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4—- AND T-PAIR PRODUCTION FROM RELATIVISTIC HEAVY-ION COLLISIONS®

C. Bottcher and M. R. Strayer

Physics Division
Oak Ridge National Laboratory
Oak Ridge, Tennessee 3783l

INTRODUCTION

In these lectures we shall attempt to address the question of u- and
T-pair production from the motional Coulomb fields available at the new
relativistic heavy-ion accelerators. It is well known that electrons and
positrons are produced from such collisions in sizeable multiplicities,1
and Gould? has suggested that heavy lepton pair creation may be possible at
RHIC. ..

We shall divide our discussion of these phenomena intc two parts. In
the first part, a semiclassical field theory is developed which 1s appro-
priate for families of leptons which are coupled electromagnetically. The
field equations are mapped on to a lattice of collocation polnts using basis
spline methods, and techniques for solving the resulting lattice equations
are outlined.

In the second part, we shall examine the properties of the transverse
electromagneti~ field near the heavy-ion beam and present physical arguments
as to the feasibility of pair creation under a variety of circumstances.
Using the Dirac-Hartree equations developed in part one, we shall dynami-
cally evolve the vacuum, using the appropriate fields, and compute u-—-pair
and t-pair production cross sections.

SEMICLASSICAL FIELD THEORY

In a pedagogical sense, our treatment of pair production in the
presence of strong fields is similar to the early version of the adiabatic
basis method developed by Greiner and co-workers .3 However, there are
important differences which we shall note in the following discussion. A
more complete account of the method 1s given in Ref. 4. The Dirac-Hartree
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field equations can be obtained from three principal assumptions: i) =xis-
tence of a semiclassical action and an effective Lagrangian, {i, idenc:?
tion of the initial state and the vacuum state, and i{ii) unicarvy time-
evolution of these states.

(i) Assuming a minimal electromagnetic coupling of electrons, muons,
and tauons through a classical electromagnetic field, the effective
Lagrangian density case can be written as?

Hv H
=@ +% +g ~1/4F F A
F(x) =&, &t / v +J (1)
where, in Eq. (1), J, is a conserved classical external current, A and FHV
are respectively the four-vector and field tensor of the classical electro-
magnetic field, and where the terms %y are given by

S?Q(X) =.$Z(x)[Yu(iau~Au) - ml]¢z(x), L = e,u,T. (2)

We note that this Lagrangian separately conserves electron, muon, and tauon
numbers, as 1llustrated by the diagram in Fig. 1. Thus, the different terms
in Eq. (l) are only coupled through AY, and we shall assume, for simplicity,

thatethis coupling can be ignored. Thus, for each specles of lepton we
t ake

S5, =/ d% <) ] s 2O | ee), (3)

where ' ®(t)> denotes the many-lepton state at a time t which evolves
the initial state, and where the normal ordering is with respect to a
reference state which must be specified. This form of the action has

extensivelg used Iin nuclear physics to obtain Hartree-Fock=Bogoliubov
equations. In Eq. (3) the dynamical coordinates which are varied to make
the action stationary are A" and the parameters labeling the wavefunction
are %(t), not the lepton field operators. Thus, in what follows, it will
be convenient to work in the Schrodinger picture.

from

been

(11) The initial state is assumed to be a single Slater determinant
so that

Fig. 1
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We shall assume, for initial times, that there is a well-defined Dirac
Hamiltonlan with a spectrum as shown schematically in Fig. 2. All of the
states with energles less than the label O are occupled in the vacuum state
‘ 0>, which we shall identify as the reference state. The single-particle
states with labels between O and f will comprise the initial state l PN
By construction, the single-particle states in Fig. 2 are complete and
orthonormal

+
L= 0Ll a7 T
(5)
and <xxs)| x(S )5 = N

With the choice of reference state as given above, we can identify ‘ ¢(+)>
and ‘ x( )> as slngle-particle and single anti-particle wavefunctions. In

the second quantized representation, we have particle and anti-particle
annlhilation operators a) and b) respectively so that

a, ] 0> =b J0>=0
and (6)

toy ot _
laysay-b = {byuby-b = 6y,
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Al]l ancizommutatiosn combinations of the operators a and b not given la Eq.
“HnY are zer), wd e ftial ostare o3

~1

s o» o= T iy e {
o e N
DCACE

(111) We assume chat the dynamics governing the time evolution of the
wavefunction in Eq. (4) is unitary; that is

| aCe)> = s(e) | @ >, (8)
where STS = SST = !. There are several important consequences of this
assumption. FEquations (7) and (8) together guarantee that the state %(t)
is at all times a silngle Slater determinant. This may be seen from the
following equation

l $(t)> = S(t)aIaT !

2...afi 0> {(9)

By inserting S(t)TS(t) between adjacent operators in the above, we can re-
write o(t) as

| 0(6)> = al(t)ah(t)...af(e) | 0(e) (10)
where the operators a;(t) and the state 0(t) are given by

a;(t) = S(C)a;ST(t). A >0, (11)
and

| 0(e)> = s(e) | o>, (12)

Equation (10) is a time-dependent Slater determinant, where 0O(t), as given
in Eq. (12), 1is the vacuum for the operators aj(t). It is easy to show that
0(t) 1is also the vacuum for operators B;(t), defined as

s;(c) = S(t) b;ST(t), x < 0, (13)

and thus we can identify a complete and orthonormal set of one-particle
states at any time t by

| = el o> a0,

(14)

| {7 e)> = 8lcer | e A < 0.
These states, and rthe determinant in Eq. (l0), contain dynamical excitations
of the vacuum through the term O(t). We should like to emphasize that the
one—particle states 1in Eq. (l4) cannot be interpreted as physical-particle
or anti-particle states, because of these vacuum excitatlons. Physical
lepton or anti-lepton states can only be identified in terms of the projec-

tions of these states ontc the initial states which define the particle and
anti-particle spectrum.

The Dirac—Hartree equations of motion are obtained from the stationary
principle for “he action in Eq. (3). As previously stated, we shall work in
the Schrodinger picture. Because of the normal ordering inherent in the
matrix element defining the semiclassical action, we need to expand the
field operators in terms of the states in Eqs. (5) and (6)

¥(x) = ] ¢§‘+)(x)a}\ + ‘Pi_)(x)b;. (15)
A



In this representation, Eq. (3) is written as

- - T+ {+) . - *
L\'L = dt I.‘:*’j Lo "“"bo siTy o Lot s5(r '
(+) ) SR
+ < | L] v Toco | s(e) ajb i S(ey| e
(16)
(=) (+) T .
+ <, | L] v, <o | s(e) bya, i S(t) | o>
(=) () t, i ‘
SR ORE R RSESICN IE O MR RN | e >}
where
L(x) = 13 = h(x), h(x) = as(-19-k) + Bm + Al (17)

This representation of the action is almost normal ordered; only the last
tern need be changed. In order to evaluate Eq. (16;, we need to calculate
matrix elements of operators which have a form S(t) a;aks(t). This is

carried out as follows. We expand the operators aj(t) and 81(t) as

T
aj(t) Ujk(t)ak + ij(t)bk
t t (18)
Bj(t) = —vjk(t)ak + Ujk(t)bk’

where all of the time dependence is contained in the expansion coefficients
U(t) and V(t). Equation (l8) represents the most general expansion which
satisfies the anticommutation relations, Eq. (6), and the constraints of
unitarity. The properties of the transformation (18) are more evident in
the finite representation obtained by truncating the positive and negative
continuum, as i1llustrated in Fig. 2. Thus for the operators, a: and Bj are
limited to 0 ¢ j < N for S L and -m < j € O for 83. In this truncated
Hilbert space, Eq. (18) becomes an M+N dimensionai unitary transformation
of the vector comprised of the set of operators Qg and B;,

[a(t) u v a

lBT(t), v u bT ,

where the elements of the transformation matrix arve the expansion coef-
ficients in Eq. (18). It is straightforward to invert Eq. (19) and obtain
the matrix elements needed to evaluate the action. In matrix form these are

s'as ot I\ /.
= (20)
s™'s v' UT) b/,

The norm of the vector in Eqs. (19) and (20) is invariant under the finite
rank transformation (19)

ot a
N = (a b) < T)
b,
. (21)

T
=aa, +b,b ,
b 33
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and thus is a constant of the motion. Ejyuation (19) differs from the lepton
number onlv by a time-independent :onstant, and Mence rives lapton aumber
conservation.

In this treatment, the matrix of coefficients J(t) and V(t) are unknown
variational parameters which are decermined by finding stationmary values of
the action

85/6U = 85/6V = 0, (22)

These yleld equations of metion

(s) _ (s)
h | IO 13| by (),

for
(+) * (+) *x (=)
( be (6)> = qu(t>| K >+ vqk<c>| X, > a<f (23)
and
=) * (+ * (-)
| be (£)> = —vkq(c)l X, >+ qu(c)1 X, > a<0

where h 1s given by Eq. (17). Classical fleld equations are obtained in a
similar way

§s/68" = 0, (24)
and result in the usual Maxwell's equations

M, = I, ) | s Teov e | ece) (25)
where the current matrix element is evaluated using the methods outlined

above. Equations (23) and (25) comprise Dirac-Hartree equations for a set

of orbitals, which may be solved without explicit reference to the U and V
matrices.

BASIS SPLINE EXPANSION

In this section we shall address a method of solving Eqs. (23) using
the basis spline collocation method. Full details of this technique are

given in Ref. &4, For simplicity, we shall consider the one~dimensional
Dirac equation as given below,

h ¥(x,t) = 13 v(x,t) (26)

where the Hamiltonian is spin-degenerate, so that it suffices to specify h
ia a two-component spinor representation as

h

o (<13 ~A ) + Bm + A
X X X (o]

A - -
oo 13 -A (27)

~-13 -A A —m
X X o

We shall assume that the field equations, Eq. (25), are integrable and
develop numerical methods of solving Eq. (26) which emphasize accuracy,
stability, and ease of programming. Our method requires the expansion of
the spinor in Eq. (26) on a basis of gpline functions® of order N,



w(x) = UT:(x)'bk. K = 1.uuo,n, (28)

where we shall use the convention that repeated indices are summed. Splines
of order N are plecewise (N—l)th differentiable polynomials, for which the
index k 1s associated with some space interval. Examples of these functions
are shown in Fig. 3. Since the number of B-splines in Eq. (28) is finite,
they cover a finite interval. In a completely different context, calcula-
tions using B-splines have been glven by Dreizler.® The set of space points
Xk, assoclated with the spline functions, UE, do not provide an adequate

representation for operators of the form Eq. (27). There are three problems
which must be addressed: 1) finding a local representation that sidesteps
the issue of constructing matrix elements of h by numerical integration;

11) representing the derivatives on the spinors so that the boundary con-
ditions on the upper and the lower components are correct; and 111) satis-
fying current conservation conditions on the space lattice that are im—-
plicitly contained in the Dirac Hamiltonian. The latter point is, of

course, essential to gnarantee lepton number conservation in numerical cal-
culations.

There are a set of space points assoclated with each spline function
which minimizes the error in the expansion, Eq. (28). These points, &4
a=1,...,n, called collocation polnts, provide an optimal representation
of a function on a finite interval. The set of collocations may be evalu-
ated using several different pethods ;8719 however, for equally spaced points
X k =1,...0, we may take

€, = (xm + xcx+u+1>/2 W= [N/2]. (29)

These points are shown as the open circles in Fig. 3. Thus, the functions
¥ evaluated at &, are given by the transformation

with : (30)

(y)
®

N
i

b €

i+ Ng i+N+Ng y
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i i+ N

Fig. 3



= fe
BJK Uﬁ ga :

For B-splines of finite order, the matrix B is banded with a bandwidth of N.
Also, the inverse transformation is well behaved, thus giving the coef-
ficient of wk in terms of Vg4,

k ka

‘p - B war

(31)
Bku - [B_l]ka.

Representations of differential operators can be easily obtained as matrices
in collocation space; for example, Bi = A becomes

g .. kB
Aa = Bka B ,
(32)
" N
= 32 |
Bkc ax Uk(x) | N
|
X = Eu

where the matrix BkB plays the role of a metric in collocation space.
Equation (32) ylelds a highly accurate representation of the second deriva-
tive operator on a lattice, as illustrated in Fig. 4, where we give the
result of the matrix A acting on the vector £{(q)

Fo(q) = Af(q)
cos(qﬁa] (33
f(q) = —_—:;5__ .

In Fig. 4 5 = 0, so that F; should take on a constant value, one. We com-
pare the results of the ordinary finite—-difference method, dashed curve,
with the two B-spline results of order 3 and 11, as a function of q. The
B-spline results are clearly superior, and, in general, for B-splines of

order N, and for n collocation points, the error in the representation Eq.
(32) is

=N+1
error ~ n . (34)
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This form of the second derivative operator has a unique decomposition into
1
noer and lawer <_famenlar form usineg the Cholesky decomposition,'!

i=D D, (35)

where In Eq. (35) D 1is a lower and Dt is an upper triangular matrix, and
where we have imposed the condition
el

b =' Daa

aQ

(36)

in order to achieve uniqueness. In this decomposition, we identify two
types of first derivatives in which boundary conditions at £; are contained
in 0¥ and boundary conditions at £, are contained in D”. This decomposition
bas two important consequences for the Hamiltonian, Eq. (27). It resolves
the problem of fermlion doubling on the lattice,lzvIa and i1t maintains an
exact current conservation on the lattice. Thus, the representation of Eq.
(27) on a collocation lattice is

A +m —iD+ - A
h = ° * (37)
-iD - Ax A -m

o »

where the potentials are local functions of space

B
(Au]a = 6.5 A, (6 (38)

Thus, Eg. (26) on the collocation lattice becomes
B - .
hy ¢B(t) =13 ¥ (o). (39)

A more extensive discussion of this method is given in Ref. 4; here we shall
employ these techniques to study u- and t-pailr production from the vacuum.

TRANSVERSE FIELD MODEL FOR PAIR PRODUCTION

In the collisions of two relativistic nucleil, the transverse, near-
zone, electromagnetic field becomes very large. For two beams of uranium
each at an energy per nucleon of 100 GeV, Gould? estimates u—pair and t-pair
cross sections, respectively

a -~ 1 mb
utu

0T+T_ ~ 1 ub.
These estimates are based on a perturbative treatment of the production,
which is equivalent to the production out of the field of a time—~like vir-
tual photon that subsequently pair decays. However, these considerations
suggest that the QED vacuum must undergo large rearrangements near such
heavy lons. In the case of real photons coupled to static fields,l“ the

dimensionless parameter which sets the scale for pair production, «, is
w
<= (3) (re,) (40)

where w is the frequency of the photon field, m is the mass of the lepton,
E is electric field strength, and E, is the critical field,

E = m?/e.
)



For u and 1 leptons, palr production

, a8 given helow
)

L4}

becomes large whenever w = m, and E

EO(MV/fm) w! (fm/c)
m 60 1.85
1 15 x 103 0.1

Thus, 1f the transverse flelds near the heavy lons have strengths and fre-
quency components similar to these, we expect to observe sizeable amounts

of palr production.

If we consider hadronic mechanisms for producing lepton pairs, we can

get an idea as to the cross section scales.

ties, the Drell-Yan!S
in Fig. 5.

p—pair production 1is approximatelyl6

At these relativistic veloci-

mechanism sets the scale for the production, as shown

Here the hard scattering of quark anti-quark pairs annihilate
to give a time-like photon which pair decays.

The total cross section for

which for uranium collisions at 100 GeV per nucleon, gives

o] _~ 1 mb
wtu
and about

01'+T_ ~ 1 le-

+

Fig.
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These cross sections are comparable to those of Gould for the vacuum pro-
duction of such pairs. The number of electron pairs produced in the heavy~-
ton collision is approximately 102 bh; these palirs can convert to u-pairs via
the process shown In Fig, |, which resuit in a production cross section ar

O 4 - 4 -~ 102 nb,

ete +uty
Thus from these considerations, we conclude that excitations out of the GED
vacuum near such heavy-ion beams are at least as large as other processes.
For a heavy-ion collision as shown in Fig, 6, the near zone, transverse
flield a distance b from the beam axis is

S

Zevb
(b2+82c2) -

this field is shown schematically in Fig. 6. Note that the maximum fileld

strength 1s simply ZeY/b2 and that, due to causality, it has an approximate
width

At ~ b/YB.

These parameters are given below for two combinations of heavy-ion beams,
and for b = 10 fm.

Y El (MV/fm) At (fm/c)

17 25 0.6

10 x 103 30 x 103 5 x 1074
b

E_L
<« At
_.'
time
—_—

Vig. 6
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The case of i = 17 corresponds to the type of beams that will be available
at the Broukhaven AGS shortly, and the case 1 = 20 « 0% zorresponds o the
nroposed fixed target equivalent energv At RHIC. At AGS enerzies cthe rield
strength is 407% of the critical field for u-palr production, and ar RHIC
energies it is 500 times the critical field. Hence, both of these machines
should produce sizeable numbers of u-pairs. At RHIC energies, we see that
the field strength is twice the critiral field for tv-pair production.

The excltation of such pairs out of the vacuum can be studied with a
one-dimensional model as follows. Consider a box of length L in one-
dimension, and a time-icpendent electric field which is uniform throughout
the box,

—t2/a0”
e

E(x,t) = E

(41)
)

The size of the box, the values of E,, and the time history of the field are
fixed to reproduce the values of the transverse field as previously dis-
cussed, so the E; and At are functions of (Y,b). We shall only consider
vacuum states and ignore binding effects so that the states in the box rep-
resent equivalent positive and ne2gative energy continuum states. We shall
use 74 positive energy and 74 neg-tive energy continuum states and calculate
the evolution of the vacuum, Eq. {22), using Eq. (4l). Note that (41) is
gauge equivalent to the interaction,

A =0,
X

A = xE(t),
o]

(42)

which are used in the actual calculations. From Eq. (23), the vacuum evo-
lution is obtained by time evolving all of the states w('5 with -v {( g < 0.

The truncaticon of the states in the vacuum to g > -v is under our control
and permits us to construct the density of states in the vacuum, evolve it
in time, and examine its convergence properties. For example, the lowest
energy state in the box has an energy E_y ~ -250 mc?, whereas the density

of states 1is usually cut off at about E, ~ -5 mc?. With the wavefunction
given by

=)

(+)
| v,

( 5 = V* | "k \ (-)
£)> = - kq(t)q X, >+ bkq(t)[ X o

there are three quantities of interest which can be constructed from the
projections,

5 _ () (=) |2
B, = _v<§<0| x| Yo > “. (43)

These are the inclusive spectra of emitted particlee, EE/dEk, the density
of states in the vacuum D(Ek), and the total probability density of produc-
ing a pair, w(y,b), given respectively as

dp/de ='F(+)/AEK,

k k
o(%,) =Bl£~)/AEk, (44)
=(+)
w(y,b) =§ P 7,
" k

where



FeSh L s L os),

k R+t <7
and

B =l ey |l

A typical example of the vacuum evolution is shown 1in Figs., 7-10 for the
case of T-pair production 15 fm from colliding beams of 50 GeV per nucleon
uranium. In natural units, i = c = m =e =1, this would correspond to
field strengths of 0.2 and a time width of 1.0. In these calculations, the
lepton number is conserved to better than 1:10!0. Figure 7 shows the pair

production probability as a function of time. Here the time scale t, 1s the
Compton time of the tau, approximately

t ~ 1072 gec.
(o]

Note that the final pair multiplicity is about 10‘2, which is moderately
large, and the sharp rise and subsequent fall of the probability in time,
indicating rearrangement of the vacuum. Associated with this production
probability is the Inclusive 1~ spectra shown in Fig. 8. Here the differen-
tial probability, in units of the T muss, 1s shown as a function of the
kinetic energy of the 17, also in units of the T mass. The dashed curves
denote the contribution tc the spectra from the individual states comprising
the vacuum. In this example, we are propagatiug 12 states, and most of the
yield occurs at kinetic energies less than the T-mess. It is instructive

to examine the density of states in the vacuum during the initial phase of
the evolution, Fig. 9, and at the end of the time evolution, Fig. 10. Note
that the ordinate scales for these figures are logarithmic, and hence the
initial density of states is approximately 1/AEx for energies less than

P(t)
2.0 ~r T L T
v = 100C-01
r r = LOOE«00
- v = L4TE+Ot
-9 L
|
> 10
= f )
~— r
Q- i

t/t

Fig. 7
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c ¥ = 2.00€~0!
v = 1L.OOE«00
- = LATESC,

£-93

sl s

Lyt e AR LY RS EAARAL SAPAS)

|

Ty
.

m
i
[=]
w
[

T
K

il sl

SOETIVY AL

s

4.0

f=}
o
o
N
o
~
o

Time Evolved Vacuum t/t, = 0.625

E+02

T T T T T T
¥ = 2.00€-01
r = L00E+00
. = L4TE«01
£+01 |
-
3
3
]
Cae [ 4
E-04 Lii il el ioue v don M I B

0.0 10 2.0 30 4.0 5.0
1
E./me

w
(=]

14



Time Evolred Vacuron t/t, = 3.985

E+d2 ——

v = 2000-0"
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Fig. 10

about 2 mc?, and zero for energles greater than 2 me?, while at the end of
the evolution, there 1is considerable rearrangement of this function with an
exponential falloff up to about 4 w2,

We can approximately reconstruct production cross sections from the
observed probability density. In the above example, P ~ 3.6 x 10-3 yields,
w =4 x 1073 fm~! over a reglion of space of approximately 15 fm. Using a
simple geometrical argument, the ewlssion probability transversed to the
heavy-ion beam times the transverse area would result in

g ~b* w? (45)

where b 1s the impact parameter. Thus for 50 GeV per nucleon uranium
beams,

o] - ~ b mb.

ttr

Similar calculations for u—pairs result in

E/A (GeV) w (fu~l) o (mb)

21 4 x 107" .08
102 5 « 1073 12

In summary, we conclude that the near-zone electromagnetic field in
relativistic heavy-ion collisions produces large changes in the QED vacuum
which have chara:teristically large Fourier frequency components. This is
reflected in the sizeable emission of heavy leptons in a directi..n trans-
verse to the heavy-ion beam.
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