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•V1ST1UCT

The perturbation acthod of Chacacd-Moulin and Fapierniic i< U M 4 ca c a l c u -
lac t eh* longi tudina l an* transverse iaaedaaces , Z(») and !_( -») , of a b » l -
l o v e . Ik* bellow* snap* ia defined by i c * radius a(x) • a (1 • e s ( t ) } ,
wh«t« a i* the aaaa radiu«, c a t a a l l paraawcer, and *(x) deacribaa cit*
coavoluc ioa of ch« ballo***. 'J* coaaidcr a iiaitm wal l conduceivicy aod
d«c t s« ia* cha raionaac concvibucioa :a ch« i*B«d«ac« above ch» cucoff
fra^uancjr of Eh* unperturbed chaabar, obcaininf a n a l y t i c aparoxiaacioo*
co Che raaonanc fraqaeaciea, q u a l i t y f a c t o r i , and shuuc ixpadancas. The
r e l a t i o n Z^(u) • ( 2 c / a ~ ) Z ( u ) / u , of courae, doe* aoe hold aa an £denci:jr,
buc ic i s found Cu be a use fu l r e l a t i o n iav :he sbunc iapedanca*, h o l d l s g
e x a c t l y for one faaii lr of :raoaverse ande* and providing aa upper bound
oa Che shunt iapeiiance* of th»i second s*t af craa*ver*e aodet .

IMTKODUCTIOII

Following Chacard-Houlin and P a p i a r a i k 1 ' , ve consider a vacuuat ch

l i r croa<-seccioR aod radiua varying u i th Che ax ia l coordinate x a*

r with cirea-

a(z) - a(l+es(s)), where s{s) - £13

The perturbation paraaeccr is e « l , the circumference of the ring is L, and she perturba-
tian at che wall is takes to have zero aean, i .e . Ĉ  " 0. The longitudical iapedance
Z(.j) is dec trained eras che linear response co a current desuity

' - f [21

The axiauthal curvature of Ch* ring is neglected, and we «tploy che usual sylindiical zs-
ordinaces (r.t.z). '<te denoce the radius of the electron b«aa by p. the phase velocity ia
v, the angular frequency •*, and 4(x) vanishes for x<o and has value -jaity for x>o. The
current density wilt generate aa cjtial electric field Es(r,x)e~ , 'Aere Iz(r,x*L) •
!ECr,x)> and the longitudinal iapedance it defined by^':

L
/dt
o

2»rdr Zzit.z) - - [33

Carrying out the perturbation c a l c u l a t i o n described i a Kef. I , ooe finda I C J ) * Z (a) *

e"2^ (u) • . . . , where Z^°'(u) ia the iapedance ' of a seaoch chaaber of canscane
(1%

radius a, and the c a m l inear in e v a n i i h e s , because the in tegra l fro* x • o to L of £ ,

is zero.

A c l e a r d i s c u s s i o n of the d e f i n i t i o n of che transverse iapedasce Z^iui and i t s

c a l c u l a t i o n » r a *eooch c y l i n d r i c a l cheaber of conatanc radiua i s j i v t n i» ;ocr*r*-
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He considers a coa*cing beaa af jnifora current density Jj • Zoffs~, far r<3, and

j s s u t o 4 coh«;tnc vertical Oiciliaticn of che center of ia*« / » 2e*p(ii«»i«t}. :*:i«n,

uhere « is Ch« ciacja, 3 t i tht ratio of th« otccicie • Hocity :o cht aac«d cf l i the , and

<FV> i» ch« v t « i c * l Cores F » •(S.^ • ^0\^ av€irag«d ow«r ch« b««* cro»« j*ccion. «t

apply ch« a€Chod of aaf. I co rind ?4Cu) - 2fo)(vj) • e 2 z f 2 ) t u } * . . . , wh«r« 2?o ){a) i» the

ccaniv«n* iapadance^ >'' o£ * saooch ch«ab«r of cooscaac radius a.

3ISCUSSIOK Of RESULTS

To sispliry cha results ve coafin* our atteacica co Che case of

L\ » 2 /, ,„ \2 I (u)

2 / , _ = , v f i t > ! & ) ]

p/a « 1 , 3 • v/c % 1, ua/cY « l . 15]

where Y • (I - 3 ) . ?r>r infinite wall conductivity, - • ", -J» gbcaia

and

vnere

Soce thac A ami hence u » Aa depend on che suaMCion index p. The mdified 3cs*cl

functions are denoted I,(u) " i J a ( iu ) , and cheir derivatives I a{u) . The resonant

frequencies of the longitudinal nodes are determined by1I (a - 1 , 2 , 3 , . . . ) :

u* « - x~ J ,'x i • 0. [9]
oa ol cnJ

and the two faailes of transverse aodes are specified by

Vhen the chaaber vail has a finite conductivity 5, the behtnrior of the longitudinal,

iapedance near the resonance! of 5q. (9) is

-12 e2|C ;
° ?



In £q. (U), 2O "'^o-E '** i* th« iapadance of frtt space,

and

^s is usually done, w* assuae that the diaensionless "surface r«tisc£vicv", J'ule i

it l i

Near the first faaily of transverse resonances (!0a),

-iZoc2(2c/a2)|c ; 2
?

lnp t Inp)

and in the vicinity of Che second caatiiy (10b),

- « e-(2c/«-)|C |"p

2Cu) % r H T — r
l l 3 b I

la £q«. (I3a,b) u, and u. are obtained from Che expression (12a) far -»-npj >y replacing

x bv x. and xl , respectively. Also, us have used
ozt * in in

Comparing 5qs. (11) and (13a), it is seen chat Che aquation^'

provides a relation between the shunc iapsdaacec of Che longitudinal aodcs and Che first

easily (10a) of ch« transverse wdes. Since a* is always positive, 3q. (15) yields an

upper bound on ĉ ie shunt iajMdanccs of the second clasa of cranaversa aode* (10b).

Let us return for a asaenc co discuas che expression (11) for the resonant behavior of

Che longitudinal iaaedance. The shunt impedance it defined Sy R • Z(jfl ) and chc

quality factor by Q " [u i/2Rer(«o ) . Then introducing the resistive vail iapedance

Z_ and an iapedance 2- characteristic of ch« discorcad wall {eomecry,
i



we «an write

' ° '

where we have ignored the saall frequency shift due to the iaagiaacy pare of 7. The form

of Sqa. (16) and (17) ia reainiaceoc of the resulti of iuggiero7', vho applied a

transmission line anal/sis to a soetewhac different problem than that considered here. One

conclusion of Suggiero, which is exhibit ad by Eq. (17), is Chac both the ihun' iapedaace

and the quality factor are reduced when the conductivity of the chaaber wall ia decreased,

far example, by uaine, stainless steel racher than copper.

The resonanc frequency*' -»0Q_ of 2q. (12a) can be wriccen

co
-j_ >

where -J * x c / i is the cutoff frequency ot the nth p.jpogatinc -soda in Che unperturbed

chaaber. Froa (13) we see chac iu
OQpl i* always greater than Che cutoff frequency J = O ,

cons i s tent vich :he rasosant behavior corresponding to radiated energy l o t a .

SQUARE WAVE DISTORTION OF WALL

Urn should resark that the r e s u l t s of the perturbation analys i s considered ia t h i s

paper cannot be d i r e c t l y applied co the case of a square wave d i s t o r t i o n of the chaabcr

w a l l , conaidercd for «zaapl« by S a i l and Zoccer^land Month aod ? e i e r i « 3 V The reason i s

s iap ly that the perturbation expansion reats on the i iaal lness cf j a - d s / d z , but uhen six)

i s a square wave, i t s derivat ive contains de l ta functions so s a - d s / d i i s noc vaitsraly

iaa l l u required.

Thi lack of validity of Eq. (6) for a square wave can also be seen by canaideriag :he

low frequency behavior. In the l ia i t -̂Oi the behavior of the order e" term ia:

?or a sq—.rt wave -?'[C ]" diverjes, and hence, so -oes the sum in (19). We have checked

that Eq. (19) is selS-consisrenc when the wall oercurbation is inooch -saouth so :hc>:

~?;C ;"• converges, chac is the low frequency behavior it properly related to the scared

«a<trgy via ?oyncing's theorea.

or A SELLOWS

As a aadel of •» tingle bellows lacac*d ia a icoraje ring, we consider the inape

function specified by



f iia

0

and s(s+L) - i d ) . la ehe above expression Z is sha waveUna.cn of ch« bellows csevolu-

cioiw and a i* the number of waveUntths comprising cht btilov*. Taking iht ?«ur:*r

transform of »(*), we find chat the coefficients C. of Eq. (1) are aaxiaum for j?« % 1/ l t

with (CpJ ^ ai/L. UaiR* these values in Eqa. (12a), (16) and (17) vt obcaia

As a nuM-icai exaapl* consider a ring or circuaiftrance L • 200a, so the rcvoJluCion

frequency M v • c/L • 1.5 MHi. Talct th« uap^rcurbed radius a • i ca, :h« vav«ieog£h of

che coovoiucion i » I cm, ch« perturbction parameter s " 0.05, and Che nuaiwr at full

vavclengths in che buXlovs a » 10. Assuaioj the bellows co b« aada of cupper,

J • 5.9x107s" la"1, we find for n • I Cxol - 2.4):

The width of the resonance line ^ | / 2 T " 'i/-Q M 50 'fSiz, anile efts seperacioa or che

resonances is l « j * 2L l^'")'!^^} I * ^7" KHs. The frequency interval beewcen the a • 2

and n • 1 aodes is much l a r g e r , V2 v i * 537 !ffl** L t C u* cloaa by nociaa, shac ch* resonant

frequencies and quality factors are independent of the rina. circumference, but the shunt

impedance is inversely proportional to i t . Kence, che shunc impedance divided by 3_ > v i s

inversely proportional ts che square of the circumference.
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