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Abstrict

The mechanical behavior of superconducting magnets
deviates from isotropy due to their construction tech~
niques, which involve the layering of superconductor,
insulation, and sometimes scructural reinforcement
within che windings. This paper describes a1 finite
element stress analysis which has been extended to
consider the effects of orthotropic material properties,
as well as differential thermal contraction and spa=-
tially varying magnetic body forces. The procedure is
applicable to all arbitrarily shaped axisymmetric
magnets. A comparison between the finite element
stress analysis and an analytical solution for a
rotationally transversely iscotropic solenoid is pre-
sented. Good agreement 1la obtained within the limics
of the analytical solution.

Introduction

The design of high field colenoid magnets is a
necessary ingredient in the technology of fusion
reactors and high energy physics. The stress analysis
of such magnets is often based on simplified analytical
vodels.'™' While such models are very useful in pre-
liminary designs, they have socme importaat disadvan-
tages. The most significant shortcoming of these for-
mulations is the fact that the axial loads on the
conductors resulting frgm the radial component of the
nagnetic flux density, B, are neglected. For some
geomatries, the stresses agsociated with these loads
can be significant. A second disadvanctage is the
difficulty of considering the effects of structural
supports.

This paper presents a general analysis based on
a finice element formulation which utilizes isopara-
mecric quadrilateral elemencs. Since a gtandard
finitz element procedure automatically allows for
arbitrarily shaped nonhomogeneocus mataeriala, it is
posgible to comsider the effects of the conducetor,
insulation, and reinforcement distribution throughout
the magnet. In addition, the above marerials can have
orthotropic constitutive relationships.

The following sections of this report presen: our
finite element formulacion to this problem, as well as
a comparisor with an analytical solution presented in
Ref. 3.

Finite Element Formulation

The equilibprium equation, resulting from the
principle of virtual work as applied to structural
analysis, relares the nodal displacemencs, {u}, che
nodal forces, (F}, and the structural sciffnmess, (K],
according to the relationship

(Xl {u; = {F}. (e8]

Both ‘K] and {F} are obtained by assemtling“ the
correspouding element contributions, (K®] and {(Fe}.

*Ragearch sponsored by the Department of Energy under
contract with Union Carbide Corporatiom.

Within an element the displacement field, {8}, is
approximated by using the values of the nodal displace~
ment, {u?}, and an interpolation polymomial called a
shape function, [Ne]:

{8} = [N°]{u®}. @

A strain-displacement matrix, [B®], is formulated by
differenciating Eq. (2) with respect to the coordimate
axes,

{e} = [B®}{u®]. (€))

The stress is the matrix product of the macarial cone
stitutive relationship and Eq. (3),

{c} = [D%]{e} = [D®]{B®]{u®}. %)

The stiffness matrix {s written in matrix form as

(ke] = [ [8%17(0%](B®] av. (5)
ve

In axisymmetric structural analyses, compatibility
conditions limit the number of nonzero stresses and

strains to four. They are
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The coordinate system in Fig. 1 shows the direcrions in
which chese stresses act. (The Z~axis is perpendicular
to the plane of the diagram.) The constictucive macrix,
[D}, is formed from inverting the compliance matrix,
[C]. In general, for an axisymmetric orthotropic
solenoid, seven material constants exist and therefore
the compliance matrix is®
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where ERR' Ezz, and EBe are the Young's moduli of the
three independenc directions; GRz is the shear modulus
relating the R and Z material plames; and sz, vze,
and Vpe 3re the three independent Poisson's ratios.

For the special case of rotational Zransverse lsocropy,
only five comstants exist independently, because
(8a)

\JRG'\J

and

Bar " Ezz
Rotational transverse isotropy is representative of a
wide variety of layer- or pancake-wound magnets.

Generally, Eq. (5) 13 evaluated by numerical
integration such chat

r @9 E ra€17n@1rn@1g |
®reamo ) W, (3,170 (B, IR JeT |, )
where 1 denotes a Gaussian integration point and Wi is
the corresponding Gaussian weighing function. There
are g Gaussian i{ncegration points. The relationship
between the element and the structural coordinates {s
defined by the coordinate transformation Jacobianm,
‘cJ], and its determinate |CJ| is used in che above
equation.

Ficite Element Magnetic Load Matrix

The contribution to the total matrix due to body
forces acting on an element i3

28

(8b)

iF® = [ [n%1Tig} av, (10)
]

where {f} {s the array containing the ccmponents of the

body force per unit volume and [Ne] is the interpolatica

function marrix deiining the displacements within che

element in terms of its nodal displacements. The inte-

gral i3 evaluated numerically by Gaussian quadrature,

(r%) = 21 ? (11)

- @17 i
pow NCIME IR, leg, ],
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The computation of £, involves the cross product
of the current_ density vector, J, aod the magmecic
field vector, 8, or

-

-
= Jx B,

For this axisymmetric problem 7 has only one nonzero
component,

P
-

J= 3919 »
and the magnetic field has components in the R and
directions,

B o= Bplp + Bplge -

Therafore,
ja B
. 91 Z,
f, =
Yol gy
l"i i

The current i3 assumed to be comstant within a typical
element.

Applicacion

As a typical example, consider the solenoid whose
characcerigctics are lisced in Table 1.

Table 1
Inner radius 0.1m
Outer radius 1.0
Half height 1.0m
Current density 10,000 aA/cm?
Eg 121 GPa
ER 60.5 GPa

Poisgon's ratio 0.33

Stresses and displacements were determined by two pro-
cedures for the purpose of comparison. The firsc
method i3 based upon the theory presented in Ref. 3.
This method assumes By to be a linear fuactionm of
radius. The second method involves using a computer
program based upon the method described in the previcus
gection. For this example, 3 uniform mesh of 252 ncodes
and 220 elemeats was utilized. This finite element
computer code i3 coupled directly to a general-purpose
solenoid field calculation code, and therefore the
spatial variation of the magnetic field 1s used
directly in the calculation.

Figure 2 presents a plot of the nondimensional
hoop stress, cgljBIRi. vs the nondimensional radial
position, Y(R/Ry), at the center plane of the solenoid.
The subscript i refers to values at the inner radial
position. The solid line represencs the solution found
in Ref. 3 and the circles are values of stregs at the
Gauss points obtained from this analysis. CExcelleat
agreement is shown.

Figure 3 ghows a plot of nondimensional radial
stress, °k/131R1’ vs the nondimensional positionm, v,

at the center plane of the solenoid. As in Fig. 2,

the solid line represencs the amalytical solution®

and the circles are values of stress at che Gauss
points of the finite element model. Here the agreement
between the two solutions is not as good; however, it
should be noted that if the Gauss point stresges are
taken in pairs and averaged, the resulting values agree
quite well with the analytical solutiom.

Conclusions

A finite stress analysis has been extended to con-
sider the effects of orthotropic material properties
and spatially varying magnetic body forces. The pro-
cedure 1s applicable to all arbitrarily shaped axisvm-
metric wagnets. Comparisonm of this method with amalyt-
ical theory yields good agreement within the limies of
application of the amalytical theory.
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Fig. 3. A graph of the predicted nondimensional
radial scress for a solencid of large radial build.
The soiid line represents a solution obtained from Ref.
3, and the circles represent data points obtained from

Fig. 1. A solenoigd coordinate system. The cur-
rent is represenced by J, the force by FR‘ the deflec-

tion by u, and thae stress by 7, and ¢, the radial and the Gaussian integraction oiants using the analysis pre=-
R 3 gented in this reporc. No attempt was made to smooth
hoop componencs, respectively. the atress pradictions obtained from the finite element

pethod evea though there are several nethods available.
For example, a simple smooching technique involves av-
ORNL/ DWG/FED- 77800 eraging two adjaceant Gaussian iategration poinets to ob-

Nondimensianal Hoop Stress tain a centroidal elemenc average.

r.a

o

2.0 4

"
3.0 4

.0 4

ae

2] 20 30 49 990 4w e a0 2.0 w.o \
1

Fig. 2. A graph of che predicted nondimensional
hoop stress for a solenotd of large radial build. The
solid line represents a solution obtained from Ref. 3, .
and the circles reprasent data pofnts obtained from the L -
Gaussian integrarion poiats using the analysis pre- ’
seaced in this report.




