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ABSTRACT 

The double phase representa t ion  i s  discussed f o r  the 

e l a s t i c  s c a t t e r i n g  ampl i tude A(s,t,u) as a f u n c t i o n  o f  the 

covar an t  Mandelstam va r iab les  s ,  t, and u. This representa- 

t i o n  s w r i t t e n  as A(s, t ,u)  = [P1(s,t,u)/P2(s,t,u)1 Q(s,t,u), 

where P1(s, t ,u)  and P2(s,t,u) a re  bo th  f i n i t e  polynomials i n  

s ,  t, and u, and Q(s, t ,u)  has no zeros o r  poles except a t  i n -  

f i n i t y  and i s  expressed i n  terms o f  the phase o f  A(s, t ,u)  a long 

the cu ts .  Thus, P1(s, t ,u)  and P2(s,t,u) account f o r  a l l  the 

zeros and poles o f  A(s, t ,u) ,  respec t i ve l y ,  except f o r  a zero 

o r  a po le  a t  i n f i n i t y .  The cond i t i ons  f o r  the above double 

phase representa t ion  t o  e x i s t  are, besides the usual Mandelstam 

assumption, t h a t  a f i n i t e  polynomial  P,(s,t,u) accounts f o r  

a l l  the zeros o f  A(s,t,u) except f o r  the one a t  i n f i n i t y  and 

no o thers ,  and t h a t  A(s,t,u) has even o r  odd c ross ing  symmetry 

w i t h  respect t o  the interchange o f  some p a i r  o f  s ,  t, and u. 

These cond i t i ons  imply t h a t  the phase o f  A(s, t ,u)  has no e x t r a  

branch p o i n t s  i n  the momentum-transfer plane o t h e r  than those 

which belong t o  A(s, t ,u)  and remains f i n i t e  i n  the phys ica l  

regions even i n  the l i m i t  o f  i n f i n i t e  energy. The asymptot ic 

forms o f  t h i s  double phase representa t ion  when some o f  s ,  t, 

and u become i n f i n i t e  a re  der ived  i n  the case when the phase 

approaches the l i m i t  a t  i n f i n i t y  n o t  t oo  s lowly .  This i s  the 

case when the e l a s t i c  Sca t te r i ng  ampl i tude e x h i b i t s  asymptot i -  

c a l  l y  a power behavior i n  energy (usua l ly  c a l l e d  the Regge 

behavior ) .  I n  p a r t i c u l a r ,  the case when the forward peak o f  

high-energy e l a s t i c  s c a t t e r i n g  does n o t  s h r i n k  i s  examined 

c l o s e l y .  The case o f  no-shrinkage i s  found t o  be the case when 



the phase i n  

c a l l y  a t  i n f  

forward peak 

a t  i n f i n i t y .  
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the crossed channel does n o t  d iverge  l oga r i t hm i -  

n i t y  i n  i t s  momentum-transfer plane. I f  the 

shr inks ,  the above phase d iverges l o g a r i t h m i c a l l y  

In  the case o f  no-shrinkage, the asymptot ic shape 

of the forward peak i s  determined s o l e l y  by the  phase i n  the 

crossed channel. Furthermore, the above shape assumes a pure 

exponent ia l  f u n c t i o n  o f  the cova r ian t  momentum-transfer squared 

when momentum-transfer i s  smal l ,  and approaches a power behavior 

i n  the same v a r i a b l e  f o r  la rge  momentum-transfer. I n  the case 

of the no + no + no + no ampl l  tude, h j g h  symmetry avai  l a b l e  In  

t h i s  ampl i tude enables one t o  determine almost un ique ly  the 

polynomials i n  the double phase representa t ion .  I n  p a r t i c u l a r ,  

the o n l y  p o s s i b i l i t y  i n  the case o f  no-shrinkage i s  

P1(s,t,u)/P2(s,t,u) = co + c2(s2 + t2 + u ), where co and c2  

a r e  r e a l  constants .  No-shrinkage a l s o  imp l ies  t h a t  the S-wave 

s c a t t e r i n g  length  must n o t  be negat ive  f o r  the no + no + no + no 
ampl i tude, Some of the  s p e c i f i c  p r e d i c t i o n s  o f  the phase repre-  

2 

sen ta t i on  approach t o  high-energy e l a s t i c  s c a t t e r i n g  are  l i s t e d  

a t  the end o f  the l a s t  sec t ion .  
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1 . I NTRODUCTION 

. The a n a l y t i c  f u n c t i o n  A ( s )  has under the c o n d i t i o n s  g iven below 

1 
the phase represen&atdon 

where P,(s) and P,(s) a re  f i n i t e  polynomials and 6(s) i s  the ( r e a l )  phase 

o f  A ( s )  along the cu ts  which are  assumed t o  occur on the r e a l  a x i s ,  Thus 

6(s) i s  g iven by 

where s i s  r e a l  and e i s  an i n f i n i t e s i m a l  p o s i t i v e  number. The repre- 

senta t ion  ( 1 )  i s  v a l i d  independently o f  the s p e c i f i c  normal iza t ion  o f  

6 ( s ) .  However, i t  appears most convenient t o  r e q u i r e  t h a t  6 ( s )  vanishes 

on the r e a l  a x i s  where no cu ts  occur and the d i s c o n t i n u i t i e s  i n  6 ( s )  are  

smal ler  than TT i n  magnitude, Wi th  t h i s  normal iza t ion  the exponent ia l  

f a c t o r  i n  ( 1 )  has no zeros o r  poles except a t  i n f i n i t y .  Therefore, the 

polynomials P , ( s )  and P,(s) accommodate a l l  the zeros and poles o f  A(s)',  

r e s p e c t i v e l y ,  except f o r  the one a t  i n f i n i t y .  The cond i t ions  under which 

( 1 )  i s  v a l i d  a re  t h a t  (a) A ( s )  i s  a n a l y t i c  everywhere I n  s except f o r  

c u t s  on the r e a l  a x i s  and a f i n i t e  number o f  poles,  (b) A ( s )  Os r e a l  

the sense t h a t  A (s) = A ( s  ), (c) A ( s )  i s  bounded by a f i n i t e  polynom 

a t  i n f i n i t y ,  and e i t h e r  (d) 6 ( s )  has f i n i t e  l i m i t s  6(+ a) as s -., 5 QD, 

* * 
n 

a1 

o r  (d) '  A ( s )  has a f i n i t e  number o f  zeros. The d i s p e r s i o n  r e l a t i o n  e x i s t s  

f o r  A ( s )  under the cond i t ions  (a), (b), and (c). Therefore, the condi-  

t i o n  (d) o r  (d) '  i s  the e x t r a  c o n d i t i o n  f o r  ( 1 )  t o  e x i s t ,  
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The purpose of the present paper i s  t o  genera l ize the phase repre- 

s e n t a t i o n  ( I )  when the a n a l y t i c  f u n c t i o n  has two independent v a r i a b l e s .  

We consider i n  p a r t i c u l a r  the representat ion o f  the e l a s t i c  s c a t t e r i n g  

ampl i tude A(s,t,u) as a f u n c t i o n  o f  covar ian t  v a r i a b l e s  s, t, and u. 

I n  terms of the  c.m. momentum q and the c.m. s c a t t e r i n g  angle 0 ,  these 

v a r i a b l e s  are g iven by 

2 2 s = (E +E ) , t = -2q (I-COS e), 1 2  

u = -2q 2 (1-0s 0) + (El-E2) 2 , 

2ml 2 + 2m2 2 a, s + t + u =  

where E l  and E 

masses ml and m2, respec t ive ly .  

a r e  the  c.m. energies o f  two c o l l i d i n g  p a r t i c l e s  w i t h  2 

The representa t ion  t o  be discussed i n  t h i s  paper i s  w r i t t e n  as 

where P1(s, t ,u)  and P2(s,t,u) are f i n i t e  polynomials i n  s, t, and u and 

Q(s,t,u) has no zeros o r  poles except a t  i n f i n i t y  and i s  expressed i n  

terms of the phase of A(s,t,u) a long the cu ts .  The e x p l i c i t  expressions 

f o r  Q(s,t,u) are given by (14), (15) and (16) o f  Sect ion 3 ,  a l l  o f  which 

are  equ iva len t  t o  each o ther ,  We c a l l  t h i s  representa t ion  ( 4 )  the  double 

phase representat ion.  

The cond i t ions  f o r  t h i s  double phase representat ion t o  be v a l i d  

are as f o l l o w s .  

( 1 )  A(s,t,u) i s  a n a l y t i c  w i t h  respect t o  two independent v a r i a b l e s  

everywhere except f o r  th ree  cu ts  given by Q) > s > s o) > t>to,  and / 0’ 



--- , where u 1  * and u = 

and p o s i t i v e ,  

( i i )  A(s, t ,u)  

(i i i )  A(s,t,u) 

a t  i n f i n i t y ,  

( i v )  The zeros 

6 

O D >  u b u o ,  and a f i n i t e  number o f  po les a t  s = sl, --- , t = t l ’  --- , 
, e t c ,  a re  r e a l  ---- a l l  these constants so, sly 

* * * *  
s r e a l  i n  the sense t h a t  A (s, t ,u)  = A(s , t  ,u ) .  

s bounded by f i n i t e  polynomials i n  s, t, and u 

of A(s, t ,u)  occur i n  such a way t h a t  a f i n i t e  

polynomial  P,(s,t,u) accommodates a l l  o f  them except f o r  the one a t  

i n f i n i t y  and no o thers .  

(v) A(s,t,u) has c ross ing  symmetry, e i t h e r  even o r  odd. For 

example, A(s,t,u) = +A(u , t ,s ) .  The cond i t i ons  (I), ( i i) and ( i i i) are  

what one c a l l s  the Mandelstam assumptiono The c o n d i t i o n  (i) impl ies  

t h a t  there  i s  a f i n i t e ,  r e a l  polynomial P2(s,t,u) which accommodates a l l  

the poles o f  A(s,t,u) except f o r  the one a t  i n f i n i t y  and no o thers .  The 

c o n d i t i o n  ( i v )  p rescr ibes  s i m i l a r  s i t u a t i o n  regard ing the zeros o f  A(s, t ,u) .  

The c o n d i t i o n  (v) can always be s a t i s f i e d  by any e l a s t i c  s c a t t e r i n g  am- 

p l i t u d e ,  Therefore, the o n l y  e x t r a  c o n d i t i o n  f o r  the double phase rep- 

resen ta t i on  t o  e x i s t  i s  the c o n d i t i o n  ( i v ) .  The r e a l i t y  o f  P,(s,t,u) 

f o l l o w s  from the lo ther .condih ionst  Id~s ted  above. 

We assume t h i s  e x t r a  c o n d i t i o n  ( i v )  f o r  the f o l l o w i n g  reasons. 

F i r s t ,  w i thou t  the c o n d i t i o n  ( i v ) ,  the double phase representa t ion  be- 

comes much more compl icated than ( 4 )  and i s  l i k e l y  t o  be no longer use- 

f u l .  Secondly, the c o n d i t i o n  ( i v )  may very  w e l l  be s a t i s f i e d  because 

the  zeros o f  the ampl i tude cou ld  have some d i r e c t  phys ica l  s i g n i f i c a n c e  

j u s t  as the poles do. I n  f a c t ,  we see, throughout the  ana lys i s  o f  t h i s  

paper, no i n d i c a t i o n  t h a t  the double phase representa t ion  ( 4 )  may be too  

r e s t r i c t i v e .  



Aside from formal i n t e r e s t ,  the double phase representat  

has p r a c t i c a l  usefulness, The usefulness o f  the phase representa t ion  i n  

d iscuss ing  high-energy behavior o f  e l a s t i c  s c a t t e r i n g  was a l ready po in ted  

ou t  . I n  the prev ious work , however, one cou ld  no t  d iscuss the ques t ion  

o f  whether o r  n o t  the  forward peak o f  high-energy e l a s t i c  s c a t t e r i n g  

sh r inks  . This i s  because o n l y  the a n a l y t i c i t y  i n  energy can be e x p l o i t e d  

when the ( s ing le )  phase representa t ion  ( 1 )  i s  used In  order  t o  d iscuss 

the ques t ion  o f  shr inkage, one must use the double phase representa t ion  

(4). I n  f a c t ,  we show i n  t h i s  paper t h a t  the doub e phase representa t ion  

(4) prov ides a s t ra igh t fo rward  exp lanat ion  f o r  no-shrinkage, 

1 1 

2 

We s t a r t  our  ana lys i s  by d iscuss ing  i n  Sect ion 2 the a n a l y t i c i t y  

and symmetry o f  the phase o f  A(s,t,u) when t h i s  ampl i tude s a t i s f i e s  the  

cond i t i ons  l i s t e d  above. Because o f  the c o n d i t i o n  ( i v ) ,  the phase has 

no e x t r a  branch p o i n t s  i n  the momentum-transfer plane o ther  than those 

which belong t o  A(s,t,u). When there  i s  c ross ing  symmetry, A(s,t,u) = 

- + A(u, t ,s) ,  the phase become the same i n  the s- and u-physical  reg ions,  

We then d e r i v e  i n  Sect ion 3 e x p l i c i t  representat ions (14), (15), 

and (16) o f  Q(s,t,u) i n  ( 4 )  i n  terms o f  the phase discussed i n  Sect ion 2, 

The c o n d i t i o n  (v) i s  shown t o  be necessary i n  o rder  f o r  these represen- 

t a t i o n s  o f  Q(s,t,u) t o  be bounded by f i n i t e  polynomials a t  i n f i n i t y .  

Th is  boundedness of  Q(s,t,u) a l s o  imp l ies  t h a t  the phase remains f i n i t e  

i n  the phys i ca l  regions even i n  the l i m i t  o f  i n f i n i t e  energy. I t  i s  shown 

i n  Appendix t h a t  the above boundedness o f  the phys ica l  phase and the 

c o n d i t i o n  (v) a re  i n  f a c t  s u f f i c i e n t  f o r  the boundedness o f  Q(s, t ,u)  by 

f i n i t e  polynomials.  

Wc de r i ve  i n  Sect ion 4 the asymptot ic forms o f  the double phase 

representa t ion  (4) when some o f  the va r iab les  become i n f i n i t e .  We as- 

sume here t h a t  the ampl i tude e x h i b i t s  asympto t i ca l l y  a power behavior 

i n  energy (usua l l y  c a l l e d  the Regge behavior ) .  
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We then examine i n  Sect ion 5 the case when the forward peak o f  

2 
high-energy e l a s t i c  s c a t t e r i n g  does n o t  s h r i n k  . 
case a c t u a l l y  m a t e r i a l i z e s  when the phase i n  the crossed channel no 

t y  i n  i t s  momentum-transfer 

I t  i s  shown t h a t  t h i s  

longer d iverges l o g a r i t h m i c a l l y  a t  i n f  i n  

plane. 

We summarize our  analyses i n  Sect 

prev ious t h e o r e t i c a l  work concerning the 

l i s t  some o f  the s p e c i f i c  p r e d i c t i o n s  o f  

on 6 .  Besides, we d iscuss 

quest ion o f  shrinkage. We a l s o  

our  phase representa t ion  ap- 

proach t o  high-energy e l a s t i c  sca t te r i ng .  

2. PHASE OF SCATTERING AMPLITUDE 

We d iscuss i n  t h i s  sec t i on  the a n a l y t i c i t y  and symmetry o f  the 

phase o f  the  s c a t t e r i n g  ampl i tude A(s,t,u) when A(s,t,u) s a t i s f i e s  the 

cond i t i ons  (i), (ii), (Sii), ( i v )  and (v) l i s t e d  i n  the prev ious sec t i on .  

We observe f o r  t h i s  purpose t h a t  the cond i t i ons  (i) and ( i v )  imply t h a t  

A(s,t,u) i s  w r i t t e n  i n  the  form o f  (4) i n  which Q(s,t,u) has no zeros 

o r  po les except a t  i n f i n i t y .  

The s-phase 6(s , t ) (or  6(s,u)) o f  A(s,t,u) i s  de f ined i n  the s- 

physical  reg ion ,  where s i s  energy and t (or u) i s  momentum-transfer, by 

This  d e f i n i t i o n  i s  the same as (2). We r e q u i r e  t h a t  6 (s , t )  vanishes a t  

s = so and i s  cont inuous i n  s . 
a l s o  as 

3 
This  d e f i n i t i o n  o f  6 (s , t )  can be s ta ted  

1 A(s+ ie , t ) l  - 1 Q(s+i e, t 
an ‘Q(s-ie, t; 

- -  1 
6(s, t )  = - 21 an ‘A(s-ie,t) 2 i  



because the polynom 
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a l s  i n  ( 4 )  cancel each o ther  i n  the above r a t i o  and 

Q(s,t,u) has no zeros o r  poles except a t  i n f i n i t y .  

A n a l y t i c i t y  o f  6(s , t )  i n  t i s  now seen d i r e c t l y  from (6).  Since 

Q(s, t ,u)  has no zeros o r  poles except a t  i n f i n i t y ,  6 (s , t )  i s  a n a l y t i c  i n  

t everywhere except f o r  the t- and the u-cut which belong t o  A(s, t ,u) .  

The assumption t h a t  A(s,t,u) has no e s s e n t i a l l y  s i n g u l a r  p o i n t s  imp l ies  

t h a t  8(s , t )  has no poles.  The divergence o f  6 ( s , t )  a t  i n f i n i t y  i s  a t  

most l oga r i t hm ic  s ince A(s, t ,u)  i s  bounded by f i n i t e  polynomials a t  i n -  

f i n i t y .  The r e a l i t y  i n  the sense t h a t  6 ( s , t )  = 6(s , t  ) fo l l ows  from 
* * 

the r e a l i t y  o f  A(s, t ,u) .  

The s i g n i f i c a n c e  o f  the c o n d i t i o n  ( i v )  i s  t o  be mentioned. With- 

ou t  the c o n d i t i o n  ( i v )  we ha rd l y  see how a l l  the zeros o f  A(s,t,u) could 

cancel i n  the r a t i o  o f  A(s, t ,u) 's i n  (6). I f  there are  any zeros which 

do no t  cancel i n  t h i s  r a t i o ,  these zeros become the e x t r a  branch p o i n t s  

o f  6(s, t )  i n  t ,  

The above a n a l y t i c i t y  o f  6 (s , t )  imp l ies  t h a t  6(s , t )  s a t i s f i e s  the 

once-subtracted d i spe rs ion  r e l a t i o n  

where t '  = a-s-u' i n  the l a s t  i n t e g r a l  and the imaginary p a r t s  a re  g iven 

- -  - [an Q(s+is , t+ i@) - An Q(s+ is , t - le )  
(21 l2 

- an Q(s- is , t+ is )  + an Q(s- ie , t - is )J ,  



e t c .  By def 

t >to, e t c .  
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n i t i o n ,  the P I S  are  r e a l  and non-zero o n l y  when s 3 so and 

I n  f a c t ,  these i n e q u a l i t i e s  g i v e  the exact domains i n  which 

the P I S  a r e  non-zero. We remark t h a t  the double spec t ra l  f unc t i ons  I n  

the Mandelstam representa t ion  are  non-zero o n l y  i n  regions which a re  

smal ler  than those de f ined by the above i n e q u a l i t i e s .  

There i s  always a f i n i t e  gap between two cu ts  i n  (7 ) .  The e n t i r e  

phys ica l  reg ion  i n  t appears on t h i s  gap, Therefore, the phase 6(s, t )  

remains r e a l  and f i n i t e  i n  the phys ica l  reg ion,  even i f  the phase may 

d iverge  l o g a r i t h m i c a l l y  a t  i n f i n i t y .  However, as s 4 m, the u-cut goes 

away t o  -a On the t -p lane and the phys ica l  reg ion  i n  t a l s o  extends t o  

-w .  I f  the phase 6(s , t )  remains f i n i t e  i n  the phys i ca l  reg ion  even i n  

the l i m i t  o f  s + w, then B(s=m,t) s a t i s f i e s  the unsubtracted d i spe rs ion  

r e  1 a t  i on 
eo 

4 where 6(s=m,t=m) i s  a f i n i t e ,  r e a l  number I t  i s  shown i n  Sect ion 3 

t h a t  the phase must i n  f a c t  be f i n i t e  i n  the phys ica l  reg ion  i n  the 

l i m i t  o f  i n f i n i t e  energy I n  order  f o r  Q(s,t,u) i n  ( 4 )  t o  be bounded by 

f i n i t e  polynomials a t  i n f i n i t y .  I n  o the r  words, the boundedness of  the 

phys ica l  phase i n  the l i m i t  o f  i n f i n i t e  energy i s  a 

the cond i t i ons  l i s t e d  i n  Sect ion 1. 

We add a few remarks. F i r s t ,  we do n o t  con t  

respect  t o  s .  Throughout t h i s  paper, the f i r s t  var  

consequence o f  a 1 1 

nue 6(s , t )  w i t h  

ab le  i n  the phase 

6(s, t )  i s  r e a l  and s 3 so,  though the second v a r i a b l e  i s  al lowed to be 

complex. Secondly, 6(s,t=O) i n  (7) i s  the phase o f  the forward ampl i -  

tude. I f  there i s  an o p t i c a l  theorem, the s-dependence o f  6(s,t=0) i s  

f a i r l y  s imple . Th i rd l y ,  i f  one uses u, instead o f  t, as the momentum- 5 



1 1  

t r a n s f e r  v a r i a b l e ,  the s-phase i s  w r i t t e n  as 6(s,u). Since 6(s, t )  and 

6(s,u) are the same phase expressed i n  terms o f  d i f f e r e n t  var iab les ,  

6(s,u) s a t i s f i e s  the d ispers ion  r e l a t i o n  o f  the form o f  (7)  w i t h  the same 

imaginary p a r t s  as those i n  (7). However, 6(s=oa,t) and 6(s=m,u) are 

d i f f e r e n t  func t ions .  For example, u i s  - m i n  6(s=a,t), w h i l e  u i s  f i n 4 t e  

i n  S(s=m,u). Also, S(s==,u) has o n l y  the u-cut, w h i l e  6(s=m,t) has o n l y  

the t - c u t .  

The t-phase, 6 ( t , s )  o r  6(t,u), and the u-phase, 6(u,s) o r  b(u, t ) ,  

are def ined e x a c t l y  the same way i n  the t- and u-physical  regions, re-  

s p e c t i v e l y .  The corresponding imaginary p a r t s  are p(t ,s) ,  p(t,u) and 

P ( u , s ) ,  p(u,t ) ,  respec t ive ly .  A l l  the prev ious analyses and remarks 

apply  t o  these 6's and P's. 

independent. This i s  because the d e f i n i t i o n  (8) impl ies t h a t  

Among s i x  P ' s  thus def ined, o n l y  th ree  are  

P(s, t )  = P(t,s) , P(t,u) = p(u, t ) ,  

P(U,S) = P(s,u), 

where we mean t h a t  these p a l r s  o f  func t ions  are  the same func t ions  o f  

respec t ive  var iab les ,  bu t  do n o t  mean t h a t  they are symmetric under the 

Onterehanges o f  respective variables. The three 6 ' s  are, however, inde- 

pendent of each o t h e r .  For example, &(s, t )  and 6 ( t , s )  a r e  e n t i r e l y  d i f -  

f e r e n t  f u n c t i o n s  . 6 

We now discuss symmetry which 6's and p ' s  may have when A(s,t,u) 

has cross ing symmetry. For the sake o f  d e f i n i t e n e s s ,  we assume t h a t  

where we mean t h a t  A(s,t,u) a t  most changes s ign  under the interchange 

o f  s and u. One then der ives d i r e c t l y  from the d e f i n i t i o n  (6) t h a t  
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6(s , t )  = 6(u, t )  f o r  a l l  t, when s = u & s o  = uo, 

6 ( t , s )  = 6( t ,u)  f o r  a l l  s = u, when tato. 
(12) 

These r e l a t i o n s  imply t h a t ,  when there i s  c ross ing  symmetry between the 

s- and u-channels, the s-, and u-phases are the same and the t-phase i s  

symmetric i n  the momentum-transfer plane. There i s ,  however, no c ross ing  

symmetry i n  6(s ,u)  w i t h  respect t o  the interchange o f  s and u even when 

s )so  and u & u o e  

when s > s 

n o t a t i o n  g iven i n  reference 6.  Thls  means simply t h a t  the s- and u-phases 

are the same and must n o t  be confused w i t h  cross ing symmetry i n  6(s,u) 

under the interchange o f  s and u. 

One can d e r i v e  from (6) a r e l a t i o n  6(s,u) = 6(u=s,s=u) 

and u &uo, which i s  6 (s,u) = b ( s , u )  according t o  the 0 0  z 

Concerning the P ' s ,  one ob ta ins  the f o l l o w i n g  r e l a t i o n s  d i r e c t l y  

from the d e f i n i t i o n  (8),  

P(s,t )  = P(u,t) f o r  a l l  t 3 to, when s = u & s o  = uo, 

P(s,u) i s  symmetric under the s,u-interchange. 

3 DOUBLE PHASE REPRESENTATION 

We d e r i v e  i n  t h i s  sec t ion  the e x p l i c i t  expression f o r  Q(s,t,u) i n  

terms o f  the phase def ined i n  the previous sect ion.  The d e f i n i t i o n  ( 4 )  

imp l ies  t h a t  Q(s, t ,u)  i s  a n a l y t i c  everywhere except f o r  the  three c u t s  

o f  A(s,t,u), has no zeros o r  poles except a t  i n f i n i t y ,  and i s  bounded by 

f i n i t e  polynomials a t  i n f i n i t y .  Thus An Q(s,t,u) i s  a l s o  a n a l y t i c  every- 

where e v e p t  f o r  these three c u t s  and i s  bounded by logar i thmic  func t ions  

a t  i n f i n i t y .  Therefore, one can w r i t e  down a double d ispers ion  r e l a t i o n  

f o r  i n  Q(s,t,u), i n  which subt rac t ion  i s  known and spec t ra l  func t ions  
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are  e i t h e r  6 ' s  i n  the s i n g l e  i n t e g r a l s  because o f  (6) o r  P ' s  i n  the double 

i n t e g r a l s  because o f  (8). This double d ispers ion  r e l a t i o n  represents the 

e x p l i c i t  expression f o r  Q ( s , t , u ) , i n  terms o f  the phase o f  A(s,t,u). I f  

one w r i t e s  down' the double d ispers ion  r e l a t i o n  f o r  An Q(s,t,u)/su, one 

ob t a  i ns 

3 6 s u- d ( t  ' ,u=O)dt ' 
Q(s,t,u) = ex,{ + ( a - t  I )  ( t l - t )  

m m 

6(u1 ,s=D)dul + J :(:'.rS=O)dt' 1 
' 

TI a t )(t l-t) , 

0 U 

p ( s '  , t ' )ds ' d t  p ( u l , t ' ) d u ' d t '  

n 

P ( s '  ,u ' )ds 'du '  
-4- JJ s ' u ~ ( s ' - s ) ( u ~ - u )  ' 

which i s  normalized as Q(s-u=O) = 1 .  

the c o n t r i b u t i o n  from i n f i n i t y  vanish. 

The f a c t o r  su i s  necessary t o  make 

If one uses s t  o r  t u  instead o f  

su, one ob ta ins  the same as (14) except f o r  the interchange o f  corresponding 

v a r i a b l e s .  A l l  these expressions a r e  equ iva len t .  

The expression (14) can be expressed i n  terms o f  6(s,t) and 6(u, t )  as 

G(u',t)du' 

(15) 

0)  m 

B(s' , t )ds '  
+ g J u' (u ' -u)  

TI Q(s,t,u) = exp 

uO 

m CD 0 - ( t -a)  J 8(u' ,  s=O)du' 
TI u 1  (u '+t-a) 

0 U 0 U 
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This expression corresponds t o  the s i n g l e  phase representa t ion  ( 1 )  i n  

which t i s  regarded as a parameter. i n  order t o  d e r i v e  (15) from (14), 

one w r i t e s  down the d i spe rs ion  r e l a t i o n s  f o r  6(s,t)/u and 6(u,t)/s o f  

the type of (7) and then expresses the double i n t e g r a l s  i n  (14) i n  terms 

of  the s i n g l e  I n t e g r a l s  i n v o l v i n g  6(s,t) and 8(u,t). One a l s o  needs the 

c ross ing  r e l a t i o n s  (12) t o  o b t a i n  (15). 

The expression (14) can also be expressed i n  terms of 6(s,u) and 

6(t ,u)  as 

This expression i s  the s i n g l e  phase representa t ion  i n  which u i s  regarded 

as a parameter. One der ives  (16) from (14) us ing  on ly  the d i spe rs ion  

r e l a t i o n s  f o r  b(s,u)/u and 6(t,u)/su. 

sary. 

No cross ing  r e l a t i o n s  a re  neces- 

The s i n g l e  phase representa t lon  i n  which s i s  regarded as a para- 

meter i s  the same as (16) w i t h  s and u interchanged. The expression (16) 

i s  d i f f e r e n t  from (15) w i t h  t and u interchanged, on l y  by a constant f a c t o r .  

This d i f f e rence  i s  merely due t o  the f a c t  t h a t  the expression (15) assumes 

a no rma l i za t i on  Q(s=u=O) = 1 which i s  not  i n v a r i a n t  under the interchange 

o f  t and u, 

The expressions (14), (15), and (16) a l l  s a t i s f y  the requirement 

t h a t  Q(s,t,u) i s  a n a l y t i c  except f o r  the th ree  cu ts  of A(s,t,u) and has 

no zeros o r  poles except a t  i n f i n i t y .  Besides, these expressions a re  
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* * * *  
r e a l  i n  the sense t h a t  Q (s,t,u) = Q ( s  ,t ,u ) and a l s o  symmetric under 

the interchange o f  s and u because o f  (12) and (13) when there i s  c ross ing  

symmetry ( 1 1 ) .  

in the  same sense and cross ing symmetry ( 1 1 )  of A(s,t,u) must be taken 

over by P1(s,t,u)/P2(s,t,u) in  (4). 

Therefore, the polynomial P1(s,t,u) i n  (4) must be r e a l  

However, i t  i s  no t  Immediately c l e a r  i f  these expressions (14) ,  

(15), and (16) a r e  bounded by f i n i t e  polynomials a t  i n f i n i t y .  One can 

show t h a t  t h i s  i s  a c t u a l l y  the case when there i s  c ross ing  symmetry ( 1 1 )  

and the phases 6(s,t),  e t c .  remain f i n i t e  i n  the  phys lca l  regions even 

i n  the l i m i t  o f  i n f i n i t e  energy. The l a s t  c o n d i t i o n  imp l ies  e s s e n t i a l l y  

t h a t  

6(u=aaY5), and 6(u-,t) are a l l  f i n i t e .  

I n  order  t o  see t h a t  the c o n d i t i o n  (17) i s  necessary, one examines 

(15) i n  the l i m i t  when s 4 a3 and t remains f i n i t e .  The s-dependent i n t e -  

g r a l s  i n  (15) a re  s p l i t  as 

ds ' ,  (18) 
L J- i & $ y ~ & k ! b L . l A n  - *o  + 5  J- 6(s',t)-d(s-, t) 
TI n SO'S n s '  (5'-s) 

etc . ,  where the second terms d iverge  as s 4 -  o n l y  less s t r o n g l y  than 

l o g a r i t h m l c a l l y  Therefore, i t  Is necessary f o r  6(s==,t) and G(u==,t) 

t o  be f i n i t e  i n  order  f o r  (15) t o  be bounded in  the  above sense . One 

8 

9 

obta ins  o ther  cond i t ions  in  (17) s i m i l a r l y  from (16) and i t s  s ,u- in ter -  

changed. 
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To see t h a t  c ross ing  symmetry ( 1 1 )  i s  necessary, one r e c a l l s  t h a t  

(15) does n o t  f o l l o w  from (14) wi thou t  the c ross ing  r e l a t i o n s  (12). 

Without  (12), one must rep lace  the exponent o f  the second exponent ia l  

f a c t o r  i n  (15) by 

TT 

0 S 

+ s,u-interchanged. 

Ev iden t l y  these terms d iverge  l i n e a r l y  in  s when s Q) and t remains 

I t e ,  This means tha t ,  w i thou t  c ross ing  symmetry ( l l ) ,  the expression 

(14) i s  no longer bounded by f i n i t e  polynomials when s 4 and t rema 

f ? n i  t e .  

in -  

ns 

I t  i s  shown i n  Appendix t h a t  c ross ing  symmetry ( 1 1 )  and the co..- 

d i t l o n  (17) a re  i n  f a c t  s u f f i c i e n t  f o r  the expression (14) t o  be bounded 

by f i n i t e  polynomials a t  I n f i n i t y . .  

When c ross ing  s y m t r y  i s ,  f o r  example, A(s,t,u) = 2 A(t,s,u) i n -  

stead of (111, one w r i t e s  down the double d i spe rs ion  r e l a t i o n  f o r  

An Q(s,t,u)/st instead of An Q(s,t,u)/su, t o  o b t a l n  the double phase 

representa t ion .  Then a l l  the preceding arguments ho ld  w i thou t  any change. 

I n  p a r t i c u l a r ,  the expressions (15) and (16) a re  c o r r e c t  regardless of 

which channels c ross ing  symmetry o f  A(s,t,u) app l i es  to .  

As a summary, the cond i t i ons  (i), (ii), (ili), and ( i v )  l i s t e d  i n  

Sect ion 1 become cons ls ten t  w i t h  each o the r  and one expects the double 

phase representa t ions  (14) ,  (IS), (16), etc. ,  as long as there  i s  c ross ing  

ons 

symmetry of  the type o f  ( 1 1 )  w i t h  respect t o  the interchange o f  

p a i r  o f  variables and a l s o  the phase remains f i n i t e  i n  the phys 

even i n  the l i m i t  o f  i n f i n i t e  energy. The l a s t  c o n d i t i o n  can a 

s ta ted  as (41) in Appendix. 

some 

c a l  reg 

so be 
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The polynomials P1(s,t,u) and P2(s,t,u) i n  ( 4 )  can be made e x p l i c i t  

when in fo rmat ion  i s  a v a i l a b l e  concerning the  zeros and poles o f  A(s, t ,u) .  

As the s implest ,  y e t  very  important example, we d iscuss here the po ly -  

nomials of the no + no * no + no amp1 i tude.  According t o  the Mandelstam 

assumption, t h i s  ampl i tude has no poles and i s  symmetric w i t h  respect t o  

the interchange of a l l  p a i r s  o f  va r iab les .  

as u n i t y  and P1(s,t,u) becomes f u l l y  symmetric and r e a l  i n  the sense o f  

(io) On Sect ion 1 .  I t  was found t h a t  t h i s  ampl i tude has, i n  the s-plane 

Thus, P2(s,t,u) can be chosen 

I 

w i t h  t = 0, e i t h e r  two zeros i f  a. + 2a2 3 0  o r  no zero if a. + 2a2 < 0, 

where a. and a 

the t o t a l  i sosp in  0 and 2, respec t i ve l y .  F i r s t ,  the above f u l l  symmetry 

requ i res  t h a t  P1(s,t,u) i s  a l i n e a r  combination o f  sn + tn + u w i t h  

n = 0, 2, 3, 4 ,  .,... Then the above numbers o f  zeros i n  the s-plane w i t h  

t = 0 imply t h a t  n can a t  most be 0, 2, and 3.  One thus f i n d s  t h a t  

2 P (s, t ,u)  = c i f  a. + 2a2 < O  and P1(s, t ,u)  = co + c2(s2 + t2 + u ) + 

c3(s3 + t3 + u ) i f  a. + 2a > 0, where the constants co, c2, and c3 a re  

a l l  r e a l  because o f  the  r e a l i t y  o f  P1(s,t,u). 

a r e  the S-wave s c a t t e r i n g  lengths i n  the channels w i t h  2 

n 

1 0 
3 

2 /  

4 .  ASYMPTOTIC BEHAVl OR 

1 I t  was shown t h a t  the phase representa t ion  ( 1 )  has a s imple asymp- 

t o t i c  behavior when s - Q). I n  p a r t i c u l a r ,  i f  the phase 6(s, t )  s a t i s f i e s  

the c o n d i t i o n  t h a t  
00 

ds converges, 8(s,t) - 6(5=-,t) J S 

the second term i n  (18) no longer d iverges as s + O D .  Therefore, i f  the 

u-phase 6(u,t) a l s o  s a t i s f i e s  the c o n d i t i o n  (20), the expression (15) o f  

Q(s,t,u) has the asymptot ic form 
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One can show t h a t  e ( t )  i n  (21) i s  r e a l  and a n a l y t i c  i n  t every- 

where except f o r  the t - c u t .  For t h i s ,  one simply r e c a l l s  t h a t  Q(s,t,u) 

i s  a n a l y t i c  i n  t everywhere except f o r  the t - c u t  i n  the  l i m i t  o f  s * Q) 

and G(s==,t) and G(u==,t) a r e  a l s o  a n a l y t i c  i n  t everywhere except f o r  

the t - c u t .  I n  f a c t ,  one can d e r i v e  from (15) the f o l l o w i n g  expression 

where 

OD 

ds I @ ( S i  ,t)-p(s=m, t )  1 
6 ( t )  = 6(t,s=O) - - n S '  

0 U 0 U 

To d e r i v e  (22) and ( 2 3 ) ,  one s p l i t s  the i n t e g r a l  I n  (18) f u r t h e r  as 

m 

0 S 
&(s ' , t )ds '  - &(s=oD,~)  an - n S ' ( S 1 - s )  TT SO'S 

ds '  , 1 si,t)-6(s=cm,t) 
S '  

ds '  - '( & ( S I ,  t)-6(s=a3, t) 
s i - s  +1 J n 

0 S 
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where the second term approaches zero as s +=when  the c o n d i t i o n  (20) 

i s  s a t i s f i e d  . One thus replaces the i n t e g r a l s  i n  the f i r s t  exponent ia l  
1 

f ac to r  i n  (15) by the corresponding t h i r d  term i n  ( 2 4 ) .  One then r e w r i t e s  

a l l  the i n t e g r a l s  i n  the exponent of  the r e s u l t i n g  expression o f  (15), 

us ing  the d i spe rs ion  r e l a t i o n s  f o r  6 (s , t )  and 6(u, t )  o f  the type o f  ( 7 ) .  

One needs no c ross ing  r e l a t i o n s .  

For the sake o f  completeness, we g i ve  a complete express ion o f  

U 

[ -  Uo-U O 1  

which i s  exact  as long as the s- and u-phases s a t i s f y  the c o n d i t i o n  (20). 

I n  (25), B ( t )  i s  g iven by (22) and (23), and y ( s , t )  by 

QD 03 

y (s , t )  = exp [ - ; 6(s' , t ) -6(s=mSt)  ds '  + A  6 ( ~ ' ,  t)-6(u=m, u ' - u  t) du 1. 
S I - s  

(26 1 
uO 

This  Y ( s , t )  i s  due t o  the second term i n  ( 2 4 )  and, there fore ,  approaches 

u n i t y  as s + 4) when the s- and u-phases s a t i s f y  the c o n d i t i o n  ( 2 0 ) .  A 

r e a l ,  p o s i t i v e  constant Q i n  (25) i s  due t o  the normal iza t ion  p(0) = 1 

and g iven by 

f co m 

du' 1 r 6(SlYt=o)-6(s=m,t=o) 1 6 (U ' , t=O)-6 (u=-, t = O )  
U '  

d s '  - fi s Q E e x p 1 - E  J S '  

uO 

One ob ta ins  (27) when one der ives  ( 2 2 )  and (23). 
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One can i d e n t i f y  6 ( t )  o f  (23)  by r e w r i t i n g  the d i spe rs ion  r e l a t i o n  

f o r  6 ( t ,s ) /s  as 

uO - 0 + p(u==,t) an P(s=m, t) an - S 

SO'S TI U0'U 
s ( t , s>  = s(t,s=O) + 

0 uO S 

where the d i spe rs ion  i n t e g r a l s  are s p l i t  i n t o  t w o  terms e x a c t l y  the same 

way as I n  (18).  By comparing (23)  w i t h  ( 2 8 ) ,  one sees t h a t  6 ( t )  i s  the 

f i n i t e  p a r t  o f  the t-phase 6( t ,s)  a t  i n f i n i t y  i n  i t s  momentum-transfer 

plane. I n  f a c t ,  i f  one assumes t h a t  the i n d i v i d u a l  i n t e g r a l s  i n  (23)  

are  convergent, 6 ( t )  can be i d e n t i f i e d  as 

uO P(s=O",t),n- - - 3 (29) U0-u 8 
6 ( t )  = l i m  [ - 6 ( t , s )  - TI SO'S TT 

s - O D  

So f a r  one has r e w r i t t e n  o n l y  the expression (15). However, s ince 

no c ross ing  r e l a t i o n s  are needed i n  a l l  the preceding de r i va t i ons ,  the 

expression (16) can also be w r i t t e n  as 

where B(u) and y(s,u) a r e  the same as (22), (23) and (26), respec t i ve l y ,  

except f o r  the interchange o f  t and u. A r e a l ,  p o s i t i v e  constant  Q' i n  
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(30) i s  n o t  q u i t e  the t ,u- interchanged o f  (27), simply because (16) i s  

n o t  q u i t e  the t ,u- interchanged o f  (15) due t o  the no rma l i za t i on  

n (15). S i m i l a r l y  one ob ta ins  the s,u- Q(s=u=O) = 1 assumed 

interchanged o f  (30). 

We summarize the asymptot 

the forward d i r e c t i o n  where t i s  

c forms o f  the ampl i tude A(s, t ,u) .  I n  

f i n i t e ,  one ob ta ins  from (21) t h a t  

a ( t )  = n - [6(s=m,t)+6(u=m,t)l/n , 

where an i n tege r  n i s  the d i f f e r e n c e  between the t o t a l  numbers o f  zeros 

and poles o f  A(s,t,u) i n  the s-plane when t i s  f i x e d .  I n  the backward 

d i r e c t i o n  where u i s  f i n i t e ,  one ob ta ins  from (30) t h a t  

where an in teger  m i s  the d i f f e r e n c e  between the t o t a l  numbers o f  zeros 

and poles of A(s,t,u) i n  the s-plane when u i s  f i x e d .  The r e s u l t s  (31) 

and (32) are c o r r e c t  as long as the phase s a t i s f y  the  c o n d i t i o n  (20) .  

The cy's i n  (31) and (32) a re  bo th  r e  1 and a n a l y t i c  except f o r  a s i n g l e  

c u t  which corresponds t o  the respect ve v a r i a b l e .  The B ' s  i n  (31) and 

(32) are the  same as the B ' s  i n  (25) and (30), respec t i ve l y ,  except f o r  

r e a l ,  f i n i t e  polynomials i n  t and u, r e s p e c t i v e l y .  These polynomials a re  

the polynomials which remain i n  the asymptot ic forms o f  P (s,t,u)/P (s,t ,u) 

i n  ( 4 )  when s =+ m w i t h  t and u f i x e d ,  respec t i ve l y .  Thus the @ ' s  i n  (31) 

and (32) a re  bo th  r e a l  and a n a l y t i c  except f o r  a f i n i t e  number o f  poles 

and a s i n g l e  c u t  which corresponds t o  the respec t ive  v a r i a b l e .  I n  the 

1 2 
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0 case o f  the no + 11' i V 

v ious  sec t ion ,  the p ' s  i n  (31) and (32) a re  e x a c t l y  the same as those 

i n  (25) and (30), respec t i ve l y .  The asymptot ic forms (31) and (32) a re  

usua l l y  c a l l e d  the Regge behavior.  

+ no amp1 i tude dli scussed a t  the  end o f  the pre-  

5 .  CASE OF NO-SHRINKAGE 

I f  a(t) i n  (31) does no t  vary w i t h  t i n  some reg ion  near t = 0, 

the shape o f  the forward peak o f  high-energy e l a s t i c  s c a t t e r i n g  depends 

o n l y  on t, and v i c e  versa. One usua l l y  descr ibes t h i s  s i t u a t i o n  by 

s t a t i n g  t h a t  the forward peak does no t  s h r i n k  . Because o f  the analy-  

t i c i t y  o f  c u ( t ) ,  no-shrinkage i n  t h i s  sense means t h a t  c u ( t )  i s  constant  

no t  o n l y  i n  the above reg ion  o f  t b u t  everywhere i n  the t -p lane.  We 

d iscuss i n  t h i s  sec t i on  some o f  the consequences o f  the requirement t h a t  

a( t )  i s  constant ,  

2 

According t o  (31), a( t )  cons is t s  o f  two phases. However, i t  i s  

extremely u n l i k e l y  f o r  these phases t o  cancel e x a c t l y  f o r  a l l  t2to, 

because these phases become the same i f  there  i s  c ross ing  symmetry ( 1 1 )  

and are  otherwise independent of each o the r .  Thus, no-shrinkage means 

t h a t  the t w o  phases i n  (31) a re  i n d i v i d u a l l y  constant  i n  t. The d l spe r -  

s ion  r e l a t i o n  (9) then lmp l ies  t h a t  

P(s=m, t) = P(u=ao, t) = o  (33) 

f o r  a l l  t &to. Conversely, there i s  no-shr nkage i f  (33) i s  the case. 

One can show t h a t  the c o n d i t i o n  (33) mpl ies t h a t  the t-phase does 

no t  d iverge  l o g a r i t h m i c a l l y  a t  i n f i n i t y  i n  i t s  momentum-transfer plane, 

and v i c e  versa. I f  (33) i s  the case, the expression (28) o f  the d i spe rs ion  

r e l a t i o n  f o r  6( t ,s)  i nd i ca tes  t h a t  the t-phase no longer d iverges l o g a r i t h -  

m i c a l l y  a t  i n f i n i t y .  Conversely, i f  the t-phase is requ i red  t o  have no 
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loga r i t hm ic  divergence a t  i n f i n i t y ,  the expression (28) imp l ies  e i t h e r  

(33) o r  P(s==,t) = - P(u=-,t) f o r  a l l  t 3 to. 

i s ,  however, extremely u n l i k e l y  because these P ' s  are the same i f  there 

i s  cross ing  symmetry ( 1 1 )  and a re  otherwise independent o f  each o t h e r ,  

One thus sees t h a t  the case o f  no-shrinkage corresponds t o  the case when 

the phase of the crossed channel becomes the l eas t  d ivergent  a t  i n f i n i t y  

i n  i t s  momentum-transfer plane. 

The l a t t e r  poss ib i  l i t y  

The remaining divergence i n  the  t-phase a t  i n f i n i t y  i s  due t o  

the f o u r t h  and f i f t h  terms i n  (28). These do no t  d iverge  i f  the i n t e g r a l s  

i n  (23) converge i n d i v i d u a l l y ,  This l a s t  c o n d i t i o n  i s  n o t  o n l y  s u f f i -  ~ 

c i e n t l y  weak i n  i t s e l f ,  bu t  i s  very  s i m i l a r  t o  the c o n d i t i o n  (20) which 

i s  assumed a l ready  i n  the power behavior (31). Therefore, i t  i s  l i k e l y  

t h a t  the t-phase i s  bounded everywhere i n  i t s  momentum-transfer plane i n  

the case of no-shrinkage. For the sake o f  s i m p l i c i t y ,  we assume f o r  the 

r e s t  o f  t h i s  sec t i on  t h a t  the i n t e g r a l s  i n  (23) converge i n d i v i d u a l l y  

and the re fo re  the t-phase i s  bounded everywhere i n  i t s  momentum-transfer 

plane. 

I t  then fo l l ows  f rom (29) t h a t  

meaning t h a t  6 ( t )  i s  the real , '  f i n i t e  l i m i t  o f  the t-phase a t  i n f i n i t y  

i n  i t s  momentum-transfer plane. The asymptot ic form (31) can be w r i t t e n  

i n  t h i s  spec ia l  

where B ( t )  i s  g 

case as 

A(s, t ,u)  - 0 C i  .s p ( t )  , 
s * m  

ven as ide from r e a l ,  f i n i t e  polynom 

( 3 5 )  

a l s  by 
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aD 

G(t',s=m)dt' J t '  ( t l - t )  

I n  (35), one has requ i red  t h a t  the t o t a l  cross sec t i on  approaches as 

s * m a f i n i t e ,  non-zero l i m i t  and t h a t  the forward ampl i tude becomes 

pure imaginary i n  the l i m i t  o f  s 4 a. 

According t o  (35), the shape o f  the forward peak o f  high-energy 

e l a s t i c  s c a t t e r i n g  i s  determined by @(t). The expression (36) imp l ies  

t h a t  t h i s  shape i s  o f  a pure exponent ia l  form o f  t i n  a reg ion  near t = 0, 

bu t  approaches a power f rom of t as momentum-transfer increases. One 

sees t h i s  most c l e a r l y  if one app l i es  the separat ion o f  the type o f  (18) 

t o  the i n t e g r a l  I n  (36), t o  r e w r i t e  (36) as 

6 (t=aP, S=W) 

TI W 

@(t) = I: - to-€ 1 6(tf,s==)-6(t=m, t '  ( t f - t )  s'a)dt']. (37) 

The exponent ia l  f a c t o r  i n  (37) approaches a f i n i t e  l i m i t  as t + O D  i f  

the t-phase a l s o  s a t i s f i e s  the c o n d i t i o n  (20). Moreover, 6(t=w,~=m) i n  

(37) i s  equal t o  the forward phase G(t=m,s=O) i f  the t-phase i n  the l i m i t  

o f  i n f i n i t e  energy i s  a l s o  independent of the momentum-transfer v a r i a b l e .  

0 0 0 I f  one considers the + 4 + no ampl i tude, one can o b t a i n  

more consequences o f  no-shrinkage because o f  h igh  symmetry a v a i l a b l e  i n  

t h i s  ampl i tude. The o p t i c a l  theorem a l s o  app l i es  t o  t h i s  amplitude, which 

imp l i es '  t h a t  G(s=m,t=O) = n/2 i f  a. + 2a > 0, and G ( s = W , t = O )  = - rr/2 2 0  

i f  a. + 2a2 e 0. 

One can then argue t h a t  the case o f  a. + 2a2 

For t h i s ,  one no t i ces  t h a t  G(t=m,s=w) i n  (37) i s  equa 

- + n/2 because o f  symmetry. One a l s o  r e c a l l s  t h a t  the 

0 i s  excluded. 

t o  6(s=m, t=O) = 

asymptot ic form 



25 

(35) w i t h  B ( t )  g iven by (36) i s  exact f o r  t h i s  ampli tude. Then 

b(s=oo,t=O) = - n /2  imp l ies  t h a t  the asymptotic form (35) behaves as s 

f o r  small  t and as It s f o r  large It1 . This behavior i s ,  however, 

n o t  permfss ib le  p h y s i c a l l y .  

the cub ic  term i n  P1(s,t,u) i n  the case o f  a. + 2a2 $0 must be excluded. 

ti 
Q u l t e  s i m f l a r l y ,  one can argue a l s o  t h a t  

0 Thus, the no + To - + no amplitude must be w r i t t e n ,  i n  the 

case o f  no-shrinkage, as 

(38) 
2 2 2  A(s,t,u) = Cc, + c2(s +t +u )I Q(s,t,u), 

where co and c2 a r e  r e a l  constants and Q(s,t,u) i s  g tven by (14) ,  (15) 

and (16). 

This s ign  o f  a. + 2a2 i s  cons is ten t  H i t h  the p r e v a i l i n g  evidences. 

remark t h a t  6(s-,t=O) = n/2 imp l ies  t h a t  the forward peak o f  high-energy 

e l a s t i c  s c a t t e r i n g  (p ropor t i ona l  t o  B (t)) approaches a simple inverse 

power behavior of t f o r  large momentum-transfer. This could e a s i l y  be 

checked experimental l y .  

I n  t h i s  case, one must have a. + 2a > 0 and b(s-,t=O) = n/2.  2 4  

We 

2 

6. SUMMARY AND DSSCUSSION 

We have shown I n  the previous sec t i ons  how one f i n d s  and uses the 

double phase representa t ion  ( 4 )  f o r  the e l a s t i c  ampli tude A(s,t,u). This 

representa t ion  ( 4 )  i s  a genera l i za t i on  o f  the ( s ing le )  phase representa t ion  

( 1 ) .  S i m i l a r i t y  i s  obvious n o t  on l y  between the expressions ( 4 )  and ( 1 )  

bu t  a l s o  the assumptions under ly ing  these representa t ions  which a r e  Psted 

i n  Sect ion 1 .  I n  bo th  representat ions,  the phase de f ined by (2) and (5) 

must be f i n i t e  i n  the phys i ca l  regions even i n  the l i m i t  o f  i n f i n i t e  energy. 

The double phase representa t ion  ( 4 )  requires,  i n  a d d i t i o n ,  c ross ing  sym- 

metry  and an e x t r a  assumption concerning the zeros o f  A(s,t,u). 

the double phase representa t ion  ( 4 )  i s  cons iderably  more r e s t r i c t i v e  than 

the s i n g l e  representa t ion  ( 1 ) .  

Therefore, 
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Thls  e x t r a  assumption concerning the zeros makes the phase o f  

A(s,t,u) a n a l y t f c  everywhere I n  the momentum-transfer plane except f o r  

the  branch cu ts  which belong t o  A(s,t,u). Without t h f s  assumption, n o t  

o n l y  does the double phase representa t ion  become much more complicated 

than (4), bu t  most o f  the a n a l y s i s  done i n  t h i s  paper becomes impossible 

t o  c a r r y  ou t .  Th is  Os because the ana lys is  cons is ts  o f  using the d l s -  

persKon r e l a t  on f o r  the phase which otherwise invo lves unknown i n t e g r a l s  

correspondlng t o  the e x t r a  branch p o i n t s .  I f  there i s  no c ross ing  sym- 

metry I n  A ( s 3 t 8 u ) r  the double phase representat ion ( 4 )  w i t h  Q(s,t,u) 

g iven by (14) d iverges exponent ia l l y  a t  i n f i n l t y  i n  the s- o r  u-plane 

w i t h  t f i x e d .  Therefore, cross ing symmetry i s  assumed throughout the 

a n a l y s i s  of t h i s  paper. The ana lys is  8s v a l i d  as long as A(s,t,u) has 

e i t h e r  even o r  odd c ross lng  symmetry w i th  respect t o  the int.erchange o f  

some p a i r  o f  s, t, and u. 

We add an a d d i t i o n a l  remark in connect lon w i t h  the l a s t  statement. 

The double phase representat ion ( 4 )  'is more r e s t r i c t i v e  than the Mandelstam 

representa t ion  I n  the sense t h a t  t h e  former requi res the e x t r a  assumption 

concerning the  zeros. However, as was Jus t  s ta ted,  the double phase repre- 

senta t ion  (4 )  does not necessar i l y  requ l re  the  boundedness of  A(s , t ,u )  by 

f ? r a i t e  polynomials a t  I n f i n i t y .  On the o ther  hand, the Mandelstam repre- 

senta t ion  breaks down as soon as A(s,t,u) is no longer bounded by f i n i t e  

polynomials a t  l n f i n % t y .  Therefore, the  double phase representa t ion  ( 4 )  

Is more general i n  t h i s  sense than the  l a t t e r .  

II t was shown p r e v i o u s l y '  t h a t  the  phase representat ion Is very  

u s e f u l  fn d iscuss ing high-energy behavior o f  e l a s t i c  s c a t t e r i n g .  I n  

f a c t ,  we have der ived i n  t h i s  paper the  asymptot ic forms o f  the ampli tude 

which are s?mple power forms o f  energys assuming the double phase repre- 

s e n t a t i o n  ( 4 )  and a l s o  t h a t  the phase approaches the l i m i t  a t  I n f i n i t e  

energy n o t  too s lowly .  T h i s  l a s t  c o n d i t i o n  i s  expressed by (20). On 
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the forward d i r e c t i o n  where t i s  f i n i t e ,  the ampl i tude approaches the 

expression (31). The expression (32) i s  the asymptot ic form i n  the back- 

ward d i r e c t i o n  where u i s  f i n i t e .  I n  these asymptot ic forms, the CY'S 

and B's are  b o t h  r e a l  and a n a l y t i c  everywhere except f o r  a s i n g l e  c u t  

( e i t h e r  the  t- o r  the u-cut) and a f i n i t e  number o f  poles which the B's 

may have. These C Y ' S  and P ' s  a r e  a l l  w r i t t e n  i n  terms o f  the phase and 

the  zeros and poles o f  the ampli tude. The s i g n i f i c a n c e  o f  t h i s  der iva-  

t i o n  o f  high-energy behavior i s  t h a t  the power behavior i n  energy i s  

merely a consequence o f  the usual a n a l y t i c i t y  assumption. 

We have discussed i n  p a r t i c u l a r  the case when a(t) i n  (31) i s  

constant.  Th is  i s  the case when the forward peak of high-energy e l a s t i c  

s c a t t e r i n g  does n o t  s h r i n k  . We found t h a t  the case o f  no-shrinkage i s  

the case when the phase i n  the crossed channel no longer d iverges loga- 

r i t h m i c a l l y  a t  i n f i n i t y  i n  the momentum-transfer plane. The very simple 

a n a l y t i c i t y  o f  the phase i n  the momentum-transfer plane i s  a l ready i m -  

p l i e d  by assuming the double phase representat ion ( 4 )  (see the second 

paragraph o f  t h i s  sec t ion) .  Therefore, no-shrinkage is a c t u a l l y  the 

s implest  s i t u a t i o n  one can expect from the p o i n t  o f  view o f  the behavior 

o f  the phase of  the ampl i tude i n  the momentum-transfer plane. 

2 

According t o  some o f  the previous works, however, no-shrinkage 

i s  n o t  cons is ten t  w i t h  a n a l y t i c i t y  and u n f t a r i t y .  Gribov" po in ted  o u t  

t h a t  the asymptot ic form (35) cannot be cons is ten t  w i t h  the  a n a l y t i c i t y  

of  A(s,t,u) and the u n i t a r i t y  c o n d i t i o n  v a l i d  i n  the pure ly  e l a s t i c  reg ion 

He assumes t h a t  there i s  a pure ly  e l a s t i c  reg ion i n  the t -phys ica l  reg ion.  

This i s  c o r r e c t  i n  the case o f  p ion-p ion s c a t t e r i n g .  He then cont inues 

a n a l y t i c a l l y  t h i s  e l a s t i c  u n i t a r i t y  c o n d i t i o n  w i t h  respect t o  the angular 

v a r i a b l e s  invo jved i n  the u n i t a r l t y  c o n d i t i o n .  He ob ta ins  t h i s  way the 

cont inued u n i t a r i t y  c o n d i t i o n  which depends e s s e n t i a l l y  on the ampl i tude 
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a t  i n f i n i t e  energy. He then shows t h a t  t h i s  Continued u n i t a r i t y  condi-  

t i o n  c o n t r a d i c t s  w i t h  the asymptot ic form (35). 

t h i s  p roo f  l i e s  i n  j u s t i f y i n g  the above cont inued u n i t a r i t y  cond i t i on .  

This con t inua t ion  cons is t s  necessar i l y  o f  us ing  the Cauchy contour theorem 

w i t h  respect t o  the v a r i a b l e  t o  be cont inued a n a l y t i c a l l y .  

t h a t  the v a l i d i t y  o f  t h i s  cont inued u n i t a r i t y  c n d i t i o n  depends upon the 

divergence o f  the ampl i tude a t  i n f i n i t y .  Assum ng t h a t  the ampl i tude i s  

s u f f i c i e n t l y  well-behaved a t  i n f i n i t y ,  one obta ns the above cont inued 

u n f t a r i t y  cond i t i on ,  However, i n  the case when the ampl i tude behaves 

l i k e  (351, i .e .  has a l i n e a r  divergence i n  s a t  i n f i n i t y ,  one cannot 

J u s t i f y  the above cont inued u n i t a r i t y  cond i t i on .  Therefore,  h i s  proof  

breaks down i n  the case o f  ac tua l  i n t e r e s t ,  though i t  Is v a l i d ,  f o r  

example, i n  the case o f  usual p o t e n t i a l  s c a t t e r i n g .  

The major d i f f i c u l t y  i n  

This means 

The convent ional  approach t o  high-energy s c a t t e r i n g  i s  t o  make use 

o f  a n a l y t i c i t y  i n  the angular-momentum plane o f  the par t ia l -wave ampl i tude 

de f ined i n  the t -phys i ca l  reg ion.  According t o  t h i s  approach, the asymp- 

t o t i c  form (35) can most e a s i l y  be r e a l i z e d  by assuming a f i x e d  po le  i n  

the angular-momentum plane, assuming a l s o  t h a t  the Sommerfeld-Watson 

transformation i s  Val i d .  

c o n d i t i o n  i n  the pu re l y  e l a s t i c  reg ion  Os incompat ib le  w i t h  the ex is tence 

o f  such f i x e d  poles i n  the a n a l y t i c a l l y  con t inuab le  par t ia l -wave ampl i -  

tude. Because o f  the f a c t  t h a t  Oehme works , d i r e c t l y  w i t h  the p a r t i a l -  

wave ampl i tude, the con t inua t ion  of  the e l a s t i c  u n i t a r i t y  c o n d i t i o n  i s  

exact i n  h i s  case. 

10 a r e v i s i o n  of the proof  by Gribov However, i t  i s  assumed i n  t h i s  

Oehme's proof t h a t  the asymptot ic form (35) o f  the f u l l  ampl i tude A(s, t ,u)  

Recently, Oehrne" has shown that the uni  tarf ty 

Therefore, one may regard the above Oehme's p roo f  as 

a c t u a l l y  imp l ies  a f i x e d  pole of  the par t ia l -wave ampl i tude i n  the 

angular-momentum plane. I n  f a c t ,  one cannot f i n d  any complete argument 
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which j u s t i f i e s  the above assumption. Therefore, Oehme's proof does no t  

exclude the asymptotic form (35) e i t h e r .  

I t  i s  i n t e r e s t i n g  t o  consider i n  t h i s  connection what k ind o f  

a n a l y t i c i t y  i n  the angular-momentum plane could poss ib l y  be the simplest  

cons i s ten t  w i t h  the asymptotic form (35) and t h e  e l a s t i c  u n i t a r i t y  con- 

d i t i o n  i n  the t -phys i ca l  reg ion.  According t o  our p re l im ina ry  work, 

e s s e n t i a l  s i n g u l a r i t y  i n  the angular-momentum plane, f o r  example, may be 

the  case, though t h i s  quest ion needs f u r t h e r  study. 

We have no t  discussed i n  t h i s  paper the poss ib le  l i m i t a t i o n s  due 

t o  the u n i t a r i t y  c o n d i t i o n  v a l i d  i n  the pu re l y  e l a s t i c  reg ion  which may 

e x i s t  i n  some o f  the phys ica l  regions involved. This i s  p r i m a r i l y  be- 

cause we do n o t  know how t o  use r i g o r o u s l y  the u n i t a r i t y  c o n d i t i o n  f o r  

the purpose o f  d iscuss ing  high-energy behavior of e l a s t i c  s c a t t e r i n g .  

Even i f  we do no t  foresee any ser ious l i m i t a t i o n ,  we may be over look ing  

some i n t e r e s t i n g  consequences o f  the u n i t a r i t y  c o n d i t i o n .  The use o f  

the u n i t a r i t y  c o n d i t i o n  i n  general i s  l i k e l y  t o  be more complicated i n  

the case o f  the phase representa t ion  than i n  the case o f  the usual d i s -  

pers ion  r e l a t i o n .  

representa t ions  ( 1 )  and (4). 

This may be one o f  the main disadvantages o f  the phase 

In  view o f  the f a c t  t h a t  the case o f  no-shrinkage i s  o f  g rea t  

c u r r e n t  Interest ' ,  we f i n a l l y  l i s t  below a few o f  the p r e d i c t i o n s  o f  our 

phase representa t ion  approach t o  high-energy e l a s t i c  s c a t t e r i n g .  For the 

sake o f  s i m p l i c i t y ,  we assume I n  the f o l l o w i n g  p r e d i c t i o n s  t h a t  a l l  the 

phases become constant w i t h  respect t o  momentum-transfer i n  the l i m i t  o f  

i n f i n i t e  energy. This means t h a t  a l l  t he  peaks i n  high-energy e l a s t i c  

s c a t t e r i n g  do n o t  sh r ink .  



30 

(a) We expect both forward and backward peaks i n  any e l a s t i c  

sca t te r i ng ,  e i t h e r  pu re l y  e l a s t i c  o r  some s o r t  o f  exchange. This i s  

because any ampl i tude which has a n a l y t i c i t y  and c ross ing  symmetry o f  some 

s o r t  approaches the asymptot ic form (31) i n  the forward d i r e c t i o n  and the  

asymptot ic  form (32) i n  the backward d i r e c t i o n .  The he igh ts  o f  these 

peaks depend upon the i n d i v i d u a l  types o f  s c a t t e r i n g .  These peaks are  

the peaks i n  the d i f f e r e n t i a l  cross sect ions p l o t t e d  aga ins t  momentum- 

t r a n s f e r  w i t h  energy f i x e d .  The t o t a l  s c a t t e r i n g  cross sect ions,  e i t h e r  

forward o r  backward, may very w e l l  approach zero i n  the l i m i t  o f  i n f i n i t e  

energy. 

e l a s t i c  s c a t t e r i n g  t o  remain non-zero i n  the l i m i t  o f  i n f i n i t e  energy, 

I n  f a c t ,  we expect o n l y  the forward cross sec t i on  o f  pu re l y  

(b) The shape o f  these peaks i s  descr ibed by pure exponent ia l  

f unc t i ons  o f  t, I n  the forward d ? r e c t i o n ,  and o f  u, i n  the backward 

d i r e c t i o n ,  f o r  smal l  I tl and / u t ,  respec t i ve l y .  As It1 and I u  (become 

large, the func t ions  desc r ib ing  these peaks approach simple power forms 

o f  t and u, respec t i ve l y .  

(c)  I f  the sp ins and isospins o f  c o l l i d i n g  p a r t i c l e s  become 

i r r e l e v a n t  i n  the high-energy reg ion,  pu re l y  e l a s t i c  s c a t t e r i n g  among 

s t r o n g l y  i n t e r a c t i n g  p a r t i c l e s  become s i m i l a r  t o  TI 

s c a t t e r i n g  i n  the l i m i t  of i n f i n i t e  energy. Then the forward peak of 

pu re l y  e l a s t i c  s c a t t e r i n g  Is expected t o  behave as an inverse power o f  t 

f o r  la rge  momentum-transfer. 

0 0 + TI -.. no + no 

We conclude our d iscuss ion  by comparing our phase representa t ion  

approach w i t h  the convent ional  approach t o  high-energy e l a s t i c  s c a t t e r i n g .  

The convent ia l  approach cons is t s  o f  assuming t h a t  a l l  these peaks i n  h igh-  

energy e l a s t i c  s c a t t e r i n g  are  dominated by moving poles i n  the angular-  

momentum plane, which a re  i n  t u r n  associated w i t h  the known p a r t i c l e s  and 

resonances observed i n  the lower energy reg ion.  From the p o i n t  o f  v iew 
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o f  our approach, these peaks i n  high-energy e l a s t i c  s c a t t e r i n g  a r e  merely 

d i r e c t  man i fes ta t ions  o f  a n a l y t i c i t y .  Espec ia l l y  no-shrinkage i n  some o f  

the peaks means simply t h a t  some o f  the phases assume the g e n t l e s t  be- 

hav io r  i n  the momentum-transfer plane, Therefore, no-shrinkage i s  no 

su rp r i se  bu t  what one expects n a t u r a l l y  from our phase representa t ion  

approach. 

APPEND I X 

We prove i n  t h i s  appendix t h a t  Q(s,t,u) g iven by (14) i s  bounded 

a t  j n f i n i t y  by f i n i t e  polynomials i f  the c o n d i t i o n  (17) and the c ross ing  

r e l a t i o n s  (12) and (13) a r e  s a t i s f i e d .  For t h i s ,  we prove t h a t  the 

i n t e g  a l s  i n  the exponent o f  (14) d iverge  a t  most l o g a r i t h m i c a l l y  a t  

f n f i n  t y .  

Because of (12), the s i n g l e  i n t e g r a l s  i n  (14) can be combined as 

OD OD OD 

- s J G(s',u=O)ds' + ; s G(u',s=O)du' 6 (t I ,  s=O)d t ' 
71 s '  (SI-s) 71 u '  (ut-u) 71 

uO 

m 

The i n t e g r a l s  i n  (39) a r e  o f  the type o f  the i n t e g r a l  i n  (18). Therefore,  

accord ing t o  the  argument below (18), a l l  the i n t e g r a l s  i n  (39)  d iverge  

a t  most l o g a r i t h m i c a l l y  when the c o n d i t i o n  (17) i s  s a t i s f i e d .  

The double i n t e g r a l s  i n  (14) can be w r i t t e n  w i t h  the he lp  o f  (13) 

On a symmetrical form 
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OD 

Soto 

m 

.. . 
so 

OD 

p ( s ' , t ' ) d s ' d t '  
+ a 2 ss S ' t ' U '  9 n 

Soto 

where the dots  stand f o r  the terms which are  the same as the preceding 

one except f o r  the interchanges of  appropr ia te  va r iab les .  

Now, one observes tha t  the c o n d i t i o n  (17)  i s  equ iva len t  t o  t h a t  

wh 

e t c .  are a l l  convergent, 

ch then imply t h a t  

P(s=m,u==) = P(s=,t-) = P(u=UJ,t-) = 0. ( 4 2 )  

One can then show t h a t  a l l  the i n t e g r a l s  i n  (40) d iverge  i n d i v i d u a l l y  a t  

m o t  l o g a r i t h m i c a l l y .  By app ly ing  the separat ion o f  the type o f  (18) 

twice,  the f i r s t  i n t e g r a l  i n  (40) i s  s p l i t  as 
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OD a, - 
s t  P ( s ' , t ' ) d s ' d t '  so t P(s=Q), t ' ) d t '  JJ s ' t I (s I -s )  (t I - t ) = (an 5O-s) 7 J t ' ( t ' - t )  
- 

2 71 
Soto 

I .  

Soto 

where one has used (42 ) .  Because o f  ( 4 1 ) ,  a l l  the i n t e g r a l s  i n  (43)  

d ive rge  a t  most l o g a r i t h m i c a l l y .  The same separa t ion  makes the  second 

i n t e g r a l  i n  (40)  s p l i t  as 

a, 

1 1 3 p ( s ' , t ' ) d s ' d t '  JJ c-;-i.+p s '  (51 -5 )  
S 

Tr 2 

Soto 

a, a, 

.. 

W 

s p(s=w, t ' )dt ' so 1 
SO'S 2 t '  

= (An -) -. 

n +  

Q) Q) a, 

d t '  1 , p(s',t')-P(s=co, t ' )  + s  t o  
S ds I 

2 
W .. 

one has used 

on i n  (44)  a 

where 

press 

(41) .  Because o f  (41 ) ,  the i n t e g r a l s  i n  the  l a s t  ex- 

so d iverge  a t  most l o g a r i t h m i c a l l y .  
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