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Electron-phonon interactions are inelastic scaltering processes in high-energy electron diffraction, and are responsible
for thermal diffuse scattering (TDS). The atomic thermal vibrations introduce a small time-dependent perturbation to

the crystal polential,
AV@=1¥ viee-R@)-r-u®)) - vice-R(h)-r())), (1)

where u(}i’) is the displacement of the 1!h atom (at position r(l1)) within the hth unit cell (position R(h)) from its
equilibrium position,
u®) = [(W2Nmy) 12 § 3 (1/0j/2] e(1] D expliaRM) + ra)] [a*CH +ax )
q)

vl is the potential of the 1t atom; N is the total number of primitive unit cells in the crystal; m) is the mass of the Ith

atom; a* and a are defined as the creation and annihilation operators of a phonon with wave vector q, frequency wj(q)
and polarization vector e; and j indicates different phonon modes in the acoustic and optical branches. The interaction

Hamiltonian for creating a phonon of momentum q and frequency wj(q) is!
H(r.q.0) = <N(q)+1| [- e AV(D)] |N(g,0)>
=-ic(2m)3 % ¥ Aloy(q)) ed| D-(-) Vi(g-) exp(i(q-g)) expliqr(D), 3)
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where A(0j(q)) = [K(N(q.0) + 1)220)(@)mN)}12 and N(q.05) = 1/[exp(Hay/kpT) -11. @)
Since the life time of phonons (10-13 s) is much longer than the interaction time (10-16 to 10-13 s for 100 keV) of fast
electrons with a thin crystal, it is unnecessary to consider the time-dependent inelastic-state decay processes in electron

scattering. Hence, the inelastic TDS wave W generated by a single phonon (g, ©) excitation is determined by?

(V2 -Ug(r)+ K2)¥1 = Qagle)H'(r)¥o, (5)
where Wy is the elastically scattered wave determined by the Schridinger equation that can be solved using the
multislice method, and og = me/K2. Under the small angle approximation, the solution of Eq. (5) at the exit face

(z =d) of a thin crystal is3 ¥r1(b,q.d) = (cpAz/e) ¥ H'(b,zy) Y(b.q.zp), 6)
n
B d¥o(r.q) PN . . . .
where Y(b,q,z) = l}’o(r.O),'-—a~— Yo(b,z=d,q); b = (x, y); and the summation of n is over all the crystal slices of
FA
equal thickness Az.

The TDS diffraction pattern: The TDS diffraction pattern is formed by the incoherent summation of all the TDS
electrons after exciting different phonon modes (q, j),

It = (VJQn)’] ¥ BIZ dq MW1(1,q.d)2, 0

J
where V¢ is the volume of the crystal; t= (tx,ty) is a 2-D reciprocal space vector; and the integration of q is restricted
1o the first Brillouin zone (BZ). Neglecting the phase correlations of different Bragg spots gs and the TDS waves

generated at different depth z, one finally obtains,
1)~ CoE X ¥ (BiGw | ea Hrivicm %) @ z lY(zq0zm) 2, ®
nij

[ dqz IAl(mj(‘t))l2 if 1x and 7y fall within the first Brillouin zone (BZ); ©
Z

nanexclusve,

where By(j,1) = {
0 otherwise;

Co = (2r)3V(agaz/Sc)2; Sc is the area of the unit cell cross-section in the x-y plane; qg is the mean momentum transfer

of the electrons in TDS; and ® indicates a 2-D convolution operation. In Eq. (8), the terms purely related to lattice

dynamics are included in the first {~} bracket. The terms purely related to the clectron dynamical scattering appear in

the second (-} bracket. Therefore, dynamical diffraction effect does not affect the shapes of TDS sireaks but docs

affect their intensities.
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2-D lattice vibration model: For phonon excitations, since g, = Kio/ZE = 00 the TDS streaks e manihy
:\n\rqlgd by the phonon modes with wove vectors parallel to the ditfraction plane. These acoustic moedes tor which
e Eends 1o sero when g approaches zero. are mainly generated by the atomic vibrations within the plunce ]k., cndicuiar
1o the incident beam direction B = (hh near a muain orsstal zone avis, This is actually o 2-D laiice vibra,onmaodel
The muain contributions to the 1 DS stre.aks are from thé acoustic branches; optical branches contribute oy o dinluse
hackground. Thus the TDS streaks can be predicted by examining the terms inthe first {L ] bracketin oo wnd s

5

Stps =X Bij. 1) - \___: 17wy, 10y

1 =1
where o,(T) s the dispersion surface ol the acoustic branches, and is determined by the 2-Dr atomic interactions of the
nearest I]LI“])bOF\ falling in the same (hkl plane. The TDS streaks are defined by the 7y~ Ty Imes satishving ooty = 0
For a monatomic b.c.c. erystal oriented in (001}, if only the interactions with “he atoms Tecated at =u 1000 wnd
+ap(010) are considered. one has

(w1,2)2 = (/M) [(F+G) sin2(qy a/2) + (F-G) sin(qy xap/2)), (11
where ag is the Tattice constant, and F and G are the atomic force constants. In the central force approaimation «F = G,
so that

Stps ~ [ 1/Isin(Ta0/2)) + 1Asin(t,a0/2)1). (12
Thus sharp TDS streaks should appear along t, = 0 ({100]) and 1y = 0 ([010]) directions (sec Fig. 1). The <110>
strcaks would appear in the pattern if the phnnon modcs crcated by the vibrational coupling of the atoms located at
(000) and ag/2{ 111} were strongly excited. The absence of the <110> streaks in Fig. 1 therefore supports the validity
of the simplified 2-D mode] discussed above. In practice, the (F-G) term in Eq. (11) determincs the streak sharpness
and widith. Therefore, the observed finite width of TDS streaks is mainly the result of non-central interaction forces.
This 2-D mode! can systematically interpret the directions and sharpness of the TDS streaks observed in the diffraction
patierns near the [001], [111] and [110] zonc axes of Mo (b.c.c.), Au and Al (f.c.c.), and Si (diamond cubic). If B is
far from main zone axcs, the contributions of optical branches may become important.

In practice, TDS streaks arc located on the lines satisfying tsry = 0, i.e., along the 1= B x ry = [(kLj-1K ), (IH;-hLy),
(hK1-kHp)) direction in reciprocal space, where ry = (Hya),Kyaz,Lyas) is the relative position of the first nearest
ncighbors in the 2-D plane, and ajs arc crystal latlice constants.3 This is a general rule for predicting TDS streaks
without any numerical calculatiens, and is analogue to the geb = 0 rule for determining dislecation Burgers vectors in
diffraction contrast imaging. The TDS strcaks predicted by this rule fit most the observations of NisAl, Al3Sc, NiAl
and Fes Al intermetalics.

The TDS TEM image: The HREM image formed by the TDS clectrons in a TEM can also be derived from Eq. (6),
IT(b) = {T GAb) IY(b,0.z0)I12}@ [Fop(b) I2, (13)
n

where the generation function of TDS is
Gb.zn) = (00322 (L X a? | Pwi(r-R(B)7(1) BF (14)

where a2 = jdco p(w) Aj*(w) is the atomic mcan square vibration amplitude; p(w) is the phonon density of states:

and Fop is the inverse Fouricr transform of the objective lens contrast transfer function. This formulation is cquivalent
to incoherent imaging theory. The image resolution may be higher than that formed purely by clastically scattered
clectrons, but the "inclined incidence cffect” (i.c., a small off-axis correction of momentwum transfer g to incident wave
vector K in the clastic wave calculation) of phonon scattering may distort the image. The phase coupling of vibrating
atoms does not affect the calculations for images but docs affect diffraction patterns. Thus the image simulations can
be carried out based on the Einsicin model if the correct vibration amplitude for each atom is used.

It can be proved from Eqgs. (3) and (6) that the semi-classical approach utilizing a "frozen” Tattice model for TDS is
cquivalent 1o the result of inelastic quantum scattering theory (Eq. (8)) if kgT << B and the "inclined incidence cffect”
is negligible. The former condition is satisficd if the temperature is not much higher than room lcmpcralurc.4
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