0144
0.0242

0.031

TButler, 1977.
Varma et al., 1979.

aPeter et al., 1977.
"Estimated from resistivity.



Most MTBA calculations of <I2> yield values which are
much higher than the empirical ones, but the very recent MTBA
results of Varita et al., who use a non-orthogonal basis set
and include "p-type" orbitals as well as "s" and "d" are in
excellent agreement with the RMTA results. Papaconstantopoulos
et al., (1977) have obtained RMTA results very similar to those
shown in Table I. Birnboim and Gutfreund, (1975) obtained a
value for <I2) for Nb of 0.024 using an MTBA approach.

Substantial uncertainty is associated with the empirical
estimates of <I 2 > in Table I because they depend on the poorly
known values of the Coulomb pseudopotential u* and upon esti- '•,
mates of the effective mean square phonon frequencies < u>2) de-
fined below. Details of the precedure used in estimating these
quantities are given by Butler, (1977). Uncertainties in
<w2> can be avoided by calculating the mass enhancement A
which is defined by

e"<k-k')e?<k-k') ,„,

and is related to <I2> and < w2 >' by X = N<I2 >/M< u>2 > where N is
the Fermi energy density of states and e^ is a phonon polari-
zation vector. Table II compares experimental and calculated
values of A for Nb, Mo, and Pd. The RMTA values seem to be
about 10% too high for Nb and Pd and essentially exact for Mo
(taking u* to be 0.11).

The uncertainties in u* can be avoided by calculating the
room temperature resistivity which is given by Chakraborty
et al., (1976) p = (3TTKB/he2N<v2>) AtrT where < v

2 > is the mean
square Fermi velocity and Atr is a quantity very similar to A

Vk
2v2

k

RMTA calculations yield Atr = 1.07 for Nb and Atr =0,46 for j
Pd (Pinski et al., 1978a). Both values appear to be about 10%
larger than experiment.



TABLE II. Calculated and Empirical
Values of X for Nb, Mo, and. Pd

Empiricala Empirical Tunneling RMTA

Nb 0.96 1.04 1.01,G0.98d 1.12
Mo 0.44 °-4QJ

Pd 0.38 0.4V

^ To using u* = 0.13
"From Resistivity: A = (X^r)emp x
°Arnold et at. 3 (1979).(
d-Robinson and Rowell, (1977).
eButler et al., (1979).
fpinski et al., (1978a). \

More detailed investigations of the strength of the
electron-phonon interaction have also been performed. The most
detailed information can be obtained from measurements of the
phonon linewidth (Allen, 1972). The phonon linewidth y.:(q)
tells the amount of electron-phonon coupling contributed by
each particular phonon and is related to X by

£ 1 . (5)
qj J J

RMTA calculations (Butler et al., 1977 and Pinski and Butler,
1979a), have successfully predicted two regions of strong
electron-phonon coupling before they were observed experi-
mentally (Fig. 1). The peak in the calculated Pd [100] LA
linewidth appeared at £ = 0.34, but by identifying the Fermi
surface transitions responsible for the peak and uting experi-
mental Fermi surface data it was possible to predict tb "t the
true peak position would be at ? = 0.4 in precise agreement
with experiment (Youngblood et al., 1979).

Another detailed measure of the electron-phonon interac-
tion is the spectral function a2F(a>) which can be defined as
an average over the linewidth

a2F(w) = £ Y.(q)6[a)-to (q)]/2TTa)N . (6)
qi J J

RMTA calculations of a2F(w) for Nb (Butler et al., 1977, Harmon
and Sinha, 1977, and Butler et al., 1979) yield a spectral
function which is quite similar in shape to the phonon density



of states (Fig.. 2). Similar results have been obtained, by the
Varma-Weber version of the MTBA (Weber, 1977).

The experimental spectral function of Nb is somewhat con-
troversial. Three experimental spectra are shown in Fig. 2.
The differences arise partly from different experimental tech-
niques and partly from different ways of analyzing the tunnel-
ing data. The most recent of the experimental spectra (Arnold
et al., 1979) shows excellent agreement with the calculation
except for the high frequency peak. The phonon linewidth
measurements seem to favor the calculated spectrum because
they show strong coupling for the longitudinal phonons. It
has recently been shown (Otschik, 1978) that any mechanism
(e.g., disorder, dissolved oxygen) which decreases the strength
of the electron-phonon coupling within ^ O A of the surface
will appear in the deduced spectral function as an enhancement
at low frequency and a reduction at high frequency.

Since the shape and strength of the spectral function
determine the thermodynamic critical field Hr,(T/Tc), it is
possible in principle to test a proposed spectral function by
using it to calculate a deviation function D(t) = [Hc(t)/Hc(O) ]
— (1-t2) which may be compared with experiments. In Fig. 3,
we compare the deviation function obtained from the calculated
spectral function of Fig. 2 with three sets of experimental
data. The agreement is quite good especially with the calori-
meteric data of Ferreira et al. Unfortunately, the deviation
function is insufficiently sensitive to the shape of a^F(w)
and the different sets of experimental data show too much
variation to conclusively rule out either the Arnold-Wolf
spectrum or the Robinson-Rowell spectrum (Daams and Carbotte,
1978). The deviation function does indicate however that X
is approximately 1.0. It should be noted that the Arnold-Wolf
data has X of about the right magnitude but the deduced Tc is
only 7.9 K and the Robinson-Rowell data although it yields the
correct Tc gives a value for the zero frequency gap which is
too low.

The upper critical field HC2 of a cubic type II supercon-
ductor is sensitive to anisotropy in the Fermi velocity and in
the gap function. Figures 4 and 5 show the results of recent
calculations of HC2(T,B) for pure Nb. The calculations are
based on an extension of the theory of Hohenberg and i
Werthammer, (1967) and amount to an essentially exact solution
of their equations (5) and (26). Fermi velocities were calcu-
lated at 1057 points in the irreducible Brillouin zone using
Korringa-Kohn-Rostocker band theory and a potential adjusted
to give a good fit to Fermi surface data (Butler et al., 1979).



Small strong coupling corrections were applied using the
factors r)Hc?(°) a n d IHCZ^ 1) calculated by Rainer and !
Bergmann, (1974) . \ It is primarily the anisotropy of the Fermi
velocity which is responsible for the anisotropy of H c 2 and
for the deviation of its temperature dependence from that pre-
dicted by isotropic theory. The calculated anisotropy in
Fig. 4 has the same shape as the experiment but it is somewhat
larger. The calculations do not include gap anisotropy be-
cause RMTA calculations (Butler et al., 1979 and Pinski and,
Butler, 1979b) indicate it is ignorably small. MTBA calcula-
tions of Peter et al., (1977) yield a larger anisotropy but it
is of such character as to increase the observed anisotropy
and worsen the agreement with experiment.
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FIGURE l(a). [110] phonon linewidths for Nb. (b) [100] phonon
linewidths for Pd. Solid (dotted or dashed) histograms are
calculated longitudinal (transverse) linewidths. Circles
(triangles) with error bars are experimental longitudinal
(transverse) linewidths.

FIGUFIE 2. Calculated and experimental spectral functions for
Nb. Solid curve is RMTA calculation (Butler et al., 1979),;
dotted, dashed and chain-dotted curves are experimental j
results of Arnold et al., (1979), Robinson and Rowell, f
(1977), and Bostock et al., (1976), respectively.

FIGURE 3. Calculated and experimental deviation functions for
Nb. Circles, triangles, and t'sare magnetization data
(Kerchner et al., 1979) taken with applied field parallel
to [100], [110] and [111] directions, respectively. X's
and dashed line are calorimetric]data of Leupold and
Boorse, (1364) and Ferreira et al. (1969), respectively.
Solid line is calculated using the RMTA a2F of Fig. 2.

FIGURE 4. Anisotropy of Hc2 for Nb in (110) plane. Solid
curve is calculated for T = 0. Circles are experimental
results (Williamson, 1970) for T/Tc = 0.04.

Figure 5. Temperature dependence of Hc2 for Nb. Solid curves
are calculated results for an applied field in the [111]
(upper) [110] (middle) and [100] (lower) directions.
Experimental results (Kerchner et al., 1979) are shown
by the triangles [111] direction, circles [110] direction,
and rectangles [100] direction.



0.0 0.8
LINEWIDTH THz

0.4

0.00 0.05
LINEWIDTH THz

0.10 0.15

0.6

0.20



s

d

02

cq
c5

CO
0

p
c5

0.0 1.0 2.0 3.0 4,0 5,0 6.0

FREQUENCY THz
7,0



X

X

X

goo'O 910*0-

s-t ezsi *nnr ot Nnt no'so'9l i



r-A —

o

V
02
O

Oi
C)

/
/ o

/
/

/o
/

1 1 1

o \
\
\

\ V
r

! 1

0.0 15.0 30.0 45.0 60.0 75.0
DEGREES FROM <001>

90.0



i,=LCT I 07.2S.00 FSI 3 AW, I97S . I5SC0 DISSPUH VER 7.5

HC2 (T)
0.0 0.1 0.2 0.3 0.4 0.5

i ;


