
REQUEST FOR DECLASSIFICATION AND/OR RELEASE
(Allow 3 '" Doys For Clearance)

t copies 1-7 of form, properly executed to L aboratory Records Department with (a) reproduciblesor i.b) 3 Xerox copies of document if
.•producible exists.

REQUEST: • Classification and Patent Release Z2 Declassification OF THE ATTACHED ~J Abstract

2. TITLE: (Show in full unless classified)

F i n i t e Element Stress Ana l ys i s o f 6 r t ho t r o p i c Solenoids

Paper

3. AUTHOR: (List All Authors; if not an ORNL employee, indicate address on a separate line)

W. H. Gray and J . E. Ak in

4. PURPOSE: DO NOT ABBREVIATE Titles of Meetings, Journols, Universities
(a) Oral Presentation (Give name, place, and exact dates of -neeting)

Paper to be presented at the 7th Sytapoaiuin on Engr. Problems of Fusion Research, to., J__
be 'aeld at the Eyatt Regency, Knoxville, Tennessee, October 24--2B, 1977.

To be published in program, booklet, brochure, etc. ^ Yes H ]
Copies of this document will be distributed ~J before, Q after,

• Not Known
during the meeting, or j~J no distribution will be made,

(b) Publication (Proceedings of a meeting, give place and dotes; Journal, give publication date; Book, give editor and publisher)

(c) Thesis (Give University, place, degree)

To be issued as a report No Yes (Number)
To be condensed and published in open literature PJ No PJ Yes (Where?)

5. INVENTIONS: (List Page No. of any item appearing to have significant novelty; indicate if none.)

6. PREVIOUSLY CLEARED DOCUMENT: (Paper, abstract, progress report, etc., containing similar informat on; indicate if classified.)

Abstract previously cleared

DEADLINE DATE
October z l ,

DIVISION r . . .rut)l AUTHOR"// / /

Associate Laboratory Director Review Required Q Yes [j$ No - Determined by

Division Director •• { •• • • Project Director Program Director

APPROVALS

Division or Program Director

Associate Laboratory Director

ft/: A- \ '•<--'*<-.^ A
Date fication Officer Date

NOV 11977

?

Date Patent Office Date

Distribution of Form
1. Classification Office File
2. Patent Office File
3. Keypunch
4. Approved, Return to Division Office
5. Laboratory Records Dept. - Reprints

UCN-87A
,(3 B-72J

6. Public Information Office
7. AEC — Technical Information Center
8. Suspense Copy — Division File
9. Suspense Copy — Author's File

Distribution of Documents

1. Classification Office File
2. Patent Office File (if requested)
3. AEC - TIC (if speech)

muwt



V-7 7- (p

FINITE ELEMENT STRESS ANALYSIS OF ORTHOTROPIC SOLENOIDS*

W. H. Gray
Fusion Energy Division

Oak Ridge National Laboratory
Oak Ridge, Tennessee 37830

J. E. Akin
University of Tennessee

Knoxville, Tennessee 37916

Paper to be presented at the Seventh Symposium on Engineering Problems of
Fusion Research, Hyatt Regency, Knoxville, Tennessee, October 24-28, 1977

By acczptancz o& tkU axticlz, tht pubtukun. on.
n.zdp<Lznt cLcknowZtdgz* tkz U.S. GoveAme.nt'&
light to fi&tcUn a, yion-e.x.cluu>ivz, royalty-{K.Q.<L
ticzyuiz -in and to any copyright covwlng thz
ajiticlz.

*Research sponsored by the Department of Energy under contract with Union
Carbide Corporation.

f l P. •

DISTRIBUTION Of
JNLIMITEO



FINITE ELEMENT STRESS ANALYSIS OF ORTHOTRDPIC SOLENOIDS*

H. H. Gray
Fusion Energy Division

Oak Ridge National Laboratory
Oak Ridge, Tennessee 37830

J. £. Akin
University of Tennessee

Knoxville, Tennessee 37916

Abstnct

The mechanical behavior of superconducting magnets
deviates fron isotropy due to their construction tech-
niques, which involve the layering of superconductor,
insulation, and sometimes structural reinforcement
within the windings. This paper describes » finite
element stress analysis which has been extended to
consider the effects of orthotropic material properties,
as well as differential thermal contraction and spa-
tially varying magnetic body forces. The procedure is
applicable to all arbitrarily shaped axisymmetric
magnets. A comparison between the finite element
stress analysis and an analytical solution for a
rotationally transversely isotropic solenoid is pre-
sented. Good agreement is obtained within the Iimit3
of the analytical solution.

Introduction

The design of high field solenoid magnets is a
accessary ingredient in the technology of fusion
reactors and high energy physics. The stress analysis
of such magnets is often based on simplified analytical
models.l"' While such models arc very useful in pre-
liminary designs, they have some important disadvan-
tages. The most significant shortcoming of these for-
mulations is the fact that the axial loads on the
conductors resulting from the radial component of the
magnetic flux density, B, are neglected. For some
geometries, the stresses associated with these loads
can be significant. A second disadvantage is the
difficulty of considering the effects of structural
supports.

This paper presents a general analysis based on
a finite element formulation which utilizes isopara-
metric quadrilateral dements. Since a standard
finite element procedure automatically allows for
arbitrarily shaped nonhomogeneous materials, it is
possible to consider the effects of the conductor,
insulation, and reinforcement distribution throughout
the magnet. In addition, the above materials can have
orthotropic constitutive relationships.

The following sections of this report present our
finite element formulation to this problem, as well as
a comparison with an analytical solution presented in
Rat. 3.

Finite Element Formulation

The equilibrium equation, resulting from the
principle of virtual work as applied to structural
analysis, relates the nodal displacements, {u}, the
nodal forces, CF}, and the structural stiffness, [K],
according to the relationship

[KHu> - {Fh

3oth [K] and {F} are obtained by assembling" the
corresponding element contributions, [Ke] and {Fe}.

(1)

"Research sponsored by the Department of Energy under
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Within an element the displacement field, {5}, is
approximated by using the values of the nodal displace-
ment, {u*}, and an Interpolation polynomial called a
shape function, [Ne]:

[NeHu*}. (2)

A strain-displacement matrix, [Be], is formulated by
differentiating Eq. (2) with respect to the coordinate
axes,

[B*]{ueh (3)

The stress is the matrix product of the material con-
stitutive relationship and Eq. (3),

- [D e][B eKu e}. (4)

The stiffness matrix is written in matrix form as

[K«] - / [Be]T[De][Be] dV. (5)

In axisymmetric structural analyses, compatibility
conditions limit the number of nonzero stresses and
strains to four. They are

(a) - <

"RR

> • [01 <
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(5)

The coordinate system in Fig. 1 shows the directions in
which chese stresses act. (The Z-axis is perpendicular
Co the plane of the diagram.) The constitutive matrix,
[D], is formed from Inverting the compliance matrix,
[C]. In general, for an axisymmetric orthotropic
solenoid, seven material constants exist and therefore
the compliance matrix i39

[D] - [C],-1
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are the Young's moduli of che

three Independent directions; G ^ is the shear modulus

where E_n, E,_, andRR ZZ

relating th* R and Z material planes; and v,g,
and v„„ are che three independent Poisson's ratios.

As
For the special case of rotational transverse lsocropy,
only five constants exist independently, because

VR6

and

VZ8
(8a)

( 8 b )

Rotational transverse isotropy is representative of a
wide variety of layer- or pancake-wound magnets.

Generally, Eq. (5) is evaluated by numerical
integration such chac

where i denotes a Gaussian Integration point and Wj is
the corresponding Gaussian weighing function. There
are g Gaussian Integration points. The relationship
between the element and the structural coordinates is
defined by the coordinate transformation Jacoblan,
[CJ], and its determinate |CJ| is used in the above
equation.

Finite Element Magnetic Load Matrix

The contribution to the total matrix due to body
forces acting on an element is

{Fe f
e

dV,

where {f} Is che array containing the components of the
body force per unit volume and [Nej is the Interpolation
function matrix defining the displacements within the
element in terms of its nodal displacements. The Inte-
gral 13 evaluated numerically by Gaussian quadrature.

{Fe> - 2ir I }R |CJ J
1 »

(U)

The computation of f, involves the cross product
of the current_density vector, J, and the magnetic
field vector, B, or

f • J * I.

For this axisymmetric problem J has only one nonzero
component,

and the magnetic field has components in the R and Z
directions,

The current 13 assumed to be constant within a typical
element.

Application

As a typical example, consider the solenoid whose
characteristics are listed in Table 1.

Table 1

Inner radius
Outer radius
Half height
Current density

Ee
ER
Poisson's ratio

0.1 m
1.0 a
1.0 o
10,000 A/cma

121 GPa
60.5 G?a
0.33

Stresses and displacements were determined by two pro-
cedures for the purpose of comparison. The first
method is based upon the theory presented in Ref. 3.
This method assumes Bj to be a linear function of
radius. The second method involves using a computer
program based upon the method described in the previous
section. For this example, a uniform aesh of 252 nodes
and 220 elements was utilized. This finite element
computer code is coupled directly to a general-purpose
solenoid field calculation code, and therefore the
spatial variation of the magnetic field is used
directly in the calculation.

Figure 2 presents a plot of the nondlaensional
hoop stress, CT9/JB1R1, vs the nondlmensional radial
position, y(R/Si), at the center plane of the solenoid.
The subscript i refers to values at the inner radial
position. The solid line represents the solution found
In Ref. 3 and th* circles are values of stress at the
Gauis points obtained from tills analysis. Excellent
agreement is shown.

Figure 3 3hows a plot of nondimensional radial
stress, cT_/jB.R,, vs che nondimensioeal position, y,

at che center plane of che solenoid. As in Fig. 2,
the solid line represents che analytical solution3

and the circles are values of stress at the Gauss
points of the finite element model. Here the agreement
between the two solutions is not as good; however, it
should be noted thac if che Gauss point stresses are
taken in pairs and averaged, the resulting values agree
quite well with the analytical solution.

Conclusions

A finite stress analysis has been extended to con-
sider the effects of orthotropic material properties
and spatially varying magnetic body forces. The pro-
cedure is applicable to all arbitrarily shaped axisym-
metric uagnecs. Comparison of chis method with analyt-
ical theory yields good agreement within che Halts of
application of the analytical theory.
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Nondimensional Radial Stress
F.« j « 8

SOLENOIO COORDINATE SYSTEM

Fig. I. A solenoid coordinate system. The cur-
rent 13 represented by J, the force by FR, Che deflec-
tion by u, and the stress by a, and c , the radial and
hoop components, respectively.

0RNL/0WG/FE0-7780O

Nondimensional Hoop Stress

Fig. 3. A graph of the predicted nondimensional
radial stress for a solenoid of large radial build.
The solid line represents a solution obtained from Ref.
3, and Che circles represent data points obtained from
the Gaussian integration 3ints using the analysis pre-
sented in this report. No attempt was made co saooch
the 3tress predictions obtained from the finite element
oethod even though there are several methods available.
For example, a simple smoothing technique involves av-
eraging cvo adjacent Gaussian integration points co ob-
tain a centroidal element average.

Fig. 2. A graph of che predicted nondioensioaal
hoop stress for a solenoid of large radial build. The
solid line represents a solution obtained from Ref. 3,
and the circles represent data points obtained from the
Gaussian integration points using the analysis pre-
sented in this report.


